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The atomic arrangement and segregation of Pr dopants at a ZnO �0001� �49 grain boundary were investi-
gated by Z-contrast scanning transmission electron microscopy and first-principles calculations. Scanning
transmission electron microscopy revealed that Pr selectively segregated at three kinds of the grain boundary
atomic sites. It was found that atomic arrangement of the Pr-doped ZnO �0001� �49 grain boundary was
similar to that of the undoped GB, and Pr substituted at three kinds of Zn sites at the grain boundary.
Comparison of the experimental image with the structure of the undoped grain boundary revealed that the
Zn-O interatomic distances are the longest at these Zn sites. There was a tendency for lengths and electronic
structures of Pr-O bonds at the Pr-doped ZnO �49 grain boundary, when compared with those in the Pr-doped
ZnO crystal bulk, to be closer to those in the stable Pr2O3 crystal phases.
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I. INTRODUCTION

Physical properties of ceramics are often influenced by
grain-boundary �GB� segregations of dopant atoms. Recent
advance in electron microscopy has enabled direct observa-
tion of dopant atoms at GBs,1–5 and segregation effects on
the properties have been discussed.1–4 However, underlying
atomic-scale mechanism for GB segregation still remains un-
clear. It has been suggested that size misfit is a dominant
factor for GB segregation in metals.6 According to this con-
cept, dopant atoms that have much larger atomic size than
that in host materials segregate to the atomic sites of longer
interatomic distance at the GBs.6 Although this concept may
be also applicable to ceramic materials,1,4,5 it has been
pointed out that electronic effect such as bonding state could
be an important factor for GB segregation.6 However, rela-
tionship between GB segregation and the electronic struc-
tures has not been well investigated so far.

ZnO ceramics has been used as varistors for electronic
devices because of the highly nonlinear current-voltage
characteristics.7 GBs in ZnO varistors play central roles for
the electrical properties. In particular, it is considered that the
presence of Pr or Bi at the ZnO GBs is a key to obtain better
electrical properties.7 Although we have previously sug-
gested a principal role of Pr on the electrical properties,4 the
dominant factor for the location of segregated Pr was not
fully understood. In this study, we investigated atomic ar-
rangement and Pr segregation of the ZnO �0001� �49 GB.
According to Coincidence Site Lattice theory8 of GB, � val-
ues are related to the structural periodicity along the GBs.

Since the ZnO �49 �358̄0� GB has a large � value and a
relatively long structural periodicity along the GB plane,8

segregation of Pr at several GB atomic sites may be ex-
pected. This would be suitable for a systematic investigation
on atomic site dependence of GB segregations. Atomic ar-
rangement and Pr segregation of ZnO �0001� �49 GB were
observed by scanning transmission electron microscopy

�STEM�. First-principles calculations of undoped and Pr-
doped ZnO �49 GBs were also performed, and the results
were compared with the experimental STEM observations.

II. METHODOLOGY

A. Experimental procedures

A ZnO bicrystal with a Pr-doped �0001� �49 symmetric
tilt GB was fabricated. Rotation angle around �0001� was
�16.6° �0.1° �measured from the selected area diffraction
pattern taken from the GB region of the ZnO bicrystal�, and

the GB planes were �358̄0� of both crystals. The fabrication
procedure was described elsewhere,4 although orientation re-
lationship and GB plane in the present study were different
from those of Ref. 4. Thin foils for STEM observations were
obtained from the ZnO bicrystal by conventional procedure
including mechanical polishing, dimple grinding, and Ar-ion
beam milling. The bicrystal specimens were mechanically
polished down to �30 �m, and then, center parts of the
specimens were dimpled down to �20 �m. The specimens
were thinned by Ar-ion beam milling using PIPS �Model
691, Gatan Inc.� with the acceleration voltages of 3�4 kV
to obtain electron transparency. They were finally milled by
low-voltage Ar-ion beam milling with the acceleration volt-
age of 1 kV using the Model 1010 �Fischione Instruments,
Inc.�. STEM observations were performed using JEM-2100F
�JEOL Ltd.� with a spherical aberration corrector �CEOS
Gmbh�. For high-angle annular dark-field �HAADF� STEM
observations, convergence semiangle of the electron probe
was �22 mrad., and detection angle for HAADF detector
was higher than 80 mrad. Electron energy loss spectra
�EELS� were acquired by Enfina spectrometer �Gatan Inc.� in
EM-002BF transmission electron microscope �Topcon Co.�.
EELS were taken from the area including the Pr-doped GB.
Size of electron probes used for the EELS measurement was
�1 nm.
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B. Theoretical procedures

