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A semianalytical iterative method for determining the three-dimensional concentration profile minimizing
the elastic energy in alloyed heteroepitaxial islands is developed. The method is shown to converge after only
a few iterations �solutions of the elastic problem�. Exploiting the reduced computational effort, aspect-ratio-
dependent and average-concentration-dependent Si/Ge intermixing in alloyed SiGe/Si�001� islands is system-
atically investigated, considering realistic shapes. Islands providing the better elastic relaxation are also the
ones able to lower the elastic load through nonuniform alloying more significantly. Universal behavior in terms
of relaxation vs average concentration is demonstrated.

DOI: 10.1103/PhysRevB.80.155436 PACS number�s�: 62.25.�g, 62.23.Eg, 81.40.Jj, 81.10.Aj

I. INTRODUCTION

The Stranki-Krastanow �SK� growth mode is a widely
investigated phenomenon characterizing several heteroepi-
taxial, lattice-mismatched semiconductor systems.1,2 In the
usual description of SK growth, deposition of a material B on
a substrate A causes the formation of a thin wetting layer
�WL�, followed by three-dimensional islands �3D�. The two-
dimensional �2D�-3D transition is driven by the attempt to
release the elastic energy stored in the WL. Formation of
facets, indeed, allows B atoms to partially recover their natu-
ral lattice parameter. In the last decade, however, several
papers pointed out that SK growth in real systems is more
complex: A atoms can indeed be present in the 3D islands
causing elastic-energy relaxation to be mediated also by al-
loying. Even by restricting the attention on two prototypical
examples, Ge/Si and InGaAs/GaAs, the literature on the sub-
ject is impressive3–42. This attention is justified by the impor-
tance of controlling shape, size, and composition of nano-
metric islands.1,2 In view of possible applications, it is indeed
crucial to achieve uniformity in all of the above recalled
observables. Moreover, we believe that the challenge posed
by the experimental characterization of �rather similar, in the
case of Ge/Si� chemical species within nanometer-sized sys-
tems further stimulated research work in this field. Impres-
sive results, in terms of 3D compositional maps were ob-
tained both by exploiting x-rays �for recent examples, see
Refs. 18, 30, and 40� and selective etching.22,27,29,34,39 Inter-
estingly, these studies often revealed nonuniform Ge-
concentration profiles.

From the theoretical point of view, qualitatively different
approaches have been used to characterize intermixing phe-
nomena. In the first paper pointing out the importance of
alloying in SK growth, Tersoff4 used a simple continuum
model to establish the relative importance of various contri-
butions, including alloying, in 3D island nucleation. A de-
tailed, atomic-scale description of the concentration profiles
minimizing the system free energy was obtained by different
authors exploiting Monte Carlo �MC� simulations, atom-
atom interactions being described by semiempirical
potentials.17,23,24 The computational cost required by atomis-
tic MC simulations is, however, considerable, preventing one
to consider realistically sized islands and/or making it diffi-

cult to gather sufficient statistics at finite temperatures. Mod-
els based on elasticity theory solved by finite element meth-
ods �FEM� can therefore be extremely helpful. In the MC-
FEM method proposed in Refs. 38 and 42, for example, a
MC algorithm is used by considering coarse-grained concen-
tration exchanges on a suitable mesh. Alternatively, Med-
hekar et al.36 applied a sequential nonlinear programming
method to achieve minimization of the system free energy.
Although limited to peculiar �shallow� geometries, it is also
worth mentioning the nice work of Ref. 25, yielding analyti-
cally the predicted compositional profile for a prepyramidal
islands.

In this work, we present a systematic study aimed at un-
derstanding the driving force for nonuniform alloying in
Ge/Si islands, by finding the Ge distribution cmin�x ,y ,z�
minimizing the elastic energy. A variety of island shapes and
average composition values are considered, allowing us to
discuss general trends. The paper is organized as follows. In
Sec. II a few key results of elasticity theory are recalled,
while in Sec. III the recently proposed MC-FEM method38,42

is briefly reviewed and updated. In Sec. IV, instead, a faster
approach is introduced, successfully tested against MC-
FEM, and exploited to produce all results exposed in Sec. V.
A general discussion on the importance of determining the
concentration profile minimizing the elastic energy is pre-
sented in Sec. VI, among with concluding remarks. Although
the reader not interested in implementing our methodology
can perhaps skip Sec. III, we suggest to follow the derivation
of Sec. IV, since it helps following our interpretation of the
results.

