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We analyze SQUID coupled to a nonclassical electromagnetic field �NEM� and show that properties of the
SQUID can be manipulated by a choice of a state of NEM. In particular, energy or fluctuations of magnetic flux
threading the loop of the SQUID can be resolved into separate lines for each photon number state of one-mode
NEM. The impact of two-mode NEM prepared in entangled Bell states is discussed. The findings suggest an
experimental method of detection of photon states: the SQUID response is dependent on the number of photons
in one-mode NEM and on the Bell states of a two-mode NEM.
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I. INTRODUCTION

The development of quantum information processing and
quantum engineering results in growing interest in systems
which are in a border of solid state and quantum optics.1

Recently fabricated mesoscopic devices interacting with
light are sensitive to their quantum properties.2,3 One of
them, which is of central interest of this paper, is resistively
shunted AC SQUID.4,5 In this paper, we focus our attention
on magnetic flux and current flowing in the SQUID, which is
coupled to an external nonclassical electromagnetic field.6

By nonclassical we mean the electromagnetic field prepared
in a given state defined by a statistical operator �. As an
example one can take the states of recently produced light of
both microwave and optical frequencies.7 The problem of
influence of classical electromagnetic fields on activation
processes in Josephson junction has been already studied in
Ref. 8. It has also been shown that the supercurrent flowing
in the SQUID is highly responsive to properties of nonclas-
sical radiation.6 Moreover, the investigation of the impact of
such radiation on persistent currents flowing in mesoscopic
metallic and semiconducting rings has been carried out.9,10

Below we construct a model for kinetics of effective mag-
netic flux in SQUID and we find that properties of magnetic
flux in a stationary state are related to quantum features of
the nonclassical electromagnetic field �NEM�. We shall con-
sider both one-mode �number eigenstates and thermal states�
and two-mode fields. In the later case we compare and con-
trast properties of the flux in presence of each of four maxi-
mally entangled Bell states11 of the ground and first excited
number eigenstates. Let us notice that within proposed model
studying classical properties of magnetic flux in the SQUID,
one can speculate about quantum character of the electro-
magnetic fields. SQUID rings being nowadays relatively ac-
cessible laboratory equipment can serve as devices measur-
ing certain aspects of the nonclassical radiation.

The layout of the present work is as follows: in Sec. II, we
present the model of the superconducting loop interrupted by
a Josephson junction and subject to the external NEM. Next,
in Sec. III, we elucidate impact of a one-mode NEM on the
system and analyze stationary states of the magnetic flux. In
Sec. IV, we work out the influence of two-mode NEM. In
Sec. V, we elaborate on the vacuum and thermal effects. Sec.
VI provides a summary and some conclusions.

II. MODEL

Let us consider a superconducting loop �ring, cylinder,
and torus� interrupted by a Josephson junction. It is a basic
element of the SQUID. The phase difference � of the Cooper
pair wave function across the junction is related to the mag-
netic flux � threading the loop via the relation

� = 2��n − �/�0� , �1�

where 2�n is the phase change per cycle around the loop and
�0=h /2e is the flux quantum. When the external magnetic
field is applied, the actual flux is given by

� = �e + LI , �2�

where �e is the flux generated by an applied classical field, L
is the selfinductance of the loop and I is the loop current. We
model the Josephson element in terms of the resistively and
capacitively shunted junction for which the current splits into
three contributions, namely,

I = IJ + IR + IC, �3�

where IJ is the Josephson supercurrent, IR is a normal
�Ohmic� current characterized by the normal state resistance
R and IC is a displacement current accompanied with the
junction capacitance C.

Josephson junctions are influenced by electromagnetic
fields in two ways. First, a time-dependent vector potential
changes the spatial phase distribution in the Josephson junc-
tion and leads to the observation of the magnetic field depen-
dence of the critical current in the Fraunhofer pattern. Sec-
ond, an alternating bias current with a frequency of order of
the Josephson frequency leads to many interesting nonlinear
phenomena including the constant voltage steps in the cur-
rent voltage characteristics, i.e., the Shapiro steps. The fre-
quency range of observation extends to energies of the order
of the superconducting gap.