First-principles band-structure calculations were per-
formed using the plane-wave basis projector-augmented
wave method9 in the VASP code.10 The calculations were per-
formed under three-dimensional periodic boundary condi-
tions. Generalized gradient approximation �GGA�11 was used
for the exchange-correlation potentials. Stable atomic struc-
tures of A-type and C-type Pr2O3 crystals, Pr-doped ZnO
crystal bulk, and undoped and Pr-doped ZnO �0001� �49
GBs were calculated. It has been reported that there are two
kinds of stable crystal structures for Pr2O3 in the temperature
range used for the present experiments.12 One of the struc-
tures is a hexagonal crystal structure, which is called
“A-type” Pr2O3. The other one is a cubic structure, which is
called “C-type” Pr2O3. Besides, according to the reported
phase diagram,13 ZnO-Pr2O3 system showed eutectic type
phase diagram, and there were no other compounds com-
posed of Zn, Pr, and O. Thus, A-type and C-type Pr2O3 were
chosen for stable Pr2O3 crystal phases in this study. Unit
cells of ZnO crystal bulk and A-type and C-type Pr2O3 crys-
tals bulk containing 4, 5, and 40 atoms, respectively, were
calculated. Table I shows calculated lattice constants for ZnO
and Pr2O3 crystals in this study. The obtained values are
compared with previous reports by experiments and first-
principles calculations with GGA approximation. Obtained
values in this study were consistent with the previous
reports.14–19 For Pr-doped ZnO bulk, ZnO supercell contain-
ing 192 atoms was constructed by replicating the ZnO bulk
unit cell by 4�4�3, and a Zn was replaced with a Pr.

Concentration of Pr in the supercell is roughly about 1 cation
% in this case.

Stable atomic arrangement for the undoped ZnO �49 GB
was optimized using the VASP code. For these calculations,
stable atomic arrangement of the undoped ZnO �49 GB was
firstly obtained by the static lattice calculation with the GULP

code20 using the 224-atom supercell. Procedure of the calcu-
lations was described elsewhere.21 After that, the obtained
atomic arrangement was used as an initial input for the VASP

calculations. Figure 1 shows a supercell for the undoped
ZnO �49 GB used in the present study. Two equivalent GBs
were included in the supercell. They are at the middle and
the edge of the supercell. Considering the structural period-
icity along x and z directions, lengths of the supercell along
x and z directions were fixed to be 23.0553 Å�x� and
5.3033 Å�z�. On the other hand, calculations with some dif-
ferent lengths along y direction were performed to consider
the effect of GB expansion. As a result, length along y direc-
tion was optimized to be 22.5983 Å�y�. Supercells with y
lengths of 22.5983+0.2 Å�y� and 22.5983−0.2 Å�y�
showed 0.30 and 0.67 eV higher energies, respectively.

Then, stable atomic arrangement for Pr-doped ZnO �49
GB was calculated using the VASP code. For these calcula-
tions, the obtained supercell for the undoped ZnO �49 GB
was doubled in z direction to reduce the interactions among
Pr in adjacent supercells. Thus, the supercell contained 448
atoms, and its size became 23.0553 Å�x��22.5983 Å�y�
�10.6066 Å�z�. Structural optimization was performed af-
ter replacing Zn with Pr. Atomic position in the supercell was
relaxed, while volume of the supercell was fixed. Replacing

TABLE I. Comparison between the calculated and the experimental structural parameters for ZnO, and
A-type Pr2O3 and C-type Pr2O3 crystals bulk. Lattice constants and internal parameters are shown. Space

group for ZnO, A-type Pr2O3, and C-type Pr2O3 are P63mc, P3̄m1, and Ia3, respectively.

