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An explicit exact expression is obtained for the spectral function of an arbitrary electron-phonon system
whose interaction Hamiltonian is linear in the phonon operators and diagonal in the electron operators, and
whose statistics are described by any density operator which commutes with the Hamiltonian. The result

generalizes, with respect to both lattice type and density operator, the classic calculation of Huang and Rhys
for F centers in an Einstein lattice, and in the special case of thermal equilibrium it provides an explicit
evaluation of the integral representation for the spectral function given in a fundamental paper by Lax. An

application to an example is presented.

I. INTRODUCTION

[((( p a(]~ = l5((,

[csi czar]- ~uu'tf (2)

all other (anti)commutators zero. The third term
in (1) is the electron-phonon interaction term, and
describes processes in which the electron is scat-
tered from an initial state i into the (same or dif-
ferent} final state j with simultaneous creation or
annihilation of a phonon in lattice mode p, . If the
first few electronic energy levels &, are widely
spaced compared to the phonon energies I+„, as
in trapped-electron defect centers having absorp-
tion bands in the near infrared or visible regions,
the dominant terms in the interaction Hamiltonian
are usually those for which i =j (since all reason-
able density operators will restrict electron pop-
ulations to these lowest levels, and the diagonal
contributions from these low electronic levels en-
ter perturbation expansions in terms with small
energy denominators + ~„, while the nondiagonal
contributions enter the perturbation expansions in

The Hamiltonian for an electron-phonon system
with an interaction linear in the phonon coordinates
ls

H=Z, e(a('a(+Z K(((„(c'„c„+-',)

+Z v„„a(a,(c„+c„),
&(f

where g, and g, are the creation and annihilation
operators for the ith electron state, with energy
a„and c~ and c„are the standard harmonic oscil-
lator raising and lowering operators for the p, th
lattice vibrational mode, with frequency ~„. The
(anti)commutation relations are

+ Z Sd„(((('((((c'„+e„),

where tj„« =Cd„,.
Huang and Rhys' used a Hamiltonian equivalent

to (3) to calculate the absorption spectrum of an
E center in an Einstein lattice in thermal equilib-
rium. They obtained the result (restated in our
notation) that absorption lines occur at the (circu-
lar) frequencies.

1
&6(( = (e( e() ~ +p(d(~

p=o, +1, +2, .. .
(4)

with intensities proportional, for fixed i and j, to

(v„,e '"""[(n+1)/n]"'
x I (2S'[n(n+ 1)]"') .

Here co, is the common frequency of all the lattice
vibrational modes, n = (e "( —1} with P = (I(T}
S= g„(d„,—d„() /&u„and I~ is the modified Bessel
function of the first kind of order p. Lax subse-
quently considered the general case of an arbitrary
(non-Einsteinian) lattice and showed that the spec-
tral function for the electron-phonon system is
proportional to (v the ordinary frequency, with
((( = 2'I((i)

terms with the much larger energy denominators
z( —e, + if', ). Consequently it is a reasonable ap-
proximation in many such systems to retain only
the electron-diagonal terms in the interaction
Hamiltonian and to describe the dynamics of the
system by the "electron-diagonal" Hamiltonian

H, =Z e, a,'a, +Z e~„(c'„c„+-,')
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G(v) = i2
' f exp[2vi(v —vp}t+f (t)]dt,

where in our notation
d2-

2vvp =)f (ei —e() —Q

(&)

(7a)

and a Hamiltonian operator

f=s'4~1,—

+& me@ q (9)

f(t)=Z (d~, —du~)

x [i sin&a„t —(2n„+ 1)(1-cos&u„t)],

with n„= (e2""~—1)'. He demonstrated that in the
special case of an Einstein lattice this expression
reduces to the Huang-Rhys result.

