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An application of second-order many-body perturbation theory to energies and energy bands of polymers is
often hindered by the steep polynomial dependence of its computational cost on the number of wave vector
sampling points �K� in the Brillouin zone �BZ�. It is shown that a Hartree-Fock �HF� calculation with a large
value of K �120 in the first BZ� followed by a second-order many-body perturbation calculation with a much
smaller value �K=6� can lead to reliable, interpolated correlated energy bands and density of states of a
polymer at less than 1% of the computational cost of the conventional approach. Quantitative simulations on
photoelectron spectra of trans- and cis-polyacetylenes and polyethylene show that the correlated energy bands
and densities of states thus obtained agree quantitatively with the observed and are significant �sometimes
qualitative� improvements over the HF results. The energy bands and photoelectron spectra of polydiacetylene
are predicted by this method to assist in the interpretation of future high-resolution measurements.
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I. INTRODUCTION

In crystalline orbital �CO� theory,1,2 an extended system
of one-dimensional periodicity is viewed mathematically as a
ring of K identical repeat units. A canonical CO in the
Hartree-Fock �HF� theory,3–7 therefore, resembles an eigen-
function of the quantum-mechanical particle-on-a-ring prob-
lem

�pk�r� = K−1/2�
�

�
m

Cpk
� exp�ikma����r − ma� , �1�

where a is the translational vector, ���r−ma� is the �th
basis function centered in the mth unit cell, and Cpk

� is an
expansion coefficient to be determined variationally. Each
orbital is associated with the wave vector �k� that is equal to
the linear momentum of its electron and can take one of the
following values:

k =
2m

K
, �m � Z�0 � m � K� , �2�

where a unit of length is chosen such that �a�=�. These k
vectors characterize the elementary unit cell in the reciprocal
space—the Brillouin zone �BZ�—and are evenly spaced. The
number of wave vector sampling points �K� used in the BZ
integrations can, therefore, be interpreted as the system size
and should be commensurate with the distance reached by
the effective interactions or the number of neighbors in-
cluded in the lattice sums.

In an insulator, the direct Coulomb �J� interaction is the
slowest-decaying component with distance �r� in the HF en-
ergy of an extended system, displaying an r−3 asymptote. It is
usually necessary to take into account interactions up to at
least the fifth nearest neighbors to achieve a converged lat-
tice sum in a HF calculation for a nonpolar unit cell and
much farther for a polar unit cell.8 Accordingly, the number
of k vectors �K� used in BZ integrations should be on the

order of 10. Since the cost of performing BZ integrations are
negligible in a HF calculation, these or even greater values of
K can be used easily. Because the distinct k vectors are
evenly spaced the trapezoidal rule works well for BZ inte-
grations in one dimension, although other quadrature rules
have also been applied.9 In BZ integrations in two and three
dimensions, the use of special points10–12 is essential.

In contrast to the HF case, the cost of evaluating the
electron-correlation energy of an extended system depends
strongly on K.13,14 For instance, the second-order many-body
or Møller-Plesset perturbation theory—MBPT�2� or MP2—
for an extended system15–29 involves an O�K3� step, hamper-
ing its routine applications to extended systems. However,
the dynamical correlation interactions exhibit a rapid r−6

decay14,26 and it is reasonable to expect that far fewer
nearest-neighbor cells need to be included in MP2 than in
HF. It is, therefore, justifiable to use a large value of K only
in the HF step followed by the MP2 step with a much
smaller value of K. In our previous study, we proposed using
only every nth k vectors of the HF step in the BZ integrations
of the MP2 step.30 Using this “mod-n” approximation with
K=20 and n=4, we could reproduce the MP2 correlation
energies of polyethylene and polyacetylene within 1% of the
respective converged values at less than a tenth of the usual
computational cost. MP2 correlation corrections to energy
bands obtained were also computed accurately by this
approximation.30

The purpose of this study is to demonstrate the practical
utility of this mod-n approximation with large values of n
and K in the first-principles simulations of photoelectron
spectra of four polymeric materials: trans- and cis-poly-
acetylenes, polyethylene, and polydiacetylene. These spectra
report energy bands and density of states, which are strongly
influenced by electron correlation; the HF theory and
density-functional theory �DFT� are often found to be inad-
equate. To obtain smooth and continuous energy bands and
hence reliable density of states, one needs a large number of
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k vectors, which, however, makes electron-correlation calcu-
lations unfeasible. Our mod-n approximation is a solution to
this dilemma as one can obtain smooth energy bands at the
HF level with a large value of K �such as 120 in this work� as
well as correlation corrections to important bands at only
every nth k vectors �n=20 in this work� at a dramatically
reduced cost. Combining these HF and MP2 results, one can
interpolate the MP2 quasiparticle energy bands that can sub-
sequently be used to generate density of states, which ex-
plains the observed spectra quantitatively. It is estimated that
the mod-20 approximation achieves a speedup by a factor of
100 or more.

