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We study in detail the structural, dynamical, and electronic properties of the � and � phases of Bi2O3 using
Born-Oppenheimer molecular dynamics together with extensive lattice static simulations at the level of
gradient-corrected density-functional theory. The short Bi-O bonds of �2.1–2.2 Å and the broad peak in the
O-Bi-O angular distribution function at �70° of �-Bi2O3 are in good agreement with those from neutron
diffraction, locally resembling the distorted structures of many fully ordered oxides of bismuth under ambient
conditions. This places some doubt on structural models where the oxygen vacancies are either distributed at
random over a set of “ideal” anion lattice sites or preferentially aligned in pairs at these positions. The irregular
local structure of �-Bi2O3 is intimately connected to the pronounced electron density around bismuth, provid-
ing evidence for the presence of a sterochemically active “lone pair.” The dominant influence of the anion 2p
orbital on this asymmetry mirrors recent findings for many ordered post-transition-metal oxides and contrasts
that of the conventional “ns2 lone-pair model.” The markedly curved diffusion trajectories and an unusually
high occurrence of short residence times show that the oxygen diffusion is strongly influenced by the local
distortions of the immobile lattice. In contrast, we find little evidence for collective diffusion of oxygens.
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I. INTRODUCTION

The ionic conductivity of the superionic phase of bismuth
sesquioxide, �-Bi2O3, which is similar to that of the extreme
case of the prototypal anion superionic conductor �-PbF2
�Ref. 1–5� and almost 2 orders of magnitude higher than the
commonly used yttria stabilized zirconia at comparable tem-
peratures, is the highest known among oxides.6–8 The �
phase of Bi2O3 therefore remains a reference material within
the field of solid electrolytes9–12 and provides the benchmark
for attempts to design and synthesize new highly conducting
oxides to meet the technological application within, for ex-
ample, solid oxide fuel cells. While the ordered low-
temperature phases of Bi2O3 �i.e., the �, �,6,13 �,6,14 and �
�Ref. 15� phases� possess markedly distorted structures, a
feature quite typical for many post-transition-metal oxides,
the � phase itself adopts a highly symmetrical anion-deficient

fluorite structure �space group Fm3̄m� with oxygens occupy-
ing 6/8 of the tetrahedral cavities, leaving 2/8 vacant for
diffusion to take place. Early work carried out by Gattow and
Schröder16 suggests that the oxygens are distributed at
random over the tetrahedral 8�c� positions �see Fig. 1� of

Fm3̄m. However, results from neutron-diffraction �ND�
experiments13,17–19 indicate that the oxygens also occupy a
32�f� site displaced about 1 Å away from the 8�c� site into
�x ,x ,x� etc. with x�0.33 �see Fig. 1�. This shift is consistent
with ionic distribution profiles extracted from x-ray
diffraction19 which shows that the oxygens are spread out
within large regions of the tetrahedral cavities possessing
marked distortions in the �111� direction.

Computational and experimental studies have revealed the
likelihood of pronounced short-range order within the highly
disordered oxygen sublattice,18,20–25 but there is no clear un-

derstanding of how the oxygens/oxygen vacancies prefer to
arrange themselves or the lengthscale of this local order. Lat-
tice statics models,23 diffraction studies,14,18 and an early
density functional theory �DFT� study �carried out using lin-
ear muffin-tin orbitals�24 suggest that the oxygen vacancies
prefer to align along the �111� directions �see Fig. 2�. On the
other hand, recent DFT calculations using the generalized
gradient approximation �GGA� �Refs. 20, 26, and 27� show
that the �100� oxygen-vacancy alignment has the lowest

FIG. 1. �Color online� Average positions of bismuths and oxy-
gens within �-Bi2O3 �the refined positions are taken from Ref. 13�.
The bismuths are shown as large white spheres �at the crystallo-
graphic 4�a� site�. The small red and black spheres represent oxy-
gens at the tetrahedral 8�c� and the “interstitial” 32�f� sites which
are the site on a straight line connecting the tetrahedral 8�c� and the
nearest octahedral 4�b� positions �i.e., at the positions �x ,x ,x�, etc.,
with x=0.33 �Ref. 13��.
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energy whereas the energy of the �110� configuration is
found to be marginally higher. In contrast, recent full-
potential linearized augmented plane-wave calculations us-
ing GGA �Ref. 22� indicate an energetic preference for the
�110� configuration over that of �100�. In all these
calculations,20,22,26,27 the ordered �111� configuration was
found to be much higher in energy, although lattice static
considerations25 indicate that the introduction of the �110�
“defects” within the �111� array could lower the energy of
the ordered �111� structure due to substantial local structural
relaxations. Indeed, the superstructure suggested in a recent
DFT study21 by embedding �110� and �111� within a 80-ion
supercell was found to have significantly lower energy com-
pared to the simple �100� and �110� configurations. However,
an ordered superstructure21 cannot, for example, explain the
abrupt increase in the configurational entropy of the phase
transition from the fully ordered � phase to the highly disor-
dered � phase,28 �S��→�� / ��S��→��+�S��→L��=0.75,
which is more likely to involve a thermal average of a range
of different local environments.

Identifying the positions of the oxygens within �-Bi2O3
has important implications for diffusion within this phase.
Simple defect considerations for phase stabilized �-Bi2O3
suggest that the oxygen jumps may involve nearest-neighbor
tetrahedral cavities possibly via an interstitial 32�f�
position.29 The activation energy for oxide-ion diffusion cal-
culated from DFT �Ref. 26� by mapping the energy for a
single oxygen along the �100� direction �i.e., by connecting
the local �100� and �110� alignments� was in good agreement
with that of conductivity measurements ��0.4 eV�.30 How-
ever the activation energy is substantially higher than the
heat of transport, Q=0.13 eV, estimated from thermoelectric
power experiments,31 suggesting that oxygen transport
within �-Bi2O3 may be more complex than that of a simple
vacancy mechanism. The substantially lower entropy com-
pared to that of liquid Bi2O3 �Ref. 28� and the energetic
preference for certain local entities �i.e., for example, the
�100� and �110� oxygen-vacancy configurations are much
lower in energy than the �111� alignment� indicate that the
oxygen sublattice is not fully disordered and that �meta-
stable� “microdomains” may exist within the � phase.23 In
the extreme case of a fully ordered oxygen sublattice, the
oxygens must migrate in a highly cooperative manner. It has
also been suggested32,33 that the high oxide-ion conductivity
may result from a collective movement of domain walls of
ordered “�110� arrays” of oxygen vacancies.

