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We present a phenomenological theory of second harmonic generation �SHG� from tetragonal centrosym-
metric crystals. It includes the lowest order bulk response, which is of electric quadrupole and magnetic dipole
symmetry, and the lowest order surface response, which is of electric dipole symmetry. Based on the symmetry
properties of the nonlinear response tensor, complete expressions are obtained for the SHG expected in
reflection from a crystal with a �001� surface orientation. We suggest experimental configurations that can be
used to extract particular tensor elements. We find that dichroism is present in SHG from tetragonal centrosym-
metric crystals, although the crystal is not chiral.
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I. INTRODUCTION

Optical second harmonic generation �SHG� has been
widely used as a noninvasive and noncontact probe of the
electronic and structural properties of crystals.1 For crystals
without inversion symmetry, the dominant contribution to
SHG comes from the bulk electric dipole response. For me-
dia with inversion symmetry, such an electric dipole re-
sponse is forbidden in bulk, but is allowed within a few
atomic layers of surfaces and interfaces. It has been demon-
strated experimentally that the SHG from these surface con-
tributions is usually comparable to, or even stronger than, the
contributions arising from higher-order sources in the bulk
with electric quadrupole and magnetic dipole symmetry.2–4

As a result, SHG has proven to be a powerful tool for inves-
tigating surfaces of centrosymmetric crystals, and more gen-
erally interfaces between centrosymmetric media, even when
they are buried inside a multilayer structure.5 Typically, care-
ful analysis of experimental data is required to extract infor-
mation about surfaces and interfaces.

A phenomenological approach to describing SHG from
cubic and isotropic media was developed in the 1960s,6–8

and later extended to include anisotropic effects by Sipe
et al.9 The general strategy is to analyze the results of SHG
measurements purely from the macroscopic symmetry of the
medium, taking into account both bulk and surface effects,
with no assumption of the microscopic origin of the macro-
scopic response tensors. Such a phenomenological approach
has been successfully applied to explain experimental results
and to provide guidance in designing experiments. It also
serves as a preliminary step to further theoretical studies
based on microscopic approaches. The most extensive use of
the phenomenological models is limited to cubic- or
diamond-based lattices, because of their relatively straight
forward symmetry and the commercial importance of mate-
rials such as silicon and its oxides.10–15 Certain extensions of
the SHG theory have been developed previously to treat sys-
tems with lower symmetry such as vicinal faces of cubic
crystals.16,17

In this paper, we extend this phenomenological approach
to tetragonal centrosymmetric crystals. The importance of

this extension lies in the fact that many crystals in this class
are of great physical interest and practical value. Piezoelec-
tric materials such as PbBi2Nb2O9, paraelectric materials
such as SrTiO3, and parent compounds of high-Tc supercon-
ductors such as HgBa2CuO4+� �Ref. 18� all have a phase of
tetragonal centrosymmetric symmetry. Therefore, the theo-
retical description of SHG should facilitate experimental in-
vestigations of their properties. For example, the nature of
the pseudogap states in high-Tc superconductors remains an
unsolved critical issue in high-Tc superconductors.19 While
many models involve additional charge orders, the vast ma-
jority of experimental studies have not shown any change in
symmetry upon moving from the normal state to the
pseudogap state. More recently, it has been proposed that
circulating current may spontaneously form and break the
time-reversal-symmetry and/or inversion symmetry.20,21

Various experimental techniques have been proposed and
implemented in search of such circulating currents. Conflict-
ing results, however, have been reported.22,23 Similar to bro-
ken spatial symmetry, broken time-reversal symmetry can
lead to new contributions to SHG. This sensitivity to sym-
metry motivated proposals using SHG as a tool to study
phase transitions in the cuprates.24

Two major complications arise in the extension of the
phenomenological description to tetragonal centrosymmetric
crystals. First, different polarizations of the fundamental field
in the medium have different wave vectors, because of the
anisotropy of the linear optical response. Second, the nonlin-
ear susceptibility tensor in tetragonal crystals has many more
nonzero components than that in cubic crystals, because of
the reduced symmetry of tetragonal crystals.