a
�Å�

c
�Å� zO

ZnO �In this study� 3.294 5.303 0.380

ZnO �Calculation�a 3.287 5.279 0.381

ZnO �Calculation�b 3.286 5.299

ZnO �Experiment�c 3.242 5.188 0.382

a
�Å�

c
�Å� zPr zO

A-Pr2O3 �In this study� 3.904 6.138 0.249 0.645

A-Pr2O3 �Calculation�d 3.895 6.126 0.248 0.645

A-Pr2O3 �Experiment�e 3.859 6.013 0.246 0.656

a
�Å� xPr xO yO zO

C-Pr2O3 �In this study� 11.299 0.969 0.390 0.149 0.378

C-Pr2O3 �Calculation�d 11.288 0.967 0.391 0.149 0.379

C-Pr2O3 �Experiment�f 11.152 0.965 0.385 0.145 0.380

aReference 12.
bReference 13 �calculated by the GGA-PBE potential�.
cReference 14 �measured at 20 K�.
dReference 15.
eReference 16.
fReference 17.
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of Zn with Pr was performed for one GB at the middle of the
supercell but was not performed for the other GB at the edge
of the supercell. During the optimizations for Pr-doped GB,
change of atomic positions for the other GB in the supercell
was only about 0.03 Å. Thus, we assumed that change of
atomic structures and energies for the other GB are negli-
gible. According to the experimental HAADF STEM images,
three atomic columns �1, 2, and 3 in Fig. 1�, were considered
for segregation of Pr. In this GB supercell, two Zn and two O
are aligned in an atomic column when it is projected along z
direction. One of two Zn in the atomic column 1 was re-
placed with a Pr, and the same things were done for the
atomic columns 2 and 3. Configurations of the three Pr in the
supercell were also considered, which is discussed later. It
was assumed that formal valency of Pr was 3+, which is
consistent with the EELS results taken from the Pr-doped
ZnO �49 GB as will be described later. Structural optimiza-
tion was performed until residual forces had converged to
less than 0.02 eV /Å. Cutoff energy for plane-wave basis
sets was 400 eV for all the cases. Brillouin-zone integrations
were performed by 1�1�4 �undoped ZnO �49 GB�, 1
�1�2 �Pr-doped ZnO �49 GBs�, 3�3�3 �C-type Pr2O3
and Pr-doped ZnO crystals bulk�, 10�10�6 �ZnO crystal
bulk�, and 7�7�4 �A-type Pr2O3 crystal bulk� k-point mesh
generated by Monkhorst-Pack scheme.22

III. RESULTS AND DISCUSSION

Firstly, we performed low-magnification STEM observa-
tion of the ZnO bicrystal. It was found that two ZnO crystals
are well bonded at most of the GB region, although the pre-
cipitates of praseodymium oxide were partly present. Such

partly formation of praseodymium oxides were also previ-
ously reported for the Pr and Co-doped ZnO GBs.23 Presence
of precipitates indicates that Pr is saturated at the GB. Figure
2�a� shows a typical HAADF STEM image of the Pr-doped
ZnO �49 GB. Zn and O are aligned in the same atomic
columns when they are viewed from �0001	 projection. In
our experimental conditions, positions of the Zn-O columns
appeared as bright spots. This would be because of the inco-
herent nature of HAADF STEM imaging.24 Thus, atomic
structure of the Pr-doped ZnO �49 GB can be directly un-
derstood the HAADF STEM image. Besides, much brighter
spots are recognized at the Pr-doped ZnO �49 GB in the
HAADF STEM image. Since intensity of bright spots in
HAADF STEM images increases as the atomic number �Z�
of atoms included in the columns increases,25 much brighter
spots indicate the presence of heavier atoms than Zn
�Z=30�, in this case Pr �Z=59�. Figure 2�b� shows the

FIG. 1. �Color� Atomic arrangement of undoped ZnO �49 GB
obtained by first-principles calculations. Rectangles indicate dimen-
sions of the supercells. Blue and green circles show Zn and O.
Lattice vectors of the supercells are also shown. �0001	 of both ZnO
crystals correspond to z direction in the figures. Two equivalent
GBs in the supercell are shown by black arrows. Upper panel shows
the structure viewed along z direction, and the same structure is
viewed from the white bold arrow’s direction in the lower panel.