II. THEORETICAL FRAMEWORK AND NOTATION

In this brief section, we shall recall some basic continuum
elasticity theory, and introduce some notation that will be
heavily exploited in the remainder of the paper. More details
can be found in Ref. 43

An elastic body at equilibrium satisfies the following
equation:

�− �ij,j = f i on �

ui = 0 on �D

�ijnj = gi on �N
� , �1�

where u is the displacement field, �ij the �i , j� component of
the stress tensor �which depends on u�, i�j�=1,2 ,3, f i is the
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i-th component of a volumetric force �density� applied to the
elastic body, gi a surface force, � the domain occupied by
the elastic body, �D��N its boundary �divided into a sub-
boundary �D on which Dirichlet boundary conditions are ap-
plied, and a second sub-boundary �N where Neumann
boundary conditions are imposed instead�, nj the j-th com-
ponent of the surface normal to �N, ui the i-th component of
the displacement field. Moreover, the symbol � ,j� is used to
indicate the derivative with respect to the j-th coordinate,
and summation of repeated indexes is assumed.

For the system treated in this paper, i.e., a SiGe island of
variable Ge composition placed on Si, the misfit strain expe-
rienced by the island can be conveniently treated as an eigen-
strain, thereby following Eshelby formalism for inclusions.44

This means solving the homogeneous problem �null volu-
metric and surface forces, f and g� and using the stress-strain
relation

�ij = Cijkl��kl − �kl
� � , �2�

where �� is the assigned eigenstrain, determining the system
reaction minimizing the elastic energy. If the island is made
of pure Ge, it will experience a compressive strain, origi-
nated by the lattice mismatch, the reaction to which can be
mimicked by setting �ij

� =�m�ij, with �m=0.04, If, instead, the
Ge fraction c�x ,y ,z� in the island is neither unitary nor uni-
form, then �ij

� =�mc�x ,y ,z��ij.
Taking into account the elastic energy due to the eigen-

strain �ij
� itself, the total elastic energy can be written as

E =
1

2
�

�

dV��ij − �ij
� �Cijkl��kl − �kl

� � . �3�

Notice that here and in the following the explicit depen-
dence of several quantities �such as � or c� on the domain
point �x ,y ,z� is omitted to lighten the notation, unless judged
as particularly important to follow our discussion.

III. IMPROVED MC-FEM METHOD

The problem of finding the Ge distribution which mini-
mizes the energy of a SiGe island on Si �or the equivalent
one for other lattice-mismatched heteroepitaxial systems�,
for a given average Ge content c̄, can be solved directly by
Monte Carlo simulations based on atomistic semiempirical
potentials.17,23,24 The MC-FEM method was devised to cut
the computational cost, through a natural coarse-graining
procedure. If in the atomistic approach one exchanges pairs
of Si and Ge atoms differently located within the island,
accepting the move based on a suitable statistical weight, in
MC-FEM somewhat similar exchanges are made between
pairs of nodes �� ,�� chosen among the mesh on which the
elastic problem is solved. For complex three-dimensional ge-
ometries requiring a high number of nodes ��104 or more
are typically needed for the systems investigated here� for an
accurate numerical solution of Eq. �1�, a coarser, concentra-
tion mesh can be used.38 A schematic illustration is presented
in Fig. 1. The concentration in � �c���� is randomly varied,
inducing also a change in c��� since c̄ must be kept constant.
After each attempted local modification of the Ge concentra-

tion �from cold to cnew�, the elastic energy of the system is
computed using Eq. �3� with �ij

� =cnew�x ,y ,z��m�ij, while the
elastic strain field � is determined using a FEM solver.45 If
the elastic energy is lowered when passing from cold to cnew,
the above procedure is repeated starting from cnew, iterating
until convergence is reached so that the elastic energy is
minimized. Applications to free-energy minimization are
also possible42 but are not discussed in this paper. In MC-
FEM, the computational bottleneck is given by calls to the
FEM solver. Here, we discuss a rather direct extension al-
lowing for a significant speed-up.

