
DOUBLY BOTTLENECKED EPR IN Cu: Cr, Mn

IV. CONCLUSIONS

The phenomenon of double bottlenecking, in
which a second paramagnetic impurity species
participates dynamically in the EPR of a bottle-
necked system such as Cu:Mn, has been theo-

retieally predicted and experimentally observed
in Cu: Cr, Mn. %hen suitable parameters pre-
vail, the double-bottlenecking phenomenon enables
one to effectively study the EPR of an impurity (in
this case Cr) for which EPR cannot be detected by
conventional techniques.
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Electron-spin-echo-electron-nuclear-double-resonance (ENDOR) spectra have been observed in dilute ruby

crystal at magnetic fields of 1.7, 3.3, 5.8, and 7.5 kG. Analysis of the data yields the Cr-Al hyperfine and

electric quadrupole interaction parameters for 34 Al nuclear neighbors, and shows the Al nuclear

quadrupole Hamiltonian must include an asymmetry parameter and a tilt of the principal axis of the

electric field gradient away from the direction of the crystal optic axis. The parameters are used to
calculate electron-spin-echo behavior, and the comparison with experimentally determined spin-echo

modulation data is excellent. Explicit expressions for the double-resonance effect are derived under

limiting conditions and show the sinusoidal dependence of the double-resonance amplitude on the time

separation of the first two excitation pulses. Various properties of the echo-ENDOR effect and its

capability to untangle overlapping resonances are experimentally demonstrated.

L INTRODUCTION

Ruby (Cr"-doped AlmO, ) is a crystal of great
general interest. It is a material of technological
importance both as a solid-state maser' and as a
laser, and consequently there have been extensive
investigations of its electronic and optical prop-
erties. The technology and interest associated
with ruby were undoubtedly major factors in its
being chosen as the material in which to perform
the first photon-echo and self-induced-trans-5

parency experiments.
Conventional electron-spin- resonance, acoustic-

paramagnetic resonance, electron-nuclear-double-
resonance (ENDOR), and electron-spin-echo ex-
periments have been used to study the A4 elec-

tronic ground state of Cr 'in ruby. A study of the
linewidth of EPR transitions in the A4 ground state
as a function of chromium concentration has shown
a concentration- independent contribution which is
almost entirely due" to the unresolved superhyper-
fine interactions between the Cr ion and the mag-
netic moments of neighboring aluminum nuclei.
Using conventional ENDOR techniques, Laurance,
McIrvine, and Lambe made the first measure-
ments of the nuclear-magnetic-resonance spectra
of the nearest 13 aluminum neighbors to the Cr
ion, and obtained values for parameters describing
the Cr-Al interaction and the Al electric quadrupole
interaction. Using these parameters, it is pos-
sible to understand the electron-spin-echo be-
havior for short excitation-pulse separations. '
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Later experiments with longer pulse separations
were, however, not in good agreementwith a theory
which used the ENDOR results of Ref. 8. This
discrepancy between experiment and theory lead
us to repeat the ENDOR experiment using the
pulsed technique of echo ENDOR. This method,
which was first used by Mims, "is the extension
to an electron-spin system of a double-resonance
technique used in nuclez. r magnetic resonance. ~

We find that the echo-ENDOR technique is very
well suited for the determination of the Cr-Al hy-
perfine interaction parameters in ruby, especially
since it allows one to disentangle the overlapping
resonances associated with the many neighboring
Al nuclei and leads to an unambiguous assignment
for closely lying lines. Our results show that the
interaction Hamiltonian for ruby must (i) include
an asymmetry parameter to allow for a noncylin-
drically symmetric electric field gradient and
(ii) allow the principal axis of the field gradient
to point in a direction away from the optic axis.
The interaction parameters we obtain describe
the ENDOR spectra of 34 neighboring nuclei over
a wide range of applied magnetic fields and greatly
improve agreement between theory and experiment
for electron-spin-echo behavior for short and long
excitation-pulse separation times.

The echo-ENDOR technique consists of monitor-
ing the amplitude of the three-pulse stimulated
echo as a function of the frequency of a double-
resonance rf field applied to the sample in the time
interval between the second and third excitation
pulses (Fig. l). Nuclear double resonance is in-
dicated by a decrease in echo amplitude. In Sec.
II, we reanalyze the echo-ENDOR method using the
density matrix to obtain, under limiting conditions,
explicit expressions for the double-resonance sig-
nal amplitude of a system such as ruby (A1203:
Cr ) whose Al nuclei have I= —,. Our result re-
duces to Mim's result' for I= 2 and shows the
sinusoidal dependence of double-resonance ampli-
tude on r3(the time separation of the first two
excitation pulses) which we exploit to analyze the
complicated ruby ENDOR spectra. In the Ap-
pendix, we present a simple vector model of the

Mims has given an expression for the echo-
ENDOR effect for the case in which a nuclear neigh-
bor has spin-&. For completeness and to facilitate
a direct comparison with our echo-ENDOR results
in ruby, we reanalyze the effect using a density-
matrix formulism which is valid for arbitrary nu-
clear spin. Our result reproduces that of Mims
and in addition gives the effect of equivalent neigh-
bors and the dependence on the amplitude of the
double-resonance rf field.

