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The anomalous diffraction effects arising in the intrinsically isotropic photonic crystal gratings with different
periods of the front-side and back-side interfaces are studied with the emphasis put on wideband one-way
transmission. It is demonstrated that more than 80 percent of the incident-wave energy can be transmitted
unidirectionally, i.e., with zero transmission in the opposite direction, by changing side of illumination only,
while polarization always remains linear. Most but not all of the related diffraction effects can be predicted
using isofrequency contours �IFCs� and wave-vector diagrams, which take into account the IFC-shape-
dependent additional transmission channels that can appear due to corrugations. Three main regimes, i.e.,
isolation and bidirectional and unidirectional translation, can be distinguished, depending on whether the
front-side corrugations affect the far field in the half space bounded by the back-side interface, and whether
transmission is vanishing only at illumination from the side of one of the interfaces. The conditions providing
the existence of these regimes are given and discussed in terms of the features of wave-vector diagrams. In
some cases, similar regimes can appear being in contradiction with these conditions. Variation in the angle of
incidence and the angle between the characteristic directions of photonic crystal and the interfaces of the
corresponding noncorrugated structure allows one extending variety of situations, in which unidirectional
transmission can be realized. The general condition of unidirectionality is that the zero diffraction order is not
coupled to a Floquet-Bloch wave.
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I. INTRODUCTION

The impressive progress has occurred during the past two
decades in theory and applications of photonic crystals
�PCs�, which show an unique potential in controlling light
propagation. Among others, PCs with curvilinear virtual in-
terfaces became a focus of interest, promising useful exten-
sions of the known frequency and directional selectivity re-
gimes. Curvilinearity in PCs with conventional linear lattices
has been used in planoconcave lenses,1–3 mirrors,4 and dual-
lattice splitters.5 Another class of curvilinear PCs is charac-
terized by that not only the interface but also lattice itself is
curvilinear. For example, it is worth mentioning coaxial
PCs,6 single-layer atoll, or corall optical resonators,7,8 and
one-dimensional circular optical resonators.9 The topologi-
cally similar but multilayer structures have been recently
proposed for the use as invisibility cloaks.10–12

Linear-lattice PCs with corrugated surface layer�s� and
defect-mode waveguide have been suggested for obtaining
the beaming effect, which dominant physics includes the ex-
istence of the surface waves arising due to corrugations.13–16

Similar effect can appear in PCs with coupled defect-mode
cavities located in a subsurface layer, which can be consid-
ered as an inner gratinglike corrugation.17 In Ref. 18, the
effect of periodic corrugations, which are introduced on one
of the interfaces, has been studied for a dual-lattice PC with
the emphasis on stealth applications. A variety of anomalous
transmission effects can exist in finite-thickness pieces of
two-dimensional dielectric and metallic PCs with one-side
deep gratinglike corrugations �PC gratings�.19 In particular,
nonordinary opaque ranges �ORs� of transmission20 have
been demonstrated, within which some formally propagating
diffraction orders are suppressed. The wavelength values, at
which individual diffraction orders start contributing to the

transmission, can be shifted in the PC gratings as compared
to the corresponding Rayleigh wavelengths, and furthermore
can change their conventional order.19 On the other hand,
corrugation of the initially smooth, totally reflecting, virtual
interface of a PC can provide a coupling to an otherwise
uncoupled Floquet-Bloch �FB� wave. For an one-
dimensional PC, introducing a corrugated surface layer has
been used as an alternative route for obtaining negative
refraction.21

One of the basic effects related to the nonordinary ORs in
two-dimensional PC gratings manifests itself in that some
higher orders can show one-way �unidirectional� transmis-
sion. This effect has been observed but not studied in detail
in Ref. 19. Contrary to the branched-slit metallic gratings
from Ref. 22, in which one-way transmission can also occur,
it can be a wideband effect for PC gratings. The common
feature of the gratings in Refs. 19 and 21 is that they are
nonsymmetric, i.e., show different periods of the front- and
back-side interfaces. It can be expected that if the zero order,
which is responsible for reciprocal transmission, is not
coupled to a FB wave, the situation can be realizable in these
structures when transmission substantially differs for illumi-
nation from the side of one of the grating interfaces and that
from the opposite side. In turn, reflection in these two cases
should differ significantly. It is noteworthy that one-way
transmission effects are obtained in Refs. 19 and 22 without
using anisotropic constituents. This is distinguished from the
conventional way, which is realized, for example, in gyro-
magnetic and gyroelectric crystals containing anisotropic
constituents.23–26

Diffraction on relief gratings, which represent a periodi-
cally corrugated boundary between an air half space and a
homogeneous negative-index half space has been studied in
Refs. 27–29. Anomalous transmission effects, some of which
being similar to those in Ref. 19, can appear in finite-
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thickness gratings made of a zero-permittivity material.30 For
nonzero-index materials, the similarity in dispersion features
of a homogeneous material and a FB wave in a PC often
occurs so that the corresponding performances are associated
with either metamaterials or dispersive plasmonic and polari-
tonic materials. Therefore, it is reasonable expecting that the
effects observed in Refs. 27–30 might have analogs in PC
gratings and vice versa.

It is also worth noting a variety of the interesting physical
effects arising in the combined structures, which contain a
surface-relief grating and a volume grating.31–33 Surface grat-
ings can demonstrate scattering into nonspecular orders and,
hence, rechannel the incident energy while the used volume
gratings are characterized by specular scattering only but
show peculiar distinctive features in transmission and reflec-
tion. A stack of a PC containing a linear-defect waveguide
with a finite-thickness dielectric grating,34 which has been
used to couple an otherwise uncoupled defect mode to the
outer space, is similar in some sense to the above mentioned
combined structures. In the contrast, our PCs gratings them-
selves combine the features of the both surface and volume
gratings. In fact, they represent the structured gratings,
whose unusual diffraction features are determined by the si-
multaneous contribution of the effects typical for conven-
tional �noncorrugated� PCs and those for conventional dif-
fraction gratings.

