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The dispersive properties of waves are strongly affected by inevitable residual disorder in man-made propa-
gating media, in particular in the slow wave regime. By a direct measurement of the dispersion curve in k
space, we show that the nature of the guided modes in real photonic crystal waveguides undergoes an abrupt
transition in the vicinity of a band edge. Such a transition that is not highlighted by standard optical transmis-
sion measurement, defines the limit where k can be considered as a good quantum number. In the framework
of a mean-field theory we propose a qualitative description of this effect and attribute it to the transition from
the “dispersive” regime to the diffusive regime. In particular we prove that a scaling law exists between the
strength of the disorder and the group velocity. As a result, for group velocities vg smaller than c /25 the
diffusive contribution to the light transport is predominant. In this regime the group velocity vg loses its
relevance and the energy transport velocity vE is the proper light speed to consider.
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I. INTRODUCTION

The transport properties of waves, such as electromag-
netic waves, matter waves, electronic waves, or acoustic
waves, are strongly affected by the disorder present in the
propagating medium.1,2 The different regimes of wave
propagation that can set up due to disorder-induced scatter-
ing depend on the relative values of the mean-free path l of
the wave, the sample size L and the wavelength �.

When l�L the medium can be considered as homoge-
neous and the propagating wave undergoes rare scattering
events: the corresponding wave transport regime is often am-
biguously called the “coherent” regime.1,2 In this case, wave
equations such as the Schrödinger or the Helmoltz equations
offer a straightforward determination of the eigenstates of the
wave field, with the wave number k as a good quantum num-
ber. This gives access to a well defined dispersion relations
��k� between k and the frequency �. We will prefer here to
name this propagating regime the “dispersive” regime. As
transport properties are deterministically predicted from the
knowledge of such dispersion relations, the dispersive re-
gime is favored for information transmission in modern com-
munication systems.

When �� l�L, the spatial phase of the field is strongly
affected by the disordered potential in the medium. After a
propagation over several mean-free paths, the multiple-
scattering regime takes place. This regime is governed by a
diffusion equation for the energy transport of the wave. In-
vestigation of such diffusive or multiple-scattering regime
was initiated in astrophysics to understand the electromag-
netic wave transport through stellar and interstellar
atmospheres.3 In contrast to classical diffusion, the wave dif-
fusive regime is subject to the presence of interference ef-
fects with backscattered field contributions as revealed by
the enhanced backscattered cone.4,5 From the self-consistent
theory of localization, these interference effects can be incor-
porated in a renormalized extensive diffusion constant
D�L , l� that depends on the sample size.2

In general, the scattering approach considers only con-
stant index dispersion. However, the dispersive properties of
the underlying unperturbed medium can affect a particular
wave transport regime.6 For instance, anomalous diffusive
transmission and reduction of the diffusion constant near the
band edge of partially disordered photonic crystals �PhCs�
were reported in Refs. 7 and 8, respectively.

In ideal line-defect photonic crystal waveguides, the
group velocity vg=d� /dk of guided Bloch modes theoreti-
cally vanishes at band edges. This behavior is currently of
high interest to develop slow light based devices. Neverthe-
less, as shown in Refs. 9 and 10, the presence of residual
disorder in actual structures strongly affects the group veloc-
ity at the band edges. Some of the first experimental inves-
tigations of the speed of light transport in line-defect photo-
nic crystal waveguides reported group velocity of c /50 and
c /150,11,12 whereas in other types of experiments group ve-
locities lower than c /1000 were claimed.13,14 Time-of-flight
experiments revealed that the lower group velocity was only
c /7 near band edges in two-dimensional �2D� PhC
structures.15 More recently, some theoretical calculations
predicted that group velocities smaller than c /100 could not
be achieved in so-called W1 or W3 waveguides, �1 and 3
lines defect, respectively�, with the current state-of-the-art
technology.10,16 In addition Engelen et al. highlighted two
regimes of light propagation featuring a “group-velocity
range of c /7 down to c /200” in chirped W1 waveguides.17