Let us consider a Ge distribution c0=c0�x ,y ,z�, and let E0
be the associated elastic energy given by Eq. �3�, with �ij

�

=�mc0�ij. A change 	c=	c�x ,y ,z� in the Ge distribution in-
duces a variation 	�ij

� =�m	c�ij in the eigenstrain. By ex-
ploiting Eq. �3� and neglecting strain relaxation �i.e., by
keeping the elastic strain tensor constant�, the corresponding
energy change is given by

	E� 	 E� − E0

= �
�

dV
�− 	�ij
�Cijkl��kl − �kl

� �� +
1

2
�	�ij

�Cijkl	�kl
� ��

= �
�

dV
�− �m	c�ijCijkl��kl − �kl
� ��

+
1

2
��m

2 �	c�2�ij�klCijkl�� , �4�

where the subscript � reminds that Eq. �4� yields the energy
change at fixed �. Exploiting the relation �ijCijkl=A�kl, with
A= �3
+2�� for an isotropic material �
, � being the Lamé
coefficients�, and A= �c11+2c12� for a cubic crystal �c11 and
c12 representing the elastic constants�, Eq. �4� gives

	E� = − A�m�
�

�	c�Tr � − 3�mc0�� −

3

2
��m�	c�2��dV .

�5�

Equation �5� can be exploited to find the concentration pro-
file minimizing the elastic energy. The main idea is simple.

FIG. 1. Typical concentration mesh, with focus on the external
�a� and internal �b� nodes. When solving the elastic problem, a
much finer mesh �c, d� is used. � and � in panel b represent a
possible pair of nodes randomly chosen during the MC-FEM
procedure.
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Equation �3� provides the elastic energy E. E must be mini-
mized with respect to both the elastic strain � and the load ��,
the latter being determined by the concentration profile.
Minimizing 	E� using Eq. �5� means performing a line mini-
mization, yielding the optimal 	c for the assigned �. The
equivalent minimization at constant �� can be now performed
by solving the elastic problem by FEM, supplying the con-
centration determined in the previous step. Eq. �5� is then
exploited again using the FEM-updated � value, and the
whole procedure is iterated until convergence is reached. A
straightforward way to exploit Eq. �5� within the MC-FEM
scheme is to partially minimize 	E� by a sequence of M
random concentration changes �ck, leading to the global
change.

	c 	 �
k=1

M

�ck. �6�

After combining Eqs. �6� and �5�, a few calculations lead to
the energy decomposition

E� = E0 + �
k=1

M

�Ek;

�Ek = − A�m�
�

dV
�ck�Tr � − 3�mck−1� −
3

2
�m�ck

2� , �7�

where we have introduced the partial composition profile
ck	c0+�i=1

k �ci. An updated version of the MC-FEM method
can be therefore envisaged: M concentration changes lower-
ing the elastic energy at constant strain � �determined by the
last call to the FEM solver� are generated, acceptance of the
k-th move being determined solely by �Ek in Eq. �7�, i.e.,
without solving the elastic problem. This determines a global
change in concentration 	c, and an approximate estimate of
the elastic energy E�. The FEM solver is then called provid-
ing the true elastic energy E �E�E� since elastic relaxation
is added� and strain field �. The procedure is then iterated
until the desired concentration profile cmin is found, as
sketched in Fig. 2. In Fig. 3, a direct comparison is made
between original MC-FEM and the algorithm introduced
here, for M =1 and M =10. In the example, we considered a
dome-shaped island modeled as in,48 with c̄=0.5, and isotro-
pic elastic constants, as derived from the experimental Si
�Ge� ones in the substrate �island�.46 Importantly, all ap-
proaches lead to the same result, as illustrated in Fig. 3 in
terms of relative elastic-energy relaxation with respect to an
island with uniform Ge distribution c�x ,y ,z�= c̄. The result-
ing concentration profile is shown in the inset of Fig. 3, the
physical general meaning being already discussed in.38 As
shown in Fig. 3, the improvement guaranteed by exploiting
Eq. �7� can be dramatic. For M =10, only �200 FEM solu-
tions were needed, corresponding to a decrease of a factor
�35 with respect to the original MC-FEM method. For M
=1, instead, the speed up is only of a factor �3. It is easy to
understand that in this case the cut in computational costs is
given by the inverse of the standard MC-FEM acceptance
ratio �the FEM solver is called only after a move is ac-
cepted�. As anticipated, for M→ the total variation 	c

given by Eq. �6� minimizes the energy functional E=E�	c�
in Eq. �5�, so that very few FEM calls are predicted to be
needed in this case.47 We notice, however, that as M in-
creases, the CPU time spent in performing MC exchanges
could become comparable with the one spent in solving the