This paper is organized as the following: First, in Sec. II,
we describe the problem under consideration and express the
fundamental fields inside the medium in terms of the incident
fields. Next, in Sec. III, we calculate the bulk nonlinear po-
larization and obtain the corresponding SHG using a formal-
ism based on Green functions. After that, in Sec. IV, we
calculate the SHG from surface dipole contribution. In Sec.
V, we discuss how our calculations can be used to guide
experimental investigations, and in Sec. VI, we draw some
final conclusions.
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II. MODEL OF THE SYSTEM

In a phenomenological approach, the SHG is typically
calculated in three steps: �i� Given the incident fields, the
fundamental fields inside the nonlinear medium are calcu-
lated solely on the basis of the linear response of the me-
dium. Since SHG and other nonlinear effects are weak, and
pump depletion can be neglected, this approach provides a
good approximation of the actual fundamental fields in the
medium. �ii� The second harmonic polarization of the me-
dium �both bulk and surface contributions� is written in
terms of the fundamental fields and the second-order suscep-
tibility tensors. �iii� The second harmonic fields outside the
medium that are generated by the nonlinear polarization are
calculated.

In this section, we address the first of these three steps.
Consider a tetragonal centrosymmetric crystal medium fill-
ing out the half space z�0 with its surface normal along the
ẑ direction. We choose the three axes �x̂ , ŷ , ẑ� of our lab
reference frame to be along the three principal crystal axes.
This coordinate system is referred to as the crystal coordinate
system.

A laser beam, idealized as a monochromatic plane wave
with a frequency � and a wave vector �0−, is incident on the
medium at an angle �0 �cf. Fig. 1�. The incident field can be
expressed as

E0�r,t� = E0ei�0−·r−i�t + c . c . �1�

The beam coordinate system is defined as �ŝ , �̂ , ẑ�, by taking
�̂ to be the direction identified by the projection of �0− on the
�xy� plane, and ŝ= �̂� ẑ, as sketched in Fig. 1.

The bases of crystal and beam coordinate systems are
related to each other by an orthogonal transformation,

� ŝ

�̂

ẑ
� = V�x̂

ŷ

ẑ
� , �2�

where

V = � sin � − cos � 0

cos � sin � 0

0 0 1
� . �3�

� is the angle between x̂ and �̂, as shown in Fig. 1. The
incident wave vector has a component �= �̂��0−�sin �0 in the

�xy� plane. Given the magnitude of the wave vector ��0−�
=� /c� �̃, the wave vector can be written as

�0− = � − w0ẑ , �4�

with

w0 = ��̃2 − �2�1/2. �5�

Throughout this paper, the square root function of a �in gen-
eral� complex number z, �z, is defined such that Im �z�0
and, if Im �z=0, Re �z�0. The decomposition of the field
into s- and p-polarization is written as

E0 = E0pp̂0− + E0sŝ �6�

where the unit vector for p-polarization is

p̂0− =
�ẑ + w0�̂

�̃
. �7�

We now write down the general form of the fundamental
fields inside the medium. For tetragonal crystals with �001�
crystal surface orientation, the linear optical property of the
medium can be characterized by the following dielectric ten-
sor,

���� = �		 0 0

0 		 0

0 0 	� 
 , �8�

where both 		 and 	� can be complex numbers. As required
by the Maxwell equations, the field inside the medium takes
the general form25

E�r,t� = E�r�e−i�t + c . c . , �9�

where

E�r� = ŝEse
i�−

s ·r + q−Epei�−
p·r. �10�

The s- and p-polarization components acquire different wave
vectors

�−
s = � − wsẑ, ws = ��̃2		 − �2, �11a�

�−
p = � − wpẑ, wp =��̃2		 −

		

	�
�2. �11b�

The p-polarization direction is specified by

q− �
n

�̃
� �

	�
ẑ +

wp

		 �̂� , �12�

where n���−
s ·�−

s / �̃=�		 is the index of refraction for the
s-polarized wave. Note that the polarization vector q− is not
a unit vector. To simplify the notation below, we write

q− = fsẑ + fc�̂ , �13�

where the factors fs and fc are obtained from Eq. �12�. For
cubic crystals, if n is real, then fs and fc will correspond to
the sine and cosine of the angle of the beam propagation
inside the crystal. For tetragonal crystals, however, fs and fc
depend on this angle in a more complicated way.