In this paper, the anomalous diffraction effects in two-
dimensional PC gratings with one- and two-side corrugations
will be studied with the emphasis put on one-way transmis-
sion effects and the peculiarities of using dispersion results
to predict them. It will be shown that the strongly pro-
nounced one-way transmission and reflection effects, includ-
ing unidirectional transmission, can be obtained for some
shapes of isofrequency contours �IFCs�. These effects are
associated with the different numbers of transmission chan-
nels being open when the grating is illuminated from the side
of the corrugated interface and when it is illuminated from
the opposite side or with the modifying effect of the back-
side corrugated interface. Most part of the anomalous trans-
mission and reflection effects can be explained, predicted,
and classified using IFCs and wave-vector diagrams, despite
of some skepticism concerning the possibility of using dis-
persion results for PC gratings.19 To do this, some additional
rules concerning the construction lines should be applied.

Two main classes of the one-way effects will be distin-
guished, depending on whether the effect of corrugations lo-
cated on the front side �side of incidence� appears in the
transmitted far field or not. Correspondingly, they are re-
ferred to as translation and isolation regimes. Alternatively,
the effects predictable using IFCs can be classified directly in
the terms of IFC features. Examples will also be considered
for the situations, when the isolation and translation regimes
appear, but cannot be predicted using IFCs. It will be dem-
onstrated that more than a half of the incident-wave energy
can be transmitted in one direction only, for both IFCs lo-
cated near M point and X point of the first Brillouin zone
�FBZ�. Contrary to the unidirectionality, which can be ob-
tained using anisotropic materials, no change of linear polar-
ization appears in the suggested approach. All the waves in-
volved to the diffraction are linearly polarized. Consideration

is restricted to square-lattice PCs made of isotropic dielec-
trics and s polarization of the incident waves. The presented
near- and far-field results are obtained using the fast coupled-
integral-equations technique.35 To obtain IFCs and wave-
vector diagrams, CST MICROWAVE STUDIO software36 and a
self-made postprocessing program have been used.

II. THEORETICAL BACKGROUND

Consider diffraction of the s-polarized plane wave, which
is incident from the upper half space �y�D, D= Pa, a is
lattice constant, and P is number of the rod layers at x=0�,
on the PC grating as shown in Fig. 1. PC is composed of
circular dielectric rods, which are arranged to square lattice.

The fundamental difference between the finite-thickness
gratings made of conventional isotropic dielectrics �index of
refraction N�1�, on the one hand, and those made of noble
metals, ultralow-index and �near-�zero-index metamaterials,
and PCs operating in the ultralow-effective-index regime
�0�Re N�1�,30,37,38 on the other hand, is the following. In
the former case, isotropic �circular� IFCs in the dielectric
medium show a larger radius than that in air so that all the
propagating orders and some evanescent orders in air are
coupled to the waves propagating in the dielectric. As a re-
sult, the transmitted field can be affected by the topological
features of the front-side interface, showing the presence of
those orders in far field, which are dictated by its period of
corrugations. In other words, the periodic features are trans-
lated to the lower �transmission� half space.

In the contrast, the IFCs in the latter case are narrower
than in air. As a result, only a single order propagating in the
half space of incidence can be coupled to a propagating FB
wave. If this is zero order, the transmitted far field does not
contain the orders, which could appear due to the front-side
corrugations, so that the upper and lower half spaces are
isolated from each other. In fact, the appearance of the iso-

FIG. 1. PC with periodically corrugated upper and lower
interfaces.
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lation regime is not restricted to the structures with the peri-
odically corrugated interfaces. It has recently been shown
that the slabs and shells of rather various shapes, which are
made of �-near-zero materials, can efficiently isolate the re-
gions of space they delimit.39

In turn, PCs can show not only a circular shape of IFCs
and hence a richer variety of the order-selectivity diffraction
effects is achievable in PC gratings than in the gratings made
of homogeneous materials. For example, the number of re-
flected beams and the number of the refracted beams inside a
PC can show various combinations even in case without
corrugations.40,41

The electric field in the upper and lower �y�0� half
spaces is presented as follows:

E�x,y� = Ei�x,y� + �
n=−�

�

�n exp�i�nx + i�ny� , �1�

and

E�x,y� = �
n=−�

�

�n exp�i�nx − i�ny� . �2�

Here, �n=�k2−�n
2, Im �n	0, �n=�0+2
n /L, �0=k sin �, k

is free-space wave number, � is the angle of incidence, L is
grating period, �n and �n are amplitudes of the nth-order
beams in reflection and transmission, respectively. In Eqs.
�1� and �2�, �n, �n, and 2
n /L are the perpendicular and
parallel components of wave vector and a reciprocal-lattice
vector of a one-dimensional periodic structure with period L,
respectively. Details of the field representation at 0�y�D
can be found in Ref. 35. The incident wave is given by
Ei�x ,y�=E0 exp�i�0x− i�0y�, where �0=k cos � and E0
means amplitude.

To characterize transmission and reflection in a multibeam
regime, we use values of diffraction efficiency42

rn = �n�n
� Re �n/W , �3�

and

tn = �n�n
� Re �n/W , �4�

where W is the energy of the incident wave and asterisk
means complex conjugate. In a lossless case, R+T=W,
where the reflectance R=�n=−�

� rn and the transmittance
T=�n=−�

� tn. According to the FB theorem, a wave propagat-
ing inside an infinite PC has the form of a FB wave, i.e.,

Ez,h = exp�ikh
PCr��

G

AG�kh
PC�exp�ikh

PCG� , �5�

where kh
PC is wave vector of the hth FB wave �PC pass band�

and G is a reciprocal-lattice vector.
In the considered PC gratings, large- and small-period

corrugations may appear on the both sides. The periods are
related to each other as follows:

L = mL1, �6�

where m=2,3 , . . . so that any structure remains periodic in x
direction. If L1=a in Eq. �6�, a virtual interface is considered
to be noncorrugated. For the sake of convenience, we assume

that a PC grating is obtained by removing certain rods from
a P-layer PC without corrugations, i.e., with L=L1=a. The
depths of corrugation for the interfaces with periods L and L1
are given by h= pa and h1= p1a, where p , p1=1 ,2 ,3 , . . . and
p+ p1� P. If the host medium has permittivity �h�1, the
rods are inserted, in fact, into a grating made of a homoge-
neous material so that the depths of the grating corrugations
can differ from h and h1. If �h=1, an effective interface
cannot be introduced in an unambiguous way.