FIG. 2. Scheme representing the improved MC-FEM method.
An initial Ge distribution c0 is chosen, and the elastic problem is
solved yielding the elastic energy E0 and the strain field. At this
point, MC concentration changes are performed, by evaluating en-
ergy differences based solely on Eq. �7�. In the figure, this corre-
sponds to moving along the parabola passing through the point
�c0 ,E0�. After M accepted moves lowering the energy �M =5 in the
figure where each filled circle represent an accepted move�, a new
concentration distribution c1 is found. At this stage, the FEM solver
is called again, leading to a proper estimate E1 of the elastic energy
�lower than the one found along the parabola�. The procedure is
iterated until convergence is reached, leading to the Ge distribution
cmin�x ,y ,z� minimizing the elastic energy �Emin�.

FIG. 3. �Color online� Relative relaxation with respect to the
uniform-concentration case as a function of the FEM calls during
the iterative procedure. Results refer to a dome-shaped island with
an average 50% Ge content. The final concentration profile mini-
mizing the elastic energy �inset, where a top and a perspective view
are shown� is found after �7000 FEM calls using standard MC-
FEM. Exploiting Eq. �5� and calling the FEM solver only every
M =1 �M =10� accepted moves, �2000 ��200� FEM calls are suf-
ficient to reach convergence.
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elastic problem. Especially so for problems �typically, com-
plex geometries, and/or several islands� where a high number
of nodes are needed in the concentration mesh to provide an
accurate description of cmin�x ,y ,z�. Let us now show that the
problem can be circumvented by exploiting the simple form
of the approximate functional described by Eq. �5�.

IV. FAST ALGORITHM FOR ELASTIC-ENERGY
MINIMIZATION

Equation �5� gives the energy change 	E induced by a
variation 	c of a given concentration profile c, under the
hypothesis that the elastic strain tensor � remains unchanged.
Following the discussion reported in the previous section, it
is interesting to look for 	c�x ,y ,z� yielding the maximum
energy lowering. Since the average composition must be
kept constant, the constraint

1

v
�

�

dV	c�x,y,z� = 0 �8�

must hold. In Eq. �8�, v is the volume of the domain �. We
then consider the Lagrangian

	L = 	E�x� − A�m��
�

dV	c , �9�

where the Lagrange multiplier is chosen to take the form
A�m� in order to make the evaluation easier. Then, we mini-
mize 	L with respect to 	c and insert the constraint �8�.
Defining the integral average of the strain tensor trace as
Tr �	 1

v�dV Tr �, we find

	c =
1

3�m
�Tr � − Tr �� + �c̄ − c� . �10�

Equation �10� provides the requested 	c analytically, only
as a function of known quantities. Using Eq. �10�, therefore,
allows one to completely skip the MC-based minimization.
With the help of Fig. 2, it is easy to understand how an
iterative method based on Eq. �10� works. One starts from
the initial condition �c0 ,E0�, immediately finds c1=c0+	c
�in Fig. 2, this correspond to jumping in one move to the
minimum of the parabola passing through the initial point�,
calls FEM to update the strain field and the energy value E1
and iterates the procedure until convergence is reached. A
considerable saving in terms of FEM calls is expected since
the approximated functional is fully minimized at each step.
By applying the method to the very same case treated in the
previous section, and leading to the results displayed in Fig.
3, we reached convergence after only �15 FEM calls. While
by visually looking at the final concentration profile no dif-
ferences with the result obtained using the previous methods
can be seen �therefore, such profile is not shown�, the actual
value of the relative lowering in elastic energy shows a small
deviation, as it can be seen in Fig. 4. Such deviation is not
produced by any particular approximation built in Eq. �10�.
Simply, in order to make the comparison between different
methods very direct we fixed all parameters, including the
nodes of the concentration mesh which, in the semianalytical

approach, are used to evaluate the strain tensor fixing 	c
through Eq. �10�. From the numerical point of view, more
nodes are needed to yield an accurate description of
	c�x ,y ,z� �semianalytical approach� with respect to the ones
simply needed to determine where changes in concentration
can occur �MC-based methods�. Indeed, by refining the mesh
�an operation which requires significant extra computational
effort within the MC-based scheme, not in the semi-
analytical one� we obtained negligible differences with the
MC result, without altering significantly the overall effi-
ciency.

