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The magnetic flux dependence of energy and supercurrent in mesoscopic d-wave symmetric and asymmetric
superconducting loops is investigated by numerically solving the Bogoliubov-de Gennes equations self-
consistently. For square loops, we find an hc /e-flux periodicity in energy and supercurrent and demonstrate
that the flux periodicity is sensitive to the hole size and the superconducting pairing strength as well as
temperature. The hc /2e-periodic behavior can be restored almost entirely when we displace the central hole
sufficiently out of the center of the sample. In rectangular loops, the discrete current-carrying low-energy
spectrum can exist for an odd winding number of the order parameter.
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I. INTRODUCTION

According to the Bardeen-Cooper-Schrieffer theory of
superconductivity,1 the electronic condensate is formed by
Cooper pairs, which carry twice the elementary charge. The
quantization of magnetic flux in units of hc /2e in multiply
connected superconducting geometries is considered as
an inevitable consequence of electronic pairing in
conventional2–6 and high-temperature7 superconductors.
Other related phenomena include the hc /2e periodicity of
the Little-Parks critical-temperature oscillations with mag-
netic flux of a superconducting cylinder8 and the hc /2e flux
quantization of Abrikosov vortices.9

The requirement of the single valuedness of the supercon-
ducting wave function in the presence of a supercurrent im-
plies the periodicity in hc /2e. Fundamentally, an important
additional condition, which has to be satisfied to ensure the
periodicity, is the degeneracy in energy4–6 of the two distinct
classes of supercurrent carrying states. However, this degen-
eracy can be lifted for discrete systems, and this problem has
been investigated recently for a mesoscopic d-wave loop10 at
low temperatures, where the breaking of the hc /2e periodic-
ity, associated with discrete current-carrying low-energy
states, was predicted. In fact, for nodal superconductors, such
as d-wave superconductors, and s-wave superconductors
with small gaps or states in the energy gap, the ground-state
energy is generically hc /e periodic. Based on different mod-
els, recent studies have shown this effect in mesoscopic
conventional11–13 and d-wave14–16 superconducting rings or
hollow cylinders. In particular, the crossover from hc /e to
hc /2e current oscillations in rings of s-wave superconductors
has been predicted.17,18 However, it has remained unad-
dressed how the magnetic flux periodicity manifests and
evolves for d-wave superconducting loops. Moreover, for
mesoscopic asymmetric rings of conventional superconduct-
ors, the Little-Parks effect and flux-induced vortex states
have been found theoretically19,20 and experimentally.21

Therefore, one may expect that interesting phenomena re-
lated to magnetic flux periodicity in asymmetric d-wave
loops may be present.

In the present work, we systematically investigate the en-
ergy and supercurrent in mesoscopic d-wave symmetric and

asymmetric superconducting loops by solving the
Bogoliubov-de Gennes �BdG� equations22 in a self-consistent
manner. This approach has been used before for the investi-
gation of the vortex structure and impurity effects in macro-
scopic d-wave superconducting systems.23–26 Our numerical
analysis concerns the flux periodicity in symmetric and
asymmetric d-wave mesoscopic loops as a function of the
hole size and the superconducting pairing strength as well as
temperature. We also discuss the periodic oscillation pattern
in the case when the hole is displaced from the center of the
square loop. Finally, we show the dependence of the discrete
current-carrying low-energy states for different winding
numbers of the order parameter in rectangular loops.

The paper is organized as follows: in Sec. II, we present
our theoretical formalism. The evolution of the energy and
supercurrent with magnetic flux for symmetric and asymmet-
ric d-wave loops is discussed in Secs. III and IV, respec-
tively. Our results are summarized in Sec. V.

II. THEORETICAL APPROACH

To investigate the flux periodicity in mesoscopic loops of
d-wave superconductors, we start with the pairing Hamil-
tonian by assuming nearest-neighbor attraction V for d-wave
superconducting �DSC� paring

H = − �
�ij�,�

tij exp�i�ij�ci�
† cj� + �

i,�
�− ��ci�

† ci�

+ �
�ij�

��ijci↑
† cj↓

† + �ij
�cj↓ci↑� , �1�

where tij= t are the nearest-neighbor hopping integral.
ci��ci�

† � are destruction �creation� operators for electron of
spin �, ni�=ci�

† ci� is the number operator, and � is the
chemical potential determining the averaged electron density.
The Peierls phase factor is given by �ij=2� /�0�ri

rjA�r� ·dr
with the superconducting flux quantum �0=hc /e. We choose
a vector potential of the form A�r�= �y ,−x ,0�� / �2��x2