The structure nomenclature is given in Table I. It depends
on whether the corrugations appear on the front �upper� side,
back �lower� side, or the both sides of the PC grating. Here,
CU and CL correspond to the PC gratings with corrugated
upper and lower interface, respectively. CUL and CLU cor-
respond to the gratings with corrugated upper and lower in-
terfaces, and with corrugated lower and upper interfaces, re-
spectively, where the first mentioned interface has larger
period. Signs + and − in the second and third columns indi-
cate the presence or absence of corrugations at the corre-
sponding interface, respectively. In the fourth and fifth col-
umns, the longitudinal periods are given. In line with the
used nomenclature, the structure in Fig. 1 is a CUL structure.
It is assumed that

L1 = la , �7�

where l=2,3 , . . . so that L=mla.
According to the general theory of diffraction gratings,42

the nth-order beams may propagate if

k � ��0 + 2
n/L� . �8�

The nth-order Rayleigh wavelength, which splits the
propagating-wave and evanescent-wave regimes, corre-
sponds to

kn�L,�� = 2
�n�/L�1 
 �sin ��� , �9�

where the signs + and − stand for the cases with
sgn n�sgn � and sgn n=sgn �, respectively. The angles of
diffraction of the reflected beams are given by

sin �n = sin � + 2
n/kL . �10�

The angles �n and � are measured from the positive-valued
part of y axis in Fig. 1 in the clockwise and counterclockwise
directions, respectively. The angles of diffraction of the
nth-order transmitted beams �̂n are measured from the
negative-valued part of y axis in the counterclockwise direc-
tion, i.e., �̂n=�n.

TABLE I. Nomenclature of PC gratings.

Upper Lower Upper Lower

CU + � L a

CL � + a L

CUL + + L L1

CLU + + L1 L
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Corrugations result in a shift of the range of multibeam
regime toward smaller frequencies. Indeed, in case of a non-
corrugated PC, we have

k � ��0 + 2
n/a� �11�

and

kn�a,�� = 2
�n�/a�1 
 �sin ��� , �12�

instead of Eqs. �8� and �9�. For example, kn�L ,�� /kn�a ,��
=a /L at �=0.

Using corrugations, the Rayleigh wavelength at a fixed n
can be shifted down to the first pass band of PC even at
�=0. However, contribution of some orders to T, which are
propagating according to Eq. �8�, is vanishing within wide
ranges of kL variation, that are referred to as nonordinary
ORs and connected with the one-way transmission.19 The
ORs can be located in such a manner that for some orders
�n�kn, where �n is wave number, starting from which the
nth order actually contributes to T or R. Throughout the
paper, a value of k corresponding to the middle of an ordi-
nary or nonordinary OR is denoted by K.

Twe following reciprocity conditions are important for
our study, which are valid for rather arbitrary finite-thickness
gratings. They are

t0
→ = t0

← �13�

for all k and

r0
→ = r0

← �14�

for k�k−1. The two directions of the arrows correspond to
the two opposite orientations of the incident wave. In terms
of the nomenclature in Table I, they correspond to a pair of
structures CU and CL, or CUL and CLU.

Such reciprocity does not occur for higher-order transmit-
tance and reflectance so that tn

→� tn
← and rn

→�rn
← at �n��0.

These conditions give a recipe for obtaining unidirectional-
ity, i.e., T←=0 while T→�0. To realize this regime, it should
be necessary �but not sufficient� that zero order does not
contribute to T, being uncoupled to a FB wave of PC. This
feature cannot be realized using a homogeneous medium
with N�1 but is well consistent with some IFC shapes,
which can be obtained using PCs. Behavior of t
1 at kL
=6.5 in Fig. 4 from Ref. 19 �there TCU�0.35 and TCL=0� is
in agreement with this expectation.

III. NUMERICAL RESULTS AND DISCUSSION

A. PC gratings with one corrugated interface

First, we will demonstrate the anomalous one-way dif-
fraction effects, which are typical for PC gratings with one-
side corrugations. As an example, we consider diffraction on
the grating, which differs from one of those in Ref. 19 in
value of P while h /D and lattice parameters are kept the
same. Figure 2 shows tn and rn vs kL in CU and CL cases at
�=0. The five first FB waves �PC bands� contribute to the
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FIG. 2. �Color online� Transmittance and reflectance for PC grating with P=12, d /a=0.4, �r=11.4, and �=0; h /D=0.5 and h1 /D=0,
L=4a and L1=a; solid, dashed, and dash-dotted lines correspond to n=0, n
1, and n
2, respectively; dotted lines—T in plots �a� and �c�
and R in plots �b� and �d�; insets show composition of the rods within a grating period; circles—k
1 and k
2; squares—�
1 and �
2.
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transmission within the considered kL range. The main atten-
tion is paid for the nonordinary ORs, in which wideband
suppression occurs for one or several orders that may propa-
gate in line with the conventional grating theory, and which
could be connected with the one-way diffraction effects.
Such ranges appear in the vicinity of KL=6.5 �t0=0�, KL
=11, 12.5, and 15 �T� t0, K�k
1�, and KL=17 �T� t0+ t1
+ t−1, K�k
2�. They do not vary within a wide range of
variation in P and, hence, are related to certain featutes of
IFCs. Origin of the narrow ranges with T� t−2+ t2 in the
vicinity of kL=12.8 and with T� t−1+ t+1 in the vicinity of
kL=13.8 will be discussed later.

The nonordinary ORs arising at kL=11, 12.5, and 15 are
associated with the isolation regime since the spatial struc-
ture of far field at y�0 is not affected by the periodic fea-
tures of the upper-side interface �they are marked by i�. The
ranges arising at KL=6.5 and KL=17 can be assigned to the
translation regime since the transmitted far field contains the
orders arising due to the upper-side corrugations �they are
marked by t�. Note that the ranges of one-way transmission
are wider than those obtained earlier for the branched-slit
gratings in Ref. 22.

It is demonstrated in Fig. 2�b� that all the orders satisfying
Eq. �8� contribute to R, regardless of that whether the con-
sidered kL range coincides with a nonordinary OR in trans-
mission or not. This feature also occurs in the CL-case trans-
mission. The dependence of tn on kL is shown in this case in
Fig. 2�c�. One can see that most of the nonordinary ORs
disappear, when the spatial structure of the transmitted far
field can be modified due to the effect of the corrugated
back-side interface so that the orders suppressed by PC con-
tribute to TCL �the corresponding ranges are marked by m�.
At the same time, R�r0 in these ranges, see Fig. 2�d�.