In this paper we derive an explicit exact form
for the spectral function of any electron-phonon
system having the Hamiltonian (3) and a density
operator commuting with this Hamiltonian. The
only approximation used [besides neglect of the
electron-nondiagonal interaction terms, implied
by the use of (3) rather than (1)]is the assumption
that the electromagnetic field couples to the elec-
tron-phonon system only through the electron mo-
ment operators, an assumption that appears to be
well justified in most cases of interest but which
could easily be eliminated were it physically ad-
vantageous to do so. For a general density oper-
ator commuting with H„, the result is stated as a
set of 5-function absorption lines with line strengths
expressed in terms of sums of products of expo-
nentials and Laguerre polynomials. In the spe-
cial case of thermal equilibrium the expressions
for the line strengths simplify to products of terms
of type (5) over phonon modes, and thus provide an
explicit evaluation in terms of well-known functions
tor Lax's integral representation (6}for the spec-
tral function.

The calculation is performed by using double-
time Green's functions and a second-quantized
representation for the phonon fields which was first
introduced by Lax. Properties of this second-
quantized phonon representation and of the double-
time Green's functions are briefly summarized in
Sec. II. The spectral function is calculated in
Sec. III, and its simplified form in the special
case of thermal equilibrium is given in Sec. IV.
An application to two hypothetical defect centers
in LiF is given in Sec. V.

H. PRELIMINARIES

The usual harmonic oscillator with Hamiltonian

b =p /2m + 2 m sPq

may be second quantized ' by introducing a field
operator p(q) with the commutation relations

y(q) =Z n„(q)b„,
ff 0

where the b„are a set of (operator) expansion co-
efficients, one may transform E1ls. (&) and (9) to

(lo)

[b, b2]-=0'

and

H=Z (n+ 2')tl&p—bt b„,
n 0

(12)

respectively. Obviously b„ is the creation opera-
tor for the nth harmonic-oscillator energy eigen-
state, and g„ is the annihilation operator for this
state. The customary harmonic- oscillator raising
and lowering operators can be written'

c'=2 ( +1}v"2b',b,
n 0

c=Z (n+1)' b„b~2
ff 0

within the set of one-particle states, which is
spanned by the btl 0) (10) the vacuum state); and

only this set of states is of physical interest in
lattice-vibrational problems. In this set of one-
particle states the Hamiltonian (12) can also be
written in the familiar form

H = tf(u(c'c+ —,
' ).

In the case of a lattice, where a large number
of vibrational modes labeled by the index p. are
present, one introduces a field operator p "(q„)
for each mode and proceeds as above. By observ-
ing the relation (13) between the raising-lowering
operators and the creation-annihilation operator s
for each of these modes, one sees that the Hamil-
tonian H2 given in (3}may be rewritten as

H, =Z 2& ata, +Z Z K&u„(n+2)b„" b„"
j ft ff~0

+ Z Z Kd (n+1) a a (b" b„"+b" b" ) (14}
i 2 0 @~0

with

By expanding p(q) in the complete orthonormal set
of eigenfunctions u„(q) of the differential operatord, 2 2

2 2

2m dq' "
as

[y(q), y'(q')] = 5(q —q'),

[y(q), y(q')] =0
(&)

[b„", b" ] = 5„„.5„,
[b„", b" ] =0.
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Equation (14) may, of course, be derived entirely
within a quantum-field- theory context without use
of the operators qt„, c„.

Since the problem considered involves one elec-
tron, and the lattice states of interest contain one
"particle" per mode, the space of state vectors of

interest is spanned by the complete orthonormal
set .,'nb."'I o&.

Within this set of vectors the Hamiltonian (14) is
the same as the operator

IIQ '2, 2, , r. 2, 2, p( Z [II „(2 )I —',I "„qd„"„,(2 I) '(I" &2 ~ I"I„"m))„)„
f y (fio

From the properties of the harmonic-oscillator eigenstates u„"(q„), one sees that the term in large paren-
theses can also be written

2

2"'(I„) — . lm„'„q', ~ (2 „II .)"'d„,q„)d'(q„)dq„2m is gtg

I'
(t)"'(q„) —,+-,'m„uP„q„+ y "(q„)dq„.

w~a m„dc„" " " m CO~
(17)