In view of the recent results in the literature, the light
transport in slow light structures has to be clarified, prompt-
ing a strong need for a convincing experimental signature of
the transition between �i� the dispersive regime, where the
concept of group velocity applies, and �ii� the diffusive re-
gime. In this paper, we unambiguously identify the disper-
sive regime and the diffusive regime by probing both the
spatial frequency spectra �k space� and the in-line transmis-
sion of the waveguide in the vicinity of a band edge. We
propose a qualitatively description of the experimental data
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based on a standard mean-field theory. We prove that a scal-
ing law exists between the strength of the disorder and the
group velocity of the unperturbed medium. As a result, the
smallest group velocity achieved among W1 membrane pho-
tonic crystal waveguides with different amounts of disorder
is around c /25. In particular, we highlight the region where
the group velocity loses its meaning in favor of the energy
transport velocity vE.

II. QUALITATIVE DISCUSSION OF THE TRANSITION
BETWEEN THE DISPERSIVE AND DIFFUSIVE

REGIME

In Fig. 1, we show the theoretical dispersion curve of the
fundamental guided mode �dashed line� propagating in an
ideal W1 photonic crystal waveguide near the boundary of
the first Brillouin zone. With this figure, we also give a sche-
matic representation of the expected dispersion curve modi-
fied due to an arbitrary residual disorder �dark line� as well
as the corresponding spatial frequency spectrum �represented
in gray�. This plot relies on a mean-field theory and antici-
pates the effect of the residual disorder on the propagation
properties, that we have experimentally measured. In particu-
lar, we correlate the dispersive, the diffusive and the strongly
spatially localized regimes with the different regions of the
modified dispersion curve.

A. Dispersive regime

The dispersive regime, which corresponds to a well de-
fined vg, is located far enough from the band edge at k
�0.4�2� /a where a is the PhC lattice constant. In this
regime, the spatial frequency spectrum �angular spectrum� is
approximated by a Dirac � function. When the normalized
frequency u=a /� approaches the band edge, the effect of the
disorder becomes significant as a result of the slowing down
of the light.2 It follows that the slope of the dispersion curve

is modified, which sets a lower bound for vg. Moreover the
linewidth of the angular spectrum broadens as a results of the
decrease of the mean-free path l, due to the random spatial
dephasing of the field. The corresponding shape of the modi-
fied dispersion curve can be predicted by analytical pertur-
bative approaches based on mean-field theories and diagram
techniques.18 In this framework, the first moment �	�� ,k��
of the wave field taken over different configurations of the
disorder is determined by the Dyson equation. The poles of
the corresponding mean Green’s function give access to the
dispersion curve via the equation ��0 /c�2= ���k� /c�2+
�k�,
where �0 is the excitation angular frequency. Compared to
the unperturbed case, the random dielectric potential leads to
an additional term 
, called the self-energy, which takes into
account the correlation induced by disorder in the averaging
process of the field. For a homogeneous random medium and
in the leading approximation,19 the self-energy is given by

�k�=−i��0 /cl�. In such media, the dispersion relation is all
the more affected that the mean-free path l is small; i.e., that
the random fluctuations of the disordered potential are large.
In a partially disordered periodic medium as investigated
here, 
�k���2 /vg0 with vg0 the group velocity of the unper-
turbed medium and � the amplitude of the centered Gaussian
random function used to model the disordered potential �see
the Appendix�. The presence of 
 in the equation that deter-
mines the dispersion curve sets the lower bound for the
group velocity vg of the perturbed medium. The value of this
bound depends on the amount of disorder. The direct relation
between 
�k� and vg0 reveals that the control parameter to
activate different wave transport regimes and to probe their
properties can be vg0, much like the concentration or average
particle size in powders20 controls the amount of scattering.

