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The thermoelectric transport properties of polycrystalline, n-type Ba8Ga16−xGe30+x were characterized from
300 to 1000 K. The carrier density was found to vary precisely with the experimental x as expected from
simple electron counting. The experimental data are analyzed within the framework of a single parabolic band
model, which is found to accurately describe transport for the compositions of interest for thermoelectric
application. The lattice thermal conductivity, calculated with a degeneracy adjusted Lorenz number, does not
show a trend with composition and a value of �1 Wm−1 K−1 is observed at 300 K. A maximum figure of merit
zT=0.86 is obtained at 950 K, and the optimal doping level for thermoelectric application is predicted to be
�2�1020 cm−3, which corresponds to Ba8Ga15.75Ge30.25 by electron counting. An unexpected transition event
is observed near 650 K, which results in a significant increase in the heat capacity.
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I. INTRODUCTION

The clathrate structure types contain three-dimensional
frameworks with voids �cages� where guest atoms �fillers�
can reside. The Ba8Ga16−xGe30+x compound discussed here
has the type I clathrate structure �cubic, space group Pm3̄n,
No. 223�,1 which possesses two types of cages formed by the
Ga-Ge framework and the Ba atoms reside within these
cages. The composition Ba8Ga16Ge30 is valence balanced, as
each Ba donates two electrons and every Ga utilizes one of
these electrons for bonding within the framework. Deviation
from this stoichiometry results in doped semiconductor be-
havior, with excess Ge �x�0� giving n-type samples and
excess Ga �x�0� resulting in p-type samples.2–6

At high temperature, the clathrates have shown to possess
thermoelectric efficiency equivalent to state of the art mate-
rials such as PbTe and SiGe.7–9 The thermoelectric efficiency
of a material is governed by the figure of merit, zT
=�2T /��. Here, � is the Seebeck coefficient, � the electrical
resistivity, and � the thermal conductivity, which is generally
considered as the sum of the lattice �L and electronic �e
contributions. The clathrates possess zT�1 near 900 K due
to the combination of relatively low �L and large �m�3/2,
where � is the mobility and m� is the effective mass. Ther-
moelectric efficiency generally optimizes as a function of
carrier concentration n with the optimum n typically between
1019 and 1021 cm−3.10 This optimization is primarily associ-
ated with the electronic properties, which are often examined
via the quantity �2 /� �thermoelectric power factor�. How-
ever, the influence of �e must also be taken into account and
zT typically optimizes at smaller n than required to optimize
�2 /�.

A large number of investigations on the low-temperature
thermal conductivity of clathrates have been performed.11–19

The main purpose of these studies is to reveal the role of the
filler atom, with filler atom-phonon and filler atom-
framework interactions of primary interest. Many clathrates
have glasslike thermal conductivity, and similar behavior has
been observed in p-type Ba8Ga16−xGe30+x. Interestingly,
n-type Ba8Ga16−xGe30+x has crystalline-like thermal
conductivity.14,16,17

While many studies continue to investigate the influence
of chemical manipulation on the thermoelectric properties of
Ba8Ga16−xGe30+x �for instance the substitution of Yb for Ba,
or In for Ge�,20–23 the transport features inherent to
Ba8Ga16−xGe30+x have not been completely characterized and
analyzed for the compositions of interest to thermoelectric
application �0�x�1 for n-type�. The objective of this ar-
ticle is to provide a thorough study of the high-temperature
transport in polycrystalline, n-type Ba8Ga16−xGe30+x. To com-
plete this task, quantitative agreement between the Hall car-
rier density and the carrier density expected from electron
counting is demonstrated, and the corresponding changes in
transport properties are analyzed using classic solutions to
the Boltzmann transport equations. The dependence of �, m�,
�, and �L on doping level is addressed and a rigid band
model is utilized to estimate the optimum doping level for
thermoelectric application.

II. METHODS

A. Synthesis

Polycrystalline Ba8Ga16−xGe30+x was prepared by direct
reaction of the elements in pyrolitic boron nitride crucibles
sealed within evacuated �2�10−5 torr� quartz ampoules.
High-purity Ga �99.99% metals basis, Aldrich�, Ge
�99.9999% metals basis, Alfa Aesar�, and Ba �distilled, den-
dritic 99+% metals basis, Aldrich� were utilized, and a slight
excess of Ba was employed to account for possible
oxidation—nominal compositions were Ba8.2GaxGe46−x.

24

Mixtures of the elements were heated to 1325 K at 100 K/hr,
where the melts were held for 2 hr prior to quenching in air.
The resulting ingots were ground under argon in a SPEX
SamplePrep 8000 Series Mixer/Mill for a minimum of 1 hr
and maximum of 4 hr inside stainless steel vials with stain-
less steel balls. Fine, homogeneous powders from the high-
energy milling were hot pressed in high-density graphite dies
�POCO� utilizing roughly 1.1 metric tons of force over a 12
mm diameter at 1100 K. Hot pressing took place over 1 hr in
an argon atmosphere, and was followed by 1 hr of stress-free
anneal under vacuum.
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B. Characterization

1. Chemical

Phase purity was investigated using a Phillips X’Pert dif-
fractometer and a LEO 1550 VP scanning electron micro-
scope �SEM�. Diffraction data were obtained via Cu K� ra-
diation and microscopy was performed using both secondary
and backscattered electron imaging. During SEM operation,
a voltage of 20 kV was utilized and energy dispersive spec-
troscopy �EDS� was performed to analyze elemental compo-
sition. Wavelength dispersive spectroscopy �WDS� was also
performed to investigate composition; a JEOL JXA-8200
was employed for WDS. The WDS results represent the av-
erage of roughly 25 individual points ��1 �m3 each�, where
each set of 25 was divided into 5 line scans �5 points per line
at 5 �m apart� that probed regions of the sample separated
by �100 �m. During WDS, an electric potential of 15 kV is
utilized and a ZAF correction is employed to account for
atomic number, absorption and fluorescence effects. Elemen-
tal Ge, GaAs, and benitoite �BaTiSi3O9� were utilized for the
Ge, Ga, and Ba standards, respectively.