We describe the echo atom as a two-level sys-
tem' and hence, in the absence of the radiation
field, the Hamiltonian for the echo atom and its
nuclear neighbors can be written in terms of the
Pauli spin matrices:

2(+1++2)oQ+ 2 (R3 R2+ ~+)o3 l

where H& and Hz are the nuclear Hamiltonians
corresponding to the echo atom being in state 1
and 2, respectively, and the energy separation
between the echo states is I co. Because we have
assumed the energy corresponding to ~ is much
greater than nuclear energies, we have dropped
off-diagonal terms and kept only terms propor-
tional to o 0 and 03.

The echo amplitude is given by the expectation
value of the dipole moment,

(P) = Tr Pp, (P) = ky(S, x + s,y ),

1S„=20'~, 1S„=~Oz.

echo- ENDOR effect.
The apparatus is described in Sec. III. In Sec.

IV we test experimentally the behavior of the
double-resonance amplitude as a function of Tg,

the nuclear species resonated, and the amplitude
of the double-resonance rf magnetic field. The
technique used for untangling overlapping reso-
nances is also demonstrated. The echo-ENDOR
spectra of ruby and its analysis is presented in
Sec. V. The results given here represent a re-
finement of preliminary measurements which were
reported earlier. ~ In this latter section, we make
a comparison between experimentally obtained
spin-echo modulation behavior and the correspond-
ing behavior obtained from a theoretical calcula-
tion which uses the interaction parameters obtained
from the echo-ENDOR experiment. Comparison
is made with X-band and Xu-band data, and agree-
ment is excellent.

II. THEORY

rf
PULSE jilNNNP

For the case of the familiar two-pulse echo the
density matrix p is given by

p(r+ 3,) = e ' "
R33Qe ' '& "R,Q pQ RQQ

FIG. 1. Spin-echo-ENDOR pulse sequence. ixv3/3R e &~/" (3)
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where U&, 2 are defined such that

U= 2(Uf+ Ug)vo+ 2(Ug- Ug)og, (6)

and H. c. denotes the Hermitian conjugate of the
operators to its left. Note that the term U& (Um)

will contain the effect of the rf field only if the nu-
clear transition corresponds to the nucleus being
in the field of the echo atom in state 1 (state 2).
Additional terms which are proportional toe""'& ' have been dropped, as these will not con-

where R,p and R,sp are operators giving the effects
of the 90' and 180 excitation pulses, respective-
ly. The term v measures the time after the 180'
pulse, and pp is the initial density matrix. For
the stimulated-echo case and echo ENDOR Rgsp
is replaced by R9p UR9p,

R~sp» R9p UR9p .
The operator U gives the time development be-
tween the second and third 90 pulse of the stimu-
lated-echo-pulse sequence and also contains the
effect of the rf field on the nuclear neighbors.

To calculate the stimulated-echo amplitude we
shall make some simplifying assumptions con-
cerning the action of the time-development opera-
tor U.

First, we shall assume that the time between the
second and third pulses is sufficiently long that all
phase memory of the system is irreversibly lost.
This statement amounts to setting all off-diagonal
matrix elements of the density matrix to zero,
with the density matrix written in a representa-
tion in which the Hamiltonian is diagonal.

Next, we shall assume that the effect of the rf field,
which is applied during almost the entire time be-
tween the second and third microwave pulses, can
be replaced by an operator which acts only im-
mediately preceding the third pulse. We assume
the rf field couples together only two energy states
of a nucleus in the field of a given echo-atom state.
If we were to assume the rf pulse to be a 180
pulse, the effect of this operator would be to inter-
change the matrix elements of the density matrix
corresponding to the two nuclear energy states in-
volved in the transition. In the more general prob-
lem of an arbitrary 8-degree pulse, we treat the
two energy states involved as a two-level system
and apply the 2@2 rotation operator correspond-
ing to a 8-degree rotation. With these assumptions
and further assuming 5-function excitations, we
find that the trace over the electron-spin states is
easily taken to yield the stimulated-echo ampli-
tude

2

(~) Q Tr(e uHgv/h& -(H2v/Qste- 4 2
l=1

-i Hgvilh iHp&gl" U f i' (T 7e e ie + .cg,

tribute to the echo after an average is taken over
the line shape. The number C is a normalization
constant dependent on the temperature. The nu-
clei have been treated in the high-temperature
limit.