FIG. 2. �Color� �a� HAADF STEM image of the Pr-doped ZnO
�49 GB. Incident beam direction and GB plane are parallel to

�0001	 and �358̄0� of both crystals, respectively. Arrows show the
position of GB plane. �b� Pr-M4,5 edge EELS taken from a region
including the GB. Two main peaks in the spectrum show Pr-M5 and
M4 edges. A shoulder appeared at the left side of the M4 edge,
which is indicated by the arrow. �c� Enlarged HAADF STEM image
with the framework structure of undoped ZnO �49 GB, which is
superimposed by green circles. Dotted lines show the periodicity
along the GB plane. Colored arrows indicate the location of much
brighter spots. Three different colors show three different GB
atomic sites.
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Pr-M4,5 edge EELS that was taken from a region including
the Pr-doped ZnO �49 GB. Peaks of Pr-M4,5 edges were
detected at the GB, again showing the presence of Pr at the
GB. In addition to two main peaks showing Pr-M5 and M4
edges, there is a shoulder at the left side of the Pr-M4 edge.
Presence of the shoulder indicates that the Pr exists as the 3+
state.26,27 This result is consistent with our previous study on
Pr-doped ZnO �7 GB.4 It is found that Pr segregates at the
specific atomic columns of the ZnO �49 GB, and there is a
unique periodicity for the atomic location of Pr. From the left
to the right, Pr locates at one and two atomic columns alter-
natively along the GB plane. It will be shown that this
unique configuration of Pr is closely related to the GB
atomic structure. The HAADF STEM image was compared
with the theoretically obtained stable atomic structure of un-
doped ZnO �49 GB in Fig. 2�c�. Positions of Zn-O columns
of the undoped ZnO �49 GB match with bright spots of the
HAADF STEM image. This suggests that framework struc-

ture of the ZnO �49 GB did not significantly change with the
Pr doping, and Pr substitute at Zn sites in the atomic col-
umns. Considering the periodicity along the ZnO �49 GB, Pr
segregates at three kinds of atomic columns of the GB as
shown by colored arrows in Fig. 2�c�. Since this GB is satu-
rated by Pr, it is considered that Pr does not occupy other GB
sites in the present experimental conditions.

In order to investigate the relationship between the size
misfit and Pr segregation, the map of the Zn-O interatomic
distance at individual Zn sites of the undoped ZnO �49 GB
is shown in Fig. 3�a�. It can be seen that three kinds of Zn
sites show the longest Zn-O interatomic distance. Position of
these Zn sites is consistent with the location of Pr in Fig.
2�c�. Thus, it can be regarded that Pr substituted at the Zn
sites of the interatomic distances at the ZnO �49 GB. This
can be roughly explained by the concept of size misfit be-
tween Pr and Zn �Ref. 28� as introduced above.

FIG. 3. �Color� �a� Interatomic distance at individual Zn sites of undoped ZnO �49 GB. Average interatomic distance with the nearest
neighbor O was estimated using the undoped-GB atomic arrangement. Red and blue circles indicate longer and shorter inter-atomic distance
than those in ZnO perfect crystal, respectively. �b� Atomic arrangements of Pr-doped ZnO �49 GB with three different configurations �A-C�
obtained by first-principles calculations. Rectangles indicate dimensions of the supercells. Upper panels show the structures viewed along the
z direction, and the lower panels show only Pr’s positions viewed from the bold arrow’s direction. Three different Pr are shown by three
different numbers �1–3�. Yellow open circles �Pr�3� in B and Pr�1� in C� indicate the Pr being below Zn and O at the atomic columns. �c�
Stable atomic arrangement of Pr-doped ZnO �49 GB with the configuration B. In �a� and �c�, sets of open circles show the framework
structure of the GB, and light-blue ones indicate the positions of Pr found in the HAADF STEM images in Fig. 2�c�.
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For further understanding, atomic arrangement of Pr-
doped ZnO �49 GBs was calculated by first-principles cal-
culations. Calculations of Pr-doped ZnO �49 GBs were per-
formed after replacing three Zn with three Pr as described in
the former section. In this case, there are three possible con-
figurations of Pr, considering the mirror symmetry with re-
spect to the GB plane. Figure 3�b� shows the optimized
atomic arrangements for the three different configurations
�A-C�. Three Pr are in similar z position in the configuration
A. On the other hand, one Pr is in different z position from
the others in the configurations B and C. As the results, two
Pr �2 and 3� are close to each other in the configurations A
and C. All three configurations showed similar atomic frame-
work structures. However, total energy calculations revealed
that the configuration B was the most stable among these
three configurations. Hence, Pr-doped ZnO �49 GB with the
configuration B was used as the stable structure in this study.
Figure 3�c� shows stable atomic arrangement of the Pr-doped
ZnO �49 GB that was obtained from the configuration B.
Since the obtained structure and location of Pr fitted with the
experimental HAADF STEM image shown in Fig. 2�c�, the
obtained structures are used for further analyses as follows.