The nature of the short-range order may also have an
impact on the electronic properties of �-Bi2O3 since, for ex-

ample, the �111� oxygen-vacancy configuration is an elec-
tronic conductor whereas the �110� and �100� configurations
possess semimetallic properties or a very small band gap of
�0.1 eV.20,26 In contrast, ab initio molecular dynamics
�MD� simulations34 suggest that �-Bi2O3 possesses a distinct
band gap. Furthermore, the possible presence of a stere-
ochemically active lone pair, which is used to rationalize the
highly distorted structures of many post-transition-metal
compounds,35 such as that of the ordered � phase of Bi2O3
itself, may also indicate the likelihood of substantial local
distortions of the mobile and immobile sublattices associated
with the large shifts into the 32�f� site6 �see Fig. 2�. This shift
is much larger than the displacements that accompany the
structural relaxations when optimizations are carried out by
initially distributing the anions over the ideal 8�c� positions
within the conventional 10-ion unit cell,20,26 indicating that
the 32�f� site may be associated with distinct minima on the
potential-energy surface and thus serve as residential sites for
the oxygens.

In a recent paper34 we have presented a different model of
the local structure of superionic Bi2O3 where the anion en-
vironment around the bismuths was found to be highly ir-
regular, locally resembling the distorted “lone-pair” struc-
tures of many ordered post-transition-metal oxides
�including the � and � phases of Bi2O3 itself�. To put this
view on firmer ground we carry out a detailed comparison
with that of the � phase, which allows for a detailed insight
into the structure of the mobile sublattice because the cat-
ionic sublattice of �-Bi2O3 is only slightly distorted from
that of the fcc one. We carry out ab initio Born-Oppenheimer
MD to probe the role of the local structure on the diffusion
process within �-Bi2O3 and how the dynamical local struc-
ture is connected to the electronic properties �i.e., the high
polarizability of the immobile sublattice�. Together with MD
simulations, we also carry out extensive lattice static calcu-
lations by �1� quenching the dumped MD configurations at
many different time steps and �2� using configurational
�Boltzmann� averaging �CA�.36–38 CA is a direct Monte
Carlo algorithm for the calculation of ensemble averages
where local energy minima configurations are sampled at
random and Boltzmann weighted. Previous studies have
demonstrated the application of the CA method for modeling
disordered oxides, minerals, and alloys.36–40 Of particular ad-
vantage here is the insight gained into the superionic state by
the comparison of calculations carried out in the static limit
and MD simulations, which address the individual contribu-
tions arising from lattice vibrations and static disorder.

II. THEORY

Molecular dynamics simulations were carried out on the
Born–Oppenheimer surface, where the electronic degrees of
freedom are minimized at each ionic step.41 The atomic
movements are described using Nosé dynamics within the
NVT ensemble and a Nosé thermostat was used. Computa-
tional details are given in the next section.

The CA method has been presented in detail in previous
work �see, for example, Refs. 36, 37, and 39�, and we shall
here only briefly present the basic ingredients. Since interba-

(b)(a) (c)

FIG. 2. �Color online� Models of the three distinct vacancy ar-
rangements �marked as dashed white spheres� where the two vacan-
cies are aligned in the �111�, �110�, and �100� directions. The red
spheres are the oxygens.
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sin events �oxygen diffusion� and intrabasin movements �vi-
brations� occur at different times42,43 �see also discussion in
Section IV E�, we can map the configurational space by dis-
tributing the oxygens at random over a suitable grid followed
by structural optimizations �i.e., rapid quenches� of each in-
dividual configuration. The cell volume, the cell shape, and
the basic atomic coordinates were fully relaxed in all optimi-
zations. In contrast to previous theoretical studies of short-
range order within �-Bi2O3,20–24,26 where preferential ar-
rangements for the oxygen vacancies were modeled by
distributing the oxygens on the ideal 8�c� site only, we dis-
tribute oxygens over both the 8�c� and the 32�f� sites i.e., at
�0.25, 0.25, 0.25�, �0.375, 0.375, 0.375�, etc., respectively
�see Fig. 1�, but with the constraint that a given tetrahedral
cavity �which contains one 8�c� and four 32�f� positions� is
occupied by maximum one oxygen. This choice provides a
fairly uniform and unbiased grid for the extraction of en-
semble averages and is motivated by the experimental evi-
dence of a markedly distorted oxygen sublattice.6,18,19 En-
semble averages �i.e., the average structure� over K randomly
chosen optimized configurations are given as

�Ystatic� =

�
l=1

K

Yl exp	− El

kBT



�
l=1

K

exp	− El

kBT

 , �2.1�

where El is the minimized potential energy of arrangement l
and kB is Boltzmann’s constant. Configurational averaging
resembles that of a random sampling Monte Carlo although
the important points, i.e., the local minima, are sampled,
rather than some random points within the basins on the
potential-energy surface, providing a direct and highly effi-
cient route for extracting the Boltzmann distribution in the
static limit. We have previously shown that surprisingly few
optimized arrangements are required for the accurate calcu-
lation of ensemble averages at high temperature when a sig-
nificant fraction of all minima is thermally accessible.39,44