It is interesting to compare this expression with
that obtained for the two-pulse echo:

C Tr(al g / e iHP/h tH&t&/h
2PE

tHP~/h ei (vmg H c ) («f)

E [H„H,]= 0, we can write

(J')2~K = C Tr{exp[(i/8) (H, —H2+ Sar) (7' —r~)]

+H. c.j. (8)
The form of this expression is very suggestive.
Note that (1/h)(Hq- H2+ h~) v, is just the phase
gained by the dipoles during the time r&, and for
7= v& it is exactly cancelled in the formation of
the echo. Such would also be the case with stimu-
lated echoes except for the operator U which, if
it induces a nuclear transition, can cause an in-
complete cancellation of the phase and hence a
degradation of the echo. For this special case of
[H&, H2] = 0, the expression for the stimulated
echo is easily evaluated. We can then decompose
Hj, H2, and U and write

Hq ~
——Qhq g, U=g U, (9)

where the superscript j refers to the jth nuclear
neighbor. Note that for those nuclei which are
not resonant with the rf field, U~&, 2 is simply the
identity matrix. Let the rf field be resonant with
nuclei which we will label k, and let the frequency
be such that transitions are induced from the lth
to the mth energy states of these nuclei correspond-
ing to the echo atom in state 1 or 2. (With our ap-
proximations the equations are symmetric with
respect to these states. ) Evaluating the nuclear
traces at the time of the echo we obtain

y+

~ a«« '-,'e«««f(«t,"—«g)« I))«,
where

~im= (1/h)(+s Ef )« ~&m= (1/I')(&a, -&2 )~

E, and E2 are the energy eigenvalues of h& and

h2, respectively.
In our experiments at high fields, the nuclear

Hamiltonians are nearly diagonal, and the above
expression should quite accurately describe our
observations.

III. EXPERIMENTAL APPARATUS

Experiments were performed at two microwave
frequencies, 16.2 and 9. 3 GHz, corresponding to
Ku and X bands, respectively. Because of the
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plo. 2. Spin-echo-ENDOR spectz'ometer.

large difference in these frequencies, two separate
microwave spectrometers were used. The two

spectrometers are essentially identical in design
and utilize a superheterodyne scheme for the de-
tection of echoes. The essential components of
the spin-echo-ENDOR spectrometer are shown

schematically in Fig. 2. The sample is enclosed
in a coil and mounted in a rectangular low-Q cavity,
which is immersed in liquid helium. Most of the
experiments wex'e performed with the liquid helium

pumped below the X point to prevent bubbling. This
procedure eliminates a major source of noise. At
X band the cavity operates in the TE&0& mode; and

in the TE&&3 mode at Eu-band frequencies. All

experiments used a 0.005-wt%-Cr ruby sample
whose dimensions were 1 cm in diameter and 1

mm thick.
Some care must be taken in winding the coil

around the sample and placing the sample and coil
into the cavity. By mounting the coil and sample
as shown in Fig. 3, the sample will be located in
a region of maximum microwave magnetic field
assuring a high filling factor. Furthermore, with
the coil placed in the orientation shown, its effect
on the microwave properties of the cavity is mini-
mized, and microwave fields are allowed to pene-
trate into the sample. The coil is such that the
microwave electric fields are essentially perpendic-
ular to the coil windings, while the microwave
magnetic fields lie in the plane of the coil turns.
Hence, little current is induced in the coil by the
microwave fields.

The microwave pulses required to produce the
stimulated echo are generated by a 500-%V pulsed
magnetron. These 30-nsec pulses are guided to
the microwave cavity by a circulator. A Gordon
variable coupler~ assures excellent coupling be-
tween waveguide and cavity. When the spins in the
sample rephase to form the echo pulse, the cir-
culator directs this pulse to the balanced mixer.
A combination of a limiter and diode switch is

COUPLING
HOLE

microwave

Hml cvowave

FIG. 3. Placement of sample and coil in cavity.

used to protect the receiver circuitry from being
saturated by the high-power magnetron pulses.
After the final magnetron pulse, the diode switch
is turned on so that the echo signal reaches the
mixer unattenuated. The echo-pulse signal is
beat with the local oscillator output, whose fre-
quency has been tuned 30 MHz above or below that
of the magnetron. The resulting 30-MHz pulse
produced by the mixer is amplified and then de-
tected and measured with an analog-to-digital
converter (ADC} whose output is stored in a PDP-8
computer for averaging purposes. Actually because
the echo-pulse width is too short to be accurately
measured by the ADC, it is first sent to a ten-
channel sample and hold. This instrument covers
a 1-p, sec interval with each of the ten consecutive
channels having an amplitude proportional to the
average pulse height during a 100-nsec period.
These ten channels are then digitized by the ADC
with a digitizing time of 25 p.sec per channel and
stored in the computer. The rf field necessary to
induce nuclear transitions is generated as follows:
The output of a frequency synthesizer is gated to
produce an rf pulse. This pulse is timed to occur
between the second and third microwave excitation
pulses. Typically, the time separation between
these pulses is 120 @sec and the length of the rf
pulse is 100 p.sec. The pulse is amplified and
sent through an attenuator (10 da} to the coil which
is wrapped around the sample. Use of the attenua-
tor effectively decouples the coil from the rf am-
plifier circuitry, and no impedance matching is
required. Furthermore, as the 3-%' amplifier has
a very broad bandwidth, no tuning of the rf ap-
paratus is needed during the experiment.