By expanding (t)"(q„) in the complete orthonormal
set of functions (u„"(q„+),„,)) as

y "(q„)=2 b'„"u„"(q„+X„,),
n~o

with X„,= (2)f/m„~„)'~ d„,/&u„, one may rewrite
(17) as

00 Sd~~2 Qb&~tb(~ (19)

By writing expression (19) in place of the large
parentheses in Eq. (16) and noting that Z„"~ g~ g"
is the identity operator on the set of states (15),
one finally concludes that in the set of states of
physical interest the Hamiltonian may be written

KE
H, =g e, -P "' a', a,

QP~

+Q a,a,QQ R(2)„(n+ ,')b„'"~b„'" . —
e n=o

(20)

The symbol H~ has again been used for this operat-
or, though it actually differs from both (16) and
(14), because in the set of states of interest all
three operators are the same. One sees immedi-
ately that the eigenstates of the Hamiltonian {20)
are the vectors

averages are time independent), but is not other
wise restricted. p and H~ will then be expressible
as functions of a single operator; and in the usual
fashion we may by appropriately choosing any de-
generate states of Hd assume that p= p{H~). For
simplicity and definiteness we assume that the ac-
tion of p on the states (2' ) can be written

p ~i, (n ] &= p(z, (n„])~
i, (n„] ), (23)

with

dt e'"'([A(t), 8]), Im&u &0
2 7t

(24)

—' f d(q' ' ((d(I), d)), Imtq»q
2v

A(t) = e(" I'"Ae (25)

the necessary modification of the following calcula-
tion for other cases being obvious. The traces oc-
curring in statistical averages are then convenient-
ly evaluated in the states (21).

The spectral function for the system can be ex-
pressed in terms of double-time Green's func-
tions. ' The Green's function ((AIB»„ for arbi-
trary operators A, B is defined as

)i, b.f &
=-a'Ilb'"' )0 &, (21) ( &= Trp (26)

with the well-known energy eigenvalues

rld2
&(i, [nJ)=e,-Z "'+Z (n„+-,')n(u„.

QPl I.
(22)

As noted earlier, it will be assumed that the
electron-phonon system is in a statistical equilib-
rium described by a density operator p which com-
mutes with the H, of Eq. (20) (so that statistical

The absorption spectrum is determined by the
function a(u&) whose value at the (real) frequency
co is proportional to ' '

&u lim Im Z((Mm
~ Mm&&„«

I ~0 a
(29)

One sees that

(I) ((A I 8))„=(I/2v)( [A, B])+ (1/I) (( [A, H] i 8))„.
(27)
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where the M are the components of the moment
operator coupling the system of' interest to the
electromagnetic field. For the case of the elec-
tron-phonon system the phonon contribution to M
can usually be neglected, so one may write

M = QM»»ata» (28)
jef

in terms of the moment-operator matrix elements
M»». o((d) is then proportional to

of equations for Green's functions of higher and
higher order. This difficulty may be avoided by
considering instead the Green's functions

where N is the number of lattice vibrational
modes. For one has

((at a, ~
a',.a,.))„

((& lim Im 52 M«»~». ». ((ata» ~a»t. a,.))„„
I «0 c2 jyfj' ef' (30} since

(32)

so that the Green's functions ((a, a» I a». a,.))„de-
termine the absorption spectrum. The explicit
evaluation of these Green's functions for the Ham-
iltonian H~ and density operator p(H~) is given in
Sec. III.

HI. CALCULATION OF DOUBLE-TIME
GREEN'S FUNCTIONS

(34)

with

Z b"," (33)
fn) mg

is the identity operator in the state space of inter-
est. Also, from Eqs. (10) and (18}it follows
that the b'" and the b„"are linearly related:

b"=Q C„"„(X„»)b»"
n 0

Equation (27) cannot conveniently be used for the
direct evaluation of ((ata»la»Ja». ))„, because it
leads in the familiar way to a coupled hierarchy

C"„(X„,) =f »»+(qJ»»."(q,+&, )»f(I, ~

Equation (32) can then be written

(35)

((a, a» ~a», a». )) =Q. . . Z Z. . . Z Q C" „(&&—&„»}((a,a»b, . . . b „b„„".. . b„',
~
a». a».))„,