II. COMPUTATIONAL METHOD

In the mod-n approximation,30 the MP2 energy per unit
cell �EMP2� and quasiparticle energy �epkp

MP2� of the one-
electron state �orbital� characterized by band p and wave
vector kp are given by

EMP2

=EHF+K−1n3 �
ki�Kn

�
kj�Kn

�
ka�Kn

�
i,j,a,b

vakabkb

ikijkj wakabkb

ikijkj�

eiki

HF + ejkj

HF − eaka

HF − ebkb

HF

�3�

and

epkp

MP2 = epkp

HF + n2 �
kj�Kn

�
kb�Kn

�
j,a,b

vakabkb

pkpjkj wakabkb

pkpjkj�

epkp

HF + ejkj

HF − eaka

HF − ebkb

HF

+ n2 �
kj�Kn

�
kb�Kn

�
i,j,b

vpkpbkb

ikijkj wpkpbkb

ikijkj�

epkp

HF + ebkb

HF − eiki

HF − ejkj

HF , �4�

respectively. Here, EHF and epkp

HF denote the HF energy per
unit cell and the HF energy of the one-electron state, i and j
label occupied bands, a and b unoccupied �virtual� bands,
and vakabkb

pkpjkj and wakabkb

pkpjkj are two-electron integrals over COs as
defined in our previous paper.14 These integrals vanish iden-
tically unless the following momentum conservation law is
satisfied:

kp + kj − ka − kb = 2m, �m � Z� . �5�

The k summations �the BZ integrations� sample only every
nth of all k vectors considered in the HF step. Hence, Kn
denotes the following set of k vectors:

k =
2nm

K
, �m � Z�0 � nm � K� , �6�

where K is the number of k vectors used in the HF step. In
this article, we stipulate that n evenly divides K so that the
trapezoidal rule for the BZ integration continues to work
well. The quasiparticle energies �epkp

MP2� are computed only at
those kp’s that satisfy Eq. �6�. Therefore, the mod-n approxi-
mation reduces the cost of evaluating both Eqs. �3� and �4�
by a factor of n3. Note, however, they are not the hotspot of
the calculation �the integral transformation is� unless K is
very large.

The mod-n MP2 calculations give quasiparticle energies
on a sparse grid of k vectors, whereas the HF energy bands
can be obtained on a fine grid with an arbitrarily large num-
ber of k vectors. To interpolate MP2 energy bands, we must
first connect the HF energy points correctly to form smooth
curves; simply connecting the ith lowest energy points for
each i would result in curves that have nonphysical cusps at
band crossings. However, this step can be carried out
straightforwardly by inspection in a one-dimensional BZ in-
sofar as K is sufficiently large and the correct connectivity is
evident to human eyes �for two- and three-dimensional BZs,
information about orbitals must be utilized�. Once a smooth
HF band �epkp

HF � is obtained on a fine grid of k vectors, the
MP2 quasiparticle energy at k is interpolated by the follow-
ing formula:

epk
MP2 = epk

HF + �epk1

MP2 − epk1

HF �
k − k2

k1 − k2
+ �epk2

MP2 − epk2

HF �
k − k1

k2 − k1
,

�7�

where k1 and k2 are the two nearest k vectors at which MP2
quasiparticles energies are explicitly evaluated in the mod-n
approximation. Because an MP2 correction is made to a
state, pairing epk2

MP2 and epk2

HF or epk1

MP2 and epk1

HF can be done
without any difficulty.