2. Transport properties

Electrical transport was characterized via Hall effect,
electrical resistivity, and Seebeck coefficient measurements.
The Hall coefficient and electrical resistivity were obtained
using the van der Pauw method with a maximum current of
10 mA. Hall coefficients �RH� were measured on two sepa-
rate systems: a magnetic field of �1 T was utilized for high-
temperature measurements while roughly 2 T was employed
at room temperature. The absolute Seebeck coefficient ���
was obtained at room temperature using Cu/constantan ther-
mocouples and by accounting for the Cu voltage. High-
temperature � measurements employed W/Nb thermo-
couples and utilized the differential light pipe method
discussed in Ref. 25; a 	T�5 K was employed for all tem-
peratures. Thermal conductivity ��� was determined via �
=DTCPd, where DT is the thermal diffusivity, CP the heat
capacity, and d the geometric density. The value of DT was
obtained via a NETZSCH laser flash analysis �LFA� 457.
High-temperature heat capacity data were collected from the
LFA 457 as well, by utilizing a pyroceram 9606 standard. A
NETZSCH 200 series differential scanning calorimeter
�DSC� obtained CP to roughly 775 K using a sapphire stan-
dard and a heating rate of 20 K/min with Pt crucibles and
Al2O3 liners. Thermal gravimetry �TGA� data were obtained
in a NETZSCH TG 209 F3 from 300 to 1025 K at 20 K/min
under nitrogen. The DSC and TGA data were collected by
Lloyd MacPherson of NETZSCH, and all other measure-
ments were performed at the California Institute of Technol-
ogy and/or the Jet Propulsion Laboratory.

III. RESULTS AND DISCUSSION

A. Phase purity, composition, and carrier density

The samples discussed in this article are given labels
�capital letters A through E� and specific symbols are utilized
to present the data, as shown in Table I. Compositional data
obtained via WDS are also provided in Table I. The poly-

crystalline samples were observed to be homogeneous via
scanning electron microscopy and electron probe mi-
croanalysis. Samples A, B, and D were single phase via x-ray
diffraction, while samples C and E contained a small amount
of elemental Ge �refined to less than 1 wt. %�, which is a
common impurity in polycrystalline Ba8Ga16−xGe30+x
samples.26 Phase purity is demonstrated in Fig. 1, where a
diffraction scan for the sample containing the most Ge im-
purity is shown �sample E�. The inset in Fig. 1 compares the
scan shown in Fig. 1 to a phase pure sample �A�, and the
location of the Ge impurity is marked by an asterisk.

In Fig. 2, the room-temperature Hall carrier concentra-
tions nH are plotted versus experimental x values. The ex-
perimental x values were obtained from the WDS data as-
suming no vacancies on the framework: 30+x

16−x = Ge at. %
Ga at. % . The

experimental values agree well with the theoretical n versus
x �solid curve�, which is obtained by simple charge counting
that reveals x free electrons per formula unit �holes are
formed for x�0�. Note there is a small difference between
the chemical n and nH due to scattering effects, which are
discussed below. The agreement between experiment and
theory suggests the Zintl formulism for electron counting is
strictly obeyed in n-type Ba8Ga16−xGe30+x �for the composi-
tions of interest to thermoelectric applications�. We note the
same conclusion was drawn from a plot using EDS data,

TABLE I. Atomic composition of Ba8Ga16−xGe30+x samples as-
sessed via wavelength dispersive spectroscopy

Sample Symbol
Ba

at. % �std dev�
Ga

at. % �std dev�
Ge

at. % �std dev�

A � 15.09�0.08� 28.13�0.14� 56.78�0.17�
B � 15.31�0.08� 28.54�0.21� 56.15�0.23�
C � 15.12�0.06� 28.66�0.17� 56.21�0.18�
D � 15.44�0.16� 29.23�0.14� 55.33�0.18�
E � 15.10�0.29� 29.87�0.64� 55.03�0.63�
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FIG. 1. X-ray diffraction scan of sample E, which contains the
maximum Ge impurity observed. The inset examines the position
around the Ge impurity, the peak of which is marked with an aster-
isk, and a phase pure sample �A� is shown for comparison.
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which possesses the same slope as the electron counting line
in Fig. 2, but was shifted to excess Ge by roughly x=0.4. The
use of standards during WDS measurements yields higher
accuracy than in EDS measurements and thus the EDS data
are omitted for clarity. The atomic percent Ba obtained from
WDS reveals greater Ba content than allowed by the crystal
structure �8 /54=14.8 at. %�; this assumes no framework va-
cancies. The error in Ba content may be related to the use of
an oxide for the Ba standard, as similar errors in WDS data
were observed for the La3−xTe4 system, where LaPO4 was
utilized for the La standard and La content was found to be
greater than that allowed by the crystal structure �the same
conditions were employed�.27 However, this may also be due
to the presence of a barium rich oxide at the grain bound-
aries, or Ge/Ga vacancies. The error bars shown in Fig. 2 for
sample E correspond to the standard error obtained for the
mean x values, which were based on roughly 25 point mea-
surements. The error bars for samples A–D are hidden by the
size of the data points.

While simple charge counting rules appear to apply as-
suming no vacancies, the role of vacancies �both framework
and filler� remains unclear.28–30 Ba vacancies have been re-
vealed by refinement of diffraction data,29 and the literature
also contains studies which fit diffraction data to Ba8GayGez
where y+z�46, as well as Ba8Ga16−xGe30+x.