In order to understand atomic and electronic environment
around Pr, we analyzed coordination structure around Pr and
valence charge density profile �VCDP� along Pr-O bonds at
the Pr-doped ZnO �49 GB and in Pr-doped ZnO, A-type
Pr2O3, and C-type Pr2O3 crystals bulk. It is considered that
Pr-doped ZnO crystal bulk has a relatively unstable structure
because solid solubility of Pr into ZnO is fairly low.13 Fig-
ures 4�a�–4�d� show coordination structures around Pr in
those four models. Pr is four-fold coordinated with O in Pr-
doped ZnO crystal bulk, where lengths of the four Pr-O
bonds were �2.26 Å �Fig. 4�a��. Pr is seven-fold coordi-
nated with O, having three different Pr-O bond lengths of
�2.35 Å, �2.43 Å, and �2.72 Å in A-type Pr2O3 bulk
�Fig. 4�b��. There are two kinds of Pr sites in C-type Pr2O3
crystal bulk �Fig. 4�c��. Both are six-fold coordinated with O,
but one �left� has identical Pr-O bond length of �2.43 Å and
the other �right� has three Pr-O bond lengths of �2.40 Å,
�2.41 Å, and �2.49 Å. At Pr-doped ZnO �49 GB �Fig.
4�d��, three different Pr sites, which are named Pr�1�, Pr�2�,
and Pr�3� according to the numbers in Fig. 3�b�, are present.
All three Pr have five-fold coordination, where the average
distance was �2.36 Å for Pr�1� and �2.37 Å for Pr�2� and
Pr�3�. For Pr�2� and Pr�3�, one of the Pr-O bonds �dotted
lines� is longer than the others.29 Lengths of Pr-O bonds at
the Pr-doped ZnO �49 GB, when compared with those in
Pr-doped ZnO crystal bulk, tended to be commonly closer to
those in A-type and C-type Pr2O3 crystals bulk. There is also
a tendency for number of neighboring O around Pr at the
ZnO �49 GB, when compared with that in Pr-doped ZnO
crystal bulk, to be closer to those in A-type and C-type Pr2O3
bulks. As also noted above, numbers of neighboring O
around Pr were seven �A-type Pr2O3�, six �C-type Pr2O3�,
five �at the ZnO �49 GB�, and four �in ZnO bulk�.

Figures 4�e�–4�g� show VCDPs along the Pr-O bonds in
Pr-doped ZnO �Fig. 4�e��, A-type Pr2O3 �Fig. 4�f��, and
C-type Pr2O3 �Fig. 4�g�� bulks. Four Pr-O bonds in Pr-doped
ZnO bulk showed similar VCDPs to one another whereas
different profiles appeared in A-type and C-type Pr2O3 crys-

tals bulk. The difference in VCDPs for Pr-doped ZnO bulk
would be due to that fact that the Pr-O bond lengths in Pr-
doped ZnO bulk are quite different from those in stable
Pr2O3 crystals bulk. Figures 4�h�–4�j� show VCDPs along
the Pr-O bonds at Pr-doped ZnO GB. VCDPs along Pr-O
bonds at Pr-doped ZnO GB, when compared with those in
Pr-doped ZnO crystal bulk �purple�, tend to approach those
in stable Pr2O3 crystals bulk �blue and green�. Thus, it is
considered that electronic structure of Pr-O bonds at Pr-
doped ZnO GB, when compared with that of Pr-O bonds for
Pr in ZnO crystal bulk, tends to be closer to those in stable
Pr2O3 crystals bulk. These results indicate that Pr selectively
substitutes the specific GB Zn sites because these sites can
allow Pr atoms to relax its atomic and electronic environ-
ment similar to its stable oxides’ form. This should be a
reason why normally insoluble atoms such as Pr can dissolve
and segregate at the GBs in ZnO. It is worth noting that we
obtained similar tendency for the Pr at ZnO �7 GB.4 �De-
tailed structure for the Pr-doped ZnO �7 GB was described
in Ref. 4. We analyzed coordination structure around Pr and
electronic structure of the Pr-O bonds at the ZnO �7 GB for
the present study.� Figure 4�k� shows the VCDP along Pr-O
bonds at the Pr-doped ZnO �7 GB. There is also a similar
tendency that VCDPs along Pr-O bonds at the ZnO �7 GB,
when compared with those in Pr-doped ZnO crystal bulk,
became closer to those of stable Pr2O3 crystals bulk. Also,
there were five neighboring O around the Pr at the ZnO �7
GB as well. This indicates that the present findings are not
specific to the ZnO �49 GB. At Pr-doped ZnO GBs, charge
compensation may be required because Pr3+ substitute Zn2+

