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Obtaining correct orbital ground states in f-electron systems using a nonspherical
self-interaction-corrected LDA + U method
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The electronic structure of lanthanide and actinide compounds is often characterized by orbital ordering of
localized f electrons. Density-functional theory studies of such systems using the currently available local-
density approximation (LDA)+ U method are plagued by significant orbital-dependent self-interaction, leading
to erroneous orbital ground states. An alternative scheme that modifies the exchange, not Hartree, energy is
proposed as a remedy. We show that our LDA+U approach reproduces the expected degeneracy of f' and
certain f2 states in free ions and the correct ground states in solid PrO,. We expect our method to be useful in
studying electronic excitations and entropies in f and heavy-d elements.
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I. INTRODUCTION

Interesting physical phenomena associated with the
strongly correlated f electrons in lanthanide and actinide
compounds continue to attract lively interest.> Strong on-
site interactions between the f electrons in these materials
present serious challenges to modern density-functional
theory (DFT)-based electronic-structure techniques, causing
most approximate functionals, such as the local density ap-
proximation (LDA) or generalized gradient approximation
(GGA), to fail qualitatively. To overcome the deficiencies of
the LDA/GGA in studying f-element compounds, several re-
cent studies have employed the self-interaction (SI)-
corrected LDA (Ref. 3), e.g., in Refs. 4-6, the hybrid func-
tional method”® in Refs. 9-13 or the dynamical mean-field
theory (DMFT) (Ref. 14) in Refs. 15 and 16. The LDA+U
method'” has emerged as a well-established model to deal
with strong electron correlations in d and f systems, combin-
ing high efficiency with an explicit treatment of correlation
within a Hubbard-type model for the localized electrons.
This method has been very successful in transition-metal ox-
ides (for a review, see Ref. 18) and has yielded promising
results for band gaps in f systems.'>!%20 However, system-
atic studies of its effectiveness remain inconclusive, with is-
sues of orbital ordering?! and multiple self-consistent solu-
tions attracting heightened attention.!%?>-23

Here, we show that the currently popular versions of
LDA+U, by Liechtenstein et al.?® and Dudarev et al.,”’ re-
spectively, encounter serious difficulties in f systems due to
large orbital-dependent SI effects, which result in an un-
physical splitting of up to 0.4 eV between degenerate f! mul-
tiplets. Since the ST errors (SIE) are typically larger than the
crystal-field (CF) splitting energies and comparable to the
strength of the spin-orbit coupling (SOC), they lead to quali-
tatively incorrect electronic ground states in solids. We pro-
pose an orbital SI-free form of the LDA+U method that
leaves the LDA Hartree term intact and only replaces the
LDA exchange with the Hartree-Fock exchange. In our
method, the Hartree-Fock exchange term cancels the LDA
self-interaction energy to a high degree of accuracy, ensuring
near degeneracy of real- and complex-valued orbitals in free
ions and correctly reproducing the I'y ground state and I'g
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—T'; excitation energies in the PrO, solid. The accuracy of
this functional is sufficient for evaluating high-temperature
electronic entropies of f-electron systems.

II. METHOD AND COMPUTATIONAL DETAILS

All DFT calculations were carried out using the VASP
package?®?° with projector augmented wave potentials,3” en-
ergy cutoff of 450 eV, and without any constraint symmetry
or ionic relaxation. For free ions, a 12 A cubic cell contain-
ing one ion and uniform compensating background charge
were used. For the PrO, solid, we consider a primitive cell of
the fcc supercell [lattice constant of 5.386 A (Ref. 31)]. The
term “LDA+U” is used irrespective of the Xc¢ functional
since the LDA and GGA results are found similar. Each cal-
culation was initialized in a specific atomic orbital and self-
consistently converged to either states very close to the ini-
tial orbital with the results reported or distinctly different
states with lower energy. SOC was excluded from the calcu-
lations unless its inclusion is stated explicitly to make real-
istic comparison with experiment. Finally, we fix the U pa-
rameter in the LDA+U method to 6 eV and leave the
discussions of this choice to the end.

