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We present the magnetic phase diagram of artificial H2 molecule in lateral quantum dots doped with
magnetic impurities as a function of external magnetic field and plunger gate voltage. The onset of Mn-Mn
antiferromagnetic-ferromagnetic transition follows the electron spin singlet-triplet transition. We deploy a
configuration-interaction method to exactly diagonalize the electron-Mn Hamiltonian and map it to an effective
Mn-Mn Heisenberg Hamiltonian. We find that Mn-Mn exchange coupling can be described by RKKY-
interaction/magnetic-polaron in weak/strong electron-Mn coupling at low/high magnetic fields.
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I. INTRODUCTION

There is currently significant experimental1–7 and
theoretical8–14 interest in semiconductor quantum dots �QDs�
doped with magnetic impurities. Fabrication of hybrid sys-
tems consisting magnetic ions in a controlled electronic en-
vironment provides an interesting interplay between interac-
tion effects and magnetism. In particular, the application of
spin of electrons in quantum dot molecules for generation of
electron entanglement and quantum information processing
in solid state devices is of current interest.15,16 One of the
challenges in use of spin of electrons in scalable quantum
computer devices is the spin dephasing due to interference
by spin-orbit coupling and nuclear hyperfine interaction.17

The broadening of the electron envelop wave function in a
QD is determined by the length scale of the confining poten-
tial that is comparable with the size of QD �typically
�1–1000 nm�. In materials with high abundance of spin-
carrying nuclear isotopes, the electron interacts with large
number of nuclei in host semiconductor. Although the
strength of nuclear hyperfine coupling is small �typically
�1 �eV� compared to other relevant energy scales, but be-
cause of the broadening of the confined electron in nano-
meter length scale, it interacts with a large number of nuclei
that contribute to the electron spin dephasing. The use of
magnetic moment of nuclear impurities in host semiconduc-
tors for the quantum information processing have appeared
to overcome this limitation.18,19 To avoid such problem, it
has been suggested that the magnetic moment of nucleus of
host semiconductor constituents �atoms and impurities� to be
used extensively for the quantum information processing.18,19

Recently the system of 13C atoms in two-electron nanotube
quantum dot molecules has been studied.20 The advantage of
using singlet eigenstates of coupled magnetic moments of
nucleus of 13C in organic molecules and their effects in dra-
matic enhancement of the spin lifetimes needed for imaging
the metabolic pathways in living systems by hyperpolariza-
tion methods has been investigated.21 Moreover, molecules
doped with 13C has been used in demonstration of quantum
teleportation using nuclear magnetic resonance techniques.18

Similarly the magnetic dipole moment of nucleus of 31P im-
purities in Si-based quantum computer model proposed by
Kane19 appears to be promising in making quantum com-

puter solid state devices. Similar to magnetic dipole moment
of nucleus of 13C and/or 31P, the magnetic moment of elec-
trons in d shell of magnetic impurities �such as Mn, Fe, and
Co� in lateral quantum dot molecules can be used for quan-
tum information processing as they have been used for fab-
rication of molecular magnets.22

In this work, we focus on theoretical study of the phase
diagram and spin transitions of coupled magnetic impurities
�e.g., Mn� doped in two electron quantum dot molecule, an
artificial H2 molecule. Here, we calculate the Mn-Mn effec-
tive Hamiltonian mediated by electrons and show that the
onset of spin-polarized state with finite Mn magnetization,
corresponds to spin singlet-triplet transition of two electrons
in QD molecule. This transition is analogous to para-ortho
transition of nucleus of solid H2 where the electron-nuclei
hyperfine interaction opens the energy gap between para and
ortho states of H2 molecule.24,25 In the small �large� magnetic
fields the spin-singlet �triplet� state is the ground state of
electrons16 and thus the ground state of the coupled Mn is
described by hydrogen molecule para �ortho� state. In the
small magnetic fields, the Mn-Mn interaction induced by
electrons is calculated perturbatively in the electron-Mn
weak interacting limit. It can be described effectively by
RKKY-coupling.23 In large magnetic field, the ground state
of electrons is spin-triplet. The electron-Mn interaction is
strong and magnetic-polaron state form. In this limit the
ortho-state of artificial H2 molecule is stable. We show the
Mn-Mn exchange coupling can be controlled by inter- and
intradot correlations, external magnetic field, and gate volt-
age.

