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We use the functional renormalization group to analyze the phase diagram of a four-band model for the iron
pnictides subject to band interactions with certain A1g momentum dependence. We determine the parameter
regimes where an extended s-wave pairing instability with and without nodes emerges. For electron doping, the
parameter regime in which a nodal gap appears is in correspondence to recent predictions �A. Chubukov et al.,
arXiv:0903.5547 �unpublished��, however, at very low Tc. Upon hole doping, the s-wave gap never becomes
nodal: above a critical strength of the intraband repulsion, the system favors an exotic extended d-wave
instability on the enlarged hole pockets. At half filling, we find that a strong momentum dependence of
interband pair hopping yields an extended s-wave instability instead of spin-density wave ordering. These
results demonstrate that an interaction anisotropy around the Fermi surfaces generally leads to a pronounced
sensitivity of the pairing state on the system parameters.
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I. INTRODUCTION

The discovery of high-temperature superconductivity in
iron-arsenide and related compounds at the beginning of
2008 �Ref. 2� has triggered an enormous interest in
condensed-matter physics. This new class of materials exhib-
its transition temperatures Tc beyond the conventional BCS
regime upon electron3 and hole doping4 of a collinear anti-
ferromagnetic parent state, with Tc’s extending up to 56 K,5,6

thereby breaking the cuprate monopoly on high-Tc
superconductivity.7

Various approaches have been pursued to investigate the
pairing symmetry in the iron pnictides. By now, after a short
period of analysis providing a widespread range of possible
pairings,9–11 an extended s-wave order parameter �denoted
s� or sx2y2� that takes opposite signs on the electron and hole
pockets along the multiband Fermi surface �FS�, emerged
with broad theoretical support.8,12–16 However, experimen-
tally, there is still no broad consensus about the nature of the
order parameter. While most experiments can be interpreted
in the framework of an s� gap,14 several facts, such as the T3

dependence of the NMR penetration depth over a significant
temperature range, as well as the linear penetration depth in
LaOFeP remain unsettled. Other experiments such as pen-
etration depth on the 1111 and 122 compounds, as well as
thermal conductivity can be explained by an s� order param-
eter but with large gap anisotropy. Gaps with significant mo-
mentum dependence, but no nodes, are reported experimen-
tally in.17 In contrast, angle resolved photoemission
spectroscopy data reveals very isotropic nodeless gaps on the
hole Fermi surfaces18–20 of magnitudes matching a strong-
coupling form ��k�=�0 cos�kx� · cos�ky� �Ref. 12� in the un-
folded Brillouin zone �BZ�. Non-nodal gaps have been found
in several theoretical approaches to the pnictides.15,21–24

Functional renormalization-group �fRG� studies15 with or-
bital interactions reveal the presence of largely anisotropic,

almost nodal, gaps. In the strong-coupling mean-field
picture,12,14 the gap anisotropy is doping dependent: the gap
has a form cos�kx�cos�ky� which becomes more anisotropic
with increasing doping. In a weak-coupling expansion of FS
interactions, it was predicted that the A1g momentum depen-
dence of the interaction along the electron pockets may result
in gap anisotropy and possibly nodes on top of the constant
s� signal.26,27 A recent random-phase approximation �RPA�
analysis on a five-orbital Hubbard model finds a nodal ex-
tended s wave.25

In this Rapid Communication, we study the influence of
interaction anisotropy on the superconducting instability by
fRG �Refs. 28–30� methods. We use constant band interac-
tions that only depend on whether the external legs are on
hole- or electron pockets. To these we add an A1g momentum
dependence in the interband pair hopping interactions g3
with zero total momentum.26 For the electron-doped regime,
we mostly find non-nodal s�, where the scale of the gap
anisotropy increases with enhanced intraband repulsion g4.
For highly dominant g4, we indeed find a small parameter
regime of nodal s�. On the hole-doped side, we first find a
rather isotropic s� signal where the scale of anisotropy does
not decisively depend on g4. Upon further increasing both g4
and the hole doping, a phase transition occurs, where both
the electron and the hole pockets become nodal: the hole
pockets develop a d-wave intraband cooper pairing with a
sign change on the electron pockets, which we call extended
d wave. This clearly demonstrates the possibility of a
doping-dependent gap function. Furthermore, we find that
strong momentum dependence of g3 can increase Tc of
s�-wave pairing at half filling such that it even exceeds spin-
density wave �SDW� instability, which may relate to recent
measurements.31

