
PH Y SIC AL R E VI E% B VOLUME 8, NUMBER 12

Relaxed Continuous-Random-Network Models
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Elastic-energy-relaxed 201-atom and 519-atom continuous-random-network structures are described, and
G(r)'s, corrected for finite-size effects, are compared with experimental measurements on amorphous
germanium. Excellent agreement is obtained for the principal peaks in G(r). Even subtle features of G(r)
such as the shape of the second peak and structure between the second and third peaks accord remarkably
well with experiment.

In a recent letter, Polk and Boudreaux described
a continuous-random-network model for which
the positions of each model atom were measured
and then nearest-neighbor distances were system-
atically equalized. Bond-angle deviations were
not explicitly minimized and thus depend to some
extent on the elastic properties of the plastic and
metal units used to build the model. ~ In this com-
ment we describe a procedure for simultaneously
relaxing both bond-length and bond-angle distor-
tions in continuous- random- network models. The
procedure enabled us to rapidly build and obtain
coordinates for a 201-atom model without mea-
suring positions of atoms after the first 21. We
also report results for the fully relaxed version
of the 519-atom model of Ref. 1. The coordinates
of the relaxed models depend on topology and on
the assumed form for an elastic-distortion energy.
They are completely unaffected by small changes
in the assumed positions of the atoms before re-
laxation. The two fully relaxed models have quite
similar features and agree remarkably well with
experimental measurements of amorphous germa-
nium. '

Coordinates for the continuous-random-network
models of tetrahedrally coordinated atoms were
obtained by a numerical procedure which mini-
mizes the Keating expression for the elastic en-
ergy:

where e and P are bond-stretching and bond-bend-
ing force constants, respectively; the first sum is
on all atoms l and their four neighbors specified
by i; the second sum is on aQ atoms and pairs of
neighbors; and, r„ is the vector from l to its ith
neighbor. The ratio p/n was taken as 0. 2, which
is in a range of plausible values indicated by pho-
non frequencies for diamond cubic silicon and ger-

manium. '~
According to the full-relaxation procedure, each

atom, in turn, is moved toward the exact position
of equilibrium under the bond-stretching and -bend-
ing forces due to its nearest and next-nearest neigh-
bors. The identification of nearest-neighbor re-
lationships must be specified in advance and is not
altered by the procedure. Each repositioning of
an atom requires a calculation of the forces on the
atom and their derivatives, after which a simple
matrix-inversion procedure gives the approximate
equilibrium coordinates. The entire process for
each atom is then cycled many times until equilib-
rium is achieved for all of the atoms. Provided
the starting coordinates are not too far (( —,

' bond

length) from equilibrium, angles and bond lengths
converge to 1 part in 10' of their final values (de-
termined by very long iterations) after 25 cycles
for the models considered.

A combination of the full-relaxation procedure
and a partiab relaxation procedure in which a cen-
tral core of atoms was held fixed while added-on
atoms were relaxed from automatically guessed
start positions was used to build a 201-atom struc-
ture from a 21 atom rough-measured seed. The
identification of nearest-neighbor relationships
was made by referring to a hand-built representa-
tion of the structure. The hand-buQt model was
built with plastic and metal units of the same type
used by Polk. ' A calculation of the amount of
bond stretching and bending for each atom yielded
a root-mean-square bond-length deviation of 0.60%
and a root-mean-square angular deviation of 6.66 .

In order to create a second relaxed model, the
519 atoms in the enlarged Polk model were reposi-
tioned according to the full-relaxation program.
For the original Polk network, in which the atoms
were positioned so as to minimize the bond-length
distortion, a root-mean-square bond-length de-
viation of 0. 16% and a root-mean-square angular
deviation of 9.25' over the entire model were
measured. In comparison, for the relaxed 519-