B. Diffusive regime

For sufficiently small unperturbed group velocity vg0, the
leading approximation does not hold and the dispersion
curve cannot be defined. The diffusive regime corresponds to
this region where the wave number k cannot be considered as
a good quantum number anymore. It results in the formation
of specklelike spatial frequency spectra for frequencies close
to the band edge �k
0.42�2� /a�. The disappearance of a
dispersion relation between � and k does not mean that the
wave transport vanishes in the diffusive regime in contrast to
the strongly spatially localized state regime. In the so-called
ladder approximation, the determination of the second mo-
ment ����1 ,k1�����2 ,k2�� of the field from the Bethe-
Salpeter equation, shows that the average intensity at a given
spatial point is the sum of the Drude-Boltzmann contribution
and a contribution known as the ‘‘diffuson’’ contribution.19,21

The former contribution, that has an exponential decay and
can be neglected after several mean-free path l, corresponds
to the dispersive regime.2,18 The latter contribution corre-
sponds to the multiple-scattering regime and is associated
with the formation of speckles in the spatial frequency
spectrum.19 In this regime, the residual correlations between
the specklelike angular spectra over a given angular fre-
quency bandwidth �� allows the definition of an energy
transport velocity vE that can strongly deviate from vg.22,23

FIG. 1. Definition of the light transport regimes according to
their dispersion properties in an actual W1 photonic crystal wave-
guide �W1 means that one missing line of holes defines the core of
the waveguide�. Dashed line: dispersion band diagram of the fun-
damental mode of an ideal W1 waveguide. Black line: schematic
representation of the modified dispersion curve due to residual dis-
order. The corresponding expected angular spectra in the dispersive,
diffusive, and localized regimes are superimposed in gray.
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Although the spectral correlations are too weak to generate a
clear dispersion curve, the diffusive energy transport can still
be efficient in contrast to the strongly spatially localized re-
gime which appears at frequencies � located below the ideal
band edge. Note that waves are always localized in one-
dimensional �1D� system subject to a random Gaussian fluc-
tuation provided there are no losses. This means that what-
ever the energy of the wave, the envelope of the wave
function will be localized in space for a sufficiently large
length scale of the medium. Here we use the term localiza-
tion in a more pragmatic way to specify a regime where the
envelope of the field is spatially localized in the waveguide
with a spatial extension smaller than the length of the wave-
guide �the spatial extension is defined as the length corre-
sponding to a 1 /e decrease of the envelope of the field�.
Such a regime was recently highlighted in Ref. 24.

III. EXPERIMENTAL RESULTS

A. Structures and method

The W1 waveguides experimentally investigated have
been fabricated on indium phosphide �InP� semiconductor
suspended membrane. A 260-nm-thin InP guiding layer was
grown on top of a 1.5 �m InGaAs sacrificial layer, on InP
substrate. The W1 photonic crystal waveguides have been
patterned in polymethylmethacrylate �PMMA� resist with an
ultrahigh-resolution �1.25 nm� Vistec e-beam lithography
performed at EPFL. The pattern designed on PMMA was
then transferred at CNRS-LPN in an underlying SiO2 layer
used as a mask for N2 /BCl3 inductive coupled plasma �ICP�
process dry etching of the InP membrane layer. After ICP
etching and cleaving, the 1.5 �m sacrificial underlying
GaInAs layer was selectively etched away to produce the
membrane. Supercritical drying in CO2 was performed to
prevent any strain in the structures. The PhC structural pa-
rameters were chosen to operate near a wavelength of
1.5 �m. Typical losses reported for W1 waveguides are
around 25 dB/cm.25

In order to experimentally determine the dispersion curve
and the spatial frequency spectrum of the modes excited in
the structure, we have used a high numerical aperture optical
Fourier-space imaging technique. This technique, described
in details in Ref. 26, provides a direct 2D intensity plot of the
angular spectrum of the field emitted from the surface of the
sample, as shown in Figs. 2�b�–2�d�. As a result, the phase
velocities of the modes corresponding to spatial frequencies
located inside the bandwidth of the imaging setup are di-
rectly and uniquely inferred for a given wavelength. In addi-
tion, as the dispersive part of the spatial frequency spectrum
of the investigated W1 PhC waveguide is located below the
light cone, additional linear probe gratings �LPG� have been
implemented along the outer edges of the photonic crystal
structure in order to fold the spatial spectrum into the light
cone with minimal perturbation as explained in Ref. 27.