When the electromagnetic field is treated as a classical
one, dynamics of the system is described by a Langevin
equation describing a Brownian particle in a sinusoidaly
modulated parabolic potential. Now, let additionally the
quantum �nonclassical� monochromatic electromagnetic field
of frequency � be applied. It induces the nonclassical flux �q
of the form12
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�q = �1�exp�i�t�a† + exp�− i�t�a� , �4�

where �1 is its amplitude, a† and a are the creation and
annihilation operators of the nonclassical electromagnetic
field.

The full quantum model, quantizing both the electromag-
netic field and the Josephson junction, has been studied in a
series of papers.6,12,13 If the frequency � is much larger than
the plasma frequency �p of the Josephson junction, dynam-
ics of the junction is much slower than changes of the elec-
tromagnetic field. In such a case, the leading quantum cor-
rections induced by the nonclassical flux can be incorporated
in the Josephson supercurrent. The generalized method of
elimination of fast variables results in the following expres-
sion for the Josephson supercurrent6

IJ → − I��,t�

I��,t� = I0 Im�exp�2�i
�

�0
�Tr����2�

�1

�0
ei�t�	
 , �5�

where I0 is the critical supercurrent, � is the density matrix of
the nonclassical electromagnetic field and the operator
��A�=exp�Aa†−A�a� is the displacement operator.

Combining Eqs. �1�–�5� with the Josephson second rela-
tion d� /dt=2eU /	, where U is the voltage drop across the
junction, we get the Langevin-type equation

C
d2�

dt2 +
1

R

d�

dt
= F��,t� +�2kBT

R

�t� �6�

This stochastic equation has a simple mechanical interpreta-
tion: it describes the instantaneous “position” ��t� of the
“Brownian particle” evolving under the position–dependent
force F�� , t� in the presence of random fluctuations 
�t� re-
sulting from surroundings. The generalized “force” acting on
the “particle” at the position � is given by the sum of two
terms

F��,t� = −
� − �e

L
+ I��,t� . �7�

The first term originates from the self-inductive interaction
of the magnetic flux whereas the second term is the super-
current modified by the quantum flux. The ubiquitous ther-
mal equilibrium noise 
�t� consists of Johnson noise associ-
ated with the resistance R. The parameter kB denotes the
Boltzmann constant and T is temperature of the system. The
Johnson noise is modeled by �-correlated Gaussian white
noise of zero mean and unit intensity, i.e. �
�t�
�u�
=��t−u�.

In order to have a sensitive enough system, which feels
the quantum nature of the flux �q, the junction should be
mesoscopic. To consider this case, let us rescale Eq. �6� to
the dimensionless form. The dimensionless flux is defined as
x=� /�0 and the dimensionless time is chosen in the form
s= t /�0, where the characteristic time �0=L /R. Then Eq. �6�
is converted to the dimensionless form

ẍ + ẋ = f�x,s� + �2D
�s� , �8�

where a dot denotes the differentiation with respect to the
rescaled time s and ’inertial’ effects are controlled by the
dimensionless parameter =CR2 /L=�1 /�0 which is a ratio of
two characteristic times �1=RC and �0=L /R. The “force”
f�x� takes the form

f�x,s� = − �x − xe� + i0 Im�exp�2�ix�Tr�����ei�s��� , �9�

where the external flux scales as xe=�e /�0, the dimension-
less critical current i0=LI0 /�0 and the effects of quantum
flux are determined by the rescaled amplitude �=2��1 /�0
and the rescaled frequency �=��0 of the nonclassical elec-
tromagnetic field. The rescaled noise intensity D=kBT /2E is
a ratio of two characteristic energies, i.e., thermal fluctuation
energy kBT /2 and the characteristic elementary magnetic flux
energy E=�0

2 /2L.
For very small �mesoscopic� junctions, the parameter

�1 �i.e.,�1��0� and the capacitance term can be neglected.
It is the case when Eq. �8� reduces to the “overdamped” form

ẋ = f�x,s� + �2D
�s� . �10�

Having formulated the model in terms of a stochastic dy-
namical system �Eq. �10�� we study it via the corresponding
Fokker-Planck equation for the probability density p�x ,s� of
the magnetic flux x at time s. It reads