+y2��, yielding a flux threading the hole with no magnetic
field penetrating the superconductor, where �= �e /hc��
measures the flux in units of hc /e. The DSC order has the
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following definition: �ij=V�ci↑cj↓−ci↓cj↑� /2. Using the
Bogoliubov transformation, ci�=�n�ui�

n �n�−�vi�
n��n�̄

† �, the
Hamiltonian in Eq. �1� can be diagonalized by solving the
resulting BdG equations self-consistently,

�
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where Hij�=−tij−�	ij. With the open boundary conditions
�for which the wave function vanishes on the inner and outer
boundaries of the loop� we can get the eigenvalues �En� with
eigenvectors �un ,vn�. The order parameter �ij is calculated
self-consistently from

�ij = �
n

V

4
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nvj
n� + vi

n�uj
n�tanh	 En

2kBT

 . �3�

Since the order parameter has to be single valued, the phase
difference when circulating the hole once must be 2�q,
where q is the winding number. The current density Jij from
lattice site i to j is

Jij = − 4
et


c
�

n

Im��uj
nui

n�f�En� + vj
n�vi

n�1 − f�En���exp�i�ij�� ,

�4�

where f�E�= �eE/kBT+1�−1 is the Fermi-Dirac distribution
function.

Throughout this work, the distance is measured in units of
the lattice constant a, and the energy is scaled to t. In the
numerical calculations, we take kB=a= t=1 for simplicity.

III. SYMMETRIC d-WAVE LOOPS

First, we consider a symmetric square d-wave loop as
schematically shown in the inset of Fig. 1 with a size of
Nx�Ny =40�40 and a centered hole of size Nxx�Nyy =12
�12. The results of the self-consistent calculations for the
eigenenergies below the Fermi energy EF=0 in the gap re-
gion are shown in Fig. 1 and the total energy and the total
supercurrent �in units of J0=et /
c� at T=0 are plotted in Fig.
2 �black solid lines� for chosen pair interaction V=0.6.
Clearly, two distinct regimes of condensate states with an
even and an odd winding number q of the order parameter
are found, and the circulating supercurrent oscillates as a
function of the magnetic flux with an observable period of
�0=hc /e �which is consistent with the results of Ref. 10�. In
what follows, we only discuss the flux values between 0 and
hc /2e, because all quantities for the flux values from hc /2e
to hc /e are �anti�symmetric with respect to the flux interval
between 0 and hc /2e.

The reconstruction of the condensate is the origin of the
hc /e periodicity in the ground-state energy and the supercur-
rent. Some well-separated discrete states close to EF are
present in the regime with q=0 due to the nodal character of
the order parameter, and the states further away from EF
provide most of the condensation energy �see Fig. 1�. There-
fore, the main contribution to the supercurrent arises from
the occupied levels closest to EF, since the contributions

from the lower-lying states tend to cancel in adjacent pairs.10

As the highest occupied state shifts with increasing flux to
higher energies, the magnitude of supercurrent in the square
loop first increases for small flux, then decreases when the
level with an orbital moment opposite to the applied mag-
netic field starts to dominate. As a consequence, a zigzaglike
feature of flux-dependent current shows up in the q=0 sector
�see the black solid line in Fig. 2�b��. Figure 3 displays the
current distribution for the highest occupied level for two
different flux values. Comparing both contour plots, we see
clearly the effect of the transition in the current-carrying
state leading to opposite directions of current.

FIG. 1. �Color online� The eigenenergies in the gap region are
shown for a square 40�40 loop with a centered 12�12 hole as a
function of flux � in units of �0=hc /e. The superconducting con-
densate consists of the states below EF=0 �red lines�. The pair
interaction is V=0.6, and the temperature T=0. q is the winding
number of the order parameter, and there is a clear difference be-
tween condensate states with q=0 and q=1. The inset shows sche-
matically a two-dimensional square loop with a system size of Nx

�Ny lattice sites and a hole of Nxx�Nyy lattice sites, which is
threaded by a magnetic flux � in the hole.