Data taking is completely automated. The PDP-8
computer is interfaced into the frequency synthe-
sizer and thus it both controls the frequency out-
put of the synthesizer as well as measures the
stimulated-echo amplitude. The computer is
typically programed to sweep the rf frequency over
a 1-MHz range in 2-kHz steps while storing the
echo amplitude as a function of rf frequency. Usu-
ally nine such sweeps are averaged together, which
gives a factor of 3 increase in the signal-to-noise
ratio, before the computer plots the spectra by
means of a digital-to-analog converter and an X-F
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recorder. Data are also punched out on paper
tape, so they are preserved in digital as well as
analog form. The computer is easily programed
to manipulate the data, and particular portions of
the spectra can be examined in detail if required.
Because of the long spin-lattice relaxation time
of ruby at liquid-helium. temperatures, the rate at
which data can be accumulated is limited to about
3 pulse sequences per second.

IV. PROPERTIES OF SPIN-ECHO-ENDOR IN RUBY

The experimental spin-echo-ENDOR spectra
have a number of characteristics that can be ob-
tained directly from Eg. (10). First, we notice
that the ENDOR effect has a sinusoidal dependence
on the time separation ~& between the first and
second microwave pulses. The period of this
sinusoid is determined by the difference in the
nuclear frequencies corresponding to the echo
atom in state 1 or in state 2. This difference is,
in turn, determined by the strength of the hyper-
fine interaction of the nuclear neighbor with the
Cr~ ion. The sinusoidal dependence on 7& is
shown in Fig. 4, where we have plotted the ratio
of the experimental stimulated echo amplitude
obtaineh with the rf double-resonance pulse ap-
plied to the amplitude obtained with no rf double-
resonance pulse applied. The frequency of the rf
field is set to exact resonance with a nuclear tran-
sition. We plot the ratio rather than simply the
echo amplitude to eliminate the effect of dephasing
interactions which cause the echo to decay and to
remove any echo envelope modulation effects that
are present. This procedure serves as a kind of
normalization. The upper curve in Fig. 4 shows
the ratio when the rf is set to a frequency cor-

FIG. 4. Normalized stimulated echo amplitude vs pulse
separation r~ at 7.5 kG. Upper curve with rf pulse tuned
to a neighbor set G transition. Lower curve with pulse
tuned to neighbor set L transition.

responding to a transition of nuclear neighbor G
(see Ref. 8 for notation), while the lower curve
gives data for a transition associated with nuclear
neighbor set L. The curve drawn through the data
points is to serve as a visual aid in following the
data. The strength of the hyperfine interaction of
neighbor G is approximately twice that of neigh-
bor L, and the periods of oscillation shown in
Fig. 4 reflect this fact. We also show in Fig. 4
the positions of stimulated echo maxima and mini-
ma as predicted by Eq. (10). Pulse separations
that give echo maxima are indicated with an up-
ward pointing arrow, while the predicted minima
have a downward pointing arrow. The agreement
with Eq. (10}is very good even after many cycles
of the oscillation.

Because of this dependence of the echo-ENDOR
effect on the pulse separation r&, echo ENDOR has
an important advantage over standard ENDOR'~
techniques. One can use the dependence of a par-
ticular line on pulse separation as a kind of signa-
ture which helps in the identification of the line
and in associating it with a particular neighbor
site. The lines are grouped in pairs as a given
nuclear transition has the same dependence on vz
when in the field of an echo atom which is in either
state 1 or state 2. If the nuclei involved have
spin I, greater than &, and have a quadrupole mo-
ment, as is the case with aluminum in ruby, then
each nucleus will give rise to a set of 2l reso-
nance lines due to the unequal energy separations
of the nuclear states. This multiplicity of lines
can be confusing; however, an additional simpli-
fication occurs in our case where the electric
quadrupole Hamiltonian is independent of the echo-
atom state. In this case the difference in the
nuclear frequencies corresponding to the echo
atom in state 1 or state 2 will be the same for all
allowed nuclear transitions. Hence, as indicated
by Eq. (10), all of the echo-ENDOR lines be-
longing to a particular nuclear neighbor set have
the same dependence on pulse separation. We
are able to use this signature to further classify
the lines together.

In addition, if lines corresponding to different
neighbor sets happen to overlap, one can separate
the lines by choosing the pulse separation r& cor-
rectly. Figure 5 shows echo-ENDOR spectra in
regions in which there are transitions (m = —,

—~) and (m = —
&

—&} of nuclear neighbor set I
at 6. 80 and 7. 36 MHz, respectively. The upper
curves were taken with v~= 1.0 @sec. The (m = —2

—2) I transition overlaps transitions due .to
neighbors V and S in the region 7. 36 MHz. By
monitoring the I line at 6. 80 MHz, we adjusted
the pulse separation to 3. 3 p, sec, for which I transi-
tions produce no double-resonance signals. The
V and S lines at 7. 36 MHz were then clearly re-
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FIG. 5. Echo-ENDOR spectra at 7.474 kG with T& = 1.0
and 3 ~ 3 /sec ~

solved as shown on the lower curve of Fig. 5.
In principle, the sinusoidal dependence of the

echo-ENDOR effect allows one to determine the
hyperfine interaction constants by a kind of Fou-
rier-transform spectroscopy. One would measure
the intensity of the echo-ENDOR lines as a function
of pulse separation and then obtain the Fourier-
transform of such data. A technique such as this
might be particularly useful if a great number of
lines are excited by the rf pulse at once; how-

ever, it requires that the homogeneous lifetime
T2 of the echo atom be long enough to permit mea-
surement of echoes over a range of pulse separa-
tions sufficient enough to obtain the desired resolu-
tion. In the present case of ruby, this technique
was not attempted because T2 is approximately
1.0 psec for the sample concentration used(0. 005-
wing Cr), and much greater resolution could be ob-
tained by direct measurement of the spectra.

