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The in6uence of correlatioa behveea the optical ykuggee oa the one- and taro-phonon contribution to
the free-polaron absorption spectrum in your ~ieen4uctors (a & 1) is evaluated by extending the
Lee-Low-Pines fo~&~. This comehatioa cas be nk~ to the cotmept of the relaxed excited state in

the intermediate and strong electron-phonon coupKeg region (n& 3).

I. INTRODUCTION

The infrared intraband absorption due to the
interaction between a free charge carrier agd the
optical phonons of a polar material has been studied
recently in the Feynrnan model of the free polaron
for all values of the electron-LO-phonon coupling. ' '
It has been shown that even for 'weak coupling"
(say o= 1, where o is the dimensionless electron-
phonon coupling constant) the obtained absorption
spectrum deviates from the second-order perturba-
tion result (which is of order o.).

The purpose of the present work is to derive an
expression for the free-polaron absorption coef-
ficient, taking into account correlation between
optical phonons. Furthermore, the relative im-
portance of one- and two-phonon processes in the
absorption process will be evaluated.

%'e start from the well-known relationship be-
tween the absorption coefficient I'(Q) as a function
of the frequency of light 0 and the probability that
a photon be absorbed by the polaron in its ground
state:

I'(Q) = 2 F(Q),

where n is the refraction index, N is the density
of polarons, and m is the band mass of the electron.
In (1) the independent particle approximation has
been made. In the dipole approximation for the
oscillating field, the function F(Q) is given by
(5 =m = &u= 1; &u is the LO-phonon frequency):

x Q(Ey —E ( —Q),

where p is the momentum of the electron, u is the
unit vector in the direction of the polarization of
light, [ i ) is the ground state of the polaron with
energy E&, and I f) represents the possible final
states to which the polaron can be excited.

Equation (2) will be evaluated in the canonical-
transformation formalism by introducing, in ad-
dition to the two Lee-Low-Pines transformations,

a third unitary transformation, which takes ac-
count of correlation in processes involving two LO
phonons.

As a result of this simple analytic calculation,
an expression for the absorption coefficient is ob-
tained which contains a term linear in n (cor-
responding to the second-order perturbation re-
sult~) and a term quadratic in the coupling. This
last contribution will demonstrate the importance
of correlation between virtual phonons of the polaron
on the absorption spectrum even at weak coupling.
This correlation will be related to the concept of
the relaxed excited state (as studied in Refs. 1
and 3) in the intermediate and strong coupling
region.

A further consequence of the present calculation
is that the emission of the two correlated free LO
phonons by the polaron can be neglected at weak
coupling. This means that in the region o, & 1,
the absorption spectrum can be considered as due
to emission of one optical phonon by the polaron.
In fact this latter point is somewhat surprising,
as one would expect a two-phonon threshold which
becomes more pronounced when a increases.

II. CALCULATION OF THE ABSORPTION COEFFICIENT

The Gurevich- Lang- Firsov perturbation re-
sult (Appendix A) gives the absorption coefficient
in linear order of the electron-LG-phonon coupling
constant u. In this approximation the correlation
between LO phonons as a result of their interaction
with the charge carrier is neglected. This is only
valid in the asymptotic limit 0,- 0. For larger
values of the coupling constant u, such correlation
should be included. In the following calculation of
the optical-absorption coefficient, correlation is
taken into account to order o . In the first step
the matrix element in Eq. (2),

(f Iu pli) (3)

is rewritten by performing the two Lee-Low-Pines
canonical transf ormations;
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(i, = exp( Z [f(k)a;-f (X) a„.]). (5)

In the new representation p is a c number, which
represents the total polaron momentum and which
can be taken equal to zero at zero temperatures. As
a result of the evaluation of the two transformations
U, and Uz, the matrix element (8) is transformed
into

&f'I ~ (u' k) [af~+f'(k)l[af+f(k)] It' &, (6)
k

where It' &=(U, U,} ' Ii) and If ')=(U, U3)
' If).