A. Aspherical self-interaction error of LDA+U for f electrons

We begin by showing that the conventional LDA+ U ap-
proach fails to reproduce the degeneracy of different |m) or-
bitals of f' ions. First consider real orbitals with angular
dependence of real y§m=\°°5£)‘iY3m without spin-orbit effects
to simplify the presentation of our method. Complex orbitals
and SOC are discussed later. Figure 1 shows the energies of
different y§ orbitals (with the exception of y&, which con-
verges to y3,) in several lanthanide and actinide ions calcu-
lated using the LDA + U scheme of Liechtenstein et al.?® with
J=0.5 and U=6 eV. Contrary to the expected degeneracy,
the energies of the different y%  orbitals differ substantially,
up to 0.4 eV, and the y%, orbital was found unstable and
converged to y§2. Varying J between O (i.e., the Dudarev
scheme?’) ~1 eV changes the results by only a few meV.

The above results demonstrate that the conventional
LDA+U approach commits large errors of up to 0.4 eV/
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FIG. 1. (Color online) LDA+U total energies for different or-
bital filling of f' ions with the Liechtenstein scheme (Ref. 26) rela-
tive to y5,.

electron in the predicted relative orbital energies of f elec-
trons. To understand the reasons for the unphysical splitting
of the f! states, we examine the conventional LDA+ U total-
energy functional'”

ELDA+U:ELDA+ EU_ Edcs (1)

where the LDA description of the on-site interaction, ap-
proximately represented by the so-called double-counting
term Eg., is replaced with a Hubbard-type E;. The latter is
essentially the Hartree-Fock energy, expressed in a rotation-
ally invariant form by Liechtenstein et al.?® as a sum of the
Hartree (H) and exchange (X) terms, Ey=Ey+Ey, where

1
Ey= _E <m’m”| Vee|m,’mm>nmm’nm”m"” (2)
{m}
1 " m "N, o o
EX:_ 5{2}: <m’m |Vee|m M >nmm’nm"m'"' (3)
m},a

The on-site density matrix n;m, is obtained by projecting the

Kohn-Sham orbitals ¢ of occupancy f3 onto atomic states
[nim(m'")),
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g = 2 follnim’ Ynlm| ), )

while the Slater integrals (mm'|V..|m"m") are evaluated in
terms of the Gaunt coefficients and the screened Coulomb U
and exchange J parameters (the diagonal m=m'=m"=m"
terms are given in Table I). A simplified version by Dudarev
et al.*” adopts the J=0 limit.

For a free f! ion, the Hartree-Fock energy E;, in Eq. (1)
naturally vanishes while E4 in the Liechtenstein and Du-
darev schemes depends only on the number of electrons,
N?=Z%,n, . and not on the type of the occupied orbital.
Therefore, Eq. (1) becomes

EMPA+U — FLDA 4 const =~ Ey + const.
In the above approximation we assumed (1) the LDA ex-
change is not sensitive to orbital filling (more on this later)
and (2) the Hartree energy difference comes mainly from the
on-site Hartree term Ey; of Eq. (2). The resulting error in the
relative orbital energies is then entirely due to the orbital
dependence of the SIE of the LDA, which is reflected in Ey.
To see the validity of our argument, we list in Table I the
on-site Ey calculated from Eq. (2) for atomic orbitals; these
expressions are expected to closely approximate the SI for
localized orbitals in the LDA+U. Even though Ey is identi-
cal for all real p or d orbitals, it is orbital dependent for f
multiplets and in all cases splits the SI energies of real vs
complex orbitals. The predicted ordering of Ey is y3,<y3q
<y3;<ys3, in agreement with the LDA+ U results shown in
Fig. 1, demonstrating that the unphysical splitting of f! states
in conventional LDA+U is due to orbital-dependent SIE.
Note that with real orbitals the problem of orbital-dependent
SIE does not affect p or d electrons. We will show later that
complex p and d orbitals are affected. According to Table I,
the SIE is proportional to J; for typical values of J in the
range of 0.1-1 eV, it is comparable to or even larger than
other important on-site effects, such as CF and SOC, which
can lead to qualitatively incorrect predictions of electronic
ground states in solids by the current LDA+U methods.
These deficiencies of the conventional LDA+ U approach
can be traced back to its treatment of the Hartree and ex-
change energies. The LDA+U approach replaces the LDA
Hartree energy with an on-site model expression Ey given by

TABLE 1. Hartree energy Ey, Eq. (2), and LSD exchange energy E;SD , Eq. (7), for one [ electron in
orbitals with real (v} ,Y;o) and complex (¥, for m>0) angular wave functions.