~„n, n„ f

(36)

since

Q c"*(~„»)c"(x„,}= C."„(~„,—~„»}.
p 0

Equation (27} can now be used directly to evaluate
the function

the commutator with H„on the right-hand side of
(27) giving rise to no higher-order Green's func-
tions because of the one- "particle" -per-mode
nature of the states in the trace, and in fact yield-
ing a term proportional to the Green's function it-
self. Explicitly, one finds

((a»a b b b b
~

a» a» )) = [P(i; [mp}) P(ji (»})]

xb»», 5»», g c~„„(&„»—&„»)

x
I tx - » (xs - x, & ~ Z " " - & tx.(".— 8) (37)

By combining Eqs. (36) and (37), one finds

((a»'a»
~
a,', a»,)).= "2 "' Z & [p(i; {m.})- p(» f&.}}~

{fn j(n )

(
x n Ic„„(x„,-x„,&

I' -
l, x '(x, -x, &-E "' "' +& .("„- .&) (38)

Reference to expression (30) for o(~) shows t»t
the transition from state (i; (m„})to state

( j; (»»g) produces an absorption line at frequency

d2 -d2
(g= K '(e —e») —Z "' " +~ ~r (»»( m» )

(38}
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with strength proportional to

~ l~. /I l[p(';( .))-p(j;(n.])l
a

&& Q
~

C" „ (x„/ —x„,) ~
. (4o)

u„"(q)= a' (v' 2"n I) '

x e ~' H„(a„q),

a„= (m „(u„/8)'",

(41)

(42}

Two steps must be taken to complete the calcula-
tion. The first is to observe that the C"„(X„q)may
be computed explicitly in the case of the standard
choice' '"

H„(Q) = (- 1)"e o „„e~
for the phases of the u„"(q) to be

(48)

3 ( y
'/t' fd / )ttt+ tt 2y'

Cg (I ) ( 1)m (m In i)2/2 -ldg( /eg /2 Q ( ) ( ul/ u)
ri (m —r) f(n —r) I

( + m t5+tl fl
(m ln I)~/ [(m+n-P) I] (d /co )' "' e(Im-n I

u

(44)

(45)

where

,(, ) g( 1), [( + )]'
(p - r) Ir I(k+ r) I

is the associated Laguerre polynomial of in-
dicated order with

(46)

sequently all transitions I j; {n„}}-li; (m„j}hav-
ing the same set of (r„)will contribute additively
to the absorption at the same frequency. ' Thus
one may finally state that the absorption spectrum
for the system consists of 6-function lines at the
frequencies

P = min(m, n) = (m~+ n —
~

m —n
~
). &o = It '(e/ —e, ) —Q (d'„, d'„,}/(u,—+ g r„(u„, (47)

The second is to note that the absorption fre-
quency (39) depends only on the differences r,
=-n„—m„of phonon excitation numbers, and con-

where the r„are any set of (positive, negative, or
zero) integers; and the strength of the absorption
line at frequency (47) is proportional to

pl Igl m!m+r I
P i m P J m++f'+ j

~1~1 N=~N

&'f" '. l. I (d. -~.i)')'
(X "

2
" g uS

Cd ~u
(48)

where s„=max(0, —r„) and P„=min(m„, m„+r ).
Equations (47} and (48) give a complete, exact,
and explicit solution to the problem of calculating
the absorption spectrum for any electron-phonon
system with an electron-diagonal Hamiltonian of
the type (8}and a density operator p commuting
with the Hamiltonian.