6021



6022 STE INHARDT, ALBEIT, DUF F Y, AND POLK

G(r) = [J(r)-J,»(r) ]/r, (3)

and obtained the graphs in Fig. 1. When the atoms
inside the largest sphere about the center of mass
containing only fully bonded atoms were considered,
only a slight sharpening in some of the details in
G(r) and an increase in statistical fluctuations oc-

atom model, an rms bond-length deviation of 1.04%
and an rms angular deviation of 7. 1 were found.
Since the stored elastic energy of a structure is
approximately proportional to the square of the
rms angular deviation, the relaxation procedure
accounts for nearly a 40% decrease in the total
stored energy in the unrelaxed 519-atom model.
If we take a=0. 38Vx10' dyn/cm for germanium, '
the distortion energy of the 201-atom model is
19.7 meV/electron, that of the relaxed 519-atom
model is 23. 1 meV/electron, and that of the un-
relaxed 519-atom model is 36.6 meV/electron. '

To calculate the density for each of the two
models required a determination of the radius,
rs (measured in bond lengths), of the largest
sphere about the center of mass fitting inside the
network which contained only fully bonded atoms.
The average density as a function of radius was
then plotted for radii from ro- 1 to ro+1. From
the asymptotic behavior of the plot and the random
fluctuations in the curves, values for the density
and the errors in those values were determined.
Using for the average nearest-neighbor distance,
the 2.45&10~ cm found in crystalline Ge, densi-
ties of (4.40+0. 10) xlOs atoms/cm' for the 201-
atom structure and (4. 41~ 0.06)x 10ss atoms/cms
for the relaxed 519-atom structure were measured
The diamond cubic density is 4. 42 x 10 ' atoms/
cm.

The radial distribution functions (RDF) [J(r)' s]
for the models were found directly by forming a
histogram of the distances between all pairs of
atoms. In order to extract a meaningful pair dis-
tribution function and thus a G(r), the J(r)' s were
compared with that for a finite sphere of uniform
density. For such a sphere the average RDF is
given by:

J„,(r) = (N/a)[s (r/a)'- 9 (r/a)'+3(r/a) ], (2)

where a is the radius of the sphere and N is the
number of atoms.

For comparison with the two random-network
models, the magnitude of a was adjusted so that
the ratio of J(r) to J~„(r) approached unity as the
distance from the origin became large. The
proper value for a was found to be 4. 2 bond
lengths for the 201-atom model and 5.7 bond
lengths for the relaxed and unrelaxed 519-atom
models. Given N, s, and the J(r) for each model,
we calculated a corrected G(v) given by9
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FIG. 1. Corrected G(r)'s for the 201-atom model and
519-atom relaxed model, both relaxed so as to minimize
the Keating elastic energy with P/a =0.2, and for the un-
relaxed 519-atom model as described in Ref. 1. The
units of 66) are atoms/(bond length) . The curves are
obtained by connecting the tops of histogram bars of
width /th of a bond length. The first peaks are truncated
for clarity of presentation.

curred. We surmise from this that spurious ef-
fects from partially bonded surface atoms are not
significant.

An inspection of the three curves leads us to
make two conclusions. First, relaxation of models
through minimization of the Keating elastic energy
brings about significant sharpening of features
found in the G(v') curves as may be seen by com-
paring the relaxed and unrelaxed curves for the
519-atom model in Fig. 1. Most obvious in this
respect is the narrowing of the second-neighbor
peak, a narrowing due to the decrease of 2. 1' in
the rms angular deviation after full relaxation.
The relaxation also makes more visible the detail
found between the second- and third-neighbor
peaks in G(r). Second, although the two models
were constructed by different methods, they have
in common all their prominent features and many
subtler features, all of which are found in the data
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FIG. 2. Experimental G(y) for sputtered amorphous
germanium for Ref. 3. Units are the same as in Fig. 1,
with the bond length taken as 2.45 A.

reported by Graczyk and Chaudhari~ from electron
scattering in amorphous germanium (seeFig. 2).
The positions of the four nearest-neighbor peaks
in the two models agree to within 5% of the experi-

mental values. The small peak in G(r) between
l. 9 and 2. 0 bond lengths in the Graczyk data is
evident in both of the relaxed models. Further-
more, the shoulders on the two sides of the second-
neighbor peak in the experimental curves seem to
be visible in both ramdom-network-model G(r)'s.
Other characteristics not directly measured by
experiment which the two models have been found

to share are ring statistics and dihedralangle dis-
tributions. A more detailed analysis of the struc-
tures including ring statistics' will be published
elsewhere. " Coordinates for the relaxed struc-
tures are available on request from the authors.
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