30–32 The forma-
tion of vacancies in n-type clathrates appears to be most
important when compositions lie far from the charge bal-
anced composition.30,33 Vacancies remove electrons from the
system and thus move the Fermi energy �and carrier concen-
tration� towards more reasonable levels �for n-type composi-
tions�, as seen in K8Si46−x and Rb8Sn46−x.

34

The growth of single-crystal samples with nominal com-
position near Ba8Ga16Ge30 frequently results in n-type
samples,7,8 which could be due to greater Ge content than
expected. Energetic arguments have been made to suggest
Ba8Ga15Ge31 may be more stable than Ba8Ga16Ge30 due to a
reduction in Ga-Ga repulsion.35

B. Transport properties

1. Electrical transport

The experimental transport data are analyzed using com-
mon solutions to the Boltzmann transport equation within the

relaxation time approximation. It is assumed that electron
conduction occurs within a single parabolic band, which is
consistent with prior computational work.36,37 Also, the equa-
tions shown below are valid for a single scattering mecha-
nism where the energy dependence of the carrier relaxation
time can be expressed by a simple power law.

The room-temperature Hall data are summarized in Table
II, where the corresponding values of the Seebeck coefficient
��� are provided. Hall effect measurements reveal n-type
samples, with Hall carrier concentrations between 0.9 and
5.9�1020 cm−3 for extrinsic samples �samples A–D� at 300
K. The Hall carrier concentration nH is calculated via nH
=1 /RHe, where RH is the Hall coefficient and e the electric
charge. The Hall carrier concentration is related to the
chemical carrier concentration n via

n = rHnH, �1�

where the Hall factor rH is given by

rH =
3

2
F1/2�
�

�1/2 + 2��F2�−1/2�
�
�1 + ��2F�

2�
�
, �2�

with the Fermi integrals Fj�
� defined by

Fj�
� = �
0

�  jd

1 + Exp� − 
�
. �3�

Here,  is the reduced carrier energy, 
 is the reduced
electrochemical potential, and � relates to the energy depen-
dence of the carrier relaxation time, �, such that �=�0��−1/2

where the expression for �0 depends on �. To determine rH,
values of 
 must be obtained, which is accomplished via
analysis of Seebeck coefficient � data �details below�. Note
Eqs. �2� and �5� were obtained via integration by parts from
the general equations in Ref. 38.

The distinction between n and nH allows a more self-
consistent comparison between experiment and the single
band model. The values of n and nH converge for complete
degeneracy �
�0�, where rH=1 regardless of the scattering
mechanism, as well as for energy-independent carrier relax-
ation time ��=0.5� regardless of the value of 
. In a nonde-
generate conductor �
�0�, rH equals 1.18 for scattering of
carriers via acoustic phonons ��=0� and rH=1.93 for scat-
tered by ionized impurities.38 The values of rH shown in
Table II were generated assuming �=0, and rH for sample E
is taken to be the nondegenerate limit. The values of rH in
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FIG. 2. Room-temperature Hall density as a function of experi-
mental x. The solid line is generated from electron counting assum-
ing Ba8Ga16−xGe30+x stoichiometry.

TABLE II. Room-temperature properties of Ba8Ga16−xGe30+x

samples, where the calculated rH and m� are obtained assuming
acoustic phonon scattering limits �H.

Sample
nH

�1020 cm−3� rH

�H

�cm2 /V /s�
�

��V /K�
m�

�me�

A 5.9 1.02 11.6 −52 1.82

B 4.3 1.04 12.8 −65 1.86

C 2.7 1.05 14.4 −81 1.74

D 0.9 1.11 12.1 −159 2.02

E 0.03 1.18 7.2 −143
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Table II are thus an estimate of the minimum deviation be-
tween n and nH because the introduction of ionized impurity
scattering would increase rH.

In Table II, the data resulting from Hall effect measure-
ments on sample E possess significantly more error than do
the data collected on heavily doped samples. This is because
sample E is found to behave like an intrinsic semiconductor,
and thus the single carrier assumption breaks down. There-
fore, the values of nH and �H provided for sample E should
not be considered in detail.

The temperature dependence of nH is shown in Fig. 3.
While a slight increase with increasing T is observed, the
values of nH are dominated by extrinsic doping, which is
consistent with the electron counting described above. The
increase in nH with T cannot be explained by temperature-
dependent rH when only acoustic phonon scattering is
present, in which case rH increases with increasing T and
thus n would increase more rapidly than nH. A temperature-
dependent rH may explain some, though not all, of the T
dependence of nH if competing scattering mechanisms are
present. If ionized impurity scattering is important at low T,
the values of rH would be larger than those shown in Table
II, and rH would decrease with increasing T as acoustic pho-
non scattering becomes more important.

The Hall mobility �H is calculated from the Hall coeffi-
cient and electrical resistivity �,

�H = RH/� . �4�

The Hall mobility is related to the drift mobility �d by �H
=rH�d. Therefore, the theoretical description of �H differs
slightly from that of �d, and the effect is most significant at
low n or high T. For a single parabolic band semiconductor,
the Hall mobility can be represented by

�H = �0
�1/2 + 2��F2�−1/2�
�

�1 + ��F��
�
. �5�

The value of �0 is related to the relaxation time �0 by �0
=e�0 /m�. When charge carriers are scattered by acoustic
phonons ��=0 and we define �0=�0,L�, �0,L can be calcu-
lated from38

�0,L =
e��4

�2�kT�3/2

C11

Edef
2 �m��5/2 , �6�

where C11 is the elastic constant for longitudinal vibrations,
Edef is the deformation potential, and m� is the density of
states effective mass. In other formulations, �0 is defined as
the nondegenerate limit of the mobility. This is not the case
here, where �0 is utilized to relate the experimental �H val-
ues to basic materials properties. For instance, for �=0, the
nondegenerate mobility is

��
2 �0,L.