The dependence of Mn-Mn interaction to the spin singlet-
triplet transition among electrons in QDs opens up the pos-
sibility in using Mn-magnetic moment as qubit in quantum
computation purposes. In contrast to electrons confined in
QD’s, because of highly localized d electrons, Mn’s interact
directly with significantly smaller number of nuclei of host
semiconductor. The Mn d electrons also do not interact di-
rectly with the host semiconductor Rashba and Dresselhaus
spin-orbit coupling,28 and thus their spin coherence life-time
is expected to be longer than the QD electrons. However,
Mn-Mn interaction mediated by electrons in QDs is still vul-
nerable to the electron spin dephasing mediated by QD elec-
trons due to their hyperfine and spin-orbit couplings. In
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analogous to the 31P in Si system,19 the spin coherence time
in the Mn system is expected to be longer than the QD elec-
tron system. Further investigation is required to make a
quantitative dependence of spin decoherence time of Mn on
the electron-nuclear hyperfine interaction and their spin-orbit
coupling.

II. HAMILTONIAN

We represent magnetic QD molecule by the Hamiltonian
H=He+Hem+Hm, describing contributions of interacting
electrons, electron-Mn �e-Mn� exchange, and direct Mn-Mn
antiferromagnetic �AFM� coupling, respectively. Electrons
confined in quasi-two-dimensional quantum dots in a uni-
form perpendicular magnetic field can be described by the
effective mass Hamiltonian

He = �
i=1

N

�Ti + EiZ� +
e2

2�
�
i�j

1

�r�i − r� j�
, �1�

where

T =
1

2m���

i
�� +

e

c
A�r���2

+ V�x,y� �2�

is the single electron Hamiltonian in magnetic field. Here,
�r��= �x ,y� describes electron position, V�r�� is the quantum
dots confining potential, A�r��= 1

2B� �r� is the vector potential,
and B is the external magnetic field perpendicular to the
plane of confining potential. m� is the conduction-electron
effective mass, −e is the electron charge, and � is the host
semiconductor dielectric constant. EiZ= 1

2ge�B�izB is the
Zeeman spin splitting, ge is the electron g factor in host
semiconductor, �B is the Bohr magneton, and � is the Pauli
matrix. The single-particle eigenvalues ����� and eigenvec-
tors ����� are calculated by discretizing T in real space, and
diagonalizing the resulting matrix using conjugated gradient
algorithm.16,26 The single-particle �SP� states can be used as
a basis in configuration-interaction �CI� calculation that al-
lows to diagonalize Hamiltonian H. The details of CI method
can be found in Ref. 26. Denoting the creation �annihilation�
operators for electron in noninteracting SP state ���� by c��

†

�c���, the Hamiltonian of an interacting system in second
quantization can be written as

He = �
�

�
�

���c��
† c��

+
1

2 �
��	�

�
���

V��,���,	��,��c��
† c���

† c	��c��, �3�

where the first term represents the single-particle
Hamiltonian Eq. �2�, and V��,���,���,
�

=	dr�	dr�� ���
� �r������

� �r�� � e2

��r�−r�� �
�����r�� ��
��r��, is the two-

body Coulomb matrix element. We describe e-Mn exchange
interaction by Hem=−Jsd�i,Is�i ·M� I��ri−RI�, where Jsd is the
exchange coupling between electron spin s�i at ri and impu-
rity spin M� I at RI.

10,11 Note that Hem is analogous of the
isotropic �contact� part of electron-nucleus hyperfine

interaction,27 responsible for para-ortho energy gap of solid
H2 �for comparison see, for example, Eq. 121.9, page 498 of
Ref. 24�. In second quantization it can be written as

Hem = − �
��

�
I

J���RI�
2


MzI�c�↑
† c�↑ − c�↓

† c�↓� + MI
+c�↓

† c�↑

+ MI
−c�↑

† c�↓� , �4�

where J���RI�=Jsd��
��RI����RI�. Finally we describe

Mn-Mn direct exchange interaction and Mn-Zeeman cou-
pling by Hm=�I,I�JI,I�

AF M� I ·M� I�+�Igm�BMIzB, where JI,I�
AF is

the direct Mn-Mn AFM coupling,10 resembling the direct
dipole-dipole interaction, and gm is the Mn g factor.