III. RESULTS AND DISCUSSION

The HF /6-31G� calculations with K=120 were performed
for the energy bands of trans- and cis-polyacetylenes �the
C2H2 unit cell�, polyethylene �C2H4�, and polydiacetylene
�C4H2� at their respective equilibrium geometries obtained
by the Becke3-Lee-Yang-Parr �B3LYP� DFT method with
the 6-31G� basis set.31–33 The short- and long-range interac-
tions were summed in the sixth �S=6� and twentieth �L
=20� nearest-neighbor approximations14 in trans-polyace-
tylene. For cis-polyacetylene and polydiacetylene, the corre-
sponding parameters were S=3 and L=7. For polyethylene,
S=6 and L=10 were used. Subsequently, MP2 /6-31G�

energy-band calculations in the frozen-core approximation
were carried out in the mod-20 scheme, providing quasipar-
ticle energies on a sparse grid of k vectors: k=0, 1/3, 2/3, 1,
4/3, and 5/3. The densities of states were computed as histo-
grams with the bin size of 10−4 a.u., using the HF and inter-
polated MP2 energy bands. They were convoluted with a
Gaussian function with a full width at half maximum of 1.6
eV for polyacetylenes and polyethylene and 1.2 eV for poly-
diacetylene.

A. Trans-polyacetylene

Figure 1 plots the CPU time spent in the mod-n
MP2 /6-31G� calculation of trans-polyacetylene as a func-
tion of n. A large and monotonic reduction in the computa-
tional cost is observed with increasing n. The mod-20 ap-
proximation with K=120 is estimated to result in at least a
100-fold reduction in the CPU time, making MP2 quasipar-
ticle energy calculations of polymers with small unit cells
routinely feasible. The slope of the plots is between −2.4 and
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−1.6. The former value has been obtained with the n=3 and
5 and the latter with n=12 and 20. Equations �3� and �4�
suggest the theoretical speedup of n3. The actual speedup
�n2.4� obtained approaches this theoretical limit in the case of
a small n and a large K, where Eqs. �3� and �4� are the rate
determining step.

Figure 2 compares the energy bands of trans-
polyacetylene obtained by various methods. The interpolated
MP2 occupied energy bands lie higher and unoccupied
bands lower than the corresponding HF energy bands by as
much as a few eV.17 In addition, the correlation corrections
are dependent on k vectors, considerably contracting band
widths. A comparison between the mod-5 and mod-20 MP2
energy bands shows that the simple interpolation scheme of
Eq. �7� works well. For instance, the MP2 corrections to the
lowest-lying band in Fig. 2 are greater toward the right edge
of the figure �k=1�. The interpolation of the four MP2 qua-
siparticle energies using the continuous HF bands suggests a
maximum at k�0.6, which is supported by the mod-5 result.
Note, however, that the latter suffers from some noise caused
by the fact that Eq. �4� is increasingly ill conditioned away
from the Fermi level.22 While the interpolation of the
mod-20 MP2 energy band does not agree perfectly with the
mod-5 MP2 energy band, the deviation is on the same order
of magnitude as the noise in the latter. In the context of
obtaining density of states, the mod-5 MP2 results �roughly
equivalent to a K=24 MP2 calculation� do not have a suffi-
cient resolution to discern bands near k=0. Our scheme en-
ables us to correctly classify energy points to bands by virtue
of having a large value of K at the HF step and at the same
time to avoid an explosive increase in the computational cost
of the MP2 step.
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FIG. 2. The HF /6-31G� �broken curves� and MP2 /6-31G�

�solid curves� energy bands of trans-polyacetylene. The highest-
lying band shown is the conduction band. The HF calculation was
carried out with K=120. The MP2 calculation was performed in the
mod-20 approximation, giving quasiparticle energies �filled circles�
at k=0, 1/3, 2/3, 1, 4/3, and 5/3. The MP2 bands were interpolated
according to the procedure described in the text. The MP2 /6-31G�

quasiparticle energies obtained in the mod-5 approximation �open
circles� are also superimposed.
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FIG. 3. The observed �Ref. 34� �thick solid curve; elevated for
clarity�, the HF /6-31G� calculated �thin broken curve�, and the
MP2 /6-31G� calculated �thin solid curve� photoelectron spectra of
trans-polyacetylene. The MP2 /6-31G� density of states is also
superimposed.
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FIG. 1. The CPU time spent by the mod-n MP2 /6-31G� calcu-
lation of trans-polyacetylene as a function of n on a 3.2-GHz Intel
Xeon EM64T processor with a 4-GB RAM.
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Figure 3 compares HF and MP2 densities of states with an
observed photoelectron spectrum.34 With the exception of the
onset at 5.5 eV, the peak positions in the HF density of states
are overestimated by a few eV. The MP2 density of states is
in excellent agreement with the observed both in peak posi-
tions and intensities. In our previous B3LYP study,31 the
good agreement was obtained both in peak positions and
intensity profile. The agreement in peak positions is to a
great extent due to the cancellation of errors in ionization
energies between semilocal DFT and HF. In contrast, the
agreement between MP2 and the experiment must be much
less due to such effects.