FIG. 2. �Color online� Total energy �a� and total supercurrent �b�
for two square 40�40 loops with a centered hole of 12�12 �black
solid lines� and 4�4 �red dash-dotted lines� as a function of mag-
netic flux. The calculation is performed with V=0.6 and T=0.
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Remarkably, an abrupt change in levels takes place for a
flux value near hc /4e, and the condensate state enters the
regime with q=1, that is, the condensate reconstructs. This
reconstruction results from the motion of the center of mass
of the Cooper pair, and each pair’s center of mass angular
momentum is increased by 
. A considerable empty spectral
gap appears in the q=1 sector �see Fig. 1�, and an alternation
of the diamagnetic and paramagnetic response is generated.
Notice that there is a small offset in the position of the tran-
sition with respect to the flux value hc /4e when changing
q=0 to q=1. For a small superconducting annulus,
Vakaryuk13 recently suggested that the internal energy of the
center of mass state leads to this shift. In addition, Fig. 2 �the
red dash-dotted lines� and Fig. 4 depict, respectively, the flux
periodicity of the energy and supercurrent for a smaller hole
of size Nxx�Nyy =4�4 and the corresponding energy spec-
trum. In Fig. 4, we notice a clear large jump in the energy
spectrum at �=hc /4e when q changes from q=0 to q=1.
This reconstruction of the condensation energy breaks the
�0 /2 periodicity in the supercurrent. Furthermore, a more
pronounced zigzag oscillation occurs in the q=0 sector as a
consequence of the � derivative of the energy of the highest
occupied state.

For a different d-wave pairing interation V, the corre-
sponding evolution of the total energy and supercurrent with
magnetic flux is plotted in Fig. 5. We find that with increas-

ing V the system evolves toward a state where the supercur-
rent exhibits �0 /2 periodicity. The total energy still reaches
a local minimum at �=hc /2e for an enlarged gap regime
�V=1.2 �red dash-dotted lines�� and the value of this mini-
mum approaches the energy value for �=0. Simultaneously,
the flux value of the q→q+1 jump shifts gradually toward
hc /4e, and the current peaks become more symmetric about
the J=0 axis. With further increasing V �=2.4 �blue dashed
lines��, the system almost shows a �0 /2-periodic behavior.
We note that the total energy and the supercurrent are not
exactly �0 /2 periodic due to the energy difference of the q
=0 and q=1 states in finite systems. In addition, the flux
dependence of the energy and supercurrent for V=1.2 and
different temperatures below the critical temperature Tc is
displayed in Fig. 6. For a nonzero temperature T=0.01 �red
dash-dotted lines�, one can see that the flux value of the q
jump is close to �=hc /4e, which leads to an almost �0 /2
periodicity of the supercurrent. Note that the �0 periodic
behavior of the corresponding total energy is still clearly
visible in Fig. 6�a�. For a larger temperature T=0.28 �blue
dashed line�, the difference in energy between �=0 and
�0 /2 becomes very small.

IV. ASYMMETRIC d-WAVE LOOPS

In this section, we describe the case of asymmetric
d-wave loops with the same superconducting surface area as
the one in the inset of Fig. 1 and choose the parameter val-
ues: V=0.6 and T=0. In Ref. 20, asymmetric superconduct-
ing rings of finite width were investigated for low magnetic
fields. It was found that the energy region where metastable
states exist decreases with increasing the off-centered dis-
tance of the hole. Beyond a critical shift in the hole, the ring
continuously transits between different flux states with a con-
tinuous energy as function of the magnetic field. Figure 7
shows the evolution of the total energy and supercurrent with
magnetic flux for different displacements 	Nx of the hole
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FIG. 3. �Color online� Contour plot of the current distribution
for the occupied state closest to EF=0 in a square 40�40 loop with
a centered 12�12 hole when �=0.184hc /e �a� and �
=0.195hc /e �b�.

FIG. 4. �Color online� The eigenenergies in the gap region are
shown for a square 40�40 loop with a centered 4�4 hole as a
function of magnetic flux. Other parameter values are the same as
those in Fig. 1.

FIG. 5. �Color online� Total energy �a� and total supercurrent �b�
for a square 40�40 loops with a centered 12�12 hole and pair
interaction V=0.6 �black solid line�, V=1.2 �red dash-dotted line�,
and V=2.4 �blue dashed line� as a function of magnetic flux for T
=0.
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from the center of the square loop. With increasing 	Nx, the
relative total energy as well as the energy difference between
the q=0 and q=1 states reduces, and the deviation from a
�0 /2-periodic behavior becomes smaller. For some critical
displacement the energies at �=0 and at �=�0 /2 are basi-
cally same, then the system looks to have �0 /2 periodicity
�blue dashed lines�. This signifies that a larger displacement
of the hole leads to a smaller reconstruction of the energy
spectrum of the condensate for different q values.