Two cases can be distinguished in the translation regime.
One of them can be illustrated by the nonordinary OR at
KL=17, where TCU��n=−1

1 tn but TCL��n=−2
2 tn. Therefore,

the effect of corrugations occurs for the both orientations of
the corrugated interface with respect to the incident wave.
We refer to this regime as bidirectional translation. In the
contrast, TCU= t−1+ t+1 and TCL�0 at KL=6.5. Similar situa-
tion takes place in the vicinity of kL=12.8 and kL=13.8.
Such regimes can be referred to as unidirectional translation
�two of the corresponding kL ranges are marked by ��.
As was expected, the unidirectionality appears while
t0
CU= t0

CL=0. Hence, this regime can be considered in terms of
light deflection.43 Indeed, transmission at �=0 is exclusively
realized due to the deflected beams, �
1��.

Some kind of duality can be seen in Fig. 2, which mani-
fests itself in that the location of nonordinary ORs in trans-
mission in CU case coincides with those in reflection in CL
case, provided that they are connected with the isolation re-
gime. Simultaneous existence of translation and isolation
within different kL ranges results in the anomalous location
of the values of �n, e.g.,

�
1
CU�T� � �
1

CL�T� � �
1
CL�R� ,

where T and R correspond to transmission and reflection,
respectively. In turn, in CL case,

k
1 � �
1�T� � �
1�R� . �15�

At the same time, in CU case,

k
1 � �
1�T� � �
1�R� , �16�

so that the appearance of nonordinary ORs does not lead to
the shift of the values of �
1 with respect to k
1.

B. Conditions of one-way diffraction regimes

Consider now the possibility of prediction of the anoma-
lous diffraction effects, which appear at �=0 due to corruga-
tions, by using dispersion results. To do this, the features of
IFCs and wave-vector diagrams in k space will be compared
with the transmission results in several peculiar cases in Fig.
2. The commonly used rules of plotting IFCs can be found in
the PC relevant literature, e.g., see Refs. 41, 44, and 45. In
particular, conservation of the parallel component of wave
vector kx and restriction of the consideration to the crossing
points of IFCs with the construction lines, which satisfy the
causality principle �the energy velocity ve must be pointed
away from the source�, will be used. For a noncorrugated
PC, the IFC at a fixed �, fixed band slope �sign of �k� ·kPC,
where kPC is wave vector of a FB wave�, and gradient of
IFCs at fixed kx

PC are considered to be sufficient for determin-
ing all refracted beams.41 For PC gratings, the set of con-
struction lines should involve those for the diffraction orders,
which might be propagating due to corrugations. It will be
shown that in order to properly account for the effect of the
interfaces, construction lines should be plotted by taking into
account the IFC topology.

An example is shown in Fig. 3, where three cases with
various topologies are presented, which all correspond to the
isolation regime. The wave vectors for the nth-order dif-
fracted beams kn and gradients of the group velocity vg=ve
�see Ref. 46� inside a PC are shown. Values of n at a plot top
�−2, −1, 0, +1, +2� correspond to the orders, which should be
propagating according to Eq. �8�. The large blue numbers
�2,3,4� mean a number of FB wave �PC pass band�. For the
groups of the embedded contours, the most outer contour at
X or � point in plots �a� and �c� and the most inner contour at
� point in plot �b� correspond to largest kL.

For all three cases in Fig. 3, only zero order is coupled to

a FB wave at k= k̂. Transmission is realized due to the sole
transmission channel at n=0, whatever CU case or CL is
considered, like it would occur in the corresponding PC
without corrugations. At the same time, Fig. 2�c� shows that
the orders with n= 
1, 
2 contribute to T in CL case. This
occurs owing to diffraction on the corrugated back-side in-
terface. In other words, not all orders in the transmission half
space should be themselves coupled to a FB wave. All ranges
of isolation in Fig. 2 are in good agreement with the wave-
vector diagrams. This remains true for the results presented
in Ref. 19.

Using the IFC results, the following conditions of the ex-
istence of isolation regime can be formulated at �=0 and
ka�
: �i� IFCs must contain those centered around � or X
point; �ii� k� ��0+2
n /L� for at least one pair of the orders
with 
n, �n��0; �iii� kmin,x

PC,2 � �k sin �
n��kmax,x
PC,1 for all or-
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ders satisfying condition �ii�, where kmax,x
PC,1 and kmin,x

PC,2 mean
maximal kx

PC of the contour around � point or X point at
kx=0, and minimal kx

PC of the contour around M point or X
point at kx=
 /a, respectively; �iv� the back-side interface
must be noncorrugated, i.e., L1=a.

For the definiteness sake, we assume that kx
PC�0 in these

and other similar conditions presented in this paper. The con-
ditions �i�–�iv� can be used at least if one FB wave and no
more than two groups of IFCs are existing within the con-
sidered kL range, e.g., see Figs. 3�a� and 3�b�. They can be
generalized for different lattice types and IFC topologies. If

there is only one group of IFCs, as in Fig. 3�c� at k= k̂, the
conditions �i�–�iv� can also be used while the incident-wave
vector is extended beyond the FBZ, e.g., at

k � 2
/a − kmax,x
PC,1 , �17�

provided that kmin,x
PC,2 =k is formally taken in the condition �iii�.