The real-space image of the field excited in the W1 PhC
waveguide �Fig. 2�a�� shows that the radiated parts mainly
come from the center of the waveguide and the probe grat-
ings. The intensity of these contributions is of the same order
of magnitude. For this specific image �Fig. 2�a��, the excita-

tion wavelength corresponds to a Bloch mode in the fast
light regime �see Fig. 1�. This mode is located below the
light cone, which implies that no emission from the central
part of the waveguide is expected. As shown at the bottom
images of Figs. 2�b�–2�d�, direct imaging of the angular
spectrum corresponding to the emission either from the
probe gratings or from the center of the waveguide, enlight-
ens the nature of the scattering processes involved. In par-
ticular, it allows us to determine the origin of the scattered
light at the center of the waveguide. In Fig. 2�b� the spatial
frequency spectrum of all the contributions is measured: it
consists of a sharp line and a speckle background that is
formed by a random field.28 In Fig. 2�c�, an experimental
spatial filtering is used to retrieve only the angular spectrum
of the field scattered from one of the probe gratings, whereas
in Fig. 2�d� only the angular spectrum of the central part is
measured. The outcome of this procedure indicates that the
sharp line is associated with the field scattered off the probe
grating as expected from the folding process of the disper-
sive part of the field,27 while the central part corresponds
only to the speckle part of the spectrum, associated with a
random spatial phase of the field.29 Note that the perturbation
imposed by the probe grating is less than the intrinsic pertur-

FIG. 2. �Color online� Far-field imaging of the light propagation
in a W1 waveguide with identification of the nature of the light
transport in k space. �a� Infrared emission pattern radiated from the
W1 waveguide �bottom� as well as the optical microscope image at
high numerical aperture �NA=0.9� of a typical photonic crystal W1
structure �top�. The thin dashed lines mark the optical image stitch-
ings. The large light intensity scattered at the input results from the
impedance mismatch at the interface between the access waveguide
and the PhC waveguide. �b�–�d� correspond to the real space �top�
and Fourier-space �bottom� images of the infrared light radiated
from the entire waveguide �b�, from only one probe grating, �c� and
from only the waveguide center �d�, respectively. The excitation
power P0 has been increased fivefold in the Fourier images of �c�
and �d�. �e� Electron microscopy image of the W1 waveguide �a
=440 nm� structure. The linear probe gratings �LPGs� consist of a
series of two lines of holes periodically spaced with three times the
PhC lattice constant �see �a� and �e��. They are located ten lines
apart from the waveguide core to ensure minimal perturbation of
the mode whose transverse intensity profile exponentially decreases
away from the core.
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bation of the residual disorder, as assessed by the intensity
levels of their respective contributions.

B. Frequency scanning of the modes

In Fig. 3, the signatures between the different light propa-
gation regimes are highlighted both with the near-field im-
ages and with the far-field spectra. These regimes are pro-
gressively activated/deactivated by scanning the frequency �
along the dispersion curve toward the band edge, i.e., by
continuously tuning vg0. From the top to the bottom near-
field images, we can observe a gradual disappearance of the
dispersive contribution at the probe grating in favor of an
increasing contribution of the central part.30 The central part
emission evolves from an intensity pattern extended along all
the waveguide length L�200 �m toward localized intensity
patterns identified as localized states. Some of these local-
ized states can be located more than 50 �m away from the
input of the waveguide with very large Q factors, that we
measured to be larger than 105. Such localized states corre-
sponds to states whose wave function is concentrated in a
tiny area which can be defined as a dielectric potential trap.
The tails of the wave function of these modes have a rela-
tively long penetration length into the dielectric barriers that
borders the shallow trap along the waveguide axis, as re-
vealed by the weak out-of-plane losses radiated off the bar-
riers. The spatially localized defect inside the W1 waveguide
that localized the mode can be considered similar to the per-
turbation successfully introduced to create high Q hetero-
structure PhC cavities.31 A second kind of localized states