As might have been intuitively expected, Eq.
(10)indicates that the echo-ENDOR effectdisappears
for a 360 rf pulse. In this case, the nucleus re-
turns to its initial state, and there is no change in
the local field at the echo-atom site. Figure 6
shows this effect. The ENDOR line disappears
only at exact resonance because the effective field
in the rotating frame of the nucleus has an ad-
ditional component in the direction of the. local field
when the rf frequency is not equal to the resonance
frequency. In fact, the echo-ENDOR effect does
not disappear completely even at exact resonance
because of inhomogeneities in the rf field. The
dependence of the double-resonance signal on rf
amplitude is also often helpful in the identification
of ENDOR lines. The angle 8, which describes
the interaction of the nucleus with the rf pulse,
is given by the following expression:

8= yh~ T-(m
I
I„ Im+ 1)

ular to the local field at the nuclear site, v~ is
the length of the rf pulse, and y is the gyromag-
netic ratio of the nuclei. If more than one nuclear
species is present this expression and Eq. (10)
help one to determine, from the relative behavior
of different ENDOR lines, which species and m

state is responsible for the line in question.
The echo-ENDOR technique has very good sensi-

tivity. No matter how small the interaction be-
tween the nucleus and the echo atom may be, one
can always obtain a large signal by correctly ad-
justing the pulse separation v,. All that is re-
quired is to be able to detect and measure the
stimulated echo. Note that those nuclei which
are resonant with the rf pulse do not simply pre-
vent an echo atom from contributing to the echo
but may actually produce an echo that is 180 out
of phase with the normal echo. This considerably
enhances the double-resonance signal.

Because ENDOR spectra have been measured in
ruby with conventional techniques, it is possible
to make a direct comparison with echo ENDOR.
Our echo-ENDOR spectra show a great number of
nuclear resonances which were not observed be-
fore, indicating their high sensitivity. The res-
olution of each method appears to be about the
same. In the echo-ENDOR experiment, the res-
olution is determined, in part, by the duration

0.377

0.677

= yh~ r-[I(I+ 1)—m(m+1)] ",
where h~ is the component of the rf fieldperpendic-

FIG. 6. Echo-ENDOR vs rf-field amplitude. Spectra
bebveen 4.2 and 4.3 MHz at 7.5 kG, Tq=1.3 p,sec, T2
=120 p,sec.
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of the rf pulse through Heisenberg's uncertainty
principle. We were able to use long pulse separa-
tions that allowed sufficiently long rf pulses such
that the uncertainty principle did not broaden the
line shapes. The generation of echoes does not
require the careful balancing of a microwave
bridge that is necessary in all high-sensitivity
cw spectrometers; and, since it is a pulsed ex-
periment, it is relatively free of microphonics
which would be a problem in the conventional
ENDOR technique. The echo-ENDOR effect should
not depend on any balance of relaxation rates as
the conventional ENDOR effect may, and hence
one can always be relatively confident of observ-
ing double-resonance signals whenever one can ob-
serve echoes.

It should be noted that for the aluminum reso-
nances (I= —,') in ruby, Eq. (10) predicts a de-
crease in echo amplitude of nearly 5Hz for three
equivalent nuclei. However, experimentally the
decrease was often much less, frequently only
10%. While the exact mechanism responsible for
the small signals is not understood, they may re-
sult from interactions that broaden the nuclear
resonance lines. The rf pulse is then unable to
excite the entire nuclear line resulting in a smaller
ENDOR signal. Some of the resonance lines seem
unusually broad. Lines associated with the —

& elec-
tron-spin state in a magnetic field of 1.7 kG were
very broad and at 3. 3 kG those associated with the
+ & state were apparently so broad that no double-
resonance signal could be detected for them at all.

Because electron-spin echoes in ruby can only
be observed when the magnetic field is applied
nearly parallel to the crystal's optic axis, '
the measurement of echo-ENDOR spectra is re-
stricted to this orientation of the magnetic field.
All our measurements were made with the field
aligned along the optic axis to an estimated pre-
cision of 0. 25 . Conventional ENDOR techniques
are also restricted to this orientation of the mag-
netic field as no ENDOR signals have been seen
at other angles.