The theoretical curves generated for various transport
properties are related to the theoretical Hall carrier density
via 
, �, m�, and T:

nH = 4��2m�kT

h2 	3/2F1/2�
�
rH

. �7�

The dependence of �H on T and nH is complex, particu-
larly in materials where multiple scattering mechanisms limit
the carrier mean-free path. A proper treatment of �H data
requires allowance for all relevant scattering mechanisms,
including residual resistances associated with grain bound-
aries and defects. For the current study, we consider the vari-
ous scattering mechanisms and analyze the data within the
limit of what appears to be the dominant scattering mecha-
nism. At moderate temperatures, the mobility of a heavily
doped semiconductor is typically limited by acoustic phonon
scattering and/or ionized impurity scattering. The effect of
ionized impurities is greatest at lower temperatures and
acoustic phonon scattering tends to dominate at higher tem-
peratures. Alloy scattering, which has been considered in the
Ba8GaxCuyGe46−x−y system,39 may also be present and would
be most influential at lower temperatures �also modeled with
�=0�. At high temperatures, we expect �H to be limited by
acoustic phonon scattering, and this assumption ��=0� is uti-
lized in the subsequent analysis. The validity of this assump-
tion will be addressed below where the T and nH dependence
of �H is considered.

Let us first consider the variation in �H with nH, which is
shown in Fig. 4. Figure 4 shows room-temperature data from
this study, data reported by Martin et al.26 for 350 K, and
theoretical curves based on Eqs. �5�–�7�. We note the �H
values are in agreement with the literature.3,7 The depen-
dence of �H on nH is found to be in fair agreement with the
theoretical description of acoustic scattering. The curves in
Fig. 4 were generated using temperature-dependent values of
C11 from the literature,40 and a value of m�=1.86me, where
me is the rest mass of an electron. The value of m� was
selected based on similar analysis of the room temperature
Seebeck coefficients �see below�. The theoretical curves in
Fig. 4 were generated using a deformation potential of Edef
=8.3 eV, which is a reasonable value for a doped
semiconductor.38,41 The source of reduced �H for sample D
is not clear, as this sample was phase pure and demonstrated
no other transport irregularities. The effect of residual resis-
tance �via grain boundaries and defects� is to decrease �H,
although this alone does not appear to explain the deviation
from theory for sample D. In the traditional view of ionized
impurity scattering, a reduced carrier concentration eventu-
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FIG. 3. Temperature dependence of the experimental Hall car-
rier densities �nH=1 /RHe�. The solid lines are provided for visual
guidance.
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ally leads to a lower mobility due to decreased screening of
the ionized impurities. The suppression of �H in sample D
may be associated with an additional scattering mechanism,
or a processing related feature, and thus no conclusion can be
drawn at this time.

As shown in Fig. 5, �H decreases with increasing T for
samples A−D. The temperature dependence of �H in a
heavily doped semiconductor can usually be modeled by a
power law �H�T−p when one scattering mechanism limits
�H for the temperature range of interest. Examining the �H
data in this manner, we find that the empirically observed
parameter p for samples A−D changes with increasing tem-
perature. Such deviations from power law behavior are best
observed in a log-log plot, hence the axis selection in Fig. 5.
The failure of a single power law to fit the mobility data is
likely due to the presence of multiple scattering mechanisms.
As can be inferred from Fig. 5, the empirical p is found to
increase as the T range of interest increases. This is consis-
tent with competing scattering mechanisms, where the influ-
ence of acoustic phonon scattering becomes increasingly im-
portant as T rises. We note a single p value describes the data

much better if the value of nH is taken as a constant. From
simple electron counting, we do not expect the carrier den-
sity to depend on temperature �before band-gap effects are
introduced� and thus it is possible that the unexpected tem-
perature dependence of nH leads to an incorrect �H�T�. In-
terestingly, at high temperatures, p�1.5 is observed. The
theoretical dependence of �H on T for charge carriers scat-
tered by acoustic phonons is more complex than initially
observed via Eqs. �5� and �6�, and p�1.5 can be explained
via Eqs. �5� and �6� when C11, m�, and Edef depend on T. Of
course, at high T the single carrier description fails and an
underestimated �H is obtained.

The electrical resistivity increases with decreasing n and
increasing temperature for samples A−D, as expected for a
heavily doped semiconductor �see Fig. 6�a��. The effect of
thermally activated minority carriers can be observed at high
temperature as the resistivity begins to decrease for samples
C and D. The increase in � with increasing T corresponds to
the decrease in �H shown in Fig. 5�a�.

The resistivity of sample E displays the temperature de-
pendence commonly observed for an intrinsic semiconduc-
tor. If the decrease in � is assumed to be due to the thermal
excitation of charge carriers across the energy gap, yielding
��Exp�Eg /2kT�, a band gap Eg of 0.41 eV is obtained from
the fit �solid line� in the inset of Fig. 6�b�. The high-
temperature behavior of this sample is examined in Fig. 6�b�,
where an event is observed upon heating. This event is also
observed in the Seebeck coefficient ���, where a decrease in
the magnitude of � is observed at high temperature �see Fig.
7�. The event �increase in �� observed in sample E occurred
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FIG. 4. �a� Room-temperature Hall mobility versus carrier con-
centration for samples from this study �open markers with symbols
as in Table I�, as well as data at 350 K from Martin et al. �filled
markers, Ref. 26�. The experimental data are compared to theoret-
ical curves generated assuming the carrier mobility is limited by
acoustic phonon scattering �solid curve for 300 K, dashed curve at
350 K�.
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during heating upon consecutive cycles for both � and �, and
was not observed upon cooling. This behavior is not ex-
pected and is discussed below.