has been identified as necklace states,32,33 for instance at
�=1490.3 nm and �=1491.84 nm: their particularity is to
exhibit an intensity pattern that begins at the input of the
waveguide but abruptly stops at a random position. Their Q
factors do not exceed 104. These states can be understood as
the onset of the weak localization regime in 1D systems that
results from the maximally crossed diagrams in the mean-
field perturbation calculation,2 while they are responsible for
enhanced backscattering in 2D and 3D.

The spatial frequency spectrum observed in the k space, is
composed of a main sharp peak in the dispersive fast light
regime, as anticipated in the Fig. 1. This peak exhibits a
positive first-order dispersion, in line with a forward propa-
gating wave as shown in the 2D map of the angular spec-
trum. The low intensity symmetric trace comes from the
back reflection at the cleaved facet of the output waveguide.
When the frequency � corresponds to the “renormalized”
dispersive regime,18 where the far-field peak broadens, the
back-reflection contribution vanishes in favor of speckles
contribution.34 Backscattering effects inside the PhC wave-
guide are not significantly observed in this regime. In the
pure diffusive regime, the spatial frequency spectrum exhib-
its speckles with an approximately constant mean level over
the spatial frequency bandwidth. Some residual correlations
can still be observed in the 2D map representation for this
regime as revealed by several lines that follow the same dis-
persion trend as the dispersive line of the underlying ideal
structure. The transition between the different propagation
regimes is not steep and these regimes can coexist inside a
given angular frequency bandwidth.

C. Comparison between the transmissions and
the dispersion properties

In order to correlate the dispersion properties with the
wave transport properties, the dispersion curve ��k�, the total
intensity IS��� of the emission scattered from the surface
along the waveguide as well as the transmitted intensity from
the input to the output port of the waveguide I��� are pre-
sented in Figs. 4 and 5 for two different waveguides of the
same length: the first �Fig. 4� has a large group-velocity cut-
off vg min=c /15 and a large bandwidth �u=9�10−4 for the
diffusive regime while for the second, a lower velocity can
be assessed vg min=c /25 and �u=6�10−4 �see Fig. 5�. These
differences evidence that the unintentional amount of disor-
der is lower for the second waveguide due to the fabrication
process. Note that each case corresponds to only one realiza-
tion of the disorder of the dielectric map. As a result no
comparison of these two structures can be carried out in or-
der to guess some hypothetical specificity of the disorder in
one or the other. In both cases, the frequency bandwidths
corresponding to the pure dispersive regime and the pure
diffusive regime are highlighted in light gray and dark gray
shades, respectively. The intermediate gray level region
points out the frequency range where the dispersion curves
starts to deviate from the theoretical dispersion curve of the
underlying ideal structure. The theoretical curve is the out-
come of a calculation based on the guided mode expansion
model.35

FIG. 3. �Color online� Scanning of the light transport regimes
along the dispersion curve. Left: the different light propagation re-
gimes in the W1 photonic crystal waveguide highlighted with the
real-space images of the radiated infrared field. Right: the corre-
sponding 2D map representation of the dispersion diagram �at the
bottom� as well as some of the angular spectrum profiles �at the
top�. The 2D representation consists in stacking the angular spectra
measured at different frequencies. The position of the intensity
maximum �color coded� reproduces the dispersion curve.
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To summarize, in the pure dispersive regime the far-field
spectrum consists of a sharp peak that follows the variation
of the dispersion curve of the ideal structure. In the renor-
malized regime, the far-field peak broadens, the correspond-
ing dispersion curve differs from the ideal one, with in
particular a lower group velocity lower, and a diffusive
contribution shows up. In the pure diffusive regime, the peak
that allows us to determine the dispersion curve disappears
and the far-field spectrum becomes a speckle pattern. As a
result, no dispersion curve can be retrieved, whereas the in-
line transmission is still efficient. Notes that the difference in
the out-of-plane losses between the two waveguides �Figs. 4
and 5� is negligible in the fast light regime, although that the