V. ALUMINUM HYPERFINE AND ELECTRIC QUADRUPOLE
INTERACTION PARAMETERS IN RUBY

The nuclear-magnetic-resonance spectrum of
aluminum nuclei in the immediate neighborhood
of the Cr ion was first observed and analyzed by
Laurance, McIrvine, and Lambe using convention-
al ENDOR techniques. Their paper gives an ex-
cellent discussion of the physical mechanisms
responsible for the interaction between the alumi-

I
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FIG. 7. Spin-echo-ENDOR spectra at 5.815 kG in region
7.4-8.4 MHz.

num nuclei and the Cr" ion.
Our initial echo-ENDOR experiments" indicated

a small but significant discrepancy with the analy-
sis of Laurance, McIrvine, and Lambe. Subse-
quent experimental results, which we report here,
confirm these experiments and allow the deter-
mination of additional interaction parameters.
Figure 7 shows a small portion of our data. In it
we plot the stimulated-echo amplitude versus fre-
quency of the double-resonance field. The dips
result from aluminum nuclear resonances and
are associated with the nearest 13 aluminum neigh-
bors labeled G, I, J, K, L (notation of Ref. 8) and
the 14th nearest neighbor N. The lines drawn be-
low the data give the resonance positions cal-
culated with the Hamiltonian and interaction param-
eters given by Laurance et al. While there is good
agreement for neighbors 6, I, and I, there is con-
siderable error for neighbor sets J and E. This
discrepancy can be removed by the use of a more
general Hamiltonian.

The ruby lattice Al&03, has threefold symmetry
about the crystal's optic axis; hence, it is natural
to expect the crystalline electric field gradient
to possess the same symmetry. The replacement
of an aluminum atom with a Cr ' ion, however,
breaks the symmetry for the neighboring aluminum
nuclei. In fact, the presence of the Cr ion actual-
ly induces as much as a 44% change in the magni-
tude of the electric field gradient. It is therefore
not unreasonable to expect the electric field gra-
ient to take an arbitrary form, and the spin Hamil-
tonian must reflect this fact.

A Hamiltonian which includes an electric quad-
rupole interaction Hamiltonian of arbitrary sym-
metry can be written as follows:

$C=ggeIIS, +D[S,' ——,'S(S+ 1)]++(- KyHI~+S, [(A iB,)~I', +BtIf]

+Q~e ei~~ e '~3 ~e ~es'I [I~ +-g (I~ —I~ )]e~~~~ e'~2 ~e~ ' ~). (12)
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Neighbor set

A+B + 0.002 MHz

B&+ 0.03 MHz

2@+0.01 MHz

8 +0.03 radi

8 + 0.1 rad2

83+ 0.5 rad

g+ 0.5

2 ~ 694

0.0

0.520

0.0

0.0

0.0

0.0

2.422

0.444

0.281

-0.075

0.0

0.0

0.0

2.453

0.945

0.382

—0.130

0.144

0.0

—0.1

2 ~ 065

0.844

0.398

—0.284

0.055

0.0

-0.425+ 0.1

ectly w

constants in ruby.r-Al interaction consTABLE I. Cr- i

J
1.398

0 ' 822

0.354

—0.028

0.0

0.0

0.0

0.701

0.0
0.371

0.0
0.0
0.0
0.0

Coordinates of
neighbors as
assigned in
Ref. (8) in terms
of rhombohedral
cell dimension
a0=5.137 ~ with
Cr xo3' n at origin

0.0
0.0

—0.53

0.27
0.46

—0.11

0.27
—0.46
—0.11

—0.54
0.0

—0.11

—0.27
—0.46
—0.42

—O. 27
0.46

—0.42

0.54
0.0

—0.42

-0.27
—0.46

0.31

—0.27
0.46
0.31

0.54
0.0
0.31

0.27
0.46
0, 42

0.27
—0.46

0.42

—0.54
0.0
0.42

0.0
0.0
0.73
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energy-level diagram shown in Fig. 8. The 9. 3-
GHz transition at 800 G was not used because
echoes could not be observed at that field. The
data included all the electron-spin states involved
in the microwave transitions with the exception of
S,= & at 3. 3 kG and S,= —

& at 1.7 kG. As men-
tioned in Sec. II, no ENDOR lines were observed
for S,=+ & at 3. 3 kG, and the lines were too wide
to be resolved for S,= —

& at 1.7 kG.
Our preliminary experiments contained in-

sufficient data to determine ez, ez, and g. The
results given here are in agreement with the pre-
vious experiment and in addition show a nonzero
asymmetry parameter and 82 for nuclear neigh-
bor sets K and J. The lines drawn above the data
in Fig. '7 indicate resonance positions calculated
by diagonalizing the generalized nuclear Hamilto-
nian with an IBM-360 computer and using the in-
teraction parameters for the nearest 14 neighbors

FIG. 9.Spin-echo-ENDOR spectra at 1.696 kG in region
5.0-6.0 MHz.

given in Table I. The agreement between theory
and experiment shown in Fig. 7 is typical for all
of the data. Figure 9 shows some additional spec-
tra which were taken at 1.696 kG. The spectra
in Fig. 7 were taken at 5. 815 kG. At the lower
field the discrepancy with the results of Lau-
rance et al. is slightly more pronounced, but
the generalized Hamiltonian continues to give a
good fit. The reason for the very small remain-
ing disagreement is not clear at the present time.
It may be due to a slight error introduced by per-
turbation theory at low fields or from interactions
which were not included in the Hamiltonian. Such
interactions include the dipole-dipole interaction
between aluminum nuclei.