As shown in Fig. 7, the Seebeck coefficients have the sign
and temperature dependence expected for heavily doped,
n-type semiconductors. Consistent with the behavior of � in
Fig. 6�a�, the magnitudes of the Seebeck coefficients of the
low n samples display maxima at high temperature, where
the thermally activated holes reduce the thermoelectric volt-
age. By utilizing Eg�2e�maxTmax,

42 a thermal band gap of
�0.39 eV is observed for samples C, D, and E, which is
consistent with Eg estimated from electrical resistivity data
for sample E. The values of Eg reported here are consistent
with ab initio electronic structure calculations reported by
Blake et al. �Eg�0.5 eV�,36 while calculations by Madsen et
al. predicted a larger value �Eg�0.9 eV�.37

In Fig. 8, the room temperature 
�
 is plotted versus nH,
and data from this study and the literature are compared to
two theoretical calculations. The solid curve is generated us-
ing a single parabolic band �SPB� model, the details of which
are provided below. The dashed curve in Fig. 8 is the result
of ab initio calculations previously reported by Madsen
et al.37 The experimental data are well described by the SPB

model, the curvature of which also agrees well with the ab
initio results, though a small change in curvature exists at
high n. The agreement between theory and experiment
strongly justifies the use of a single parabolic band model
during the analysis of electronic transport, particularly for
the Ba8Ga16−xGe30+x compositions of interest for thermoelec-
tric application. We note the ab initio results shown here
were extracted from the published report, which was origi-
nally presented as a function of electrons per formula unit
�chemical n�, and is thus not a direct comparison with the
Hall data and contains minor error associated with data ex-
traction.

The Seebeck coefficient is analyzed within the single
parabolic band assumption:

� =
k

e
� �2 + ��F�+1�
�

�1 + ��F��
�
− 
	 . �8�

The solid curve shown in Fig. 8 is generated by assuming
the carrier mobility is limited by acoustic phonon scattering
��=0�, and an effective mass of m�=1.86me is utilized to
calculate nH via Eq. �7�.

2. Thermal transport

The thermal conductivity is calculated via �=DTCPd,
where DT is the thermal diffusivity, CP the heat capacity, and
d the density. The thermal diffusivity data obtained from
laser flash analysis are shown in Fig. 9. The value of DT is
found to decrease with decreasing n and temperature, for T
�800 K. An unusual �sudden� decrease in DT is observed in
samples A−C, which is most readily observed in sample A
near 650 K. Additional DT data were taken for sample A
using 10 K increments, and the event appears to occur con-
tinuously. This event is also observed in the heat capacity, as
discussed below.

The high-temperature heat-capacity is shown in Fig. 10.
The CP data reported here is consistent with low temperature
data from in the literature,14 an estimate of which is shown as
a solid line in Fig. 10 below 300 K. Also, the room-
temperature heat capacity is found to be approximately equal
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FIG. 7. Seebeck coefficient versus temperature demonstrates be-
havior expected for heavily doped semiconductors.
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FIG. 8. Absolute value of the room temperature Seebeck coef-
ficients from this study and the literature are compared to a single
parabolic band �SPB� model, as well as the ab initio calculation by
Madsen et al. �Ref. 37� Note the data from Martin et al. is reported
at 350 K. The experimental data shown was taken from References
3, 7, and 26.
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FIG. 9. The thermal diffusivity versus temperature shows the
expected temperature dependence at moderate T. Above 650 K,
sudden decreases in DT are observed. This is most readily seen in
the data for sample A, where DT was collected in smaller T intervals
to examine this behavior.
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to the value obtained using the method of Dulong-Petit
�dashed line, 0.3065 J/g/K�, and thus the CP reported is
physically reasonable. At moderate T, CP increases linearly
with increasing temperature, presumably due to an increase
in the anharmonic and/or electronic contributions. The linear
temperature dependence is lost at roughly 650 K, where an
event occurs and CP increases abruptly. Above this event, CP
appears to be independent of temperature, and a value of
0.361 J/g/K is utilized to draw the solid line in Fig. 10 be-
tween 675 and 1000 K. These features are not addressed in
the literature, and will be briefly discussed below. The linear
fit from 300 to 675 K �CP=7.8�10−5+0.28 in J/g/K� fol-
lowed by a constant value of 0.361 J/g/K was utilized to
calculate � for all compositions. We note the CP presented
here differs from that in Ref. 9, where no event was ob-
served.

The temperature dependence of �=DTCPd is shown in
Fig. 11. The decrease in � with decreasing n and increasing T
is expected for a doped crystalline semiconductor. A clear
increase in � associated with the event in CP is observed near
675 K, which is indicated by the dashed, vertical line in Figs.
11�a� and 11�b�. At high temperatures, the thermal excitation
of charge carriers leads to an increase in � via an increased
electronic contribution. The electronic component of the
thermal conductivity ��e� has contributions from electrons,
holes, and the bipolar conductivity ��b�. The effect of �b will
be addressed below. However, it is only at high temperature
that the use of a single band �electrons only� model breaks
down. Therefore, the moderate temperature data should be
well characterized by assuming only electrons contribute to
�e.

43

The lattice contribution to the thermal conductivity is
shown in Fig. 11�b�, where no trend with compositional is
observed. The values of �L are calculated from �L=�−�e,
where �e is estimated via the Wiedemann-Franz relationship
��e=LT /��. The Lorenz number L is calculated by employ-
ing a single parabolic band model,

L =
k2

e2

�1 + ���3 + ��F��
�F�+2�
� − �2 + ��2F�+1�
�2

�1 + ��2F��
�2 .

�9�

Here, the carrier mobility is assumed to be limited by acous-
tic phonon scattering ��=0� and the reduced Fermi energy 

is obtained as a function of temperature from the experimen-
tal Seebeck coefficients using Eq. �8�. As stated above, the
values of L obtained from this method are most accurate for
moderate temperatures where the single band model applies,
the region in Fig. 12 where L values are decreasing with
increasing T. At higher T, this approximation breaks down
and �L begins to increase because �b is not included in the
single band definition of L.