dispersive properties clearly indicate a difference in the
amount of disorder. This implies that the in-plane propaga-
tion properties are more sensitive to the residual disorder
than the out-of-plane scattering, in line with the recent theo-
retical results published in Ref. 36.

The direct measurement of the dispersion curve clearly
shows that the lower achievable group velocity is limited to
around c /25 in W1 waveguides subject to typical residual
disorder, which agrees with recent investigations based on
interferometric techniques.37–39 A striking features in the
evolution of the dispersive part of the field is its steep
extinction. This contrast with the progressive linewidth
broadening at the band edge expected when the disordered

FIG. 4. �Color online� From left to right: experimental dispersion curve �black line�, total intensity scattered from the surface of the
waveguide at different normalized frequencies u, in-line transmission and the 2D map representation of the unfolded dispersion diagram for
a W1 waveguide with lattice constant a=440 nm and filling factor f =0.295. The dotted line on the left panel corresponds to the theoretical
dispersion curve calculated with the guided mode expansion method. The dispersive regime and the diffusive regime are highlighted in light
and dark gray, respectively.

FIG. 5. �Color online� Same as Fig. 4 for a W1 waveguide with a shorter lattice constant a=420 nm.
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potential and the physical origin of the band edge are
uncorrelated.40,41 Such an effect for the W1 band edge is
directly related with the particular spatial frequency power
spectrum S�k� associated with the residual lattice disorder.
The S�k� distribution is mainly centered around wave vectors
equal to the PhC reciprocal wave vectors.42 As a result, when
the wave number scales with spatial frequencies located in-
side the bandwidth of S�k� at half maximum, the coupling of
the forward and backward propagating fields located near k
=−� /a and k=+� /a, respectively, takes place. Based on this
interpretation, the impact of the disorder can be partly over-
come with PhC designs where the slow region of the disper-
sion curve �vg�c /150� is located sufficiently far away from
the Brillouin-zone boundaries, such as in coupled-cavity
waveguides where group indices larger than 150 have been
reported.43–45

The second major striking result confirms the consistency
of our interpretation: the light transmission through the
waveguide is still large in the Pure diffusive regime, espe-
cially near the transition where the dispersive part disappears
and where no dispersion relation ��k� exists anymore. This
regime, where the light transport cannot be quantified by the
group velocity vg, is characterized by large fluctuations in the
transmitted and scattered intensities.

The perturbative approach is convenient to describe the
corresponding intensity transport as the result of multiple-
scattering events. It relies however on the eigenstates of the
ideal waveguide. In contrast, the present experimental ap-
proach allows us to directly measure the spatial frequency
spectrum of the actual eigenstates of the disordered dielectric
map. These eigenstates exhibit complex wave-vector distri-
butions in k space, especially in the slow light regime. In
such a regime, the speed of propagation of a light pulse
depends on the correlations between the different k-space
spectra inside the angular frequency bandwidth of the
incoming pulse. The main correlation effects, that govern
the evolution of a wave packet, are included in the
two-frequency mutual coherence function ��r ,� ,��
= �u�+��/2�r�u�−��/2