�

�s
p�x,s� = −

�

�x
f�x,s�p�x,s� + D

�2

�x2 p�x,s� . �11�

It is a common practice in studies of dynamical systems to
introduce the “generalized potential”

V�x,s� � − � f�x,s�/�x , �12�

which is particularly useful for analyzing stationary proper-
ties of autonomous systems, i.e., such that V�x ,s��V�x�.
The solution of the Fokker-Planck equation carries all statis-
tical informations concerning the process x�t� determined by
Eq. �10�. We limit our consideration to analyze of the first
two statistical moments. The first moment �x describes the
average value of the magnetic flux in the SQUID. The sec-
ond moment �x2 is directly related to the mean magnetic
energy storied in the field produced by the SQUID. The
quantity of central interest due to its information-theoretical
applications is the celebrated Shannon entropy S�p�
=−�p�x ,s�log�p�x ,s��dx. It indicates the disorder introduced
into the system by nonclassical electromagnetic fields.

The effect of the external NEM enters via the Weyl func-
tion

W��,s� = Tr�����ei�s�� �13�

modifying the force f�x ,s� and, as a result, the effective ki-
netics of the magnetic flux x�s� in the superconducting loop.
Therefore the state of the SQUID can be manipulated by the
state � of the nonclassical electromagnetic field. There are
two classes of states �. For the first class, the Weyl function
does not depend on time, i.e., W�� ,s�=W���. For the second
class, the Weyl function does depend on time. The examples
of the members of the first class are the number eigenstates,
thermal states, coherent states with randomized phase. The
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second class includes ordinary coherent states, squeezed
states, and squeezed vacua. For members of the first class,
the generalized potential V�x ,s� does not depend on time,
i.e., V�x ,s�=V�x�. In consequence, in the long time limit, the
system reaches a unique stationary state pst�x� independent
on its initial state, i.e., pst�x�=lims→� p�x ,s�. In particular,
the magnetic flux takes its stationary values, which in gen-
eral depends on the state � of NEM. Below, as an example
we consider the SQUID with the rescaled i0=�=1, xe=0 and
temperature such that D=0.1 �such choice ensures that the
effect of nonclassical radiation is minimally obscured by
thermal effects�. For xe=0, properties of the current flowing
in the ring are similar to the properties of the actual magnetic
flux because in this case �=LI, cf. Eq. �2�.

III. SINGLE-MODE FIELDS

In this section, we consider the stationary magnetic flux in
the SQUID irradiated by monochromatic microwaves pre-
pared in number eigenstates

� = �N�N�, N = 0,1,2, . . . �14�

Number eigenstates belong to the class of states having no
well defined phase, the other representative of this class are
e.g., coherent states with randomized phase.6 Contrary to the
states having a well defined phase such as coherent states,
the number eigenstates do not introduce explicit time depen-
dence to the generalized potential �Eq. �12�� because the
Weyl function has the form6,14

W��� = exp�−
1

2
�2�LN��2� , �15�

where LN are Laguerre polynomials of a degree N.14 The plot
of the potential Eq. �12� parameterized by the number of
excitations N is given in Fig. 1. The structure of the gener-
alized potential in the autonomous systems is reflected in the
properties of the steady state, i.e., pst�x��exp�−V�x��. We
discuss in the following the specific problem of bistability of
the asymptotic state. The system in absence of external fields
is bistable since its dynamics is governed by a double-well
potential. This structure is preserved for NEM in its ground
state �N= �0. Increasing the number of excitations in the
NEM results in a single well, monostable system for, e.g.,
N=1. There is a transient regime around N=12 where the
system becomes bistable again. This property vanishes for
higher N. Let us notice that this property highly depends on
the amplitude � of the nonclassical field. Increasing the am-
plitude results in an effective exponential lowering of the
amplitude of nonlinear term in Eq. �9�,

i0 → i0 exp�−
1

2
�2�LN��2� �16�

and, in the formal limit �→� the potential becomes har-
monic. This limit can be approximated via increasing the
area of the SQUID loop, i.e., approaching the limit of a clas-
sical RL circuit. It is clear that this behavior is reflected in
statistical properties of the magnetic flux. The external non-
classical control does not change the expectation value of the