FIG. 1. �Color online� Experimental geometry with definitions
of the crystal coordinate system as well as the beam coordinate
system.
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Despite the anisotropy 
Eq. �8�� of the dielectric tensor, s-
and p-polarized components of an incident beam do not mix
at an interface. Therefore, reflection and transmission calcu-
lations can still be performed for one polarization at a time,
as in the case with isotropic media. However, the Fresnel
coefficients take a different form. For light incident from
medium i to medium j, if the vectors ŝ and q− are used to
reference the amplitudes, the transmission Fresnel coeffi-
cients are25

tij
s =

2wi
s

wi
s + wj

s , tij
p =

2ninjwi
p

wi
p	 j

	 + wj
p	i

	 , �14�

for s- and p-polarizations, respectively.
For a half space calculation, i=0 and j=1 refer to the

vacuum �or air� and the crystal, respectively. Thus, we have
w0

s =w0
p=w0, and n0=�	0

	 =1. The fundamental field in the
nonlinear medium is given by Eq. �10�, with

Es = t01
s E0s, t01

s =
2w0

w0 + ws , �15a�

Ep = t01
p E0p, t01

p =
2nw0

w0		 + wp . �15b�

Once the fundamental fields inside the medium are known,
we can calculate the nonlinear polarizations.

III. BULK CONTRIBUTION

In this section, we calculate the SHG in reflection from
the bulk crystal. To do so, we first determine the nonlinear
polarization from the fundamental fields inside the medium.
The SHG is then calculated using a Green’s function formal-
ism.

For a crystal with inversion symmetry, such as a tetrago-
nal centrosymmetric crystal, the second order dipole re-
sponse tensor 
�2� from bulk crystal vanishes identically. The
lowest order nonlinear response comes from higher order
nonlocal sources with either electric quadrupole or magnetic
dipole symmetry.7 This response can, in general, be ex-
pressed in terms of an effective polarization

Pi
b�r,t� = Pi

b�2���r�e−2i�t + c . c . , �16�

where

Pi
b�2���r� = �ijklEj�r�

�

�xk
El�r� , �17�

and where the superscript b indicates a bulk contribution and
summation over repeated indices is assumed. Although the
exact value of the fourth rank response tensor �ijkl should be
determined from microscopic theory, its form is dictated by
the symmetry property of the crystal. Tetragonal crystals
with inversion symmetry fall into two classes of point group
symmetry: C4h and D4h �4 /m and 4 /mmm in the interna-
tional notation�. For both classes of crystals, when written in
the crystal coordinate system, there are 21 nonzero elements
of �ijkl, of which only 11 are independent;26 these are �xxxx
=�yyyy, �zzzz, �yyzz=�xxzz, �yzzy =�xzzx, �xxyy =�yyxx, �zzyy

=�zzxx, �yzyz=�xzxz, �xyxy =�yxyx, �zyyz=�zxxz, �zyzy =�zxzx,
and �xyyx=�yxxy. However, the simplest type of SHG experi-
ment, which relies on only one fundamental incident beam,
is not sensitive to all 11 independent components. To see
this, we note that

Pi
b�2���r� �18a�

=�ijxlEj�r�
�

�x
El�r� + �ijylEj�r�

�

�y
El�r� + �ijzlEj�r�

�

�z
El�r�

�18b�

=i�x�ijxlEj�r�El�r� + i�y�ijylEj�r�El�r� + �ijzlEj�r�
�

�z
El�r�

�18c�

=
1

2
i�x��ijxl + �ilxj�Ej�r�El�r�

+
1

2
i�y��ijyl + �ilyj�Ej�r�El�r� + �ijzlEj�r�

�

�z
El�r� �18d�

=i�x�ijxl
s Ej�r�El�r� + i�y�ijyl

s Ej�r�El�r� + �ijzlEj�r�
�

�z
El�r�

�18e�

=�ijxl
s Ej�r�

�

�x
El�r� + �ijyl

s Ej�r�
�

�y
El�r� + �ijzlEj�r�

�

�z
El�r� ,

�18f�

where in the third and last line we have used the form �10,11�
of the fundamental field E�r�, in the fourth line we have used
the fact that Ej�r� and El�r� refer to the same fundamental
field to sum over two equivalent versions of dummy indices,
and in the last two lines we have defined

�ijxl
s �

1

2
��ijxl + �ilxj� , �19�

�ijyl
s �

1

2
��ijyl + �ilyj� . �20�

Thus in a “single beam” experiment using only one incident
fundamental beam, the SHG generated depends only on the 9
independent components that are labeled by ai�i=1, ¯ ,9� in
Table I. If both the fundamental and second harmonic fre-
quencies are far away from any resonance in the material,
one can treat the medium as dispersionless. Additional per-
mutation symmetries lead to �ijkl=� jikl.