As can be seen in Table I, there is a significant
tilt of the electric field gradient's principal axis
for nuclear sets J and K Neighbor set K also has
a large asymmetry parameter. The value of 2Q
for an aluminum nucleus, which is unaffected by
the Cr impurity, is 0. 36 MHz. For sets J and
K we find the strain-induced change in 2Q (from
0. 36 MHz) of +0. 022 and +0.036 MHz, respec-
tively, which is opposite in sign to the values of
—0. 02 and —0. 07 previously reported.

In addition to resonances due to the nearest 13
neighbors, echo-ENDOR lines associated with
much further nuclei were observed. These lines
had not been detected before. Because the further
nuclei are not bonded to any oxygen atom in com-
mon with the Cr ion, the transferred hyperfine
interaction (which is represented by the interac-
tion constant A} is expected to be small. In
Table II we give the values of the interaction con-
stants for those further neighbors which could be

TABLE II. Cr-Al interaction constants in ruby for further neighbors.

Neighbor set

A+ Bg(+ 0.01 MHz)

B~(+ 0.1 MHz)

2Q(+ 0.02 MHz)

(B,) point dipole

(B&) point dipole

Coordinates of
nuclear neighbors

—0.206

0.0

0.361

—0.188

0.0

0.0
0.93
0.0

0.80
—0.46

0.0

—0.190

0.0

0.365

—0.188

0.0

0.0
—0.93

0.0

—0.80
0.46
0.0

—0.169

0.20

0.364

0.172

0.20

0.27
0.46
0.84

0.27
—0.46
—0.84

R'

0.180

0.10

0.376

0.172

0.20

0.27
0.46
0.84

0.27
0.46
0.84

0.148

0.15

0.351

0.147

0.15

0.54
0.0
0.95

—0.27
0.46
0.95

0.103

0.08

0.360

0.107

0.08

—0.54
0.0
0.16

0.27
—0.46

1.15

0.152

0.0

0.351

0.148

0.0

0.0
0.0
1.27

0.0
0.0
1~ 27

0.80 —0.54 0.54
0.46 0.0 0.0
0.0 -0.84 0.84

Coordinates given in terms of rhombohedral cell dimension so = 5.137 k
or R') is arbitrary.

—0.27
-0.46

0.95

0.27
0.46
1.15

The assignments of data to set P or P' (R
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positively identified. Also tabulated are the val-
ues of B, and B, calculated with a point-dipole
interaction. In all cases the point-dipole inter-
action is in relatively good agreement with the
observed values of A+B, and B,.

In 1g. wF' . 10 we show the complete double-reso-
nance spectrum which is observed at 5. 8 kG for
fixed excitation pulse separations of 7.&= 0. 9 p.sec
and r2= 170 @sec. The spectrum covers the fre-
quency range 4.0-9.0 MHz and appears exceed-
1ng y COm1 omplex However by carefully exploit-
ing the characteristics of the echo-ENDOR ec-
nique and by using our measurements at other
magnetic fields we are able to almost completely
disentangle the spectrum.

The interaction between the Cr" ion and its Al

nuclear neighbors has a strong effect on the be-
havior of the two-pulse electron-spin echo. Marked
modulat' of the echo amplitude as a function of
the time separation between the excitation pulses
has been observed. ' ' ~ Therefore, as an in-
dependent check of the validity of the Hamiltonian
given in Eq. (12) and our determination of the
parameters, we calculate the echo envelope modu-

results with an experimental measurement of the
modulation. We have obtained spin-echo data
at 9. 31 and 16.24 GHz corresponding to the

—' transitions at 3.3 and 5. 8 kG, and these
experimental data are plotted as the middle curves
of Fig. 11 and 12, respectively. The upper curves
are ca cu alculated with the Hamiltonian and interac-

le thetion parameters of Laurance et al. , whi e e
lower curves are the theoretical spin-echo envelope
calculated with the more general Hamiltonian and
the parameters determined from our echo-o- ENDOR

data. We include only the nearest 14 neighbors
in our calculation. Note that all the interaction
constants were determined by their respective
ENDOR experiments and were not modified to im-
prove e ithe fit to the experimental echo envelope.

ulatedThe theoretical curves are therefore calcu a e
with no adjustable parameters other than an ex-
ponential decay factor used to approximate de-
phasing terms not included in the Hamiltonian.

The agreement between experiment and theory

THEORY USING PARAMETERS
OF LAURANCE, et al

LaJ
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AND GENERALIZEO HAMILTONIAN

„,p/ ,i I, aA)h.
PULSE SEPARATION, P Set:

FIG. 11. Echo envelope modulation at 9.31 GHz,GHz 3.3kG.
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FIG. 12. Echo envelope modulation at 16.24 GHz, 5.8kG.

vector H~ of the circularly polarized excitation
pulse. This motion is indicated in Fig. 13(a) for
ihe first excitation pulse where the polarization
follows the dashed line until it has precessed 90'
about H~, at which time the excitation pulse is
turned off. The individual spin moments which

were aligned to form Po begin to dephase because
of their distribution in resonance frequencies.
This dephasing is indicated in Fig. 13(b) for two

groups of spins labeled 1 and 2, which have moved
from the initial position by the angles 8& and —8z

at the time the second 90 excitation pulse is ap-
plied. When this pulse is tur~ed off, there is a
further dephasing of the electron-spin moments
such that a series of cones [Fig. 13(c)] is formed
which preserves the phase information contained in
the angles 8& and —8&, etc. , as the projection of
the spin magnetization along the direction of the
dc magnetic field. We have indicated this sepa-
rately in Fig. 13(d) by the vectors with the labels
e and g which are proportional to the probability
that the associated spin is pointing down (spin in
excited state) or pointing up (spin in ground state).