Confining potential

For numerical calculation, we model quantum dots
molecules by the following confining potential
V�x ,y�=VL exp 
−�x+a�2+y2 /�2�+VR exp
−�x−a�2+y2 /�2�
+Vp exp
−x2 /�Px

2 −y2 /�Py
2 �. Here, VL ,VR describe the depth

of the left and right quantum dot minima located at x
=−a , y=0 and x=+a , y=0, and Vp is the plunger gate po-
tential controlled by the central gate.26 For identical dots,
VL=VR=V0, and confining potential exhibits inversion sym-
metry. Our numerical results are calculated for parameters
based on �Cd,Mn�Te QDs with Jsd=0.015 eV nm3, m�

=0.106, �=10.6, gm=2.02, and ge=−1.67 and the effective
Bohr radius aB

� =5.29 nm and Rydberg energy Ry�

=12.8 meV. We parametrize the confining potential by V0
=−10, a=2, and �=2.5 and �Px=0.3, �Py =2.5, in effective
atomic units. Vp, which controls the potential barrier, varies
to control the interdot correlations, independent of the loca-
tions of the quantum dots. The choice of parameters ensures
weakly coupled quantum dots.

III. TWO LEVEL SYSTEM

For the purpose of this work, we consider a coupled quan-
tum dot system filled with two electrons. It is convenient to
project the Hilbert space of two electrons into a two level
system. The construction of two level system based on
single-particle orbitals localized in each dot is made by de-
fining a pair of bonding-antibonding single-particle orbitals
��r��= 
�L�r���R�r��� /�2�1W�, where �L�R��r�� is the spa-
tial part of SP wave function localized in L �R� dot, and W
=Re�L �R�� is the overlap integral. At zero �finite� magnetic
field, the SP orbitals are real �complex� functions. At Hem
=B=0 the lowest energy many body wave function �ground
state� of two electrons is spatially symmetric with parity +1.
Thus spin state of the ground state must be singlet:
�G�r�1 ,r�2�= 
��+�r�1��+�r�2�+��−�r�1��−�r�2���S0�, where �

=�1−�2 and �S0�= ��↑↓�− �↓↑�� /�2 corresponding to S=Sz
=0. Here, S is the total spin of two electrons. The lowest
energy excited states are the spin-triplet states with spatially
antisymmetric wave function corresponding to parity −1, and
�X

��r�1 ,r�2�= 1
�2


�+�r�1��−�r�2�−�+�r�2��−�r�1���T��. Here, �
=0, 1, and �T�� is one of the spin-triplet states: �T+1�
= �↑↑�, �T0�= ��↑↓�+ �↓↑�� /�2, and �T−1�= �↓↓� corresponding
to S=1, and Sz=+1,0 ,−1, respectively. Note that at B=0 �or
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zero Zeeman coupling� these states are degenerate and thus
�X

� is threefold degenerate. We define spin singlet-triplet en-
ergy gap of electrons �ST

�e��EX
�e�−EG

�e� where He��G�
=EG

�e���G�, and He��X
��=EX

�e���X
��. In this two level system,

there are two other excited states with spin-singlet
�X

s1�r�1 ,r�2�= 
��+�r�1��+�r�2�−��−�r�1��−�r�2���S0�, and
�X

s2�r�1 ,r�2�= 1
�2


�+�r�1��−�r�2�+�+�r�2��−�r�1���S0�.