III. COMPUTATIONAL DETAILS

Ten individual ab initio Born-Oppenheimer molecular dy-
namics simulations and 50 structural optimizations were car-
ried out within a 2	2	2 �80-ion� unit cell where the con-
ventional 10-ion unit cell was doubled along each

crystallographic axis. For direct comparison, the MD simu-
lations of the � phase were carried out in an 80-ion cubic
unit cell constructed by transforming the crystallographic
axis from the tetragonal �20-ion� unit cell using

�a�

b�

c�
� = � 1 1 0

− 1 1 0

0 0 1
��a�

b�

c�
� . �3.1�

The � and � phases were optimized using the conventional
20-ion unit cells. Structural parameters of the � phase are
presented in Table I and are in overall good agreement with
results from our ND experiment.13

Initial extensive test calculations were carried out within
the conventional �10-ion� cell by optimizing all symmetri-
cally distinct oxygen configurations45 constructed by the ini-
tial distribution of the ions over both the 8�c� and 32�f� sites
�see previous section�. This set of configurations includes the
three oxygen-vacancy alignments, �100�, �110�, and �111�,
shown in Fig. 2 where only the 8�c� site is initially occupied.
Many of these 10-ion optimizations converged to symmetri-
cally equivalent configurations, and we found a total of 18
symmetrically distinct optimized oxygen arrangements �ex-
cluding the �100�, �110�, and �111� oxygen-vacancy configu-
rations�.

In all calculations we use the Perdew-Burke-Ernzerhof
functional46 for the calculation of the exchange-correlation
contribution to the total energy as implemented in VASP

�Refs. 41 and 47� with the 6s26p3 and 2s22p4 electron con-
figurations for the bismuths and oxygens, respectively. We
found that the explicit inclusion of the outer core d shells of
the bismuths �the 5d states� had very little effect on the struc-
tural properties �e.g., the pair distribution functions and the
conductivity� consistent with previous investigations of the
chemical bond of the three idealized vacancy arrangements
of �-Bi2O3.20,24

The energy cutoff, Ecut, was 400 eV in the MD simula-
tions, whereas the structural optimizations and the calcula-
tions of the electronic densities of states �DOSs� were carried
out using Ecut=500 eV. All structural optimizations were
followed by an additional rerelaxation to minimize distor-
tions in the plane-wave basis associated with volume
changes during the structural optimizations.

The Brillouin zone was sampled at the gamma point in the
80-ion MD simulations, and a 2	2	2 Monkhorst-Pack
�MP� grid was used for the optimizations of the 80-ion con-

TABLE I. Optimized structural parameters for �-Bi2O3. The data were extracted using the crystallo-
graphic package PLATON �Ref. 48�.

Space group P4̄21c

Lattice parameters a=8.06 Å

c=5.70 Å

Unit-cell volume V=372 Å3

Bi-O distances �Å� 2.16 2.17 2.35 2.36 2.66

O-Bi-O angles �deg� 67.9 71.7 81.3 87.8 88.5

90.9 97.2 116.3 140.2 173.9
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figurations. For the optimizations carried out within the 10-
ion cell �including the three oxygen-vacancy alignments� and
for the � phase we used a 4	4	4 MP grid. For the �
phase, a 4	4	6 MP grid was used. In the MD simulations
of �-Bi2O3, the unit-cell volume was consistent with that of
ND experiment,13 as discussed above, but the cell parameters
were slightly adjusted such that the 80-ion simulation cell
was cubic with the cell length, a , =11.05 Å. The cell vol-
ume used in the MD simulation of the � phase was fixed at
the value given by the CA simulations at 1033 K, i.e., the
unit-cell length was a�=11.3 Å, which is in excellent agree-
ment with that of ND at 1033�3� K.13 This choice was also
partly motivated by the difficulty in choosing an equilibrium
volume for a soft and highly disordered material such as
�-Bi2O3. Thus to examine the sensitivity of the properties to
changes in the cell volume, additional test calculations were
carried out by increasing the cell volume by up to 10%. Each
MD simulation ran for 40 ps including equilibration periods
of between 2 and 10 ps with a step length of 2 fs. With this
choice of step length, the drift in the total energy is less than
0.3 meV ps−1 atom−1.

A detailed analysis of the electronic density of states has
been performed by decomposing the individual bands into
contributions with distinct angular-momentum l numbers, by
projecting the wave functions onto spherical harmonics
within the Wigner-Seitz spheres defined by rwz�Bi�
�1.65 Å and rwz�O��1.55 Å. This choice is consistent
with the cell-volume and the charge-density maps.

IV. RESULTS AND DISCUSSION

A. Ionic density profiles for �-Bi2O3

The extreme disorder within the oxygen sublattice of
�-Bi2O3 and a highly flexible immobile sublattice are clearly
seen in the average ionic density distributions shown in Fig.
3. The oxygens are “spread out” within the tetrahedral cavi-
ties possessing broad peaks at the 8�c� site and marked tet-
rahedral distortion in the �111� directions. The density pro-
files are in excellent agreement with that of ND-RMC,13

although the Debye-Waller thermal clouds are less diffused.
Interestingly, no distinct peaks are found in the ionic density
near the 32�f� site consistent with the density profile in our

recent ND-RMC study.13 This differs from that of the aver-
age structural model13 and previously reported density pro-
files for �-Bi2O3,18,19 where local maxima in the anionic den-
sity distribution are found near the 32�f� site.