6 As a result, one has
a2=a3, a5=a7, and a6=a8.

To obtain the polarization through Eq. �17�, it is conve-
nient to perform the calculation in the beam coordinates in-
stead of the crystal coordinates. The tensor transformation of
�ijkl from the crystal coordinates to the beam coordinates can
be written as:
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�ijkl� = �
i�j�k�l�

Vii�Vjj�Vkk�Vll��i�j�k�l�, �21�

where the components of �� range over �1,2 ,3�= �s ,� ,z�,
and the components of � range over �1,2 ,3�= �x ,y ,z�; the
transformation matrix V is written explicitly in Eq. �3�. The
components of the fundamental electric field inside the me-
dium, expressed in the beam coordinate, are

Es� = Ese
i�−

s ·re−i�t, E�� = fcEpei�−
p·re−i�t,

Ez� = fsEpei�−
p·re−i�t. �22�

Since in the crystal and beam coordinate systems we have,
respectively,

r = xx̂ + yŷ + zẑ � rsŝ + r��̂ + rzẑ , �23�

we can write exp�i� ·R�=exp�i�r��, where R= �x ,y� is a
shorthand notation for the coordinates in the horizontal
plane. For calculations on the fundamental field Eq. �22� we
have

�

�rs
→ 0,

�

�r�

→ i� , �24�

and

�

�rz
=

�

�z
→ − iws �for Es�� ,

�

�rz
=

�

�z
→ − iwp �for E��,Ez�� . �25�

After performing the tensor transformation and taking the
derivative explicitly using Eqs. �21�–�25�, we can rewrite the
polarization 
Eq. �17�� by defining an effective second order
susceptibility Miln,

Pi
b�2�� = iMilnEl�En�. �26�

This effective second order susceptibility Miln is calculated
and listed in Table II with �1,2,3� denoting �s ,� ,z�, respec-
tively. Elements not shown in Table II are zero.

The various physical quantities defined in Sec. II will, in
general, take values at second harmonic frequency that are
different from those at the fundamental. We introduce the
following upper case symbols for the physical quantities at
frequency 2�.

�̃ =
2�

c
, K = 2� . �27�

The wave vector components for the second harmonic field
in air are

V0+ = K + W0ẑ, W0 = ��̃2 − K2�1/2 = 2w0,

P̂0
 =
Kẑ � W0�̂

�̃
. �28�

The corresponding wave vector components for second har-
monic field in the nonlinear medium are given by

Ws = ��̃2		�2�� − K2,

Wp =��̃2		�2�� −
		�2��
	��2��

K2

Q+ =
N

�̃
� K

	��2��
ẑ −

Wp

		�2��
�̂� = Fsẑ − Fc�̂ ,

Q− = Fsẑ + Fc�̂ , �29�

N �
Vs

�̃
= �		�2�� ,

Fs =
N

�̃

K

	��2��
, Fc =

N

�̃

Wp

		�2��
. �30�

We now write down the general forms of the polarization
and fields at the SHG frequency. The polarization takes the
form

TABLE I. Nonzero tensor elements of �ijkl.

a1=�xxxx=�yyyy

a2=�xxyy
s =�xyyx

s =�yyxx
s =�yxxy

s

a3=�xyxy =�yxyx

a4=�xxzz=�yyzz

a5=�xzzx=�yzzy

a6=�yzyz=�xzxz

a7=�zyzy =�zxzx

a8=�zzyy
s =�zyyz

s =�zzxx
s =�zxxz

s

a9=�zzzz

TABLE II. Nonzero tensor elements of the effective second or-
der susceptibility tensor Miln for bulk polarization.

M111=−M122=−M221=−M212= �
4 �−a1+2a2+a3�sin 4�

M121=M112= �
4 
�a1+2a2−a3�+ �−a1+2a2+a3�cos 4��

M131=−wsa5

M113=M223=−wpa4

M211= �
4 
�a1−2a2+3a3�+ �−a1+2a2+a3�cos 4��

M222= �
4 
�3a1+2a2+a3�− �−a1+2a2+a3�cos 4��

M232=−wpa5

M233=�a6

M311=−wsa7

M322=−wpa7

M332=M323=�a8

M333=−wpa9
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Pb�2���r,t� = Pb�2���z�e2i�·R−2i�t + c . c . �31�

Similarly, the electric field �both inside and outside the crys-
tal� can be written in the form:

E�2���r,t� = E�2���z�e2i�·R−2i�t + c . c . �32�

Using a Green function method developed by Sipe et al.,25,27

the second harmonic field both inside and outside the crystal
can be determined. Suppose first that we had a crystal filling
all of space, but with a polarization source confined to z
�0. Then the generated second harmonic field would take
the form

E�2���z� = �
−�

0

GE�z − z�� · Pb�2���z��dz�, �33�

where the Green function for tetragonal centrosymmetric
crystals is given by

GE�z − z�� =
i�̃2

2�0
��z − z���eiWs�z−z�� ŝŝ

Ws + eiWp�z−z��Q+Q+

Wp �
+

i�̃2

2�0
��z� − z��e−iWs�z−z�� ŝŝ

Ws + e−iWp�z−z��Q−Q−

Wp �
−

1

�0	��2��
��z − z��ẑẑ , �34�

where ��z� is the Heaviside step function. The dyadic expres-
sions, such as ŝŝ, indicate GE is a second rank tensor. The
first term in GE represents an upward propagating wave, the
second term is a downward going wave, and the third term is
a localized field with only a ẑ component. For the actual
crystal configuration considered in this paper, where the
crystal does not fill all space but extends only from z=0 to
z=−�, it is easy25,27 to work out the corrections to Eq. �33�
as the following. Each upward-going wave contributing to
Eq. �33� is incident on the interface at z=0, and leads to an
additional wave reflected into the crystal �for z�0� and to a
wave transmitted into vacuum �for z�0�. The latter, which is
of interest here, can be related simply to the upward-going
wave in the crystal via the Fresnel coefficients at 2�; it can
clearly be separated into two polarization components,

E�2���z� = �Es
�2��ŝ + Ep

�2��P̂0+�eiW0z, �35�

where

Es
�2�� =

i�̃2T10
s

2�0Ws �
−�

0

e−iWsz�ŝ · P�2���z��dz�, �36�

and

Ep
�2�� =

i�̃2T10
p

2�0Wp�
−�

0

e−iWpz�Q+ · P�2���z��dz�, �37�

with the two Fresnel transmission coefficients T10
s and T10

p ,

T10
s =

2Ws

Ws + W0
, T10

p =
2NWp

Wp + W0		�2��
. �38�

The integrations in Eqs. �36� and �37� can be evaluated
explicitly and the final result for either s- or p-polarized SHG
can be expressed as

Es,p
�2�� = As,p�Bss

s,pEs
2 + Bpp

s,pEp
2 + Bsp

s,pEsEp� . �39�

The SHG field can also be written in a form which empha-
sizes its dependence on the azimuthal angle �,

Es,p
�2�� = As,p�C0

s,p + Cs
s,p sin 4� + Cc

s,p cos 4�� . �40�

The coefficients are listed in Table III.
Note that the fundamental fields Es and Ep in the nonlin-

ear medium are related to the incident field by Eq. �15�.
Therefore, to express the SHG field Es,p

�2�� in terms of the
incident field, we can simply make the substitution Es
= t01

s E0s and Ep= t01
p E0p in Eqs. �39� and �40�, where t01

s and
t01
p have been written explicitly in Eq. �15�.

IV. SURFACE CONTRIBUTION

Inversion symmetry is always broken at the surface of a
crystal. As a result, second harmonic generation from electric
dipole response exists within a few atomic layers of the sur-
face. The source of second harmonic radiation in this region
can be characterized by an effective surface polarization den-
sity, given in terms of a phenomenological surface nonlinear
susceptibility tensor ��2� by2,9

TABLE III. The coefficients defined in Eqs. �39� and �40� for
SHG from bulk nonlinear polarizations.