Also shown in Fig. 11�b� are theoretical values of the
minimum lattice thermal conductivity, �min. Consistent with
the observed �L, the theoretical �min shows little composition
dependence �the calculations are for samples A and E�. At
moderate temperatures, �L approaches �min. Thus, even
though n-type Ba8Ga16−xGe30+x demonstrates crystalline-like
thermal conductivity, the absolute value of �L appears to ap-
proach the amorphous limit at high temperatures �in the ab-
sence of �b�. The values of �min were obtained using Cahill’s
formulation,44
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FIG. 10. The measured heat capacity agrees well with previ-
ously reported low temperature data, �Ref. 14� and is found to in-
crease linearly until �650 K at which point an event is observed.
Two linear fits are utilized to describe the data, with a constant
value of 0.361 J/g/K employed above 675 K. Squares are shown for
data taken from the LFA 457 �sample B� and diamonds represent
data obtained from the DSC �sample E�. The dashed line represents
the Dulong-Petit estimation.
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FIG. 11. �a� Total thermal conductivity and �b� lattice thermal
conductivity versus temperature. The estimated �L values approach
the theoretical �min �solid and dashed curves for samples A and E�
before the estimated �L begins to increase due to the unaccounted
for bipolar contribution at high T. A clear increase in � associated
with the abrupt increase in CP can be observed �marked by dotted
curve�.
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�min = ��

6
	1/3

kbV−2/3�
i

vi� T

�i
	2�

0

�i/T x3ex

�ex − 1�2dx �10�

where the summation is over the one longitudinal and two
transverse modes, V represents the average volume per atom,
�i=vi�� /kb��6�2 /V�1/3, and vi is the sound velocity for the
longitudinal and transverse modes �see Table III�.

The lattice thermal conductivity decreases with increasing
T for moderate temperature, suggesting �L decreases due to
an increase in phonon-phonon scattering with rising tempera-
ture. In a crystalline material, �L should decay as T−1 when
phonon-phonon scattering limits the phonon mean free path
�in the temperature range where CP�constant�, but �L re-
mains finite at high temperatures �hence �min�. Thus, for
phonon-phonon scattering alone, the physical description of
high-temperature thermal transport in a crystalline material is
�L=�min+�0 /T and the �min term is important when it is
comparable to �0 /T. The data shown in Fig. 11�b� are well
described by such behavior �before the onset of bipolar con-
duction at high T�, and fitting results in �min
�0.56�0.06� Wm−1 K−1 and �0=150�30� Wm−1 with stan-
dard deviations given in parenthesis. Note the good agree-
ment between the value of �min obtained via this method and
that from Eq. �10� ��0.66,Wm−1 K−1�. Therefore, the high-
temperature �L behavior in Ba8Ga16−xGe30+x is likely deter-
mined by phonon-phonon interactions �assuming the bipolar
thermal conductivity is accounted for�. The low temperature
thermal transport is in agreement with this conclusion, as �L
of n-type Ba8Ga16−xGe30+x increases with decreasing T to
roughly 10 K.

It has been shown that the classic definition of the phonon
mean-free-path l is inconsistent with phonon lifetimes mea-

sured via inelastic neutron scattering.18 The phonon mean-
free paths are generally obtained via �L= �1 /3�dCPvml,
where the mean sound velocity is given by vm=31/3�vl

−3

+2vt
−3�−1/3. Indeed, this equation suggests that l is on the

order of 6 Å, which would imply the phonon lifetimes are a
fraction of a picosecond ��0.2 ps�. In the case of thermal
transport via acoustic phonons, as in �L for the
Ba8Ga16−xGe30+x system, perhaps a more appropriate mean-
free path to consider is that of the acoustic phonons, as these
carry most of the heat. In this case, the appropriate definition
is �L= �1 /3�dCacvmlac, where lac is the mean-free path of
acoustic phonons and the volumetric specific heat of acoustic
phonons is dCac=dCP /na, where na is the number of atoms
per primitive cell and d is again density. Using this equation,
and the data shown in Table III, it appears that the low �L in
Ba8Ga16−xGe30+x is largely a result of the suppression of the
volumetric specific heat of acoustic phonons due to the large
unit cell. This formulism leads to lac�300 Å, which corre-
sponds to phonon lifetimes near 10 ps, which are larger than
those obtained via neutron scattering ��2 ps�. Clearly, as
discussed in Ref. 18, the microscopic representation of the
kinetic theory is likely required.

At high temperature, �L appears to increase, but this is an
artifact of the above analysis because the bipolar thermal
conductivity ��b� is not included. The bipolar thermal con-
ductivity arises when both holes and electrons are present
and contributing to the electrical conductivity, and is largest
when the conductivity of minority and majority carriers is
equal. The common expression for �b is

�b =
�h�e

�
��h − �e�2T , �11�

where �e and �h are the Seebeck coefficients of electrons
and holes, respectively, and � is the sum of the electron
conductivity ��e� and hole conductivity ��h�. In the intrinsic
regime, the quantity ��h−�e� is proportional to Eg /kT and
thus �b can be large.45 In Fig. 11, the increase in � is ob-
served to be most significant for samples with lower nH. This
is in agreement with the basic theory for �b and thus we
believe �b is the primary source for increased � at high T, as
opposed to a contribution from optical phonons.