To understand better the influence of asymmetry on the
magnetic flux periodicity, we considered rectangular loops
with the same arm width as the square one depicted in the
inset of Fig. 1. The evolution of the total energy and super-
current with magnetic flux for the two different rectangular

loops is displayed in Fig. 8. The black solid lines are for the
sample �left inset in Fig. 8�a�� with Nx�Ny =36�44 and
Nxx�Nyy =8�16, and the red dash-dotted lines for the
sample �right inset in Fig. 8�a�� with Nx�Ny =34�46 and
Nxx�Nyy =6�18. We find a �0-periodic behavior of the to-
tal energy and supercurrent for both loops. Interestingly, the
zigzag feature of the supercurrent as function of the flux
shows up in the q=1 sector for a sufficiently large ratio of
length to height Ny /Nx of the rectangular loop �see the dash-
dotted line in Fig. 8�b��. In Fig. 9, the eigenenergies below
EF in the gap region corresponding to the two samples in
Fig. 8 are shown. We find a strong transformation of the
energy spectrum with increasing Ny /Nx. As a result of the
reconstruction of the condensate and the flux-driven change
in the quasiparticle subgap states in both cases we find a �0
periodicity. For a small asymmetric ratio �see Fig. 9�a��, the
empty energy gap in the q=1 regime in Fig. 1 decreases and
becomes smaller than that in the q=0 regime. Moreover, the
highest occupied states show a linear behavior in �. By con-
trast, for a larger asymmetric ratio �see Fig. 9�b��, there ex-
ists a large empty energy gap for q=0, and well-separated

FIG. 6. �Color online� Total energy �a� and total supercurrent �b�
for a square 40�40 loop with a centered 12�12 hole and tempera-
ture T=0 �black solid lines�, T=0.01 �red dash-dotted lines�, and
T=0.28 �blue dashed lines� as a function of magnetic flux for V
=1.2.

FIG. 7. �Color online� Total energy �a� and total supercurrent �b�
for different asymmetric square 40�40 loops with a hole of 12
�12 unit cells as a function of magnetic flux. The parameter val-
ues are V=0.6 and T=0. The off-centered distance of the hole is
	Nx=0 �black solid lines�, 	Nx=3 �red dash-dotted lines�, and
	Nx=6 �blue dashed lines�.

FIG. 8. �Color online� Total energy �a� and total supercurrent �b�
for two rectangular loops with Nx�Ny =36�44, Nxx�Nyy =8
�16 �black solid lines� and Nx�Ny =34�46, Nxx�Nyy =6�18
�red dash-dotted lines� as a function of magnetic flux. The param-
eter values are V=0.6 and T=0. The left and right insets in �a� show
a schematic drawing of the two rectangular loops.

FIG. 9. �Color online� The eigenenergies in the gap region are
shown for a rectangular loop with �a� Nx�Ny =36�44, Nxx�Nyy

=8�16 and �b� Nx�Ny =34�46, Nxx�Nyy =6�18 as a function
of flux. The other parameter values are the same as those in Fig. 1.
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discrete low-energy states appear in the q=1 regime, where a
zigzag character in the flux-dependent supercurrent is ob-
tained. Note that a discrete current-carrying low-energy spec-
trum can exist only for even winding numbers q of the order
parameter in d-wave square loops.

V. CONCLUSIONS

We have investigated the flux dependence of the energy
and the supercurrent in symmetric and asymmetric d-wave
superconducting loops by numerically solving the BdG equa-
tions self-consistently. We found an hc /e-periodic energy
and supercurrent due to the reconstruction of the condensate
and the flux-driven change in the quasiparticle low-energy
states in mesoscopic systems. For square loops, the flux pe-
riodicity is sensitive to the hole size and the superconducting
pairing strength as well as temperature; the breaking of
hc /2e periodicity can be weakened with increasing either

pairing strength or temperature. In addition, for an asymmet-
ric square loop, the hc /2e-periodic behavior can be restored
almost completely for sufficiently large displacement of the
hole from the center of the sample. Interestingly, in rectan-
gular loops discrete current-carrying low-energy states can
exist for odd winding numbers q of the order parameter.
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