By comparing Figs. 4 and 3, it is clear that the semiana-
lytical method allows for a huge reduction in the computa-
tional cost required to find the concentration profile minimiz-
ing the elastic energy in 3D islands. There is, however, a
drawback in the direct use of Eq. �10�. The analytical relation
leading to the optimal 	c was derived without imposing the
physical constraint 0�c�x ,y ,z��1. Within the MC-based
procedure, considering such constraint is easy since one can
reject moves leading to a violation of the required condition.
Eq. �10�, instead, leads to a global change in the concentra-
tion profile, and some care is needed while treating the prob-
lem in case, locally, unphysical c�x ,y ,z� values are obtained.
Actually, for the system considered when generating the re-
sults of Figs. 3 and 4 the above problem did not occur. None-
theless, it would have been sufficient to consider a higher
average Ge content and/or a higher aspect-ratio islands to
witness the appearance of artificial concentration values,
emerging when the system tends to locally segregate Ge �see
next section�. An easy way to cope with this problem is to
split the variation �10� in several small changes. If c�j� is the
concentration profiles determined at the j-th step of our it-
erative procedure, and ��j� the corresponding strain field, Eq.
�10� yields the following concentration at step j+1:

c�j+1� = c�j� +
1

3�m
�Tr ��j� − Tr ��j�� + �c̄ − c�j�� . �11�

It is possible to arbitrarily subdivide the total concentration
variation between step j and j+1 in the following partial
changes:

FIG. 4. Relative variation in the elastic energy with respect to
the uniform case, as obtained using the semianalytical iterative pro-
cedure based on Eq. �10� for the very same system analyzed in Fig.
3. The dashed horizontal line corresponds to the convergent value
obtained using standard MC-FEM.
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c�j,k+1� = c�j,k� + �� 1

3�m
�Tr ��j� − Tr ��j�� + �c̄ − c�j,k��� ,

�12�

where c�j,0�	c�j�, and � is a parameter. By assuming that
c�j,k� converges as k→ to some distribution c�j,�, we see
that

1

3�m
�Tr ��j� − Tr ��j�� + �c̄ − c�j,�� = 0, �13�

which, compared with Eq. �10�, yields c�j,�=c�j+1�, i.e., the
desired final distribution. The regularization procedure works
as follows. We fix a small �positive� � value, so that the
concentration profile is changed at each step k by very small

amounts. If at a step k̃ the partial concentration c�j,k̃��x ,y ,z�
becomes negative �larger than 1�, we fix c�j,k̃��x ,y ,z�=0

�c�j,k̃��x ,y ,z�=1� for any k� k̃. We directly verified that for
��10−2 the procedure always converge to a c�j,��x ,y ,z�
profile independent of �. Very importantly, we verified that,
at the end of the whole iterative procedure �loop over j and
k�, the predicted cmin�x ,y ,z� is in full agreement with the
MC-based one.

Let us now apply our fast semianalytical method to real-
istically shaped SiGe islands.

V. RESULTS

In Fig. 5, the behavior of the three main islands observed
in Ge/Si heteroepitaxy, i.e., �105� pyramids �height to base
aspect ratio: A.R.=0.1�, domes �A.R.�0.2� and barns
�A.R.�0.3, see Ref. 48 where the geometry of the island is
shown� is compared. Once again we focus on the extra re-
laxation allowed for by nonuniform intermixing. Before
commenting the emerging behavior, it is worth to discuss the
dependence of the results on the elastic constants. If in the
previous sections, being the aim simply to test the method,
we considered pure-Ge, isotropic elastic constants within the
island, here we shall always use anisotropic, cubic constants.
Moreover, results presented in Fig. 5�a� were obtained using
c̄-dependent elastic constants, corresponding to ideal
Gec̄Si�1−c̄� alloys and obtained by linear interpolation.50 In