Comparison with the optimized configurations carried out
within 10-ion and 80-ion unit cells allows us to learn more
about the topography of the underlying potential-energy sur-
face and how the highly diffuse anionic density distribution
is connected to the dynamics of the oxygens. The optimiza-
tions carried out using a 10-ion simulation cell are accompa-
nied by substantial orthorhombic and tetragonal cell distor-
tions. Typically, one of the axis is substantially elongated or
shortened compared to the other two. The optimized cell
volumes of the 10-ion configurations differ by as much as
20%. In contrast, the cell shape of the 80-ion configurations
remains overall cubic upon optimization, and the cell vol-
umes of the different optimized configurations differ by less
than 6%. This suggests that most of the atom correlations is
encapsulated within a 80-ion cell. In all these optimizations
the oxygens relax appreciably from their ideal 8�c� site when
initially distributed over both the 8�c� and the 32�f� sites.
This confirms that the marked shift into the 32�f� site is
attributable to extensive configurational disorder. The likeli-
hood of considerable distorted local oxygen environments
around the bismuths has also been suggested in a recent ab
initio DFT study49 by the inspection of a selection of “qua-
sirandom” configurations. Here,49 the oxygens were distrib-
uted over the 8�c� positions such as to match the correlation
functions of an “infinite” �randomly chosen� configuration,
followed by structural optimizations.

The presence of locally distorted sublattices implies that
the dynamics of the oxygens within a tetrahedral cavity �me-
tabasin� involves rapid “jumps” into and out of shallow ba-
sins on a highly undulating potential-energy surface. The dif-
fuse anionic density distributions and the large relaxations
accompanying the structural optimizations are consistent
with the highly diffused density profile obtained experimen-
tally �ND-RMC� �Ref. 13� and contrast those of previous
theoretical investigations20–26 where the structural optimiza-
tion were typically accompanied by modest relaxations if all
oxygens were initially distributed over the ideal 8�c� posi-
tions only.

B. Local structural models and thermodynamic
properties of �-Bi2O3

The distribution of the minimized energies of the 50 op-
timized arrangements constructed by the initial distribution
of oxygens and vacancies over the 8�c� and 32�f� sites is
shown in Fig. 4. We also plot the energies of the 10-ion
optimizations where the three “idealized” alignments �shown
in Fig. 2� are explicitly marked, along with those of the �
and � phases and the superstructure reported in Ref. 21. Of
particular note is that all 18 optimized 10-ion configurations,
all 50 optimized 80-ion arrangements, and all quenched MD
configurations �marked as “All �10-ions cell�,” “random se-
lection �80-ions cell�” and “quenched MD” in Fig. 2� lie
below the minimized energies of the three distinct oxygen-
vacancy configurations �shown in Fig. 2�.

8(c)

32(f)

O

Bi

FIG. 3. �Color online� The ionic density of �-Bi2O3 from MD at

1033 K, shown as a slice through the �11̄0� plane. The refined 8�c�
and 32�f� sites �taken from Ref. 13� are marked in the figure.
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The minimized energy of the � phase lies 0.13 eV �per
formula unit� above that of the � phase in good agreement
with the transition enthalpy, �H��→��, obtained experi-
mentally ��H��→��=−0.09 eV �per formula unit��.50 The
average enthalpy for �-Bi2O3 calculated using Eq. �2.1� at
1033 K and by minimizing the energy of 10 dumped con-
figurations along the MD trajectories are in excellent agree-
ment and �0.2 eV / f.u. higher than that of the � phase.
These values are in good agreement with the transition en-
thalpy �H��→�� obtained experimentally �0.31 eV/f.u. at
1003 K �Ref. 28�� and a recent ab initio DFT study49

��0.4 eV / f.u.�. The �100�, �110�, and �111� configurations
are all much higher in energy than the transition enthalpy
calculated above in the static limit �by, i.e., 0.5, 0.7, and 1.6
eV/f.u., respectively� and are unlikely to be thermally acces-
sible within the bulk. However, the possibility for modeling
the structure of �-Bi2O3 using ordered low-energy super-
structures has been suggested21,23 by embedding a �111� con-
figuration within a �110� array �marked as “�111�+ �110�” in
the figure�. Although low in energy, comparison with CA
emphasizes that a single ordered low-energy 80-ion configu-
ration of the type suggested in Ref. 21 does not capture the
essential structural �i.e., the large shift into the 32�f� site34�
and thermodynamical features �i.e., the high configurational
entropy of �-Bi2O3 �Ref. 28�� of the disordering process,
which involves a thermal average of many markedly differ-
ent local low-energy “motifs” where the O2− and Bi3+ are
relaxed significantly away from their ideal average lattice
sites. This is visualized in Fig. 5 where we show an example
of a thermally accessible �local minima� configuration with

energy �0.05 eV �per formula unit� lower than the “�111�
+ �110�” superstructure.21

C. Pair distribution and angular distribution functions

To obtain further insight into the local structure and atom
correlations within �-Bi2O3 and �-Bi2O3, we plot in Fig. 6
the radial �pair� distributions functions, gBiBi�r�, gOO�r�, and
gBiO�r� and in Fig. 7 the distribution of angles, ABiBiBi�
�,
AOOO�
�, and AOBiO�
�. Results from MD and CA simula-
tions for �-Bi2O3 are reported at T=1033 K together with
MD results of �-Bi2O3 at 297 K.

The first peak in gBiO�r� of the � phase, located at 2.2
�MD� and 2.25 Å �CA�, is markedly shorter �by �0.4 Å�
than that expected from the average ionic density profile �see
Fig. 3 and Ref. 13�, resembling closely that of the � phase.
Although gBiO�r� of �-Bi2O3 is slightly broadened in com-
parison with that of �-Bi2O3, their peak positions and overall
shapes are very similar. The good agreement with gBiO�r�
calculated from RMC of the total scattering data13,34 is par-
ticularly encouraging confirming the presence of strikingly
short Bi-O bonds. Further discrepancies from that expected
from the average ionic density distributions are also seen in
AOBiO�
�, which has a broad peak at cos�
�=0.3. This corre-
sponds to O-Bi-O angles in the range of 70–80° and is con-
sistent with a highly asymmetric anionic environment around
the Bi3+ locally resembling those of the ordered � and �
phases of Bi2O3 �for a detailed discussion of the angular
distribution functions of �-Bi2O3 from ND, see Ref. 13�.