IV. CASE OF THERMAL EQUILIBRIUM

The expression (48) for the line strengths can be
put in a considerably simpler form for the case of
thermal equilibrium, where

p=e s"~/Tre s & P=(kT) ~ (49)

For this situation (48) takes the form

Sd
(o Z ~iIf „~ exp —

p~ e, -Q "'+Q —,'k(u„(Tre-s"~)-'
Cs

1 —exp —P e~ —f, — "' " + I~„r„exp—I(d, /
—d„() & (d„/ —d„,)

tt) 4y

(50)

A special case of a theorem' relating sums of products of ass ated Laguerre polynomials to hypergeo-
metric functions states that
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k
t 2)( h (1 f)

-)2 -e-22 -0
~

f {2 f1/sy(1 (51)

where, as before, I),(z) is the modified Bessel function of the first kind of order k. Upon applying this to
expression (50) one finds that the line strengths may be written (for either sign of the various r„)

"' ~ la~.
(

(Tre '"~) '

I —exp —P e& —e, — "~ "'+ 5co„r„exp)f d —d ) (2n +1)(d —d

n +1 'd -d
Q (1 e (I&2))2)-1 . )2+ f 2[(n + 1)n ]1/2 & 229 222)

u n

[where, as before, n„= (e+"u- 1) '] or, after taking into account the explicit form of Tre e"&, as

(cp M gg exp —P fg
— exp —P 6k-( Ad~) ~ ad'„„,l

e ) & u' ~u' i
k

x 1-exp —P ~, -~, — "' "'+ a~,ru exp—K(d —d ) 2n +1)(d —d

(n +1 "u~'

„(nu (d
(53)

Equations (47) and (53) give explicit exact expres-
sions for the frequencies and strengths, respec-
tively, of the absorption lines of a system with
Hamiltonian H„ in thermal equilibrium.

By noting that Lax's function G(v} [Eq. (6))
differs from 21m((a, a& ( a&a, ))3 by a factor K ',
by the omission of thermal averages over the elec-
tron states, and by not taking into account stimu-
lated emission (which is treated separately, and is
in any case negligible for most cases of interest},
one obtains as a corollary that G(v) has the explicit
value

IO Cl

G(v)=& ' + ~ ~ + &({&,]') 5(v- v((~.)))
(54)

where
Rd~ —d

hv(fr„})=e, e, -Z —"' "' +Z ~„1~.
(55)

V. ADAPTATION TO NUMERICAL CALCULATIONS AND
APPLKATION TO AN EXAMPLE

While Eqs. (47) and (53) give an exact expression
for the absorption spectrum of the system with
Hamiltonian (3) in thermal equilibrium, they clear-
ly cannot be used for actual numerical calculations
for a lattice with 10 (or even 10 ) distinct vibra-
tional modes. Fortunately, it is usually possible
to approximate the physical lattice by a lattice con-
taining only a few vibrational modes in such a
fashion that the absorption spectrum of the "ap-
proximate" lattice is essentially indistinguishable
from that of the actual physical lattice. To see
how this may be done, note that a comparison of
the form (4), (5) of the absorption spectrum given
by Lax's Green's function G(v) [Eqs. (6), (7a),
(7b)] in the case where all the lattice frequencies
are equal with the general form (54)-(56) restricted
to the same case yields the identity

f,(2&[n(n+1)]"')=Z. . .+ Q f, 2[n(n+1)] " ""'.""'
r r1 N u=1

where as in Eq. (5), n = (ee~ —1) ', S= g„(d„,—d„&) /(e„and (e, is the common frequency of the lattice
modes, and where the summations over r„.. . , r„ include only those values of these variables for which
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r, + ~ ~ + r„=P. It follows that if ~„,, .. . , &„all lie in a small enough interval b ~, about an average fre-
quency (d, then

m — y /2 d -d 2

g u~+ " I 2[0 (g I)] I u, J u~
2 y

fm (d

Q r„=r,
1=],

(58)

with

rx, = (e'~~ —I) '

and

CO~ 1 ~ (0~

In addition, for each combination of r„, ... , r„
above satisfying

one has"

r„co„=r, (d

If the definition of d,&, d, &
is completed (up to a

nonessential over-all sign) by requiring that

1*i CO
&1

(8o)

one sees that the exact absorption spectrum may
be approximated by applying Eqs. (4V) and (53) not
to the full set of modes p, with frequencies and

couyling constants d„&, d», but to the smaller set
of "modes" 7 with frequencies &~ and coupling con-
stants d«, d, &. The effect of this approximation is
to replace a large group of absorption lines due to
a set of yhonon modes lying in a narrow frequency
range by a single line in that range whose ampli-
tude contribution is the "integrated" amplitude con-
tribution of the entire set of lines it replaces. It
seems reasonable to assume that the approximation
will be a good one if the spacing of the resulting
absorption lines in the "approximate" spectrum is
significantly smaller than the instrumental resolu-
tion available. As will be seen shortly, this condi-
tion is marginally satisfied for four "approximate
modes. " For five or more modes it will be well
satisfied over the whole band except for the im-
mediate region of the zero-phonon line. Addition-
al modes can be introduced to determine the form
of that exceptional region of the spectrum to any
desired accuracy.