In analogy with the wave function for the ground
state of the polaron, as used by R5seler, a third
unitary transformation U3 is px oposed~:

t
Ue= exp

2
Z g(k|, kz) (af, af —af, af }I

(1)
&g~&2

One has

g(k|i k~)=g(k~i k,)=g (k|i k~). (8)

The functions f (k) and g(k, k') can be evaluated by
means of a variational calculation of the ground-
state energy E&. This results in

f(k) =fi(k)+f3(k), (9a}

(9b)fi(k}= V)p (df,

(k k')~f(k) If(k') I'
fm(")=;, ~q~;. ~„-~ +k k) (9c)

(k ki) (k k')f(k)f(k )
(~f +(()f'+k' k )

&dg= I+ 2kj. 2

(10)

Applying the unitary transformation Ue of E(l.
(7) to [a~1+f~(k)] and [ay+f(k)] in E(l. (6), and re-
taining for both operators terms up to order e,
one obtains

f" Q (u k) a„.+Qg(k, k')af +f~(k)
K ~

fx a +Ex(k, X')a +f(k) i"),
I

(12)

with

If"&
= Us' If '&

and

I
t"&= U, ' I

t'&.

In the new representation the ground state of the
polaron is represented by I

i"&= I 0) with af I 0)
= 0; E(l. (12) to order linear in (x is given by

&f" Iw lo&, (14a)

with

A =+ (u k) I Qg(k, k')a~1a~t. +f(k)af~
k

k |'

+Qg(k, k') f*(k)ave I ~

fe j (14b)

Ey-—E(+ (1+ ~k ). (16)

The one-phonon contribution to the absorption
spectrum can be written as

s,(A)= —" Z5((1+-.'k')-A}
I &o Ia;~ I o& I'. (17)

Working out E(l. (1V), using (14), we find a term
linear in 0.'.

—' Z5((1+-.'k')-A}(u k)'If, (k) I', (18a}

and a correction term quadratic in o.:

~ Z (» x)(» x )f '0 )f p )i're(x pe')) . ,
fr

(18b)

In order to evaluate E,(A), the summation over k
and k' is converted into an integration over k and
k'. As a result of the integration over k in Eq.
(18a) the Gurevich- Lang- Firsov perturbation re-
sult is obtained.

The two terms in E(l. (18b) are of order u and
can be taken together to give:

2. [2(A 1)]
(A 2)I(k,)3~ O' 0

where
yf 2g2

(1+ ,'k'*P(2+ ,'k*+—'k"+k, k—)t)-
(19b)

with ko= [2(A —1)]'~ and t= cos(k, k'). Performing
the integration over t in Eg. (19b), f(ko) is re-
duced to

f(ko) =
]) dk '
0 0

1 dk' 4+ko+k' 4+(ko+k')
k() ()

k' 2+ k' 4+ (k()- k')
(20)

where the second integral can be calculated using
the formulas given in Appendix B.

The one-phonon peak in the absorption spectrum
up to order a (A ~ 1) is given by

f(ko)= dk'

The one-phonon peak in the infrared absorption
spectrum of free polarons results from the emis-
sion of one optical phonon by the polaron in its
ground state, caused by the absorption of a photon
with energy A. In this case the possible final
states I f") are given by

(15)

and the corresponding energy is
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2a 0- 1 'iP
)',(())=, ( ~ n B(())), (R(a)

where B(0) is a slowly varying function which is
positive for all frequencies 0)1:

1 (0+ 1) ~o-i '/'
B(0)=

( ),i, arctani

0(0+ 2) (0 —1)'t
arctan

0'+ (2+ W2) 0+ 2+ 2&2
2+ 2++0 (2lb)

and

If the absorption process leads to the emission
of two real phonons, the possible final states 1

f")
and their energy E& are

if")=a'„-a„'-~
i o) (22)