Investigating further the local environments of the bis-
muths by integrating the first peak in the Bi-O pair distribu-
tion function up to its first minimum shows that the average
number of oxygens around a Bi3+ is, as expected, �6 �5.9
�MD� and 5.7 �CA��. However a time-resolved analysis �car-

0 0.5 1 1.5

D
en

si
ty

Energy/eV formula units

α phase

β phase

<111>+<110>

quenched MD

<100> <110> <111>

Random selection (80−ion cell)

All (10−ion cell)

FIG. 4. Distributions of minimized energies found by optimiz-
ing configurations where the oxygens are initially distributed over
both 8�c� and 32�f� sites �as described in Sec. II�. Results using
10-ion and 80-ion cells are the histograms marked as “all �10-ion
cell�” �dashed lines� and “random selection �80-ion cell�” �thick full
lines�, respectively. “All” denotes that all symmetrically distinct
arrangements are optimized, excluding the “�100�,” “�110�,” and
“�111�” arrangements �see Fig. 2�, which are marked separately as
“�100�,” “�110�,” and “�111�.” The average energy calculated in the
static limit by quenching a number of MD configurations is marked
as “quenched MD.” The “�111�+ �110�” represents the superstruc-
ture reported in Ref. 21. All minimized energies are compared to
that of �-Bi2O3, which is set to 0.0 eV.

a

b

FIG. 5. �Color online� An example of an optimized low-energy
configuration. The big white spheres are the bismuths, whereas the
small red spheres are the oxygens.
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ried out by dumping the atomic coordinates along the trajec-
tory� suggests that the bismuths take a range of coordination
numbers. That is, we find that the Bi3+s are surrounded by
four, five, six, and seven oxygens within their first coordina-
tion shells. This emphasizes the striking ability of the bis-
muths in accommodating the migrating oxygens under very
different local environments, which facilitates rapid anion
diffusion. The overall short-range order of the local structure
is also seen in AOBiO�
�; whereas the oxygens found within
the first coordination shell of a given cation is constrained
angularly �marked as “low” in Fig. 7� the outer oxygens
located within the first and second coordination shells are
rather loosely bound angularly, as is seen in Fig. 7 �marked
as “high”�.

The peaks in gOO�r� of �-Bi2O3 are broad compared to
that of the � phase and consistent with the diffuse anionic
density profile �Fig. 3� confirming the experimental evidence
for a highly disordered mobile sublattice.13 The broad, but
pronounced, peak in gOO�r� at 3.0 Å as well as a peak near
109° in the ABiOBi�
� �not shown� are broadly consistent with
that expected from the mean atomic densities �see Fig. 3� and
indicate the presence of some local order within the mobile
sublattice. We find no evidence for alignments of oxygens
within the next-nearest and third-nearest coordination shells
of a given oxygen. However, a broad but notable peak at

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

1 2 3 4 5 6 7 8

g B
iB

i(r
)

r/Å

0

0.5

1

1.5

2

2.5

3

1 2 3 4 5 6

g O
O

(r
)

r/Å

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

1 2 3 4 5 6 7 8

g B
iO

(r
)

r/Å

(b)

(a)

(c)

FIG. 6. Top, middle and bottom figures show the gBiBi�r�,
gOO�r�, and gBiO�r�, respectively. The thick and thin solid lines de-
note the MD and CA results for �-Bi2O3 at 1033 K, respectively,
whereas the dashed lines are the results for �-Bi2O3 at 297 K.
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� is calculated
up to 3.5 Å� and “high” �AOBiO�
� is calculated up to 4.2 Å�.
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around 6.0 Å is consistent with that obtained from
ND-RMC,13 indicating a tendency toward limited
intermediate-range order within the oxygen sublattice.

The ABiBiBi�
� from MD possesses broad peaks at 70 and
120° consistent with a high-temperature fcc crystal lattice.
Of particular note is the surprisingly broad ABiBiBi�
� peaks
found in the static limit �CA� pointing to a structurally highly
flexible and locally distorted immobile sublattice.

D. Diffusion coefficient of �-Bi2O3

In Fig. 8 we plot the mean square displacements �MSDs�,
1

NO/Bi
�i=1

NO/Biri�t�−ri�0�2, where ri�t� and ri�0� are the posi-
tions of the ith oxygen/bismuth at times t and 0 �after equili-
bration�, and NO/Bi is the number of oxygens/bismuths in the
simulation box. The MSDs show that we have captured the
characteristic feature of solid electrolytes within the simula-
tions; while the bismuths show no tendency of diffusion, the
MSD of the oxygens increases roughly linearly with time.
From the slope of the MSD of the oxygens we calculate the
self-diffusion coefficients, DO via the Einstein relation

DO = lim
t→�

1

6tNO
��

i=1

NO

ri�t� − ri�0�2� , �4.1�

where the �¯ � denotes a time average over the trajectory.
We have not found any values of DO from experiments
within the literature, but the calculated value, DO=1.0
	10−5 cm2 s−1, is consistent with those of other superionic
conductors with similar conductivities.9

E. Atomistic analysis of the trajectory of �-Bi2O3

A detailed atomistic investigation of the characteristic
times and possible diffusion mechanisms within �-Bi2O3 has
been carried out by dividing the simulation cell into distinct
space-filling cubes �subcells�,42,51,52 with the cube center lo-
cated at the tetrahedral 8�c� site, and the octahedral site lo-
cated at alternate cube-corner positions. This choice is con-
venient for the interpretations of the ionic trajectories since

most of the cationic density associated with a given tetrahe-
dral cavity is encapsulated within a given subunit. Jumps can
be therefore be identified when a oxygen “escapes” a given
subcell. However, to distinguish jumps and vibrations with
amplitudes stretching into a neighboring cavity, an oxygen is
assumed to undergo diffusion if it has “left” its original cav-
ity and carried out at least one vibration within the new sub-
cell.