Alternatively, �L can be estimated from a plot of � versus
1 /� for various samples at a particular temperature. This
method assumes �=�L+LT /�. Performing this task yields
�L=1.1 Wm−1 K−1 and L=1.78�10−8 W� K−2 at 300 K,
and the change with increasing temperature occurs as ex-
pected: at 500 K this approach yields �L=0.88 Wm−1 K−1

and L=1.73�10−8 W� K−2.
In Table III, speed of sound corresponding to the longitu-

dinal �vL� and transverse �vt� modes are provided for samples
A and E. The similarity in vL for the two different samples
suggests the elastic constant C11 does not vary much with
composition, and thus composition dependent C11 cannot ex-
plain the lower than expected �H in sample D. Also shown in
Table III are experimental and theoretical values for �L, as
well as the calculated Debye temperatures ��D� and Grü-
neisen parameters ��� for these samples �at 300 K, calculated
using equations in Ref. 46�. The theoretical �L is calculated
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FIG. 12. Lorenz number versus T are significantly lower than
the metallic limit, which is represented by the dashed line.

TABLE III. Room-temperature ultrasonic data and calculated
properties of Ba8Ga16−xGe30+x samples.

Sample
vL

m/s
vt

m/s
vm

m/s
�L,exp

W/m/K
�L,theory

W/m/K
�D

K
�
–

A 4500 2690 2970 1.0 2.1 311 1.62

E 4510 2630 2920 1.1 1.9 306 1.55
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utilizing Slack’s formulation,46 which predicts �L at �D to be

�L =
HM̄V1/3�D

2

na
2/3�2 , �12�

where � is the Grüneisen parameter, M̄ the average atomic
mass, na=54 is the number of atoms per primitive cell, and
the constant H=3.18 and 3.16�107 s−3 K−3 for samples A
and E, respectively �H is function of ��.46 The agreement
between experimental and theoretical �L is reasonable for
such a simple theory, which only considers thermal resis-
tance from Umklapp processes. To calculate the Grüneisen
parameter,46 a thermal expansion coefficient of 1.5
�10−5 K−1 is selected, which is an average of the reported
values.9,40 Note the Debye temperatures in Table III are con-
sistent with those in the literature.14,18

As shown in Fig. 12, the Lorenz numbers utilized to de-
termine �L are significantly smaller than the metallic limit of
2.44�10−8 W� K−2, which is shown as the dashed line in
Fig. 12. As expected, the calculated L values decrease with
increasing temperature �due to decreasing 
�, and at high-
temperatures L rises due to the failure of a single band
model. The simplest analysis for �e utilizes the metallic limit
for L, which commonly overestimates the electronic contri-
bution and leads to reduced �L. For example, at �800 K the
value of �L for sample A is �0.49 W /m /K using the me-
tallic limit of L and �0.76 W /m /K using L�1.75
�10−8 W� K−2 �obtained from single band analysis�. Of
course, there are cases where L is greater than the metallic
limit, but this generally occurs when the carrier mobility is
limited by ionized impurity scattering. Therefore, the litera-
ture values for �L are often underestimated, which can lead
to improper conclusions regarding appropriate methods for
further optimization of thermoelectric efficiency.

C. Thermoelectric efficiency

The thermoelectric figure of merit zT is shown as a func-
tion of temperature in Fig. 13. The values of zT are calcu-
lated using polynomial fits to the � ,�, and DT data presented,
as well as the two-part fit shown in Fig. 10 for CP. As shown
in Fig. 13, the maximum value of zT is found to be �0.86 at
950 K, and occurs in samples with n=2.7 and 4.4
�1020 cm−3 at 300 K �C and B, respectively�. Samples with
lower doping levels �D ,E� display smaller zT due to higher
�, and possess a maximum zT at lower T. This temperature
dependence is expected because samples with a lower nH
possess a greater compensation �reduction by minority carri-
ers� of the Seebeck coefficient and a larger increase in � due
to �b �for a given T�. Sample A, which has the largest nH at
300 K, displays a lower value of zT for all T, likely due to
the lower value of 
�
. We note that we have previously
observed permanent changes in the material properties of
n-type Ba8Ga16−xGe30+x for characterization to 1050 K,24

and thus thermoelectric operation above 1000 K is unlikely.
The optimum nH values are found to be consistent with
the simple theory outlined by Ioffe,10 which predicts an
optimum carrier density near 4�1020 cm−3 for n-type
Ba8Ga16−xGe30+x operation at 950 K �based on room-
temperature m��.

Also shown in Fig. 13 is the zT curve generated for
sample B �BDP� using the Dulong-Petit heat capacity �CP
=0.3065 J /g /K�. This calculation reveals that zT reaches
unity at 950 K for the common CP assumption. This curve
can be used to provide a direct comparison with literature
data utilizing CP=0.3065 J /g /K. Note the zT values pre-
sented here do not account for thermal expansion effects. It
has been shown that including the effects of thermal expan-
sion in � and DT will lead to a �3% reduction in zT for
Ba8Ga16−xGe30+x.

9 The zT values shown here are consistent
with those presented for polycrystalline samples,9,26 and are
lower than those reported by Saramat et al. for single crystal
samples �zT�1.3 at 935 K�.8 While the CP utilized by Sara-
mat et al. is lower than that utilized here, this effect alone
does not explain the observed discrepancy and thus the larger
zT may be related to increased mobility in single crystals.

The carrier concentration dependence of zT is well de-
scribed by conventional theory, as shown in Fig. 14. In Fig.
14, the experimental zT at 600 K is plotted versus nH �at 600
K� and is compared to single parabolic band models, the
details of which are described below. The experimental data
are well described by the rigid band models, which show a
maximum zT of 0.5 near 2�1020 cm−3 �at 600 K�. This
electron count corresponds to roughly Ba8Ga15.75Ge30.25.