flux and the stationary averaged value �x=0. It is not the
case for higher moments. In the panel �a� of Fig. 2, we plot
the fluctuations of the magnetic flux produced by the SQUID
in the presence of electromagnetic control. There are two
qualitatively different regimes: in the first one, the external
control results in lowering of fluctuations, whereas in the
second one, the fluctuations increase due to the radiation. It
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FIG. 1. �Color online� The potential V�x� in the presence of
number eigenstates. The curve labeled as C in panel �b� represents
the system in an empty space �’classical vacuum’�. The “high-
lighted” potentials in panel �a� correspond to N=0,1 ,2 ,12.
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FIG. 2. �Color online� The second moment and the entropy of
the magnetic flux in the SQUID irradiated by a nonclassical elec-
tromagnetic field in the number eigenstates. The initial state is as-
sumed Gaussian, i.e., initially the distribution of the magnetic flux
is such that p�x ,0��N�0,0.1�.
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is directly related to the disorder introduced in the system as
can be deduced from the panel �b� of Fig. 2 where the Shan-
non entropy is presented. The very specific character of ki-
netics for N=1 depends essentially on the initial state p�x ,0�.
The nonmonotonic character of the entropy for the “purely
classical” case is directly related to the formation of dynamic
bimodality15 in the SQUID. The stationary averaged energy
of the magnetic flux E�= ��2 /2L and in its dimensionless
form is related to the second statistical moment, i.e., E��
= �x2. From Fig. 2 it follows that E� contains information
about the state of NEM. Indeed, E� can be resolved into
separate lines for each photon number state of NEM. How-
ever, the dependence of E��N� is not monotonic with respect
to the number N of photons.

IV. TWO-MODE ENTANGLED STATES

Entangled states are of central importance for both appli-
cations and fundamentals of quantum theory. They can serve
as a resource for most of the protocols known in quantum
information processing16 using entangled states of desired
properties. The model discussed in the previous sections can
easily been extended to the case of two-mode NEM of the
same amplitude � by introducing another set of bosonic op-
erators generating their quanta.9,10,17 In this section we dis-
cuss sensitivity of the dissipative SQUID to such states. We
consider here the set of four maximally entangled states of
two-mode system consisting of two subsystems limited to
their ground and first excited state:11,16

�B1 =
1
�2

��01 + �10� ,

�B2 =
1
�2

��01 − �10� ,

�B3 =
1
�2

��00 + �11� ,

�B4 =
1
�2

��00 − �11� . �17�

The corresponding Weyl functions W�� ,s�W�B�� entering
the “force” and the generalized potential V�x ,s� in Eq. �12�
have been calculated e.g., in Refs. 9 and 10 and read

W�B1� = exp�− �2��1

2
�1 − �2� − �2 cos��−s�	 ,

W�B2� = exp�− �2��1

2
�1 − �2� + �2 cos��−s�	 ,

W�B3� = exp�− �2��1

2
+

1

2
�1 − �2� + �2 cos��+s�	 ,

W�B4� = exp�− �2��1

2
+

1

2
�1 − �2� − �2 cos��+s�	 ,

�18�

with ��=�1��2 and �i, i=1,2 are the frequencies of i-th
mode.

The external nonclassical radiation prepared in maximally
entangled Bell states results in a nonautonomous correction
to kinetics of the magnetic flux. Because the Weyl functions
depend on time, the generalized potential V�x ,s� also de-
pends on time. Therefore, in the long time limit, the averaged
magnetic flux depends on time and is a periodic function of
time. Only in a particular case when �1=�2, two Weyl func-
tions W�B1� and W�B2� do not depend on time. Therefore,
entangled states �B1 and �B2 can be distinguishable by
measurement of the stationary second moment of the mag-
netic flux, i.e., the stationary averaged flux energy. Unfortu-
nately, the entangled states �B3 and �B4 cannot be sepa-
rately resolved from statistics of the magnetic flux. We
visualize it in Fig. 3, where time dependence of the second
moment �x and the entropy are depicted as a function of
time. For long times, the influence of the states �B1 and �B2
are clearly different and it could allow to distinguish two
entangled states of two-mode NEM.