This analysis shows that the dynamics of the oxygens
involves several distinct time scales. We find that the oxy-
gens resides within the tetrahedral cavity for �res�8 ps. The
distribution of vibrational frequencies extracted by Fourier
transform of the velocity autocorrelation function shows that
the oxygens vibrate with a period of �0.1 ps, which is about
2 orders of magnitude lower than the average residence time.
The flights between the tetrahedral cavities are rapid
��0.5 ps� or involve transient �short-lived� �1 ps posi-
tions, where the migrating oxygens carry out a few vibra-
tions near the octahedral 4�b� site. The trajectories show that
the majority ��95%� of the oxygens migrate rapidly and
decisively in the �100� direction. The marked bulges in the
�111� directions in the cationic density profile �see Fig. 3�
therefore show that the trajectories involving nearest neigh-
boring cavities must be markedly curved. Indeed, a typical
example showing different stages of a migrating oxygen is
visualized in Fig. 9. It is interesting to note that, although the
oxygens, while migrating, often reside near the octahedral
site �see Fig. 9� they retain their low coordination environ-
ment at all stages during the diffusion. This emphasizes the
striking ability of the bismuth sublattice to locally adapt such
that an O2− can easily escape its Madelung well and undergo
diffusion to a neighboring vacant cavity.

The analysis of the trajectories carried out so far have
only involved the consideration of single-particle events; that
is, we have ignored the influence of the immobile lattice on
the jumps of the oxygen and possible cooperative events
among the oxygens. Thus, correlated movement has been
investigated by comparing the calculated distribution of resi-
dence times with that expected from a random jump model
�see Fig. 10�. Whereas random uncorrelated events follows,

FIG. 8. The average MSD, 1
NO/Bi

�i=1
NO/Biri�t�−ri�0�2, for the oxy-

gens �full lines� and the bismuths �dashed lines and inset�. The
results from three different MD simulations at 1033 K are shown.

ii) iii)

v)iv)

i)

vi)

0 ps 1.0 ps 1.5 ps

1.6 ps 1.7 ps 1.8 ps

FIG. 9. �Color online� Various stages of a typical migrating
oxygen �from MD� within �-Bi2O3 at 1033 K. The snapshots are
viewed along the �010� direction, and the nearest-neighboring bis-
muths involved in the diffusion are shown. The oxygen resides
within a tetrahedral cavity �picture i� and starts to migrate �picture
ii�. Pictures �iii�, �iv�, and v� show that the oxygen resides at an
“interstitial site” for a short time, where it carries out a few ampli-
tudes of vibrations. Finally, the oxygen has fully migrated to the
nearest-neighboring vacant cavity �picture vi�.
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f̄��� =
1

��res�
exp�− ��res�� , �4.2�

correlated diffusion appears as a marked deviation from this
behavior. As can be seen from Fig. 10, we find an unusually
high occurrence of short residence times ��1.0 ps�. To in-
vestigate the origin of this feature, we estimate the number of
short residence oxygens that return to their previous cavity
and compare this number to that expected if the short resi-
dence time oxygens were jumping to a random neighboring
cavity �i.e., the relative number of “unsuccessful” jumps�.
Indeed, we found that 60% of all short residence oxygens
returned to their original cavities, which accounts for about
95% of all cooperative events. This can be confirmed by
calculating the diffusion coefficient from a simple jump dif-
fusion model using D�O=1 /6jbO

2 , where j=1 /�res is the
jump frequency and bO is the average jump distance between
the nearest-neighboring lattice site. Inserting j=1 /8 ps−1

above, we find D�O=2	10−5 cm2 s−1, which is higher than
that found via the Einstein relation using Eq. �4.1�, confirm-
ing the likelihood of a significant number of unsuccessful
jumps. Thus, there is little evidence of cooperative diffusion
of oxygens, and we can estimate the oxide conductivity, �,
from

� = 1/kBe2�QODO, �4.3�

where � and QO are the concentration and the formal charge
of the ions, respectively. DO=1	10−5 cm2 s−1 is the anion
self-diffusion coefficient found above from the MSD of the
oxygens. The calculated �, 0.2 �−1 cm−1, is markedly lower
that that measured experimentally, �1 �−1 cm−1�see Ref.
6�. To investigate this in further detail we have carried out a
number of additional MD simulations. Since, for example,
we find a tendency of intermediate-range order within the
mobile lattice and the likelihood of a large number of unsuc-
cessful oxygen jumps, we carry out short MD simulations

��10 ps� using a larger supercell consisting of 3	3
	3 unit cells �containing 270 atoms� to check if the cell size
may influence the dynamics of the oxygens. However the
cell size appears to have no measurable effect on the ionic
conductivity. Likewise, results from test calculations where
we increase the cell volume by 10% indicate that the con-
ductivity is not very sensitive to changes in the cell volume.
Bearing in mind that the conductivity could be sensitive to
small changes in the height of the barrier of migration we
carry out additional MD simulations at somewhat higher
temperature of 1200 K. Although, this corresponds to tem-
peratures of liquid Bi2O3, we found no diffusion of the bis-
muths but a high superioniclike conductivity of the oxygens.
This is consistent with the markedly lower ionic conductivity
found in this work compared to that of experiment6–8 and is
not unusual for MD calculations carried out at the level of
gradient-corrected DFT, although further test calculations are
required to draw firm conclusions. It is also worth mention-
ing that we cannot rule out the possibility of the presence of
“domains” and the possibility of enhanced ionic conductivity
at interfaces between such domains.33

F. Electronic structure of �- and �-Bi2O3

We now examine the nature of the Bi-O bond and the role
of the highly polarizable immobile sublattice on the asym-
metric local structure. In Fig. 11 we show representative con-
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FIG. 10. Distribution of residence times of the oxygens �shown
as bars� of �-Bi2O3 at 1033 K �MD�. The distribution of residence
times expected from a random uncorrelated diffusion process cal-
culated from Eq. �4.2� is shown as a dashed line. An oxygen is
assumed to migrate to a neighboring basin �cell� if it remains within
that basin �cell� for more than 0.5 ps �Ref. 52�.