The predicted carrier dependence is believed to be accu-
rate because the Seebeck coefficients are well described by a
single band model �Fig. 8� and the value of �L did not dem-
onstrate any trend with composition �Fig. 11�b��. Also, the
data presented in Fig. 14 is for �600 K, where the single
carrier description should be valid. It is possible the theoret-
ical curves underestimate zT at high nH ��8�1020 cm−3�, as
the ab initio Seebeck coefficient curve in Fig. 8 has less n
dependence than expected from the single-band description.
We note that the theoretical curves are plotted as a function
of nH at 600 K, and thus a shift to lower room temperature
nH is expected. However the samples are extrinsically doped
and nH varies only slightly with temperature �Fig. 5�b��. The
optimum doping level estimated in Fig. 14 is likely appli-
cable to high temperatures, although the effect of minority
carriers must be considered.
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FIG. 13. The temperature dependent zT reveal a maximum near
950 K for samples B and C. The value of zT obtained using the
Dulong-Petit estimate of CP is provided by the curve labeled BDP.
For sample E, fits to the cooling data for � and � were utilized to
generate zT, for all other samples both heating and cooling were
utilized to obtain zT.
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The theoretical curves in Fig. 14 are calculated using

zT =
�2

L + ����−1 , �13�

where

� =
�0�m�/me�3/2T5/2

�L
�14�

and

� =
8�e

3
�2mek

h2 	3/2

�1 + ��F��
� . �15�

The values of �0, m�, and �L are obtained at the tempera-
ture of interest, and are consistent with the type of carrier
scattering assumed ���. The values of �, and L are calculated
using Eqs. �8� and �9�, and as in Figs. 4 and 8 the corre-
sponding carrier density is calculated using Eq. �7�. The zT
expression is developed using the drift mobility, �d=�H /rH,
and the value of �0 is obtained from Eq. �5� using experi-
mental �H. For �=0, �0��H while for �=0.5 �0=�H. The
�0 term is strictly associated with the thermal �or lattice�
mobility, and thus an increase in �0 may be observed in
single crystal samples. All of the necessary expressions can
be found in Ref. 38.

Consistent with rigid band conduction, similar optimum
doping level and maximum zT are obtained regardless of
which data sets �which sample� are utilized to generate the
input parameters. The selection of dominant scattering
mechanism �within reason� also has little impact on the op-
timum doping level and maximum zT. When energy inde-
pendent scattering is assumed ��=0.5�, the theoretical zT is
very similar to that obtained from the assumption of acoustic
phonon scattering, as observed by the similarity between the
solid and dotted black curves.

Perhaps the simplest way to enhance zT in this system is
to reduce �L via alloying. In fact, substituting Yb on the Ba
site has shown to reduce �L,22 although the carrier density
was found to increase with increasing Yb content suggesting
the framework composition was not fixed. The theoretical zT
for a given �L is easily calculated within the model presented
here, and given the agreement between theory and experi-
ment we expect the values obtained to be fairly accurate.
Assuming a 20% decrease in �L at 600 K, and using the
input parameters for sample A from Table IV, a maximum zT
of 0.61 is obtained. This corresponds to a minor reduction
�8%� in optimum doping level, as expected for a simple
semiconductor.10,47 It therefore seems reasonable that the zT
of a polycrystalline n-type Ba8Ga16−xGe30+x based compound
could exceed unity at high temperatures.

D. Transition event

A transition event is observed in the heat capacity �Fig.
10� and corresponding thermal diffusivity �Fig. 9� of heavily
doped samples near 675 K, as well as in the Seebeck coeffi-
cient and electrical resistivity �Figs. 6 and 7� of the intrinsic
sample at higher temperatures. The transition is most pro-
nounced in CP versus T, where a sharp increase is followed
by a plateau, which is observed on heating and cooling. This
behavior results in the increase in � near 675 K. Similar
behavior can be observed in the � data presented by Saramat
et al. for single crystals, and this feature was confirmed to be
correlated to an increase in CP. The polycrystalline samples
reported in Ref. 26 also displayed an event in the heat ca-
pacity, which looks very similar to the data presented here.48

We note no weight loss was observed by thermogravimetric
analysis up to 1025 K.

First attempts to isolate the origin of this transition event
have been unsuccessful. High-temperature laboratory x-ray
diffraction revealed a linear increase in lattice parameter with
increasing temperature, and no clear trends were observed in
the thermal displacement parameters. Thermal expansion
data presented by Okamoto et al. also shows a relatively
smooth thermal expansion in Ba8Ga16Ge30 through 900 K, as
well as a linear temperature dependence of the elastic
constants.40 It remains unclear if these events are intrinsic to
Ba8Ga16−xGe30+x, and further work needs to be performed to
isolate the origin of this event.

IV. CONCLUSION

The dependence of carrier concentration on composition
in n-type Ba8Ga16−xGe30+x samples agrees very well with the
theoretical carrier density obtained from simple electron
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FIG. 14. The experimental zT is plotted versus nH with all pa-
rameters obtained at 600 K. Also shown are three single band mod-
els, which demonstrate the expected dependence of zT on nH at 600
K. The curves with �=0 are generated assuming acoustic phonon
scattering limits the carrier mobility, and �=0.5 implies an energy
independent mobility. The input parameters for these curves are
given in Table IV.

TABLE IV. Parameters for theoretical zT versus nH at 600 K

Sample �
�0

�cm2 /V /s�
m�

�me�
�L

W/m/K

A 0 7.6 2.7 0.81

C 0 8.3 2.7 0.87

C 0.5 5.9 1.8 0.80
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counting. The transport properties vary as expected with
doping level and temperature, and a maximum zT of �0.86
is obtained at 950 K. The lattice thermal conductivity is
found to be limited by phonon-phonon interaction, and a
value of roughly 1 W/m/K is observed at 300 K �no trend
with composition is observed�. The data are well described
by a single parabolic band model, which predicts an opti-
mum doping level near 2�1020 cm−3 �Ba8Ga15.75Ge30.25� at
600 K. An event is observed in electrical and thermal data,
which results in a sudden increase in CP and a sudden de-
crease in DT. The origins of this transition are unclear, and it

is possible the event is related to an impurity, thus further
investigation is required.
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