The closer shape of the IFCs being centered around �
point to a circle, the more robust should be the existence of
the isolation regime to a variation in the angle � between �-X
direction and x axis �up to now it was �=0�. For example,
one could vary � from 0 to 
 /4 at least at 14�kL�15 in
Fig. 3�c�. In the contrast, using �=
 /4 in Fig. 3�a� results in
the disappearance of the isolation regime. In particular,
TCU�0 at kL=10.6 and kL=10.85 while TCU�0 and t0

CU

=0 at kL=11.1, 11.35, and 11.6.
Figure 4 shows the near-field pattern, which is typical for

the isolation regime. Topology within the regular region of
the PC �0�y� Pa /2 in CU case and Pa /2�y� Pa in CL

case� and that within the corrugated region of the PC
�Pa /2�y� Pa in CU case and 0�y� Pa /2 in CL case� are
substantially different. It is seen that the corrugated interface
is responsible for the field features related to the contribution
of higher orders to R in CU case and to T in CL case while
the same FB wave determines the field pattern within the
regular region, preventing appearance of higher orders in the
half space bounded by a noncorrugated interface. This re-
mains true for all the cases in Fig. 2 where the isolation
regime does appear.
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FIG. 3. �Color online� IFCs in
isolation regime �solid lines� on
plane �kx ,ky� at d /a=0.4, �r

=11.4, and ml=4: case �a�—kL
=10.6, 10.85, 11.1, 11.35, and
11.6; case �b�—kL=12, 12.25,
12.5, 12.75, and 13; case �c�—kL
=14, 14.5, 15, 15.5, and 16; wave-
vector diagrams are shown at �a�
kL= k̂L=11.1, �b� 12.5, and �c� 15;
dash-dotted circles—IFCs in air;
vertical dashed lines—
construction lines at �=0;
intermediate-width and thick
arrows—directions of kn and vg in

CU case at n=0 and k= k̂, respec-
tively; thin arrows—gradients of
vg; signs + and − at the top �CU
case� and the bottom �CL case�
mean coupling and noncoupling to
a FB wave, respectively; sign � at
the bottom �CL case� indicates the
orders, which may not appear due
to the effect of the noncorrugated
interface.

FIG. 4. Electric field at 0�x�L, 0�y� Pa, and kL=15 in CU
case �left� and CL case �right� from Fig. 2; TCU= t0 and TCL= t0

+ t−1+ t+1+ t−2+ t+2.
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There are various physical situations, which are associ-
ated with the isolation regime and the corresponding one-
way transmission. For example, it can appear at the both
signs of S ·kPC, where S is Poynting vector. In Fig. 3�c�, we
have S ·kPC�0 and Neff�0.22 at kL= k̂L=15. In Figs. 3�a�
and 3�b�, the isolation is achieved at S ·kPC�0 while phase
and group velocities are antiparallel. Therefore, the isolation
effect is necessarily connected with neither an ultralow-
effective-index behavior nor the handedness. However, IFCs
for the PC must be narrower than those for air, providing that
higher orders are not coupled. Furthermore, the isolation oc-
curs while N tends to zero, i.e., IFCs are vanishing �compare
to Ref. 30�.

Examples of IFCs corresponding to the translation regime
are presented in Fig. 5. From the comparison of Fig. 5�a�
with Fig. 2, the signature of the unidirectional translation
arising at KL=6.5 is clearly seen. The construction lines are
plotted by taking into account the period of an interface of
incidence. In the CU case, only the orders with n= 
1,
which appear due to diffraction on the front-side corrugated
interface, are coupled to a FB wave. In the CL case, the sole
existing order is not coupled to a FB wave while the effect of
the opposite-side �corrugated� interface is absent so that
TCL=0.

Hence, the following conditions of unidirectional transla-
tion are valid at ka�
, �=0, and �=0: �i� IFCs are centered
around M point; �ii� k� ��0+2
n /L� at least for one pair of
the orders 
n, �n��0; �iii� kmax,x

PC � �k sin �
n��kmin,x
PC for at

least one pair of the orders 
n, �n��0, where kmin,x
PC and

kmax,x
PC mean minimal and maximal kx

PC for IFCs at given ka;
�iv� no FB wave may be coupled to zero order, i.e.,
kmin,x

PC �0; �v� the upper �front-side� interface must be corru-
gated.

In Fig. 5�a�, S ·kPC�0, two transmission channels are
open, and, hence, two beams contribute to TCU. The both
beams are deflected, i.e., �n��, that is distinguished from
the conventional dielectric gratings. Now, at the front-side
interface every beam mimicks refraction at small nonzero �,
which would appear at a virtual flat interface between air and
a low-index medium. The birefrigence appears due to the
sole FB wave while the two deflected beams show here
��
1�=74.2° at kL=6.53. The features of refraction on the
back-side �noncorrugated� interface are typical for a flat in-
terface between a low-index medium and air.

It is worth noting that the IFCs in Fig. 5�a� have similar
topology as those for TE modes in PCs from Ref. 45. Ac-

cordingly, the IFCs are similar to the IFCs for a homoge-
neous medium, for which hyperbolic-type dispersion occurs
owing to anisotropy of the used material.47 This analogy has
been demonstrated in Ref. 45 by comparing with TE modes
in a nonmagnetic material. In this case,

�̃ = ��1 0

0 �2
� �18�

with �1�0 and �2�0, leading to a dispersion relation
k2

2 /�1−k1
2 / ��2�=�2 /c2. Similar analogy occurs for modes of

the other polarization.
From the presented results, one can see that anisotropic-

like IFCs of PC is a signature of the unidirectional transmis-
sion. However, the former is not sufficient for the appearance
of the latter. One-side corrugations are needed. On the other
hand, it can be shown that the IFCs centered around M point
are not necessary for achieving unidirectionality. For ex-
ample, the required hyperbolic-type IFCs can be obtained if
the IFCs are centered around X point at �=
 /4, e.g., see Fig.
3�a�.

Figure 5�b� illustrates another manifestation of the trans-

lation regime, which occurs at kL= k̂L=17, where
Neff�0.55. Here, the transmitted far field in CU case is af-
fected by the upper-side corrugations due to the orders with
n= 
1, which are coupled to a FB wave, as well as zero
order. There are three transmission channels, which appear
owing to the same FB wave showing S ·kPC�0. One of
them is connected with the transmitted beam, for which
�n=0, that is typical for the conventional dielectric gratings.
In fact, the channels with n= 
1 can be considered as those
mimicking a positively and negatively refracted beam at a
virtual flat upper-side interface at ��0.