As=− i�̃2

�0�Ws+W0�

Ap=− i�̃2N
�0
Wp+W0		�2���

Bss
s =

M111

Ws+2ws

Bpp
s =−

M111

Ws+2wp fc
2

Bsp
s =

2M121fc+�M131+M113�fs

Ws+ws+wp

Bss
p =

FsM311−FcM211

Wp+2ws

Bpp
p = 1

Wp+2wp 
FsM322fc
2+2FsM332fsfc+FsM333fs

2

−FcM222fc
2−Fc�M113+M232�fsfc−FcM233fs

2�

Bsp
p =

2FcM111fc

Wp+ws+wp

C0
s =

EsEp

Ws+ws+wp 
fc
�
2 �a1+2a2−a3�− fs�wsa5+wpa4��

Cs
s= �

Es
2

Ws+2ws −
fc
2Ep

2

Ws+2wp � �
4 �−a1+2a2+a3�

Cc
s =

fcEsEp

Ws+ws+wp

�
2 �−a1+2a2+a3�

C0
p=−

Es
2

Wp+2ws 
Fsw
sa7+Fc

�
4 �a1−2a2+3a3��

−
Ep

2

Wp+2wp 
Fsfc
2wpa7−2Fsfsfc�a8+Fsfs

2wpa9

+Fcfc
2 �

4 �3a1+2a2+a3�−Fcfsfcw
p�a4+a5�+Fcfs

2�a6�

Cs
p=

FcfcEsEp

Wp+ws+wp

�
2 �−a1+2a2+a3�

Cc
p= �−

FcEs
2

Wp+2ws +
Fcfc

2Ep
2

Wp+2wp � �
4 �−a1+2a2+a3�
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Pi
s�2�� = �

j,k
�ijk

�2�EjEk��z − 0+� . �41�

The component of the microscopic electric field normal to
the surface varies greatly over a few atomic layers near the
surface, which itself contributes to the second harmonic gen-
eration. By convention the fields on the right hand side are
evaluated inside the nonlinear medium and, as the delta func-
tion indicates, the polarization is placed just above the sur-
face. Different conventions could be chosen, but they would
only yield different phenomenological tensor components
that could be related to the �ijk

�2� in a trivial way.28

The calculations presented here are limited to surface con-
tributions from the �001� crystal face. The calculations for
other surface orientations can be done in a similar way by the
methods outlined here. The allowed effective susceptibility
tensor components �ijk

�2� are determined by the symmetry of
the surface region. For simplicity, we assume there is no
surface reconstruction. Considering only the very top layer
of the �001� face of tetragonal crystals, the appropriate sym-
metry is then C4v, and in the crystal coordinate system the
polarization takes the form26

�Px
s�2��

Py
s�2��

Pz
s�2�� 
 = � 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0
��

Ex
2

Ey
2

Ez
2

2EyEz

2ExEz

2ExEy


 .

�42�

In dispersionless medium, one has d15=d31. Transforming
the susceptibility from the crystal coordinates to the beam
coordinates with the matrix V yields

�113� = �131� = �223� = �232� = d15,

�311� = �322� = d31, �333� = d33, �43�

where �ijk� are the tensor elements of the surface in the beam
coordinate system. Note that �ijk� =�ijk, i.e. the tensor for C4v
symmetry is unchanged under the rotation along ẑ direction.
Therefore, the surface contribution will be independent of
the azimuthal angle, �, and in that sense isotropic. Following
Sipe,27 we write this polarization in the form

Ps�2���r,t� = ��2����z − 0+�e2i��·R−�t� + c . c . , �44�

with amplitude ��2��.
The total second harmonic wave generated from this sur-

face polarization is obtained by adding the upward second
harmonic wave with the downward harmonic wave reflected
from the surface. Using the Green function method,25,27 the
SHG field at z�0+ is given by

Es
�2�� =

i�̃2

2�0W0
�1 + R01

s ��ŝ · �� , �45�

Ep
�2�� =

i�̃2

2�0W0
�P̂0+ + R01

p P̂0−� · � . �46�

The Fresnel coefficients R01
s , R01

p , characterizing the reflec-
tion process of the downward going wave at the crystal sur-
face are25

R01
s =

W0 − Ws

W0 + Ws , R01
p =

W0		�2�� − Wp

W0		�2�� + Wp . �47�

Finally, we obtain the SHG field generated from the surface
polarization as

Es
�2�� =

i2�̃2

�0�W0 + Ws�
d15fsEsEp, �48�

Ep
�2�� =

i�̃

�0
W0		�2�� + Wp�
�K		�2��d31Es

2

+ 
K		�2���d31fc
2 + d33fs

2� − 2Wpd15fcfs�Ep
2� .

�49�

We observe that the surface nonlinear susceptibility for te-
tragonal crystals with a �001� surface is identical to that of
cubic crystals, because the surface symmetry is the same;
differences in the surface SHG contributions only arise be-
cause of the different forms of the linear fields inside the two
crystal classes. Therefore, two familiar results from the
analysis of SHG at �001� surfaces of cubic crystals also hold
here. First, the s-polarized SHG from surfaces only exists
when the incident light has both s- and p-polarized compo-
nents. Second, all the surface contributions are independent
of the azimuthal angle �.