Weak e-Mn coupling

Assuming the weak electron-Mn interaction limit, we cal-
culate Mn-Mn effective Hamiltonian mediated by electrons
perturbatively. In this limit Hem is assumed to be small, com-
pared to unperturbed Hamiltonian He. In the low magnetic
field limit, the ground state of two electrons in coupled quan-
tum dot is spin-singlet. It follows:

Hmm
eff = �

X

��X�Hem��G��2

EG
�e� − EX

�e� . �5�

Here, G and X denote the ground and excited states of elec-
trons in quantum dot systems, and X� ��X

s1 ,�X
s2 ,�X

0,1�. The
uniqueness �nondegeneracy� of the ground state has been
assumed implicitly. To obtain effective interaction between
two Mn, we calculate the matrix elements of Hem. It is
straightforward to show that �X

s1�Hem��G�= �X
s2�Hem��G�

=0, �X
0 �Hem��G�=

�Jsd
�2

�I��R� I�MI
z, �X

+1�Hem��G�
=−

�Jsd

2 �I��R� I�MI
−, and �X

−1�Hem��G�=+
�Jsd

2 �I��R� I�MI
+,

where �=�−� and ��R� I���+�R� I��−�R� I�. We finally find

Hmm
eff = �

I,I�

�II�M
�

I · M� I�, �6�

where �II�=−�2Jsd
2 /2�ST

�e��+�R� I��−�R� I��+�R� I���−�R� I��. Note
that the Mn-Mn coupling for a lateral quantum dot molecule
with two magnetic impurities localized at the center of each
dot is given by

�12 = +
�2Jsd

2

2�ST
�e�

�L
2�R� 1��R

2�R� 2�
4�1 − W2�

� 0. �7�

Here, we assume that R� 1 and R� 2 are the position of Mn’s
centered at left and right dots, and therefore the electron
wave functions at the opposite position of Mn’s, �L

2�R� 2� and
�R

2�R� 1� are negligible due to high localization of the wave
functions. Because �12 is positive, the coupling between two
Mn mediated by electrons is antiferromagnetic with M =0 as
the ground state. For Mn, this state is separated by an energy
gap, 30�12, from the ferromagnetic state M =M1+M2�=5�.
There are series of canted states with M =1, . . . ,4 between
M =0 and M =5.

IV. EXACT DIAGONALIZATION

The effect of Vp at B=0 on both � and �ST
�e� is shown in

Fig. 1. This calculation is based on configuration interaction
�CI� method using 20 SP orbitals �400 electronic configura-
tions�. With increasing Vp, the interdot tunneling and the
overlap between L and R wave functions decreases. This

results to the decrease of � �hence �� and �ST
�e� simulta-

neously. The expansion of the ground state wave function
��G�, in terms of leading configurations of two electrons is
shown. The contribution of the rest of configurations is neg-
ligible.

With increase in magnetic field, the electron spin singlet-
triplet energy gap �ST

�e� decreases. Close to the transition
point, �ST

�e� vanishes, and the perturbation method fails. An
unpertabative approach has to develop to calculate the low
lying energy states of H in order to map H into Hmm

eff . Here
we exactly diagonalize Hamiltonian H by expanding the
many body wave function in the basis of electron-Mn con-
figurations: �� ,M�=c��

† c���
† �0� � �Mz1 ,Mz2�. Because of


Sz ,Hem��0 �S is the total spin operator of two electrons�,
the states with different Sz are mixed, hence the dimension of
matrix H that has to be diagonalized is given by NC= �2M1
+1� �2M2+1��N↑=0

N NSP ! / 
N↑ ! �NSP−N↑�!�NSP ! / 
N↓ ! �NSP

−N↓�!�. N=N↑+N↓ is the number of electrons �here N=2�,
and NSP is the number of single-particle orbitals. To check
the convergence of CI we perform exact diagonalization us-
ing single-particle orbitals up to NSP=20. The result of this
calculation and the magnetic phase diagram of Mn is sum-
marized in Fig. 2 where the electron spin singlet-triplet phase
diagram is calculated by configuration interaction method for
two electrons in lateral quantum dot molecules.

Figure 3 shows the lowest energy gap, �=EJ−EJ=0, cal-
culated for two electrons and two Mn in lateral quantum dot

α≈ΨG

(a)

(b)

21 α−+

FIG. 1. �Color online� �a� Shown singlet-triplet energy gap
��ST

�e�� of two electrons in a coupled quantum dot molecule as a
function of plunger gate voltage �Vp� at B=0. �b� Shown �2 as a
function of Vp.