To understand how the construction lines should be used
in this case, we consider near-field patterns corresponding to

k= k̂ from Fig. 5�b�—see Fig. 6. The principal difference
between the CU and CL cases is observed for the nonregular
�corrugated� regions. On the other hand, analysis of the field
topology within the regular regions shows that more than one
transmission channel contributes to the transmission in both

CU and CL cases. In turn, r
1�0 in the vicinity of k= k̂.
This conclusion is confirmed by the field pattern for the cor-
responding noncorrugated PC �not shown�. Therefore, the
periodic features of the both front- and back-side interfaces
of PC grating have to be taken into account by the construc-
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FIG. 5. �Color online� IFCs in
translation regime at d /a=0.4, �r

=11.4, and ml=4: in case �a� at
kL=6.35, 6.44, 6.53, 6.62, and
6.71; in case �b� at kL=16, 16.5,
17, 17.5, and 18; directions of kn
and vg in CU case and corre-
sponding IFCs in air are shown at

�a� kL= k̂L=6.53 and �b� 17; nota-
tions are the same as in Fig. 3.
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tion lines. The regime occurring at kL=17 can be classified
as bidirectional translation. In fact, this situation is not dis-
tinguished from that occurring for the conventional dielectric
gratings with one-side corrugations, where higher orders
arising due to the effect of the back-side corrugated interface
are present in the reflected far field, i.e., over the flat front-
side interface.

Based on the obtained results, the following rules can be
formulated in the two typical cases. If IFCs correspond to an
effective-index behavior, at least with rather a high index,
construction lines should account for the transmission chan-
nels, which can appear due to corrugations at the both front-
and back-side interfaces. If dispersion is anisotropiclike, con-
struction lines should only account for the transmission
channels connected with the shape of the front-side interface.

Although most of the above-discussed transmission ef-
fects can be predicted using wave-vector diagrams with the
proper construction lines, there are one-way effects, which
cannot be predicted using this approach. For example, this
occurs in the vicinity of kL=12.8 and kL=13.8, i.e., in the
cases which can also be assigned to the unidirectional trans-
lation �see Sec. III A�.

The IFCs in the vicinity of kL=12.8 are presented in Fig.

7. At k= k̂, the orders with n=0 and n= 
2 are coupled to the
second and third FB waves, respectively, for which
S ·kPC�0. As a result, three transmission channels should be
open in CU case. Collimation is expected to appear since
direction of vg is the same for all three channels. However,
one can see in Fig. 2�a� that TCU� t−2+ t+2 while t0�0 so
that one of the formally open channels does not contribute to
T. Furthermore, TCL�0 according to Eq. �13�. Hence, some-
times the unidirectionality can appear, even if this is in con-
tradiction with the predictions based on a wave-vector dia-
gram. At kL=13.8, the orders with n= 
2 are coupled to the
third FB wave, as well as the orders with n= 
1. The latter
provide the main contribution to TCU while TCU /TCL�10. A
possible cause of this effect is that the actually contributing
orders might have more preferable transmission conditions,
which could be formalized, for example, in terms of the gen-
eralized effective impedance matching.

C. PC gratings with two-side corrugations

Consider the peculiarities of one-way diffraction in PC
gratings with two-side corrugations. Let modify the CU
structure in Figs. 2�a� and 2�b� in such a way that the addi-
tional corrugations appear now at the back-side interface
showing the period L1=2a and depth h1=2a while the front-
side corrugations are less deep, see the inset in Fig. 8�a�. In
this case, the values of k
2 are the same as the values of k
1
for a structure with L=2a. The CL structure from Figs. 2�c�
and 2�d� is properly modified, too—see the inset in Fig. 8�c�.

Dependences of tn and rn on kL for the obtained CUL and
CLU structures are shown in Figs. 8�a�–8�d�. At k�k
2, the
orders with n= 
2 should contribute to T and R within the
kL ranges, where they were suppressed in CU and CL cases.
In particular, this takes place within the nonordinary ORs
with T� t0 from Fig. 2, which appear in the isolation regime,
e.g., at KL=15 in Fig. 8�a�. In fact, the isolation regime
remains here although this range looks like a pass band,
where the orders with n
2 are coupled to a FB wave and
contribute to T, regardless of the orientation of the interfaces
with respect to the incident wave. Hence an isolation-regime
transmission can be masked by the diffraction on the back-
side corrugated interface.

This is illustrated by the comparison of the field patterns
in CUL and CLU cases, e.g., at kL=15—see Fig. 9. The used
kL value corresponds to the case when TCUL= t0+ t−2+ t+2 	see
Fig. 8�a�
 and TCLU= t0+ t−1+ t+1+ t−2+ t+2, t+2� t+1 	see Fig.
8�c�
 while only zero order is coupled to a FB wave, accord-
ing to Fig. 3�c�. One more range where the orders with n
2
now significantly contribute to T is that at KL=17. At
KL=11, the isolation is masked in CLU case in similar man-
ner as in CL case in Fig. 2�c�.

Comparing Figs. 8�a� and 8�c� with Figs. 2�a� and 2�c�,
one can see that the nonordinary ORs in the vicinity of
kL=12.8 and kL=13.8 are strongly sensitive to an interface
shape. The former range is located now near kL=12.4, i.e., it
is shifted toward smaller kL. Furthermore, now it is bidirec-
tional. The latter one disappears so that tn�0 at �n�=1,2 in
the vicinity of kL=13.8. No new feature appears in reflection

FIG. 6. Electric field at 0�x�L, 0�y� Pa, and kL=17 in CU
case �left� and CL case �right� from Fig. 2.
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in CUL case as compared to CU case. Locations of �n are
either slightly affected or not affected at all by adding new
corrugations in both CUL and CLU cases.

The zero-order transmission takes place in CUL and CLU
cases at 2
�kL�7.22, where t0=0 in CU and CL cases,
and for the corresponding noncorrugated PC. This range can
be considered as a new nonordinary OR in transmission
since TCUL= t0+ t−1+ t+1 and TCLU= t0 at 2
�kL�6.74 �one-
way transmission for the orders with n= 
1�, and TCUL

=TCLU�0 at 6.74�kL�7.07 and 7.15�kL�7.22 �two-
way transmission�. The fact that T is nonzero at the kL val-
ues, at which T is zero in CU case, cannot be explained using
a wave-vector diagram like that in Fig. 5. Perhaps, it is re-
lated to the effect of corrugations with L1�a and h1�0,
which themselves represent a rectangular periodic lattice that
can show pass and stop bands being different from those of
the basic square-lattice PC.