The peak at 5.5 eV can be assigned to the weak van Hove
singularity in the density of states caused by the plateau of
energy-band 1 at k=1 �the occupied energy bands are num-
bered in the decreasing order of their maximum energies�.
The most intense, broad peak at about 10 eV is due to three
van Hove singularities caused by energy-bands 1, 2, and 3 at
k=0. The shoulder at 13 eV is assignable to the singularity
caused by the minimum of energy-band 3 at k=0.6. The dips
in the measured spectrum at about 15 and 18 eV are assign-
able to band gaps between energy-bands 3 and 4 and be-
tween 4 and 5, respectively. The energy-band 4 gives rise to
three van Hove singularities in the density of states and they
contribute to the single observed peak at 16 eV.

B. Cis-polyacetylene

As in the case of the trans isomer, the MP2 occupied
energy bands of cis isomer are invariably shifted upward
from the HF ones and their widths are contracted �Fig. 4�.
The conduction band is lowered and the fundamental band
gap is thus significantly reduced upon inclusion of electron
correlation. As the occupied band energies become lower, the
MP2 and HF band shapes deviate from each other consider-
ably and the interpolation tends to yield nonphysical rugged
curves. To improve on these deeper bands, the use of an
alternative interpolation scheme may not be sufficient and a
more accurate, well-conditioned correlation correction is
probably necessary.

The HF and MP2 densities of states �Fig. 5� differ from
each other not only in peak positions but also in intensity
profile. The HF density of state has little resemblance with
the observed photoelectron spectrum,34 whereas the MP2
density of state is in good agreement with the observed. MP2
is capable of reproducing slight differences in the overall
appearance of the spectra between the trans and cis isomers.
Specifically, the spectrum of the cis isomer is less structured
and characterized by shallower dips at about 13 and 18 eV.
These features are ascribed to the more congested density of
states in the cis isomer. The 5.5- and 9.5-eV peaks are pri-
marily assigned to the van Hove singularities associated with
energy-bands 1 �k=0� and 4 �k=0.3�, respectively. The dip at
about 18 eV is caused by the energy gap between bands 8
and 9 �not shown�. Again, the agreement in peak positions
between B3LYP and experiment seen in our previous work31

is largely fortuitous, although the agreement in intensity pro-
file may be less so.
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FIG. 4. The HF /6-31G� �broken curves� and MP2 /6-31G�

�filled circles and solid curves� energy bands of cis-polyacetylene.
The highest-lying band shown is the conduction band. See also the
caption of Fig. 2.
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FIG. 5. The observed �Ref. 34� �thick solid curve; elevated for
clarity�, the HF /6-31G� calculated �thin broken curve�, and the
MP2 /6-31G� calculated �thin solid curve� photoelectron spectra of
cis-polyacetylene. The MP2 /6-31G� density of states is also
superimposed.
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C. Polyethylene

The photoelectron spectra of polyethylene were inter-
preted in detail by Sun and Bartlett35 on the basis of their
periodic MP2 calculation �see also Delhalle et al.,36 Spring-
borg and Lev,37 and Miao et al.38�. It was necessary for them
to use a large value of K �41� and, consequently, only a small
basis set �6-31G� could be employed in their density-of-
states calculations. In our mod-20 calculations, an
MP2 /6-31G� calculation was easily completed in less than 2
h of CPU time.

As seen in Fig. 6, the MP2 occupied energy bands are
higher lying and more contracted than the HF ones. The MP2
conduction band �not shown� lies lower than the HF coun-
terpart by �1 eV. Unlike in polyacetylenes, the correlation
corrections in polyethylene are relatively uniform. Hence,
the sparse MP2 energy points can be interpolated accurately
and the quantitative agreement can be obtained between the
interpolated MP2 energy bands and angle-resolved photo-
electron spectra of long n alkanes.39 The observed peak po-
sitions have been shifted upwards by 2 eV in Fig. 6, but this
is justified by a more recent measurement40 on n-C44H90 that
agrees excellently with the present MP2 calculation without
a shift. Note that the two lowest-lying bands span 9 eV �from
21 to 30 eV� according to HF, whereas the corresponding
MP2 bands span only 6 eV �from 18 to 24 eV�. The latter is
supported by both experiments.39,40

Figure 7 compares an observed photoelectron spectrum41

of n-C36H74 �the work function is estimated to be 4.5 eV
according to Ref. 36� with the spectra of polyethylene simu-
lated by HF and MP2. While the HF theory can reproduce
the overall intensity profile qualitatively correctly, the quan-
titative agreement requires a correlated theory. For instance,
the separation between the two most intense peaks is 5.6 eV
according to the experiment,41 whereas it is evaluated to be
7.9 eV by HF and 5.4 eV by MP2. See Sun and Bartlett35 for
complete band assignments.