II. FOUR-BAND MODEL

As a model for the band structure, we consider the four-
band model of Korshunov and Eremin22 �see Fig. 1�. In the
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folded BZ with two Fe ions per unit cell the kinetic Hamil-
tonian reads as

H0 = − �
k,i,�

�inki� − �
k,i,�

tk
i dki�

† dki�, �1�

where i denotes the band index i=�1, �2, �1, �2, and the �i’s
are on-site energies. The dispersion for the � bands around
the � point is tk

�= t1
��cos kx+cos ky�+ t2

� cos kx cos ky,
whereas for the � bands around the M point one has
tk
�= t1

��cos kx+cos ky�+ t2
� cos kx /2 cos ky /2. In units of eV

and grouped by ��i , t1
i , t2

i �, the parameters take the values
�−0.60,0.30,0.24� for �1, �−0.40,0.20,0.24� for �2, �1.70,
1.14, 0.74� for �1, and �1.70,1.14,−0.64� for �2. At half
filling, i.e., �=0, hole and electron pockets are almost per-
fectly nested.

III. BAND INTERACTIONS

We distinguish four types of band interactions. First, in-
terband couplings depending on whether momentum is trans-
ferred within the same band or between the bands,

HI
inter = �

k,k�,q

g1�dk+q��
† dk�−q���

† dk����dk�� + H.c.�

+ g2�dk+q��
† dk�−q���

† dk����dk�� + H.c.� , �2�

with implicit sums over � ,��, and the band indices � and �
extending over �1,2 and �1,2, respectively. While g1 turns out
to be rather unimportant for the leading instabilities, g2 is
necessary �but not sufficient� to drive the SDW instability in
the �	 ,	� channel. Furthermore, we consider the interband
pair hopping interaction g3,

HI
pair = �

k,k�,q

g3
b�dk+q��

† dk�−q���
† dk����dk�� + H.c.� , �3�

where, as a central point of our analysis, we add a momen-
tum dependence of the A1g-projected pair hopping amplitude
for the zero-momentum Cooper channel:1

g3
b�k�=−k = g3�1 + b�cos kx + cos ky���1 + b�cos�kx + qx�

+ cos�ky + qy��� , �4�

and constant g3 otherwise. b, the anisotropy scale, gives the
relative scale of momentum dependence. To make connec-
tion to,1 g3 defined in Eq. �4� is given in terms of the un-
folded �u� momenta, which relate to the folded �f� ones by
ku x,y = �kf x�kf y� /2. Finally, there is the intraband pair in-
teraction

HI
intra = �

k,k�,q

g4dk+qi�
† dk�−qi��

† dk�i��dki�, �5�

where i extends over all band indices. For HI
pair in the total

zero-momentum Cooper channel, one Cooper pair belongs to
the electron pockets and the other one to the hole pockets,
rendering g3 to significantly deviate depending on the mo-
menta along the electron FS, but gives only a constant value
g3	1+2b on the hole pockets.

IV. fRG METHOD

We use the fRG method to study the flow of the two-
particle vertex function V
�k1 ,a ,k2 ,b ,k3 ,c ,k4 ,d�, where
k1,2�k3,4� denote the ingoing �outgoing� particles, a , . . . ,d are
the different band indices, and 
 is the energy cutoff above
which the high energy modes have been integrated out and
incorporated into the effective vertex function. The expres-
sion “function” comes from the functional dependence of V
on the ingoing and outgoing momenta, while the value of k is
discretized to different patches, as explained above. Details
on the implementation for the multiband case of pnictides
can be reviewed in Refs. 15 and 21. While k4 is implicitly
given by momentum conservation, the spin convention is
that k1�k2� and k3�k4� have the same spin.