Vi b Vi Yy Yy Yp Y
l Value of a in Ey=(mm|V.|mm)/2=U/2+aJ
1 0.4 0.4 0.1
2 0.571 0.571 0.571 0.186 0.358
3 0.880 0.422 0.807 0.716 0.332 0.194 0.696
) Value of a in LSD exchange EX°°=—ak
1 0.409 0.409 0.364
2 0.364 0.364 0.356 0.324 0.324
3 0.339 0.328 0.335 0.323 0.298 0.292 0.302
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Eq. (2). Even though the Ey term is capable of reproducing
the correct orbital energetics, the LDA+ U double-counting
energy Eg. is orbital independent and fails to properly ac-
count for the orbital dependence of the LDA SIE in open-
shell systems. Similar considerations hold for the orbital de-
pendence of the LDA exchange energy, which is mainly
sensitive to the choice of real vs complex orbitals (see Table
I); this factor acquires importance in systems with strong
SOC, when the orbitals with a definite value of the total
angular momentum J are necessarily complex.

B. Reformulated LDA +U

To correct the orbital-dependent SIE in the Hartree and
exchange terms, we propose a formulation of the LDA+U
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method by modifying only the exchange term of the LDA,

ELDA+U — ELDA + EX _ Ech7 (5)

where the orbital-dependent Hartree-Fock exchange Ex of
Eq. (3) contains a term that approximately cancels the SIE in
the LDA Hartree energy; the remainder of the LDA Hartree
energy is exact by definition and therefore left unmodified in
our approach. The exchange double-counting term E,.x ac-
counts for the LDA exchange energy and is given by a linear
combination of the exchange double counting in the Liecht-
enstein scheme and the on-site local-spin-density (LSD) ex-
change,

1 —
Eyx=— TCE [UN + INY(N® = 1)] + cEX,  (6)

3( 3 1/3 3( 3 1/3 _
2= )8 [arpr= 3 L) S [ weerparactg, B, @
2\4 . 2\4 - i
47 \'PK - ( 41 )”31(
- _ — Q g ,Y Y ,4/3=_ " — f Q"’O’Q 4/3
<21+]) zgfd [nmm Im lm] 2+ 1 2; d [P( )] (7)

where c is the interpolation coefficient, p“ is the charge den-
sity of spin component o, which can be obtained from the
on-site-occupation matrix nzm, as well as radial function
R,(r) and spherical Y,,()), K is the LSD exchange strength
parameter and p represents the angular part of p. Only the
ESSP term in Eq. (6) is orbital dependent. The linear interpo-
lation is conceptually similar to hybrid functional approaches
and serves the purpose of subtracting the orbital dependence
of the LDA exchange energy. The potential corresponding to
the correction energy Ex—E,.x, obtained by differentiating
with respect to the on-site density matrix n,,,, is then

2¢( 4m \V3 =
Avy ,=—<—> deﬂ P (V)]'Y,, Y
mm 3\2/4+1 [P ( )] Im* Im
u-J
+(1—C) +n%J 6mm’
- <m,m”| Vee|m,,,ml>n;nmm- (8)

It is possible to reduce the number of independent param-
eters by requiring that Ex—FE4.x vanishes for full / shells
(annm’ =nrlnm’ = 5’""1')’
Ex—Esqx=—cQl+ 1)({U+2lJ)+c(2l+ 1)K=0,
which gives
K=U+2lJ. )

The main advantage of Egs. (5)—(7) is that the LDA self-
interaction energy is canceled by the corresponding ex-

change term in Ex. As a result, the proposed method is self-
interaction free to high accuracy.

III. RESULTS AND DISCUSSIONS

In this section, we analyze the parameter dependence of
the proposed method and then present results for the example
of PrO, solid.