V. THERMAL EFFECTS IN NEM

Effects of nonzero temperature and dissipation have been
included only in the classical part of our system. For the
SQUID, we use a Langevin-type equation with dissipative
and noise terms according to the fluctuation-dissipation theo-

0.1

0.13

0.16

0 0.5 1 1.5 2 2.5 3

<x
2 >

s

(a)

B1
B2
B3
B4

-0.4

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0 0.5 1 1.5 2 2.5 3

S

s

(b)

B1
B2
B3
B4

FIG. 3. �Color online� The second moment and the entropy of
the magnetic flux in the SQUID irradiated by a nonclassical two-
mode electromagnetic field in the entangled number eigenstates.
�1=�2=10. The initial state p�x ,0� is the same as in Fig. 2.
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rem. The state of the quantum electromagnetic field remains
unchanged and pure. Such a state carries no classical noise.17

Clearly it is not the case in real experimental devices where
one cannot separate the environment from a part of the total
system. The form of an arbitrary state of radiation in the
presence of the thermal light is known.18 The formulas are
rather complicated. The corresponding Weyl functions need a
numerical treatment. Here, we limit our considerations to the
simplest case of the so called thermal vacuum

� = �1 − e−	�/kBT��
N

e−N	�/kBT�N�N� �19�

and study the asymptotics of the ground state of the SQUID
in the presence of nonclassical radiation. We compare it with
classical one, i.e., with that in empty space. We incorporate
into our discussion both charging effects due to small size of
the SQUID and thermal noise present in the radiation which
state becomes thermal. The corresponding Weyl function

W = exp�−
1

2
�2 coth�1

2
	�/kBT�	 . �20�

It is clear that the thermal effects added to the vacuum
state result in further smearing of the probability density of
magnetic flux as presented in Fig. 4. Other statistical charac-
teristics of the magnetic flux in the SQUID calculated via the
simplified phenomenological model proposed in this paper
are affected in a qualitatively similar way. As a result any
measurement of the magnetic flux may be obscured when the
interesting phenomena �such as e.g., oscillations of the sec-
ond moment of the magnetic flux related to the Bell states of

two-mode NEM discussed in Sec. IV� occur below the “sen-
sitivity threshold” of measuring apparatus. Hence, it is of
great importance to reduce thermal effects in NEM as much
as possible.

To be more consistent in the description of the full sys-
tem, we should use two approaches and next test them. The
first, using the Langevin equation for SQUID and adding a
coupling of the quantum field to a thermal bath. The second
could be formulated as a SQUID+NEM quantum system in
which both parts are coupled to a common quantum thermal
bath. Fully consistent description of the thermal effects in
both the SQUID and NEM is essentially beyond the pro-
posed semiphenomenological model of magnetic flux kinet-
ics and would require a treatment based e.g., on the Caldeira-
Leggett type model of the SQUID+NEM+thermal bath.5 In
the case of weak coupling to a heat bath, one could employ a
Born-Markov approximation and exploite a standard master
equation of the Lindblad-Kossakowski form.19

VI. SUMMARY

The magnetic flux in the superconducting loop interrupted
by a Josephson junction can be controlled by external fields.
The kinetic properties of the flux are to some extent gov-
erned by such a driving and, as a result, can become useful
for studying driving characteristics by indirect methods. It is
of great importance in the case when a driving is a nonclas-
sical electromagnetic field. In such a case, properties of the
magnetic flux can reflect quantum nature of radiation. The
properties are primarily encoded in the state of the NEM.
Unfortunately, their measurement is often difficult and highly
sophisticated.16 The celebrated quantum tomography is here
a well known example.16 The considered “SQUID & NEM
system” belongs to a class of hybrid quantum-classical
systems.20,21 Contrary to Ref. 21, in this paper, we are inter-
ested in kinetics of its classical part. Our proposal may be
useful for constructing devices measuring certain character-
istics of nonclassical fields allowing to extract a part of in-
formation encoded in the state of nonclassical field. Mea-
surement protocols based on detection of energy or
fluctuations of the magnetic flux in SQUID could allow to
diagnose quantum field states with different photon statistics
and discrete nature of NEM.
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