D. Improved unidirectionality

The unidirectional transmission can be enhanced due to a
proper choice of lattice parameters. In particular, larger TCU

and a wider kL range, within which TCU�0 and TCL�0, can
be obtained for smaller �r and same remaining parameters as
in Fig. 2. Figure 10 shows tn vs kL in CU and CL cases
at �r=5.8. The unidirectional translation occurs here at
KL=8.6 and KL=17. For example, TCU= t−1+ t+1�0.63 at
kL=8.6, and TCU�0.6 and 0.7 at KL=17 and KL=17.5, re-
spectively. In the latter case, all four higher propagating or-
ders are translated so that the multibeam unidirectionality is

achieved. Furthermore, the ranges with TCU� t−2+ t−1+ t+1
+ t+2 and TCU� t−2+ t+2 are adjacent, i.e., the number of the
beams contributing to T can be controlled by a relatively
slight variation in kL. The values of �
1 vary from 
22° at
kL=16.75 to 
19.5° at kL=k
3L=6
, and those of �
2 do
from 
50.9° at kL=16.2 to 
41.8° at kL=6
.

In Fig. 11, IFCs are presented for the two peculiar kL
ranges from Fig. 10, within which unidirectional translation

takes place. Since the IFCs are located at k= k̂ around M
point, construction lines should be drawn by taking into ac-
count only the periodicity of the front-side interface. In Fig.
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FIG. 8. �Color online� Same as Fig. 2 but for CUL and CLU cases instead of CU and CL cases, respectively; h /D=1 /3, h1 /D=1 /6,
L=4a, and L1=2a.

FIG. 9. Electric field pattern at 0�x�L, 0�y� Pa, and
kL=15 in CUL case �left� and CLU case �right� from Fig. 8.
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11�a�, only the orders with n= 
1 are coupled to a FB wave
at k= k̂ in the CU case due to the hyperbolic-type IFCs. No
coupling is expected to appear in the corresponding CL case.
These features are similar to those in Figs. 2 and 5�a� at
kL�6.5. The only difference is that the ranges of TCU= t0
+ t−1+ t+1 and TCU= t−1+ t+1 are adjacent in Fig. 10�a�, instead
of the ranges of TCU= t0 and TCU= t−1+ t+1 in Fig. 2�a�. Trans-
formation of the IFC shape into that associated with an iso-
tropic media with Neff�1 occurs at decreasing kL, e.g., at
kL=8.1 in Fig. 11�a�. This leads to that the translation be-
comes bidirectional, as seen from the comparison of Figs.
10�a� and 10�b�. Therefore, translation can be tuned from
bidirectional to unidirectional by a slight variation in kL.

In Fig. 11�b�, the IFCs are shown for the kL values cor-
responding to the lower edge of and inside a wide range of
unidirectional transmission, which appears at 16.25�kL
�18.7, see Fig. 10�a�. In contrast to Fig. 7, the negative
refraction occurs here for the transmission channels with n
= 
1 at the back-side interface in CU case, i.e., sgn�vg ·x�
�sgn�kn ·x�. These channels mimick refraction at a virtual
flat front-side interface at ��0. For the two other channels
�n= 
2�, collimation and propagation in the PC in normal
direction with respect to the noncorrugated back-side inter-
face and deflection of the transmitted beam at this interface
take place. Note that the effective photonic mass is positive
at the corner of the FBZ for the third FB wave so that
S ·kPC�0 without an effective-index behavior. The mass re-
mains positive while the IFCs are narrowing at decreasing
kL, leading to that only the orders with n
2 contribute to
TCU for 16.25�kL�16.73.

Based on the presented results, a condition of multibeam
unidirectionality that involves the deflected beams with dif-
ferent �n��0 can be written at ka�2
 as follows:

kmin,x
PC � �k sin �
n� � 2
 − kmin,x

PC , �19�

where kmin,x
PC �0, at least for two pairs of the higher orders


n.

E. Oblique incidence

Let consider some peculiarities of diffraction at nonzero
�. It can be shown that taking PC with IFCs, which are
associated with the isolation regime at �=0, one can substan-
tially modify the contribution of individual orders to T. Fur-
thermore, the old �zero-order� channel can be closed while
new ones are opening. Two examples are shown in Fig. 12,
which demonstrate typical features of tn vs kL within the kL
ranges being adjacent to the lowest band gap. In particular,
the order with n=−1 dominates at 4�kL�6. In the CU
case, this is the sole order that contributes to T at KL=11. In
the comparison with Fig. 2�a�, the orders with n=0 and
�n�=1 interchange their roles at the upper edge of the gap.
While �−1 is varied from −59.7° at kL=4 to −19.9° at
kL=6, and from 6.7° at kL=10.65 to 9° at kL=11.4, the
various deflection regimes can be obtained. In the former
case, birefrigence appears so that the dominant first-
negative-order beam is negatively deflected ��−1�0�. In the
latter case, the first-negative-order beam is positively de-
flected ��−1�0�.

In Fig. 12, TCL=0 and TCU�0.805 at kL=11.007. Now
unidirectionality is realized due to a sole order, which trans-

(b)(b)(b)(a)(a)(a)

FIG. 10. �Color online� Same as Figs. 2�a� and 2�c� but for �r=5.8.
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for PC with d /a=0.4, �r=5.8, and
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= k̂L=7.5 and �b� 17; notations are
the same as in Fig. 3.
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fers even a bigger part of the incident-wave energy than in
the previous examples. Therefore, IFCs located around M
point are not necessary. This effect can be considered as the
extrinsically achievable unidirectionaly since it appears at �
�0 and is absent at �=0. In terms of the appearance condi-
tions, it is similar to the effect of the extrinsic chirality,
which can appear in some metamaterials while taking ��0
instead of �=0.48 Note that the order with n=−3 may con-
tribute to T according to Eq. �8� at k�k
3L=11.04. Its effect
is not considered here.

Figure 13 shows IFCs and directions of kn and vg, which
correspond to the two peculiar kL ranges from Fig. 12. In
Fig. 13�a�, the both propagating orders are coupled to the

first FB wave at k= k̂. Here, �k sin �−1��kmax,x
PC , �k sin �−2�

�kmax,x
PC , �k sin �+1��kmax,x

PC , and �k sin ���kmax,x
PC . The open

transmission channels are associated with different sign of
refraction at a virtual flat front-side interface, sgn�k0 ·x�
�sgn�k−1 ·x� while S ·kPC�0. Comparing to Fig. 12�a�, one
can see that the channel at n=−1, that corresponds to
k−1 ·x�0, is coupled to the negatively deflected transmitted
beam ��−1�0�, providing the dominant contribution to T at
4�kL�6. Since the IFCs correspond here to an isotropic
medium with Neff�1.68, the bidirectional translation occurs
so that the both channels remain open regardless of whether
CU or CL case is considered. Similar situation occurs in Fig.
10 at least at 2
�kL�8.5.