A. Determination of parameters to remove aspherical SIE

We demonstrate orbital degeneracy for free Pr ions with
one or two f electrons. Figure 2(a) displays the energy of
Pr** in real atomic orbitals calculated with our method (as-
suming ¢=0) as a function of the exchange parameter J. At
J=0, a splitting of more than 0.3 eV is found, similar to the
behavior of the original LDA+U in Fig. 1. The splitting is
reduced by increasing J and at the optimal value of J°
=0.783 eV, it is less than 40 meV, i.e., the four real orbitals
y’fm are almost degenerate. The y§1 orbital can only be stabi-
lized in the vicinity of J°, relaxing otherwise to the more
stable y%, or y%;. Hence, just one point for y%, is shown in the
inset of Fig. 2(a).

The energy of the Pr** ion (f?) is shown in Fig. 2(b) (also
at ¢=0). Consider three distinct f> states with S=1 and de-
generate Hartree-Fock energy Ey. Using the basis defined by
real-valued spherical harmonics, {yf‘m|= \23Y Im|(—=l=m
<0),Y9,yr (0<m=1)} [shown for /=3 in Fig. 4(b)], the
first of these states, designated by ¢,3, has electrons in orbit-
als y4, and y43, or n, =0 except nl,=nl;=1, while the other

two f2 states, designated by ¢, and ¢,s, correspond to nIl
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FIG. 2. (Color online) LDA+ U energy of the Pr’* and Pr** ions
as a function of J for ¢=0 calculated with our method. (a) f' in
orbitals ygm, with the optimal J region magnified in the inset and (b)
72 in three degenerate (in terms of E;;) two-electron states.

=n),=1 and n|,=nl;=1, respectively. Their angular wave
functions are shown in Fig. 2(b). Similar to the f! case, the
energy splitting is large at J=0 and gets reduced to less than
30 meV at the optimal value J°. Note that ¢;5 can be stabi-
lized only for J=J°.

So far, we have used c¢=0, assuming that the LSD ex-
change functional is insensitive to the orbital and can be
ignored. The lower gart of Table I proves this assumption for
the real orbitals: EI;( D yaries by less than 0.02 K. However,
Table I also shows that EX°° of complex orbitals is substan-
tially lower (by ~0.3K), indicating a large lowering of the
exchange energy in states with nonzero orbital current. Since
EI;(SD ~ —p*3 is concave, it favors inhomogeneous charge dis-
tributions (such as real orbitals compared to complex ones)
and therefore the LDA exchange energies in Table I of real
orbitals are lower than those for complex orbitals. The dif-
ference may play an important role in systems with strong
SOC, when the resulting electronic states are complex com-
binations of real y;,’s with the orbital angular momentum
unsuppressed. In Fig. 3, we show the dependence of the en-
ergies of real- and complex-valued orbitals for Pr** on the
mixing coefficient ¢ in Eq. (7), using the optimal value of the
exchange parameter, J°. It is seen that at ¢=0, the energies of
real and complex orbitals differ by more than 0.2 eV due to
their different LSD exchange and the spurious splitting is
minimized to approximately 70 meV at the optimal ¢=0.6.

In our approach, the J and ¢ parameters are a priori de-
termined by the physical requirement of degeneracy once the
U parameter is given (6 eV in this work). They hardly
change when U=4 ¢V is used, suggesting that our method is
relatively insensitive to the choice of U.

B. Eigenstates of PrO, without SOC

Finally, we demonstrate the advantages of our method for
extended solids by considering PrO, in the cubic fluorite
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c

FIG. 3. (Color online) LDA+U energy of the Pr** ion as a
function of ¢ at fixed J°=0.783 eV calculated with our scheme,
including both real- and complex-valued (no SOC) orbitals.

structure. The Pr** ion is coordinated by eight oxygen atoms
in a cube. Figure 4 shows the f! energy-level splitting
scheme in the presence of cubic CF and SOC. Without SOC,
the cubic CF splits the f! states into the #,, ground state and
t,, and a,, excited states [see Figs. 4(a) and 4(c)]. Table II
lists the CF eigenvalues of these states (small sixth-order CF
ignored) and the calculated LDA+ U energies using the con-
ventional approaches and our scheme at the optimal values
of J=0.783 eV and ¢=0.6. The conventional schemes pre-
dict orbital energies that deviate dramatically from the ex-
pected CF order: the Liechtenstein approach predicts almost
degenerate ¢, and t,, while 7,, is the ground state in the
Dudarev method. In contrast, our method successfully finds
the correct ¢, ground state.