FIG. 11. Electron-density contour map of �-Bi2O3 �top figure�
and �-Bi2O3 �bottom figure� viewed along the �010� of the flourite
crystal lattice. The contour map of �-Bi2O3 is a snapshot from MD
at 1033 K, whereas the contour map of �-Bi2O3 is the optimized
structure. The plots display states from −12 to 0 eV, and contour
levels are marked from 0.0 �black� to 0.5 e /Å3 �white�. The vacan-
cies are marked as white “V”s for �-Bi2O3. The Fermi energy is 0.0
eV.
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tour plots of the electronic density of �-Bi2O3 and �-Bi2O3.
A pronounced asymmetry is clearly visible near the Bi3+ nu-
clei �Fig. 11� with peaks in the direction of the vacancies
�marked as white “V”s in the figure of �-Bi2O3�. This sup-
ports the presence of a stereochemically active “lone pair,”
and provides a plausible explanation for the highly irregular
anion environments of the bismuths within the � phase. The
similarities between electron densities of the � and � phases
of Bi2O3 are striking. A stereochemically active lone pair has
been suggested to play a central role in promoting the high
ionic conductivity within �-Bi2O3 �see, e.g., Ref. 53� and to
explain the structural distortions of many fully ordered post-
transition-metal oxides, including the � phase of Bi2O3 itself.
However, the underlying hybridization that gives rise to this
asymmetry is very different from that of the conventional
�textbook� model where the presence of an inert “6s lone
pair” is explained in terms of a directional 6s-6p hybrid or-
bital located near the Fermi level �see, e.g., Ref. 35�. How-
ever, projecting the time-averaged density of states into dis-
tinct sites, orbital angular, and magnetic-moment quantum
numbers, l and m, �see Fig. 12� shows that the states near the
Fermi level, EF, �from −2 to 0 eV� essentially constitutes the
oxygen 2p orbitals with only small contributions from the
bismuth 6p /6s states, whereas the majority of the 6s states is
found at bottom of the valence band in good agreement with
a recent ab initio DFT study.49

Interestingly, resolving the electron contour maps of
�-Bi2O3 in three distinct energy regions �see Fig. 13� defined
by −12�Ebands�−7 eV �Fig. 13�a��, −7�Ebands�−2 eV

�Fig. 13�b��, and −2�Ebands�0 eV �Fig. 13�c�� shows that
the asymmetry of the electronic density around the Bi3+, as
seen in Fig. 11, does not arise from the 6s bands located at
�−10 eV but from the block of bands located near EF.
Whereas the electron density in the low-energy block �i.e., at
−10 eV� is located at the atoms or concentrated in between
the oxygens and the bismuths �not visible in the slice in Fig.
13�, the lack of electron density in between the oxygens and
the bismuths within −2�Ebands�0 eV indicates a pro-
nounced antibonding interaction in this region. The dominant
contribution of the 2p states near EF may therefore play an
important role in explaining the highly asymmetric electron
density near the bismuth nuclei. To investigate this further,
we analyze the characters of the bands located near the Fermi
level. Indeed, all bands in this region constitute a mixture of
O 2p, Bi 6s, and Bi 6p states; that is, we do not, for example,
find bands that have a pure O 2p character or bands possess-
ing particular large weights of Bi 6s and/or Bi 6p characters.
Whereas the contribution from the Bi 6p is roughly constant
at �5% in the region −2�Ebands�0 eV the contribution to
the bands from the Bi 6s states increases from about �5% at
−2 eV to about 12% at EF.

The pronounced influence of the oxygen 2p orbitals on
the asymmetric electron density clearly contrasts with that of
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FIG. 12. �Color online� Total and partial electron density of
states for �-Bi2O3 �top figure� and �-Bi2O3 �bottom figure�. The
densities of states are calculated by averaging over the MD trajec-
tory at 1033 and 297 K for the � and � phases, respectively. The
thick full red, dashed green, dotted purple, and dashed blue lines
represent the total, the O 2p, the Bi 6s, and the Bi 6p states, respec-
tively. The Fermi energy is 0.0 eV.

a)

b)

c)

FIG. 13. Decomposed electron-density contour maps for
�-Bi2O3 taken from a typical MD time snapshot at 1033 K �viewed
along the �010� direction�. The three plots show the electronic den-
sity from bands with energy �a� from −12 to −7 eV, �b� from −7 to
−2 eV, and �c� from −2 to 0 eV. Contour levels are displayed
between 0.0 �black� and 0.15 e /Å3 �white�. The Fermi energy is
0.0 eV.
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the conventional lone-pair �textbook� model but is very simi-
lar to results from recent bonding analysis of structural dis-
tortions in selected ordered post-transition-metal compounds
such as those of �-PbO and the � phase of Bi2O3 itself.20,54

Indeed, in these ordered phases the majority of the 6s states
are also located at the bottom of the valance band whereas
the pronounced asymmetry in the electron density around the
cations arises due to a hybridization of all O 2p, Bi 6s, and
Bi 6p bands. The link between the distorted structures of
ordered post-transition-metal oxides and the disordered high-
temperature � phase of Bi2O3 can be further confirmed by
the comparison with that of �-Bi2O3. The characters of the
bands near EF of the optimized structure and of a selection of
MD configurations, all contain a mixture of Bi 6s and Bi 6p
and O 2p orbitals. The striking similarities between the elec-
tronic structure of the ordered post-transition-metal phases
�i.e., �-PbO,54 �-Bi2O3,20 and �-Bi2O3 �Fig. 11�� and that of
the highly disordered �-Bi2O3 �Fig. 11� provide strong evi-
dence for a revision of the conventional lone-pair model for
modeling highly defective post-transition-metal oxides.