V. ANALYSIS

The total SHG consists of both the bulk and the surface
contributions. Therefore, it assumes a very complicated
form. To extract useful information from the SHG, one needs
to carefully design experimental configurations. Rotational-
anisotropic SHG data can be acquired by rotating the sample
to give a function that is � dependent. Additionally, selecting
the input and output polarization often reduces the number of
tensor elements contributing to the SHG signal. Combina-
tions of s or p input and output polarized rotational-
anisotropic experiments provide a set of data that isolate the
bulk and surface contributions. In the following, we suggest
four experimental configurations.

Case 1. the incident light is s-polarized and the compo-
nent of SHG that is analyzed has s-polarization. Only one
term from the bulk contributes to the SHG,

Es
�2�� = −

i�̃2

�0�Ws + W0�
M111

Ws + 2ws �t01
s �2E0s

2 . �50�

Thus, the SHG intensity will be
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Is→s =
c

32�0

���̃2�t01
s �2E0s

2 �− a1 + 2a2 + a3�
�Ws + W0��Ws + 2ws�

�2

sin2 4� ,

�51�

which exhibits an eight-fold symmetry with respect to angle
� and vanishes for �=m� /4, m=0,1 , ¯ ,7, as shown in
Fig. 2�a�. Using this configuration, we can measure the com-
bined value of �−a1+2a2+a3�.

Case 2. the incident light is p-polarized and the compo-
nent of SHG that is analyzed has s polarization. This is simi-
lar to case 1, where only one bulk term contributes to the
SHG. The field amplitude is

Es
�2�� =

i�̃2

�0�Ws + W0�
M111

Ws + 2wp fc
2�t01

p �2E0p
2 . �52�

In this case, as with case 1, Ip→s�sin2 4�, because they are
both derived from tensor element M111. Thus the factor of
proportionality contains the term �−a1+2a2+a3�. Compared
with case 1, there is an extra factor fc

2 in Eq. �52�, which
depends on the incident angle �0.

Case 3. the incident light is s-polarized and the compo-
nent of SHG that is analyzed has p-polarization. In this case,
we have both bulk and surface contributions. The field am-
plitude is

Ep
�2�� = �−

i�̃2N

�0
Wp + W0		�2���
FsM311 − FcM211

Wp + 2ws

+
i�̃K		�2��

�0�Wp + W0		�2���
d31��t01

s �2E0s
2 . �53�

Substituting M311 and M211 from Table II, the field amplitude
takes the form Ep

�2��=u+v cos 4� with some complex coef-
ficients u and v. The surface term is independent of �, hence
it is contained in u. The intensity

Is→p � �Ep
�2���2 = �u�2 + �v�2cos2 4� + 2 Re�uv��cos 4� ,

�54�

will in general exhibit a four-fold symmetry with respect to
angle �. This behavior is shown in Fig. 2�b�.

Case 4. the incident light is circularly polarized and the
component of SHG that is analyzed has s-polarization. The
quantity of interest in this case is the circular dichroism,
which is defined as

Dc =
Ih+→s − Ih−→s

Ih+→s + Ih−→s
, �55�

where h
 denotes circularly polarized incident light with
positive �negative� helicity, i.e., E0s= 
 iE0p. Circular dichro-
ism in SHG is a powerful tool that has been widely used in
studying the chiral properties of surfaces and biomolecules.29

In addition, it has been proposed as a way to detect the
hidden circulating current in the pseudogap phase of
cuprates.24 However, it has been demonstrated that nonlinear
circular dichroism can also occur in surface films with in-
plane anisotropy, even though the film is comprised of
achiral chromophores.30 In addition, SHG from oxidized Si
�001� has been shown to exhibit a circular dichroism due to
the interference between surface and bulk contributions.31

To calculate circular dichroism in SHG from tetragonal
centrosymmetric crystals, without loss of generality one can
write the total second harmonic field as

Es
�2�� = gE0s

2 + hE0p
2 + lE0sE0p, �56�

with complex coefficients g, h and l. For h
 polarized light,

Ih
→s = �h − g 
 il�2I�
2 , �57�

where I� is the intensity of the incident light. Then the cir-
cular dichroism can be written as31
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FIG. 2. �Color online� �a� Intensity for s-polarized SHG with s-polarized input as a function of angle �. We normalize the prefactor of
sin2 4� to one in the plot. �b� Intensity for p-polarized SHG with s-polarized input as a function of angle �. Since the surface response is
usually much larger than the bulk response, we set u=1 and v=0.1 in Eq. �54�.
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Dc =
2 Re
�h − g��il���

�h − g�2 + �il�2
. �58�

To observe circular dichroism, both �h−g� and l must be
nonzero and there must be a phase shift between them. To
separate the azimuthal angle dependence of g, h, and l, we
can write

g = G sin 4�, h = H sin 4�, l = L1 + L2 cos 4� ,

�59�

where

G = −
i�̃2��− a1 + 2a2 + a3��t01

s �2

4�0�Ws + W0��Ws + 2ws�
, �60�

H =
i�̃2��− a1 + 2a2 + a3�fc

2�t01
p �2

4�0�Ws + W0��Ws + 2wp�
, �61�

L1 = −
i�̃2t01

s t01
p 
 fc

�
2 �a1 + 2a2 − a3� − fs�wsa5 + wpa4��

�0�Ws + W0��Ws + ws + wp�

+
2i�̃2

�0�Ws + W0�
d15fst01

s t01
p , �62�

L2 = −
i�̃2fct01

s t01
p �

2 �− a1 + 2a2 + a3�
�0�Ws + W0��Ws + ws + wp�

. �63�

The surface contribution only enters into the coefficient L1.
Finally, the circular dichroism is expressed as

Dc =
2 Re
�H − G��iL1���sin 4� + Re
�H − G��iL2���sin 8�

�H − G�2sin2 4� + �L1 + L2 cos 4��2
.

�64�

This expression has three complex terms, i.e., �H−G�, L1,
and L2, which could be used as six fitting parameters to be
determined experimentally. The dichroism should, in gen-
eral, exhibit a four-fold symmetry with respect to the azi-
muthal angle and it vanishes at angles �=m� /4, m
=0,1 , ¯ ,7. If we further assume the linear dielectric con-
stants and the wave vectors of the light are real, then L2
would be in phase with �H−G�. In that case, the expression
for Dc is reduced to

Dc =
2 Re
�H − G��iL1���sin 4�

�H − G�2sin2 4� + �L1 + L2 cos 4��2
. �65�

The angular dependence of Dc is shown in Fig. 3 for two
conditions, where the surface contribution dominates or is
comparable to the bulk terms.

A similar situation occurs for linear dichroism where the
incident light polarization is chosen to be +45° vs. −45°.
Then the s-polarized SHG intensity is

I
45°→s = �g − h 
 l�2I�
2 , �66�

with linear dichroism,

Dl =
I+45° − I−45°

I+45° + I−45°
=

2 Re
�g − h�l��
�g − h�2 + �l�2

. �67�
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FIG. 3. �Color online� Circular dichroism of SHG as a function of angle � plotted for two sets of parameters. �a� Assume the surface
contribution is much larger than the bulk contribution. The parameters are set to �H−G�=L2=0.1i, and L1=1+ i. The relative phase between
�H−G� and L1 will only change the magnitude of Dc. �b� Assume the bulk contribution and the surface contribution are comparable. Set
�H−G�=L2= i and L1=1+ i. A four-fold symmetry is clearly observed.
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In contrast to circular dichroism, the observation of linear
dichroism does not require a phase shift between �g−h� and
l. By the substitution of �59�, we obtain

Dl =
2 Re
�G − H�L1

��sin 4� + Re
�G − H�L2
��sin 8�

�G − H�2sin2 4� + �L1 + L2 cos 4��2
,

�68�

which also exhibits a four-fold symmetry in general.
SHG linear and circular dichroism exist in cubic crystals

as well.31 The result for tetragonal crystals discussed above
recovers and agrees with that reported for cubic crystals if
we impose further restrictions from cubic crystal symmetry.
An important difference is that while dichroism in cubic
crystals depends on just one surface element and one linear
combination of bulk tensor elements �a1−2a2−a3� or ��xxyy
+�xyxy +�xyyx−�xxxx�, dichroism in tetragonal crystals de-
pends on additional bulk elements.

VI. CONCLUSIONS

In conclusion, we have formulated a phenomenological
theory of SHG from tetragonal centrosymmetric crystals.
The theory is based entirely on symmetry considerations, and
is thus generally applicable. We have suggested a few experi-
mental configurations that can be used to extract information
about particular nonlinear tensor elements and to analyze the
symmetry of the SHG intensity pattern with respect to the
azimuthal angle. We predict that there will be a nonzero di-
chroism in the SHG, which exhibits a four-fold symmetry.
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