C. Eigenstates of PrO, with SOC

The physics of orbital ordering in f systems is affected by
strong relativistic effects,”! necessitating the inclusion of

2
a) N1
4 ~8UJ=7/2)
2(az,) 2
6(12.,)

14 SBd 14
atom 6(11,) CF+S0C S0C atom
(HO SOC) cubic CF 2(r7) (nO SOC)

(no SOC) — .

FIG. 4. (Color online) (a) Schematics of f! energy levels (with
multiplicity) split by SOC and cubic CF. The angular wave func-
tions are shown for (b) real-valued atomic orbitals W5, CF eigen-
states (c) without and (d) with SOC.
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TABLE II. Comparison of the LDA+U energy of PrO, and
crystal-field eigenvalues. Ground-state energy is given in bold.

Y30(t1,) Y5(t2,) Yhala,)
Energy eigenvalue in cubic CF (arbitr. unit)
-3 1 6
LDA+U energy in different schemes (eV)
Liechtenstein -23.848 -23.843 —23.488
Dudarev -23.693 -23.877 —23.458
This work -24.260 -24.128 -23.834

SOC to make direct comparisons with experiment. Including
SOC, our method predicts that the energies of the CF degen-
erate I'g and Fg, and the excited I'; states in PrO, [Fig. 4(d)]
are 0 (reference), 69, and 142 meV, respectively. The spuri-
ous 69 meV splitting between the two degenerate I'g states is
consistent with the accuracy shown in Fig. 3. Neglecting
Jan-Teller lattice distortions and magnetic ordering effects,
we estimate that the I';/I'g CF splitting is between 73 and
142 meV, in good agreement with the measured value of 131
meV from neutron diffraction.??

D. Aspherical SIE in other methods

Our method bears some likeness to the hybrid functional
approach. The difference in the latter is that the exchange
interactions are calculated directly from the wave functions,
with the amount of the exact or Fock exchange (U/2+alJ for
one localized electron in terms of LDA+U), as well as the
replaced LDA/GGA exchange controlled by a fixed param-
eter agxyx. However, agxx in the hybrid functional method is
often system dependent and fitted to experimental data, just
like U in LDA+U. For instance, Ref. 33 found that in f
systems good results were obtained using 40—70 % Fock
exchange while d systems typically require 20-50 %.%
However, such an apxx may not necessarily lead to accurate
removal of the aspherical SIE. Figure 5 shows the energy of
the Pr** ion as a function of apyy calculated with the hybrid
functional (HSE06).>3 Nearest degeneracy is obtained at
apxx=85%. Given the sensitive orbital dependence of SI
demonstrated in this work, in general the accuracy of hybrid
functional calculations for f-electron systems may still suffer
from incomplete removal of the aspherical SIE. After the
first submission of this paper, we became aware that the idea
of removing on-site Ey from LDA+U was previously pro-
posed from a different perspective in Ref. 36 in which the
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FIG. 5. (Color online) Total energy of the Pr** ion for different
filling of real orbitals as a function of agxy, the fraction of exact
exchange, with the HSEO6 method. Most calculations for complex
orbitals Y3, converged to very different states and are not shown.

exchange double-counting is independent of the orbital fill-
ing, an important difference from our approach. Therefore,
the method of Ref. 36 is not expected to give accurate re-
moval of the orbital-dependent SIE.

IV. SUMMARY

In summary, we have identified a serious problem in ap-
plying the LDA + U method to f-electron systems: the degen-
eracy of atomic orbitals is lifted, resulting in qualitatively
incorrect electronic ground states and orbital excitation spec-
tra. Aspherical orbital-dependent self-interaction is identified
as the main source of error. To correct it, an LDA + U scheme
is proposed, which leaves the Hartree intact and only re-
places the LDA exchange with the Hartree-Fock exchange.
Our method has one adjustable parameter U, with the other
two (J and ¢) being determined from the condition of orbital
degeneracy in free ions. The computational expense is ap-
proximately the same as in the conventional LDA+U and
very competitive compared to hybrid functional
approaches.’” We expect that our method will scale to large
systems and will significantly improve the accuracy of first-
principles studies of f as well as heavy d systems with sig-
nificant relativistic effects. Additionally, more advanced
methods such as GW and DMFT could benefit from the cor-
rect input ground-state orbitals generated by our method.
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