sites. We think that charge compensation can occur through
the formation of acceptor-like native defects such as Zn
vacancy.4 The location and distribution of such defects may
have some effects on the location of Pr. However, present
results strongly suggest that location of Pr can be basically
understood by considering atomic and electronic structure of
Pr at the ZnO GB.

An important issue to be further investigated in future is
occupancy of Pr along the atomic columns. The occupancy is
directly related to how many Pr actually segregate per a unit
area of the GB. The understanding will require atomic-scale
three-dimensional observations �e.g., Ref. 30� of the GB.
However, despite of the ambiguity of the occupancy, the
present result clearly shows that Pr selectively segregates at
the specific atomic columns of the GB. From the present
finding, number of available Zn sites for Pr segregation at the
GB can be understood. Since GB atomic arrangement varies
with the GB orientation relationship and the GB plane, avail-
able sites for segregation should depend on the variation of
the GB atomic arrangements. This may be one of the reasons
why different GBs have different amounts of segregations, as
was previously suggested in metals.6

IV. SUMMARY

We observed the atomic arrangement and location of Pr at
a ZnO �0001� �49 GB by HAADF STEM. It was found that
Pr segregated at three kinds of atomic columns of the ZnO
�49 GB. Pr substituted at Zn sites in these atomic columns.
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Framework structure of the Pr-doped ZnO �49 GB was simi-
lar to that of the undoped ZnO �49 GB, indicating that
atomic arrangement of the ZnO �49 GB did not significantly
change with the Pr doping. It was found that Zn-O inter-
atomic distances of the three Zn sites were the longest. This
accords with the concept of size misfit as has been suggested
in previous papers.6 There was a tendency for lengths and
electronic structures of Pr-O bonds at the Pr-doped ZnO �49
GB, when compared with those in the Pr-doped ZnO crystal
bulk, to be closer to those in A-type and C-type Pr2O3 crys-
tals bulk. This indicates that Pr selectively segregates at these

Zn sites at the ZnO �49 GB because the local atomic and
electronic environments, when compared with those in ZnO
crystal bulk, are closer in its thermodynamically stable form,
Pr2O3.
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FIG. 4. �Color� �a�–�d� Schematics showing coordination structure around Pr in �a� Pr-doped ZnO, �b� A-type Pr2O3, and �c� C-type
Pr2O3 crystals bulk, and at �d� Pr-doped ZnO �49 GB. Yellow and green circles show Pr and O, and lines between Pr and O indicate Pr-O
bonds. Two different Pr are present for C-type Pr2O3 bulk in �c�. Pr-O bonds of one Pr are shown by dotted lines �left panel�, and those of
the other are shown by solid lines �right panel�. Three different Pr at the Pr-doped ZnO �49 GB in �d� are designated by “1,” “2,” and “3.”
For Pr�2� and Pr�3�, one of Pr-O bonds is longer than the others, which is represented by the dotted line. �e�–�g� VCDP along the Pr-O bonds
in �e� Pr-doped ZnO bulk, �f� A-type Pr2O3 bulk, and �g� C-type Pr2O3 bulk. Lines show VCDPs along respective Pr-O bonds, and hatches
indicate regions of the VCDPs. Dotted lines in �g� correspond to the dotted lines in �c�. �h�, �i�, and �j� show VCDP for Pr�1�, Pr�2�, and Pr�3�
at the Pr-doped ZnO �49 GB. �k� VCDP for Pr at the Pr-doped �7 ZnO GB.4 Black lines show the VCDPs for respective Pr-O bonds.
Hatches in �e�–�g� are superimposed for comparison. Dotted lines in �i� and �j� correspond to the dotted lines in �d�.
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