To illustrate the application of this approximate
form of the results of Sec. IV, calculations of the

Iooo—
LiF

500-

i I

8 IO

m (lol~ sec-l)
l2 l 4

FIG. 1. I'honon spectrum of LiF as calculated by Karo
and Hardy {Ref. 17). Four vertical bars have been
superimposed on their figure to indicate the frequencies
and coupling constants of the four modes which have been
used to approximate the spectrum in the present calcu-
lation.

absorption spectra of two hypothetical one-electron
centers in LiF-one with an S value of 5 and the
other with an S value of 15-were performed. The
phonon spectrum of LiF as calculated by Karo and
Hardy' is shown in Fig. 1. For the purposes of
the present calculation this spectrum was replaced
by four "modes" whose frequencies are indicated by
vertical bars in Fig. 1. These four frequencies
and the frequency ranges which they "represent"
are given in Table I. Each co, is the average of
the frequencies in its frequency range, and the
particular frequency ranges used were chosen to
correspond to the prominent features of the LiF
yhonon spectrum. For simplicity it was decided
to take the 2« = 0, and each d, &

proportional to the
number of phonon modes in the frequency range to
which it corresponds. ~ The d, &

were then adjusted
by an over-all factor to obtain the desired S values.
The relative sizes of the d, &

are indicated by the
relative heights of the lines indicating the posi-
tions of the w, in Fig. I, and the specific numeri-
cal values of the d,~ used in the two cases are
given in Table I. Finally, the "unperturbed" elec-
tronic transition frequency was chosen in each
case so as to make the circular frequency &0 of
the zero-phonon transition 3. 1416&&10 sec
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TABLE I. Parameters used in the calculation of the
approximate absorption spectra of two hypothetical one-
electron centers in LiF.

1
2

4

Frequency
Range
(hen, )

0-4. 5
4. 5-6. 5
6.5-10
10-max

CO&

(all units 10 sec ')

3.32
5.62
7.33

11.33

$=5

6.037
6.432
4. 007
3.295

$=15

10.456
11.141
6. 941
5. 708

(corresponding to a wavelength of 600 nm). The
respective "unperturbed" electronic circular
transition frequencies are 3. 3565X 10' sec
(561.6 nm) for S= 5 and 3. V863 x 10~5 sec ~ (49V. 8

nm) for S= 15.
The factors for the individual modes which ap-

pear in Eq. (53) were first calculated for a wide

range of ~, values to see mhat set of values would

contribute significantly to the absorption. The
range of 7, values ultimately decided upon (which
incorporated a certain degree of "overkill" }varied
from 33 for the lowest-frequency mode to seven for
the highest-frequency mode. This range produced
a total of 53361 absorption lines, of which only a
few percent contributed significantly to the ab-
sorption. Since a knowledge of the positions and
magnitudes of such a large number of lines is not
desired, mhat mas done in practice was to calculate
the integrated absorption over two nets of frequen-
cy intervals of width I.2~10' sec displaced by
0.6&10"sec ' with respect to each other, and to
average the results. The number of modes per
frequency interval contributing significantly to the
absorption spectrum in the main part of the band
ranged from 5 to 10 for the S = 5, T = 20 K case to
about five times that many for the S= 15, T = 80 K
case. The average spacing of the lines mas thus
approximately 10' sec ', or 0. 19 nm at the long-
wavelength end of the spectrum and proportionate-
ly less at the short-wavelength end. Each addi-
tional "approximate mode" included increases the
number of lines per unit frequency interval by a
factor of 10-15. The four-mode case illustrated
here thus gives only a moderately accurate repre-
sentation of details of the absorption spectrum, but
the use of six modes could be expected to yield ac-
ceptable accuracy to about the 0. I-nm level over
the bulk of the band. As noted earlier, the ac-
curate treatment of the immediate vicinity of the
zero-phonon line mould require the use of a larger
number of modes, with a correspondingly smaller
range of values for the associated F,.