� �r��,46 where u��r� is the complex ampli-
tude of the field. When vg0 enters the slow light regime,
correlations between the k-space spectra of the eigenstates
are strongly affected: the concept of group velocity, where
the correlations are maximal, loses its meaning, even before
the onset of light localization. Nevertheless, the presence of
correlations among the spatial frequency spectra still defines
a diffusive regime with a transport velocity vE. With the data
stemming from interferometric methods based on Fabry-
Perot oscillations,11,12 we speculate that these correlations
can still produce a fringe pattern, albeit with a low degree of
visibility, like in low coherence interference experiments. In
this case, vg is not expected to be the relevant parameter
associated to this fringe pattern, leading possibly to spurious
evaluation and overestimated group indices ng=c /vg. This
situation strongly supports the need of a truly experimental
determination of the dispersion curve, as presented here, in
order to unambiguously settle the lowest achievable group
velocity in a given slow light structure and a given techno-
logical degree of perfection.

IV. CONCLUSION

In conclusion, the presence of residual disorder generates
different light transports near a band edge depending on the
value of the group velocity of the underlying ideal structure.
In particular, a light transport regime associated with a con-
tinuous transmission band is present even when the disper-
sion curve vanishes. Therefore, a careful distinction between
vg and vE is required to determine the actual slow-down
capability of a specific device for data information manage-
ment. The direct imaging of the k space in the far field is a
reliable approach in order to investigate the lowest group
velocity achievable in a photonic structure. Finally, in the
same spirit as the investigation of the disorder with matter
waves,47,48 our approach can be advantageously extended for
studying the interplay between disorder and nonlinear inter-
action, by incorporating for instance quantum wells in the
core of the waveguide. Such an approach can also be advan-
tageously extended to 2D systems.49
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APPENDIX: RELATIONSHIP BETWEEN THE SELF-
ENERGY AND THE GROUP VELOCITY

In the mean-field calculation of the modal dispersive
properties, we assume that the fluctuating part ��r�� of the
dielectric constant resulting from the disorder is a centered
homogeneous random function whose correlation function is
expressed as

���r����r�� �� = �2 exp�	r − r�	/�� = ���	r − r�	� �A1�

with � the correlation length and �� the correlation function.
Within the tight-binding model, the dispersion curve of the
mode is given by

���k�/c�2 = ��m/c�2 + 2T cos�k�� = ��0/c�2, �A2�

with �m the mean frequency of the band, T the transfer in-
tegral, and � the period of the 1D chain. The Green’s func-
tion of the unperturbed Helmholtz equation is given by

G�0��r,r�;k0
2� =

1

T

�x − 
x2 − 1�	l−m	

2
x2 − 1
�A3�

as calculated in Ref. 50, with k0=�0 /c the free space
wave number, the normalized energy of the band x= �k0

2

− ��m /c�2� /2T, r= l�� and r�=m��, and l and m integers.
As a result of the diagrammatic method, the self-energy can
be expressed as


�k� = �2k0
4FT�G�0��	r − r�	����	r − r�	�� , �A4�

where FT� . . . � stands for Fourier transform. With the hypoth-
esis ���, we find
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�k� =
�

�
�

�2��0/c�4

T
x2 − 1
. �A5�

In addition the group velocity can be simply linked to the
normalized energy as follows:

vg0 = � i
T�c


��m/c�2 + 2T cos�k��

x2 − 1. �A6�

With the assumption 2T��m /c, this last expression can
be further simplified as vg0� � i T�c

��m/c�

x2−1, which provides

the intended result,


�k� = �
�2c��0/c�4�

��m/c�vg0
i � �

�2c��m/c�3�

vg0
i . �A7�

From this tight-binding approximation, the dispersion ef-
fects are included in the self-energy via vg0. By taking the
Fourier transform of the Dyson equation, the dispersion re-
lation defined as the poles of the Green’s function of the
disordered system is given by:

x − cos�k�� −
1

2T

�k,x� = 0. �A8�

This equation points out that the deviation of the disper-
sion curve from the ideal case is contained in the self-energy
whose value diverges near the band edges, i.e., at x=0 or
vg0=0. It also implies that the influence of the residual dis-
order increases when either the bandwidth B=4T or the
group velocity vg0 decrease.
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