The fundamental difference between the cases in Figs.
13�a� and 13�b� is that the IFCs in PC are wider and narrower
than in air, respectively. In turn, zero order can be uncoupled
to a FB wave in the latter case but is always coupled in the
former case. In Fig. 13�b�, S ·kPC�0, kmax,x

PC,1 � �k sin �0�
�kmin,x

PC,2 , kmax,x
PC,1 � �k sin �−2��kmin,x

PC,2 , and �k sin �−1��kmax,x
PC,1 ,

where the indices 1 and 2 stand for the groups of IFCs,
which are located around the points with the abscissa values
kx=0 and kx=
 /a, respectively.

Construction lines are plotted in Fig. 13�b� in CU and CL
cases according to the above formulated rule for anisotropi-
clike IFCs. Then, no order is coupled to the second FB wave
in CL case while one order is coupled in CU case. This is in
agreement with the transmission results in Fig. 12. It is note-
worthy that the unidirectionality is not necessarily connected
with a transmission channel, which corresponds to a positive
refraction, as in Fig. 13�b�. For example, the sole transmis-
sion channel in case of IFCs shown in Fig. 13�b� would be
associated with negative refraction if

sin−1�kmax,x
PC,1 /k� � � � sin−1�2
/kL� .

In particular, it occurs for k= k̂ nearly at 21° ���34.8°.
Besides, the situation when

�0��1� = �−1��2�

and hence k0��1�=k−1��2� can be realized for a sole trans-
mitted beam, where �1 and �2 are two angles of incidence,
�1��2.

Another effect connected with the IFCs being narrower
than in air is schematically illustrated in Fig. 14. It corre-
sponds to a special case when the sole transmitted higher-
order beam mimicks that with n=0 at �=0 in the isolation
regime. Setting �n=0 in Eq. �10�, we obtain the condition

kL sin � = − 2
n , �20�

at which this regime is realized, provided that there is a sole
propagating order n being coupled to a FB wave. A transmit-
ted nth-order beam is negatively deflected at ��0 ��n�0�,
whatever the IFCs are, if

kL sin � + 2
n � 0. �21�

The conditions of existence of the isolation and translation
regimes can be obtained for nonzero �, which are similar to
those given for �=0 in Sec. III B. Very recently, it has been
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shown that unidirectionality can also be realized at ��0 for
the gratings, which contain ultralow-index flat layers that are
characterized by isotropic IFCs being narrower than those in
air.49 Hence, the presense of anisotropiclike IFCs should be
considered rather as a sufficient condition of unidirectional-
ity than a necessary one.

IV. CONCLUSIONS

To summarize, the anomalous one-way transmission ef-
fects arising in diffraction on nonsymmetric PC gratings with
one- and two-side corrugations have been studied and clas-
sified. In particular, they manifest themselves in that one or
several diffraction orders can significantly contribute to the
transmitted far field, if the PC grating with different periods
at the front- and back-side interfaces is illuminated from one
side and do not contribute at all at the same illumination
from the other side. Furthermore, the situation can be real-
ized for the grating illuminated from the side of the noncor-
rugated interface, when all the propagating orders are totally
reflected so that unidirectional transmission does appear. For
the opposite-side illumination, more than 80 and 70 percent
of the incident-wave energy can be transmitted in the single
beam and multibeam regimes, respectively. Hence, unidirec-
tionality can be achieved within the reciprocal framework,
showing an alternative route to that requiring the use of an-
isotropic constituents. In our case, it is connected with the
possibility of existense of anisotropiclike IFCs in PCs, which
are made of isotropic materials, and the relevant peculiarities
of the transmission channels. Polarization of the waves in-
volved to the diffraction always remains linear that differs
from the anisotropic framework.

In terms of the effect exerted by the front-side corruga-
tions on the transmitted field, translation and isolation re-
gimes can be distinguished. In turn, the unidirectionality is
associated with one of the two cases assigned to the transla-

tion regime, for which the necessary condition is that zero
order is not coupled to a FB wave. Instead, the parallel �tan-
gential� component of the wave vector for one or several
higher orders arising due to the corrugations should be equal
to that of a FB wave. In the isolation regime, the back-side
corrugated interface can modify the transmitted field in such
a way that the contribution of higher orders is significant
while not all of them are coupled to a FB wave. Hence,
transmission features originating from the intrinsic properties
of PC can be masked by the diffraction. The duality can
appear in that the same orders do not contribute to the trans-
mission in CU case and to the reflection in the corresponding
CL case within some frequency ranges.

It has been demonstrated how construction lines should be
plotted, depending on the IFC topology, and which informa-
tion can be inferred from the wave-vector diagrams. In par-
ticular, the existense of translation, isolation, and unidirec-
tionality can be predicted. In contrast to the topology, the
handedness is not critical for obtaining of these regimes. In
some cases, anomalous transmission effects, including unidi-
rectionality, cannot be predicted using IFCs and wave-vector
diagrams. They might be related to the existense of prefer-
able conditions for certain transmission channels in PC and
to the fact that the PC layers corresponding to corrugations
can themselves represent a lattice, which is different from
that of a regular part of PC grating.

A variety of theoretical performances, in which unidirec-
tionality is obtainable, can be extended due to using nonzero
angle between the �-X direction of PC and the noncorru-
gated back-side interface. The isolation and translation can
coexist in the same structure at the same frequency, within
adjacent ranges of variation in the angle of incidence. Be-
sides, one should mention the possibility of engineering
multibeam systems with desired combinations of the posi-
tively and negatively refracted/deflected beams. Although
obtaining of a reflection-free unidirectionality in PC gratings
still seems to be a challenging task, such structures with
different periods at the front and back sides look promising
for realization of an alternative approach to the achieving of
unidirectionality. Analysis of the possibilities of obtaining a
reflection-free unidirectional transmission owing to optimi-
zation of the gratings based on PCs with anisotropiclike IFCs
and unidirectionality in the gratings based on PCs with iso-
tropic IFCs are under study.
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