D. Polydiacetylene

Figure 8 shows the energy bands of polydiacetylene com-
puted by HF and MP2. Not surprisingly, they have more
similarities with those of polyacetylenes than those of poly-
ethylene. While the MP2 correction to the highest occupied
state at k=0 is small, it is greater elsewhere, making the MP2
bands contracted by a factor of about 1/3 as compared with
the HF bands. The conduction band is more strongly affected
by electron correlation than the valence band.

The HF and MP2 densities of states are compared with an
observed photoelectron spectrum42 of polydiacetylene in Fig.
9. All experimental spectra42–46 including the one in Fig. 9
are measured for polymers with large organic ligands, giving
rise to additional peaks in the valence region. This together
with the low resolution of the spectra makes their interpreta-
tion “hopeless”47 without assistance from a quantitative pre-
diction. The HF and MP2 densities of states do not look alike
and there is no apparent superiority of the MP2 spectrum to
the HF one in comparison with the experiment. In light of
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FIG. 6. The HF /6-31G� �broken curves� and MP2 /6-31G�

�filled circles and solid curves� energy bands of polyethylene. The
highest-lying band is the valence band. See also the caption of Fig.
2. The positions of the observed angle-resolved photoelectron peaks
�Ref. 39� of long n alkanes �open circles� are also plotted.
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FIG. 7. The observed photoelectron spectrum �Ref. 41� of
n-C44H90 �thick solid curve; elevated for clarity� and the
HF /6-31G� �thin broken curve� and MP2 /6-31G� calculated �thin
solid curve� photoelectron spectra of polyethylene. The
MP2 /6-31G� density of states is also superimposed. The calculated
density of states due to the four highest-lying occupied bands is
multiplied by a factor of 0.1.
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the results of polyacetylenes and polyethylene, however, we
should base our assignments on the MP2 density of state.

The conspicuous dip in the intensity at about 20 eV is
assignable to the band gap between energy-bands 7 and 8.
The intense peak at about 10 eV is due to the rather flat
energy-band 2. Its shoulder at about 6 eV is assigned to the
van Hove singularity caused by energy-band 1 at k=0. In
between �11–20 eV�, there are five energy-bands �bands 3–7�
with at least four distinct peaks in the computed spectrum,
which explains rugged intensity profile in the observed spec-
trum. Our spectrum predicted by MP2 will be helpful in
interpreting high-resolution spectra of unsubstituted polydi-
acetylene when they are measured in the future.

IV. CONCLUSION

Since electron correlation decays with distance much
more rapidly than direct Coulomb interactions, the number

of neighbors that need to be included in the lattice sums can
be much smaller in MP2 than in HF. This suggests that the
number of wave vector sampling points �K� in the BZ
integrations—the measure of system size—in MP2 can be
reduced by a large factor from a typical value necessary in
the HF step. The MP2 quasiparticle energies on a sparse grid
of wave vectors can be interpolated with the aid of the HF
energies on a fine grid. When K needs to be large, a reduc-
tion of K in the MP2 step by a factor of as great as 20 is
allowable with a 100-fold or greater speedup, making MP2
calculations for polymers routinely feasible. With this fast
MP2, we have performed quantitative simulations and made
peak assignments of photoelectron spectra of trans- and cis-
polyacetylenes, polyethylene, and polydiacetylene. MP2 in-
variably reduces the errors in the peak positions from 5 eV or
more in HF to 1–2 eV and improves the intensity profiles
sometimes dramatically.
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FIG. 8. The HF /6-31G� �broken curves� and MP2 /6-31G�

�filled circles and solid curves� energy bands of polydiacetylene.
The highest-lying band is the conduction band. See also the caption
of Fig. 2.
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FIG. 9. The observed photoelectron spectrum �Ref. 42� of sub-
stituted polydiacetylene �thick solid curve; elevated for clarity� and
the HF /6-31G� �thin broken curve� and MP2 /6-31G� calculated
�thin solid curve� photoelectron spectra of polydiacetylene. The
MP2 /6-31G� density of states is also superimposed.
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