The results of the calculation for S= 5 are shomn
in Fig. 3 for the two cases (a} T= 20 K and (b) T
= 80'K. The results obtained for S= 15 and the

(a)
T* 20'K

/r/
/

/r

/
/

0.5

m {io' sec-')
1.0

(b) I 5
Te IOeK

r
r/

//

r

r

~ t)0~5 Set:-~)
0.5

FIG. 2. (a) Absorption spectrum (histogram) and num-
ber of calculated absorption lines per unit frequency in-
terval (dashed line) at 20'K for the hypothetical defect
center in LiF having $= 5. The vertical scales are ar-
bitrary. (b) Results for the same center at a temperature
of 80 K. (d = 0 is the location of the zero-phonon line.

same two temperatures are shown in Figs. 3(a)
and 3(b). In each of these figures the histogram
depicts on an arbitrary vertical scale the calcu-
lated absorption per unit frequency interval; and
the dashed curve shows, also on an arbitrary verti-
cal scale, the number of calculated absorption lines
per unit frequency interval. Approximately half
the calculated lines lie at higher frequencies not
shown in the figures and contribute an absorption
which is not significant on the scale of the figures.

As discussed previously, the small-scale de-
tails of the spectrum can be assumed to be only
moderately accurate because of the use of only
four phonon modes in the calculation. However,
that the indicated existence of considerable struc-
ture in the spectrum for the S= 5 case has physical
significance and is associated with the structure of
the phonon spectrum can be verified by comparing
the large variations in the absorption mith the
smooth variation of the number of lines per unit
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frequency interval. By utilizing five or six modes,
integrating over smaller intervals, and folding
the resulting spectrum with a Gaussian to repre-
sent the effects of instrumental and radiative life-
time broadening, crystal inhomogenieties, etc. ,
one could expect to obtain a quite accurate repxe-

FIG. 3. (a) Absorption spectrum (histogram) and number
of calculated absorption lines per unit frequency interval
(dashed line) at 20'K for the hypothetical defect center in
LiF having $ =15. The vertical scales are arbitrary. (b)
Results for the same center at a temperature of 80'K.
cg = 0 is the location of the zero-phonon. line.

sentation of the spectrum over practically the en-
tire width of the band. (For the purposes of il-
lustration it seemed more instructive not to per-
form this additional smoothing here. )

Many of the experimentally (and in some cases
theoretically) well-known features of defect-center
absorption spectra are clearly displayed in Figs.
2 and 3. For the S= 5 case these include the pres-
ence of a zero-phonon line which grows in intensity
from 20 to 80 K (by a factor l. 1V), and the ap-
pearance of a phonon-absorption peak in the 80 'K
spectrum. For the S= 15 case the zero-phonon
line is so small as to be unobservable, the band
is broader, and there is less structure. In each
of the two cases the position of the band peak is
essentially independent of temperature; in addi-
tion, the integrated absorption is temperature-
independent.

Calculation of the four spectra shown required
a total of 30 sec CPU time on a Univac 1108 com-
puter; but this time could be shortened somewhat,
without sacrificing appreciable accuracy, by re-
ducing the ranges of r, values considered. It was
noted earlier that each additional phonon mode in-
troduced increases the number of lines by a fac-
tor of 10-15, and so will increase the computation
time by approximately the same factor. Calcula-
tion of spectra using six "approximate modes" is
therefore easily done with currently available com-
puters; and by means of careful programming to
avoid computation of lines of negligible intensity,
one could probably handle seven or perhaps even
eight modes without encountering exorbitant com-
putation times. The preceding discussion and
example show that with six modes a satisfactory
representation of the absorption band could be ob-
tained.
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