Fig. 5�b�, instead, pure-Ge �anisotropic� constants were used.
Overall, it is clear that results depend very weakly on the
particular choice �a somewhat larger change is found when
comparing isotropic and anisotropic constants. For the c̄
=0.5 dome case, for example, isotropic calculations lead to
an overestimate of �2% in the relative relaxation�. From
Fig. 5, it is evident that the higher is the aspect ratio the
stronger is the driving force, in terms of elastic-energy re-
duction, for nonuniform alloying following cmin�x ,y ,z�.
Since in the uniform-concentration case the higher is the
A.R. the stronger is the elastic relaxation with respect to a
flat wetting layer,49 we conclude that energy minimization
via Ge redistribution further broadens the volumetric-energy
gap between shallow and steep islands. The second interest-
ing observation comes from the actual shape of the three
curves. In all cases there exists a range of c̄ values where the
relative relaxation is independent of c̄, pointing out a univer-
sal behavior which calls for a deeper analysis. Notice that
curves in Fig. 5�a� are never exactly flat, at variance with
Fig. 5�b�. This is evidently an effect of the c̄-dependent elas-
tic constants. In the following discussion we shall neglect
this small effect, ruining the otherwise perfect universal be-
havior. Along the same lines, all forthcoming figures were
obtained by using pure-Ge elastic constants.

In Figs. 6–8 we report cmin�x ,y ,z� for pyramids, domes,
and barns, respectively. From Fig. 6, we see that for c̄=0.3
energy minimization induces the formation of a 50%-rich Ge
core, extending from the top to the bottom of the island,
while a concentration lower than c̄ is found at the base of the
island. At c̄=0.6, the Ge content at the top is raised to

FIG. 5. Relative relaxation with respect to the uniform case
produced by nonuniform intermixing minimizing the elastic energy
for �105� pyramids �triangles�, domes �full boxes�, and barn-shaped
islands �full circles�. In panel a, results were obtained by consider-
ing c̄-dependent elastic constants, while in panel b, pure-Ge ones
were used.

FIG. 6. �Color online� Distribution of Ge minimizing the elastic
energy within a �105� pyramid with average Ge content c̄=0.3 �left
and right panel at the top�, c̄=0.6 �central�, and c̄=0.9 �bottom�.
Here and in the following three figures, a few concentration values
are explicitly reported to make the plot clearer if printed in black
and white.
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�90%, approaching local complete segregation. Finally, at
c̄=0.9 a large region of the island is made of pure Ge. A
somewhat similar behavior is found for domes �Fig. 7�. The
concentration gradient is, however, larger, so that local seg-
regation is already appearing around c̄=0.6. The trend is
continued by moving to the steepest islands here considered,
barns �Fig. 8�. In order to understand the above introduced
universal behavior, it is convenient to scale the cmin�x ,y ,z�
plots with respect to the average c̄. This is done in Fig. 9 for
domes, used as a representative example. Pyramids and
barns, indeed, show identical qualitative behavior. From the
figure, it is quite evident that the normalized concentration
distributions are identical for c̄=0.1 and c̄=0.3. This behav-
ior cannot take place at any c̄ value. Typically, the 2.25 iso-
line must disappear for c̄�0.45, otherwise unphysical con-
centration values would be predicted. Indeed, at c̄=0.6 the
higher isolines are expelled from the plot which now appear
different. For the even higher c̄=0.9, the plot approaches the
fully uniform c̄=1 limit. In other words, it is the onset of
local complete segregation which breaks the universal be-
havior. Starting from a critical c̄, 100% Ge starts appearing,
preventing any further scaling. In the curves displayed in
Fig. 5 this is signaled by the onset of the quickly increasing
portion of the curves yielding the relative energy relaxation
with respect to c̄. Since, as shown in Figs. 6–8, the steeper is
the island the stronger the driving force leading to segrega-
tion, the concentration range where the universal behavior
takes place is more extended for pyramids, while rather lim-
ited for barns. Interestingly, the typical average concentration

values �25–50 %� measured for islands grown at sufficiently
high temperatures34 fall within the scalable range, so that a
single calculation is sufficient to estimate the lower limit for
the elastic energy stored in the island.

Let us now look at the effects of energy minimization on
the local elastic-energy distribution both within the island
and in the substrate. A single example is shown, since it is
sufficient to clarify several general issues. In Fig. 10, the
elastic-energy density W is plotted for the same dome island,

FIG. 7. �Color online� Distribution of Ge minimizing the elastic
energy within a dome-shaped island with average Ge content c̄
=0.3 �left and right panel at the top�, c̄=0.6 �central�, and c̄=0.9
�bottom�.