Let 0'(e)de be that part of I'0 which has pre-
cessed into the region 8 to 8+d8 at the time the
second 90' excitation pulse is applied. The as-

is improved by using the lower theoretical curves.
All of the 16.24-GHz data (Fig. 12) and the data
of the 0. 8- to 4. 0- p,sec region of the 9. 31-6Hz
experiment (Fig. 11) agree very well with the
theory. Furthermore, for pulse separations
greater than 4. 0 p, sec at 9.31 GHz, the general
features of the echo envelope behavior are found

in the theoretical echo envelope. The echo modu-

lation data provide an extremely sensitive check
of our results. Note that except for the inclusion
of the principal axis tilt, the asymmetry param-
eter, and the values of Q for the neighbor sets J
and K, the redetermined parameters given in
Table I are essentially unchanged from those of
Laurance et a/. In fact, at 5. 8 kG the new con-
stants produce only a maximum of about a 3%
change in aluminum nuclear frequencies.

APPENDIX: SIMPLE VECTOR MODEL

Before any excitation pulses are applied, the
electron-spin system is in equilibrium with the
lattice, and, hence, there is a spin polarization
along the direction of the dc magnetic field. We
represent this polarization by the vector Po in

Fig. 13. For simplicity we analyze the motion
of the spin magnetization in a frame of reference
rotating about the direction of the applied dc mag-
netic field of the angular frequency 0 of the excita-
tion pulses. Since these pulses are applied at
exact resonance with the spin system, the spin
polarization precesses about the magnetic field

I H
Y

AFTER 1sT' PULS'E

0

PHASING QF DIPOLE
OMENT PRIOR TO

2No 90'PULSE

Y +

I I

GONE FORMATION
AFTER 2~o 90' PULSE

C

PHASE STORED
AS RELATWE POPULATIONS

IN 9 AND e STATES
d

4

e, Z

k GONE POSITION
AFTER 3RD90' PULSE

e
Z

REPHASING OF
"GROUND STATE

GONTRI8UTION

X

ECHO FORMATION

Z lt +
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h

FIG. 13. Stimulated-echo formation with effect of double

resonance (shown in bottom right-hand side of h).
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sociated dipole density of "g" and "e"states after
cone formation is obtained from the normalization
and excess density conditions

a (8)= a,(8)+ s,(8),
s (8) cos8= s', (8)- a, (8) .

(A1)

We assume that the separation between the first
and second 90' excitation pulses is long enough
for complete dipole dephasing, which we express
as 0 (8)= (1/2w) Po, so that

8', (8)= (1/4w) (1 —cos8) Po,
8', (8)= (1/4w) (1+cos8)PO,

(A2)

to give the length of the vectors in Fig. 13(d) with
the labels g and e.

The application of a third 90 excitation pulse
rotates the spin magnetization 90' as shown in
Figs. 13(e) and 13(f). The conventional analysis
of stimulated echo formation proceeds as in Fig.
13(g}, where the individual magnetization cones
are shown to all line up with a common edge at a
time after the third excitation pulse equal to the
time separation of the first two excitation pulses.
Since all the magnetization cones have a common
edge, there is a net nonzero magnetization and the
echo is formed.

An alternative way of analyzing the problem
which is superior for the treatment of our double-
resonance experiment is to consider the echo as
having arisen separately from spins which after
cone formation are left either in the ground state
or excited state, i.e. , the vectors +, andd'„re-

s, (8)= (1/4w} [1—cos(8+ & &ur, )]Po . (A5)

This distribution is shown in the lower-right-hand
diagram of Fig. 13(h). Without double resonance
& (dan~

= 0 and the distribution to the left of this dia-
gram obtains. The echo amplitude is determined
by the vector sum of the ground- and excited-state
dipole moments so that Fig. 13(h) shows the pos-
sible destructive or constructive interference ef-
fects which can be obtained.

spectively. At the time of the echo the ground-
state vectors d ~ produce an ordered magnetiza-
tion distribution given in polar form by

tP, (8}= (1/4w) (1 —cos8) Po (A3)

as shown in the upper diagram of Fig. 13(h). This
equation is obtained from Eq. (A2), using the fact
that at the time of the stimulated echo the ith di-
pole has precessed an angle 8& from its position in
Fig. 13(f). The same result is obtained for s'„so
that the net moment is

(P}=+2 f d8 (1/4w) (1 —cos8) cos&P = —'P . —

(A4)
The factor of & reduction is caused by the dephas-
ing in producing the cones.

In the case in which a double resonance is ef-
fected with the excited-state electron spins, the
time development of 6', is unaffected; however,
after the third excitation pulse the excited-state
spins will rephase at a rate shifted by a fixed
amount && determined by h ' times the interac-
tion energy of the electron spins with the resonated
nuclei. In polar form this becomes
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