As shown in Fig. 12, striking similarities between the
electronic structure of the disordered high-temperature phase
and the ordered low-temperature phases of Bi2O3 �Ref. 20�
are also reflected in the partial DOS, although the band gap
of �-Bi2O3 is smaller and the bands wider than that of the
ordered � and � �see Fig. 12� phases of Bi2O3. In the case of
�-Bi2O3, we find a distinct band gap of 1.7 eV, which is in
fair agreement with an experimental estimate of 2.8 eV,55

bearing in mind that DFT tends to systematically underesti-
mate band gaps of semiconductors.56 The presence of a dis-
tinct band gap of �0.7 eV �MD� and of �2.0 eV �CA� at
the Fermi level �see Fig. 12� is consistent with experimental
measurements of �-Bi2O3 thin films57 and stand in contrast to
those of the three idealized anion-vacancy alignments,20,24,26

which appear to possess metallic, semimetallic or a very
small band gap of �0.1 eV. The substantially higher band
gap found in the static limit is associated with the broadening
of the bands when vibrations are taken into account. The
band gap found in the static limit is in good agreement with
the band gap found for the “superstructure” reported in Ref.
21 and those of selected “random structures” of oxygens49

�which both predict band gaps of �2.0 eV �Refs. 21 and
49��.

The increase in the band gap accompanying the �→�
transition is good agreement with that suggested in Ref. 24,
where the � phase was thought to have a substantially lower
band gap of �1 eV compared to �-Bi2O3. This is entirely
consistent with the presence of an ordered sublattice within
�-Bi2O3 and a highly disordered sublattice within �-Bi2O3.

V. CONCLUSION

In this work we have examined in detail the structural and
dynamical properties of the � and � phases of bismuth ses-
quioxide �Bi2O3� using Born-Oppenheimer ab initio molecu-
lar dynamics at the level of gradient-corrected DFT. Com-
parison of the two phases allows one to separate and identify
the distinct structural and thermodynamic features of oxygen
disorder within �-Bi2O3 since the structural distortions of the

immobile lattice accompanying the �→� transition are neg-
ligible.

The ionic density plots, the pair, and the bond angle dis-
tribution functions are in very good agreement with ND re-
sults reported in.13 The short Bi-O bonds of �2.1–2.2 Å
and the broad peaks in AO-Bi-O at �70° indicate that the
bismuths within the � phase possess highly irregular anion
arrangements, locally resembling the distorted structures of
many ordered post-transition-metal compounds under ambi-
ent conditions. This is exemplified here by the comparison
with �-Bi2O3. A structurally “flexible” immobile sublattice is
clearly evident from the broad peaks in gBiBi and ABiBiBi, and
the bismuths are shown to take a range of coordination num-
bers. Comparison with extensive lattice static simulations
carried out using configurational �Boltzmann� averaging and
by optimizing a number of MD configurations show that
these local distortions are largely attributable to the presence
of “static” distorted mobile and immobile sublattices within
�-Bi2O3. This places some doubt on the validity of previous
structural models based on a cubic environment in which O2−

vacancies are preferentially aligned in pairs in the �100�,
�110�, and/or �111� directions, or distributed at random over
these ideal tetrahedral positions. Whereas the average �
→� transition enthalpy calculated in the static limit via CA
and by averaging over a number of quenched MD configu-
rations are in very good agreement with that obtained experi-
mentally, the minimized energies of the idealized oxygen-
vacancy configurations, where the oxygens are aligned in the
�100�, �110�, or �111� directions are substantially higher by
�0.5 eV / f.u. and unlikely to be thermally accessible within
bulk �-Bi2O3. We find that many of the 50 optimized 80-ion
configurations �where the oxygens are initially distributed
over both the 8�c� and 32�f� sites� are thermally inaccessible
emphasizing a strong energetic preference for particular local
structures.

Comparison of MD and lattice static calculations shows
that the dynamics of the oxygens involves a highly undulat-
ing potential-energy surface. The movements within a dis-
tinct tetrahedral cavity �metabasin� involve rapid “jumps”
into and out of shallow basins with times consistent with a
typical optical phonon mode �with period of �0.1 ps� point-
ing to an unusual entropic contribution to the stability of the
superionic phase. The stabilization is strongly linked to the
striking ability of the bismuth to locally adapt such that an
oxygen can easily escape its Madelung well and undergo
diffusion to a neighboring vacant cavity.

Examination of the MD trajectories indicates that 95% of
the “jumps” is in the �100� directions. The trajectories are
markedly curved and the diffusion is strongly influenced by
the presence of local distortions of the cation sublattice, as is
evident from an unusually high occurrence of short residence
time oxygens compared to that expected for uncorrelated dif-
fusion. Many oxygens appear to migrate but, if the slowly
vibrating cation sublattice does not possess the required de-
grees of freedom to accommodate the motion, the anion re-
turns to its original cavity. In contrast, there is little evidence
of correlations between the motions of different anions, i.e.,
the distributions of residence times �1 ps follows that ex-
pected for random, uncorrelated events.

The “soft” immobile lattice is intimately linked to the
polarizability of the bismuths which is visualized in the elec-
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tronic contour plots. This provides evidence for the presence
of a stereochemically active, but chemically dynamic, “lone
pair.” Inspection of the bands show that this asymmetric
charge distribution arises from the bands with energy near
EF, which possess a mixture of all oxygen 2p, bismuth 6s,
and bismuth 6p orbitals. The influence of the oxygen 2p
orbitals in mediating highly asymmetric electronic bismuth
environments contrasts that of the conventional 6s lone-pair

�textbook� model which has been used to explain the extreme
ionic conductivity within the � phase of Bi2O3 and for un-
derstanding the electronic origin of the structural distortion
of many ordered post-transition-metal oxides. Our results
show striking similarities to many of these compounds20,54

providing further strong evidence for a revision of the con-
ventional lone-pair model for studying also highly defective
materials exemplified here by the extreme case of �-Bi2O3.
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