FIG. 8. �Color online� Distribution of Ge minimizing the elastic
energy within a barn-shaped island with average Ge content c̄
=0.3 �left and right panel at the top�, c̄=0.6 �central�, and c̄=0.9
�bottom�.

FIG. 9. �Color online� Distribution of Ge minimizing the elastic
energy within a dome-shaped island, divided by the average con-
centration c̄. Top left: c̄=0.1. Top right: c̄=0.3. Bottom left: c̄
=0.6. Bottom right: c̄=0.9. Besides using a color scale, a few nu-
merical values are reported.
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and the same average concentration, comparing a uniform
distribution with cmin�x ,y ,z�. If the concentration is uniform,
the elastic energy is highly non uniform, while if the Ge
distribution minimizes the energy �therefore becoming
highly non uniform, see Fig. 7� W becomes almost uniform.
Notice also the different distribution of the elastic load be-
tween island and substrate. If the Ge distribution minimizes
the energy, then the island is more relaxed. In order to re-
cover the desired lattice parameter, however, a larger distor-
tion is produced in the substrate where the stored energy is
raised with respect to the uniform case. If the uniform case
exemplifies the typical base-to-top relaxation, this popular
description of the island behavior is lost if the material is
able to rearrange following cmin�x ,y ,z�.

A last point deserves some discussion. If in Fig. 10 we
showed how the elastic-energy distribution within the island
becomes more uniform when Ge is distributed following
cmin, there is another relevant quantity which becomes ex-
actly constant provided that c̄ is in the universal-behavior
range. In Fig. 11, indeed, we report the hydrostatic stress �xyz
�trace of the stress tensor� for the same c̄ values analyzed in
Fig. 9 in terms of rescaled Ge distribution. For c̄=0.1 and
c̄=0.3, the hydrostatic stress in the island is uniform. Obvi-
ously, the absolute value �explicitly reported in the figure�
changes, more compression being felt at the higher average
concentration. The substrate �not shown�, instead, follows
the same nonuniform behavior already reported in Fig. 10 for

the elastic energy. As soon as c̄ exceeds the universal behav-
ior range �c̄=0.6�, so that pure-Ge accumulation at the very
top of the island starts developing, a dependence of �xyz on
the position is found, the effect being more pronounced at
the higher c̄=0.9 value. The constant hydrostatic stress result
could have been predicted purely on the basis of Eq. �10�.
Indeed, exploiting the simple relation44 A�Tr �−3�mc�
=Tr �, one sees that Tr �=Tr � if 	c=0, i.e., when conver-
gence is reached. Once again, in the derivation of Eq. �10�
the constraint 0�c�x ,y ,z��1 is not imposed. If values out-
side the physical range are predicted by Eq. �10�, the regu-
larization procedure described in Sec. IV locally corrects the
concentration. Under these conditions the hydrostatic stress
does not need to be uniform anymore �Fig. 11�.

The constant hydrostatic stress result can be interpreted
using a parallelism between our system and a fluid. After all,
we assume that the material is able to freely move within the
island volume, so that the comparison makes some sense.
Starting from Eq. �5�, yielding the energy variation accom-
panying a change in concentration at fixed strain, and con-
sidering an infinitesimal variation in concentration �c �lead-
ing to an infinitesimal change �E in energy�, one can derive
the following expression for the chemical potential:

� 	
�E

�c
= − �m Tr � . �14�

If the Ge distribution minimizes the elastic energy, then the
chemical potential has null gradient in the island. In a Fick-
equation framework this means that j�=−D�� �=0=�c /�t,
where D is the diffusion coefficient, j� the current, and t the
time. The concentration distribution cmin�x ,y ,z� can be there-
fore seen as a stationary solution.