Mn Mn

Mn Mn

Para-Hydrogen
RKKY-model

Ortho-Hydrogen
Magnetic polaron

FIG. 2. �Color online� Spin singlet-triplet phase diagram calcu-
lated by configuration interaction method for two electrons in lat-
eral quantum dot molecules.
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molecule as a function of cyclotron frequency �c=eB /m�c
and J. Here J� =M� +S� is the total electron-Mn spin operator
�M� =M� 1+M� 2, and S� =S�1+S�2 are total Mn and electron spin
operators�. For illustration we switched off the electron and
Mn-Zeeman couplings. Here the singlet-triplet transition oc-
curs because of change in wave functions and e-e Coulomb
matrix elements. Close to the transition point where the
single-particle energy levels of valence electrons are degen-
erate �half-filled�, the e-e Coulomb interaction leads singlet-
triplet transition in accordance with spin Hund’s rule. The
eigenvalues of H are grouped into J=0, . . . ,6. States with
given J are 2J+1-fold degenerate. It is convenient to char-
acterize these states based on the total spin of electrons, e.g.,
spin singlet �S=0� and triplet �S=1� and total spin of two Mn
with M =0, . . . ,5. In this work, we are interested in the mag-
netic ordering of two Mn that can be described by antiferro-
magnetic, ferromagnetic, and canted states corresponding to
M =0, M =5, and M =1, . . . ,4. As it is shown in Fig. 3, spin
of electrons undergo singlet-triplet transition at �c

�=1.55 and
Vp=7. Within �c��c

�, J=M =S=0 is the nondegenerate
ground state. At �c=�c

�, the energy gap of antiferromagnetic,
ferromagnetic, and canted states vanish all together and the
ground state switches to ferromagnetic state with maximum
spin multiplicity corresponding to J=6, M =5, and S=1. In
the limit of strong magnetic field, there are 2J+1=13 degen-
erate states that form the ground state. However, this degen-
eracy is removed by Zeeman coupling that guarantees the
uniqueness of the ground state with Mz=−5 and Sz=−1.
Within the resolution of our exact diagonalization we did not
observe any range of magnetic field that the ground state
exhibits canted ordering. In Fig. 3 at B=0 and Vp=7 we

compare the energy gap calculated using CI, EJ=6−EJ=0
=10 mRy�, with perturbation approach. We find �ST

�e�

=0.013, �12=0.38, hence EJ=6−EJ=0=11.4 all in mRy�, in
qualitative agreement with exact energy gap.

V. CONCLUSION

In this work we studied phase diagram of quantum dot
molecules consists of two electrons and two magnetic impu-
rities �Mn� confined in each dot. We demonstrated that the
spin singlet-triplet transition of two electrons that are con-
trolled by external electric gate voltage and magnetic field,
can induce ferromagnetic-antiferromagnetic transition in the
magnetic impurity system. Therefore, Mn-Mn spin transi-
tions mediated by �e-Mn� exchange interaction can be con-
trolled indirectly by external electric gate voltage and mag-
netic field. This allows us to suggest application of spin of
magnetic impurities for the entanglement of qubits in quan-
tum information processing. The advantage of using spin of
magnetic impurities as qubit, instead of QD electrons resides
in the possibility of achieving higher spin coherence time. In
analogous to the magnetic moment of nuclear impurities in
host semiconductor systems, we speculated that the spin co-
herence time in the Mn system is expected to be longer than
the QD electron system due to small localization length of
Mn d-orbitals that suppresses the qubit spin-orbit coupling as
well as hyperfine interaction with the magnetic moment of
nuclei of host semiconductor.

Our analysis based on exact diagonalization allows map-
ping the electron-electron and electron-Mn Hamiltonian H
into an effective Mn-Mn Heisenberg Hamiltonian Hmm

eff

=�12M� 1 ·M� 2 in agreement with the perturbative results, e.g.,
an RKKY model calculated for weak coupling at low mag-
netic fields. Consistent with the magnetic field dependence of
the lowest lying states of full Hamiltonian H, �12 changes
sign at critical magnetic field that leads to spin singlet-triplet
transition of two electrons in lateral quantum dot molecules.
This is a level crossing that results to para-ortho transition
induced by electrons in artificial H2 molecules where the
magnetic impurities resembling the magnetic moment of
nucleus of the actual H2 molecules. The interaction between
two Mn at high magnetic field is determined by the magnetic
polaron effect.
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