To solve the RG equations numerically, the momenta in
the BZ are discretized as shown in Fig. 1. We find that
N=96 both provide sufficient resolution and suitable compu-
tation time performance for our studies. Essentially, the RG
flow in terms of the cutoff parameter 
 starts at cutoff ener-
gies of the order of the bandwidth, and successively de-
creases toward the FS. In each differential step, both particle-
particle and particle-hole contributions influence the
evolution of the coupling function. Quite generically, these
flows lead to strong coupling, i.e., one or more channels in
the vertex function flow to large absolute values at a critical
scale 
c. This scale provides a reasonable estimate of actual
critical temperatures Tc for phase transitions when long-
range ordering is possible.

V. ELECTRON DOPING

First we want to specify the parameter window where
nodal and non-nodal s� appears for electron doping
�x=0.2�. We consider the case of g1=0.1 and g2=0.25, and
choose g3=0.3 to be of the order of g2 �throughout the ar-
ticle, the interaction couplings are given in units of eV where
the total bandwidth is 
6 eV�. The g3 anisotropy scale b
and �=g4 /g3 span the relevant parameter space of interac-
tions and allow for nodal gaps according to Ref. 1. For elec-
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FIG. 1. �Color online� �a� The band structure of the four band
model with electron pockets—�1,2 and hole pocket—�1,2. �b�
Fermi surfaces at half filling, x=−.15 and x=.15 doping �c� Illus-
tration of the patching segments in the Brillouin zone.
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tron doping, the pockets nesting is lifted and the SDW insta-
bility is suppressed. For b�1, one finds a constant s�

instability, as observed in Ref. 21, whose critical scale 
c
decreases with increasing �. The s� instability manifests it-
self as a Cooper instability corresponding to a divergent ver-
tex for k1=−k2, with a sign change of the vertex going from
electron to hole pockets, as it can be seen both in the vertex
plot and the form factors in Fig. 2. Upon increasing b, 
c
increases considerably and helps to counteract the intraband
repulsion g4. In addition, a gap variation starts to emerge on
the electron pockets, while the hole pockets remain un-
changed. In particular, the gap anisotropy increases upon in-
creasing �, which shows that the system favors a nodal varia-
tion to compensate the increasing intraband repulsion g4, as
predicted in Ref. 1. However, for �3, this anisotropy never
becomes comparable to the constant gap scale on the elec-
tron pockets; i.e., the nodes do not completely develop. Upon
increasing ��3, the gap variation in the electron pockets
gets more pronounced to finally yield a nodal extended
s-wave instability �Fig. 2�c��. Taking into account the rescal-
ing conventions of u3 as it appears in the Rapid Communi-
cation, this is in approximate correspondence with Ref. 1.
Increasing b even further at constant �, g3	1+2b on the
hole pockets is considerably enhanced and leads to a reduc-
tion in gap anisotropy on the electron pockets �see Figs. 2
and 4�.

VI. HOLE DOPING

We now consider hole doping with the same interaction
parameters g1=0.1, g2=0.25, and g3=0.3. For small aniso-
tropy b, the system likewise develops a rather constant s�

instability, where Tc decreases with �. For considerable val-

ues of b and a ratio � as for electron doping, the hole-doped
scenario still favors a constant s� instability �Fig. 3�. Unlike
in the electron-doped case, increasing � does not immedi-
ately induce gap anisotropy on the electron pockets: the only
result �mostly� is a decreasing gap on the hole Fermi sur-
faces. This behavior can be explained due to the small elec-
tron FS size: for hole doping, the hole FSs dominate the
behavior of the system. The A1g term induces anisotropy
mostly on the electron FSs, which at hole doping are rather
small. On the hole pockets, the A1g term increases the size of
the constant part of the interaction g3, which favors an s�.
This, coupled to the fact that the electron FSs play a rather
secondary role compared to their hole counterparts, renders
the symmetry to be s� for moderate �. Increased � has the
effect of reducing the scale of the superconducting instabil-
ity. While in the electron-doped case, increasing � resulted in
nodal electron FSs �while keeping the hole FSs isotropic
nodeless�, for hole doping, the situation is completely differ-
ent. Beyond a critical �, when the s� gaps have vanished, the
system exhibits a phase transition with nodal superconduc-
tivity on both hole and electron FSs. For ��2.4, at compa-
rably low transition temperature, the leading instability be-
comes a d-wave intraband Cooper pairing on the hole
pockets. This is plausible from the FS topology upon doping
as shown in Fig. 1�b�: the hole FS’s around � grow signifi-
cantly upon hole doping. For dominant intraband repulsion
g4, the favorable ordering becomes a d-wave Cooper pairing
on the hole pockets, as shown in Fig. 3. In terms of the hole
FS only, this is a situation similar to the cuprates. We also
find a small d-wave type signal on the electron pockets,
which relates to the d-wave signal on the hole pockets
shifted by 	: there is still an overall sign change between the
gaps on hole and electron pockets. In this way, the system
minimizes both intra- and interband repulsions: this is the
d-wave equivalent of the s� instability, which one may de-
note extended d�-wave �Fig. 3�c��. While interesting in its
own right, the phase diagram on the hole-doped side does not
allow for a nodal electron FS while keeping the hole FS fully
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FIG. 2. �Color online� �a1�–�c1� Plot of the vertex function vs
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ets to become more pronounced, while the hole pockets show a
homogeneously diverging vertex without anisotropy. �a2�–�c2� Plot
of the associated superconducting form factor. The signal along the
hole pockets is constant; nodal peaks slowly develop on the electron
pockets.
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gapped. We conclude that an A1g symmetry term alone is not
sufficient to make the electron FS nodal while keeping the
hole FS fully gapped at both electron and hole doping.

VII. FULL PHASE DIAGRAM AND INTERPLAY OF SDW
AND s± AT HALF FILLING

For all settings discussed above, we find a leading SDW
instability as we approach half filling, as the SDW benefits
from the nesting of hole and electron pockets. Now, upon
increasing b from 1.5 to 1.8, the s� pairing instability be-
comes dominant over the SDW and becomes the leading
instability even at half filling. The bc where this occurs in-
creases with �. Interestingly, the critical scale is not sup-
pressed between the two regimes which in a less approxi-
mate treatment would be most likely separated by a first-
order transition. Hence, a slight change in the system
parameters can turn the system from a high-scale SDW into
a s� state with comparable pairing scale—another possibility
for a marked material dependence of the phase diagrams of
pnictides. In fact, the finding of a leading s� instability at
half filling may relate to present experiments where a super-
conducting state was found even in a parent compound with-
out doping.31 The full phase diagram for two representative
interaction settings is given in Fig. 4.

VIII. CONCLUSION

We studied the effect of a certain momentum dependence
of the band interactions in a four-band model of the pnic-
tides. Increasing intraband repulsion enhances the s� gap
anisotropy on the electron pockets, which may ultimately,
but not easily, lead to a true nodal electron FS gap. For the
hole-doped regime, however, the gap anisotropy always re-
mains rather small even on the electron FS, up to a critical

value of the intraband repulsion beyond which the system
favors an exotic and sign-reversed d-wave signal on the hole
and electron pockets. We are unable to find a regime which
satisfies the conditions of having gapped hole FS and nodal
electron FS for both electron and hole doping.
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FIG. 4. �Color online� Phase diagrams for different interaction
settings, �a� g1=g2=g3=g4=0.4 and �b� g1=0.1, g2=0.25, g3

=0.3, g4=� g3=0.65. The three axes are given by the filling factor
x, momentum anisotropy b and the critical temperature Tc. �a� In a
dome around half filling, the SDW instability is leading. It is over-
come by the superconducting instability at higher b and electron
�hole� doping. Tc increases with b, in particular on the electron-
doped side. �b� � is increased. The SDW dome shrinks in doping
width but increases on the anisotropy line as the superconducting Tc

is decreased due to g4. For hole doping at small b, we observe nodal
d�. s� gap variation on the electron-doped side is enhanced, while
true nodal extended s wave is successively observed on the electron
pockets only for even larger �	3.
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