VI. DISCUSSION AND CONCLUSIONS

Besides the understanding of the fundamental physics in-
volved in strain relaxation in alloyed systems, and the impor-
tance of cmin per se, indicating the most relaxed configuration
for a given average concentration, one can ask whether
studying the cmin�x ,y ,z� concentration profiles is of direct
usefulness when analyzing experimental data. In determining
cmin�x ,y ,z� we assumed that every Si and Ge atom present in
the island is able to move to the energetically more conve-
nient position. Bulk diffusion should hence be active in a real
SiGe system in order to allow for the optimal cmin to be
observed. Kinetic barriers are, however, way too high to al-
low for true volumetric rearrangements12 at the typical ex-
perimental temperatures. Beside, if the system evolution was
truly driven by thermodynamics, the important role of en-
tropy should be considered,30 leading to Ge distributions
much more uniform that the ones here presented. Very inter-
estingly, it looks like the very complex kinetics of SiGe is-
lands grown on Si�001� can lead in some cases to distribu-
tions closely resembling cmin. In Ref. 38, indeed, this was
demonstrated for a dome with c̄=0.6 �also reported here, see
Fig. 7�, representative of the one experimentally analyzed by
selective etching in Ref. 27, after growth at a moderate tem-
perature �580 °C�. This surely does not mean that bulk dif-

FIG. 10. �Color online� Left: elastic energy density W in the full
island + Si-substrate system for a dome island with uniform Ge
distribution c�x ,y ,z�=0.3. Right: W for the same island, but with
the Ge concentration minimizing the total elastic energy. In both
cases, the island is artificially shown as slightly lifted from the
substrate. We used this graphical artifact to make more evident that
two different color scales �between 0 and 0.32 eV /nm3 for the
island, and between 0 and 0.1 eV /nm3 for the substrate� are used to
yield a clearer picture. The same scale, instead, is used to treat the
uniform and the cmin�x ,y ,z� case.

FIG. 11. �Color online� Hydrostatic stress �xyz for a dome-
shaped island, after energy minimization. Four different average
concentrations c̄ are considered.
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fusion is activated at 580 °C �even because, as already
stressed, with bulk diffusion taking place entropy would de-
termine a profile42 very different from the experimental one�,
and, indeed, a speculative justification purely based on sur-
face �or subsurface� processes can be given. We recall that,
during the initial stages of 3D growth, Si is mainly originated
from trenches5 excavated around the islands to relieve the
strong compression present in that region.49,51 Trenches,
however, do not form immediately and become progressively
deeper as the island volume is enlarged,5 so that as soon as
the island is formed �typically assuming a pyramidal shape,
and transforming to dome only in a second stage�52–54 a very
high Ge content is expected. As soon as Si starts spilling out
of trenches, Si-enrichment at island edges is favored both by
kinetics �the Si source being close and exchanges with Ge
atoms underneath being fast�55 and by elastic-energy lower-
ing �Fig. 7�. At the same time, also further Ge atoms reach
the island, partially relieving strain by intermixing with Si,
and partially climbing along the exposed facets and reaching
the top regions, which are energetically favored. With this
respect, the higher Ge content in the central, internal region
of the island could be a reminiscence of the initial stages of
formation, the actual profile being caused by the progressive
reshaping allowed for by Si/Ge exchanges, limited, however,
to the very outermost layers12,35 where kinetic barriers are
sufficiently low. For islands grown at higher temperatures,
instead, it looks like the cmin profile deviates more substan-
tially from the experimental one �compare Fig. 7 with Fig. 2
in Ref. 34 where a dome grown at 740 °C is analyzed�, the
latter being more uniform. In addition, the justification pro-
posed here for Ge-rich island cores seems not to apply any-
more, since in Ref. 34 a very high Si concentration is re-

vealed also in the island interior. Hence, it looks like the
development of models capturing both kinetics and thermo-
dynamics is needed to provide comparisons between theory
and experiments in the full range of relevant growth tem-
peratures. With this respect, the continuum approach of Tu
and Tersoff32 appears as particularly promising, even if lim-
ited, so far, to shallow islands in 2D.

In conclusion, by exploiting the fast semianalytical ap-
proach proposed in this paper, we have systematically inves-
tigated minimum-energy concentration profiles and the cor-
responding elastic relaxation for different, realistically
shaped SiGe islands. We showed that the driving force for
nonuniform intermixing grows with the island aspect ratio.
Moreover, we pointed out that whenever full segregation is
not present within the island �true for small enough average
Ge concentration values c̄ and/or aspect ratios�, a universal
behavior is observed. Once the shape is fixed, calculations
for a given c̄ are sufficient to infer the Ge distribution at any
other average concentration value. Equivalently, the extra-
relaxation energy with respect to the uniform case, does not
dependent on c̄.
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