Ep(0) = —— Z t)(2+ p(k+k'} —0)02 t

x
i (0 fa„.a; X

I 0) i',

with A given by (14b). It follows that

(24)

Ep(0) =—Z t)(2+ p(k+k') —0)
2A g, pe

& [u (k+k')] gP(k, k'). (25}

After converting the summation over k and k' into
an integral, the change of variables,

«]
k+k =v, k=k, (26}

is made. So one obtains

Et=E;+[2+ p(k+k') ]. (23)

To order a the two-phonon contribution to the
optical-absorption coefficient takes the form

Q2 (u v) (v k —kP) P

2( ) 16 80 ( ( +~a )) kP(I xk2)2( 2 k2 2 k)(I x 2 xk2 g)2(2 x 2)2 ~ (27)

The integration over v reduces Ep(0) to

2a' 0-2"'
(23a)

with

l(A) - J d).'
0

(v pkt —kP)P

(1+ pk ) (vp+k —2v()kt ) (1+ pvp+ p k —v pkt} (28b)

and III. DISCUSSION

v()=[2(0- 2)]'i' (0» 2},
t= cos(k, v).

o(P (0- 2)PiP
Ep(0) = —

p C(0), (29a}

with

0 —40+ 2 (0 —2)C(0)= «z arctan

2(0 —40+ 3) 1/2arctan (0 —2)

v(0- 2)'i' 2(0 + 20- 2)
2 (0+ 2)

(29b)

After the integration over t, the remaining inte-
gral over 4 can be transformed to an expression
involving integrals of the type given in Appendix B.

Finally, the two-phonon contribution to the in-
frared absorption spectrum in polar semiconduc-
tors is given by (0» 2):

As the influence of polaron effects on the refrac-
tion index n can be neglected, the structure of the
absorption coefficient of free polarons is given by

F(0)= F)(0)H(0 —1)+Fp(0) H(0 —2), (30)

where H(r} is the Heaviside unit function and where
the one-phonon peak E,(0) and the two-phonon con-
tribution Ep(0), respectively, are given by Eq.
(21) and Eq. (29).

The structure of the absorption coefficient (30)
to order o is compared with the Gurevich-Lang-
Firsov (GLF) perturbation result in Fig. l. As a
consequence of the correlation between the optical
phonons, the intensity of the absorption peak is
decreased with respect to the GLF result. At
higher frequencies (0)2) the absorption curve
lies slightly higher than the perturbation result.
This increase is a consequence of the broadening
of the one-phonon peak and of the emission of two
correlated phonons by the polaron.

The influence of the correlation between the op-
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This was performed by extending the Lee-Low-
Pines canonical transformations with a third uni-

tary transformation inspired by a wave function
proposed by R5seler. ' We find for the optical-ab-
sorption coefficient a term linear in e '~ and a
correction term quadratic in the coupling: K(Q) a .
The coefficient K(Q) presumably is not exact be-
cause, e.g. , in the argument of the 5 function in

Eq. (2), which reflects the conservation of energy,
the exact dispersion relation for polarons has not
been used. Application of the sum rule (31), how-

ever, shows that this coefficient is very accurate.
Comparing our results with the optical-absorp-

tion coefficient calculated in Refs. 1 and 2, we find

the same decrease of the absorption peak for in-
creasing e. Our result is perturbationlike and

our correction is an estimate for the term in o .
From the formula that we introduced for the

absorption coefficient in Refs. 1 and 2,

QImx(Q)
Q —2Q'Re)t(Q)+ I )i(Q) l' '

FIG. 1. The absorption coefficient of free polarons,
taking into account correlation between optical phonons
(30) (curve b), is compared with the second-order per-
turbation result linear in the electron-phonon coupling
(Refs. 2 and 4) (curve a), (a =1).

tical phonons on the absorption spectrum presum-
ably provides the explanation for the difference
which exists at weak coupling between the calcula-
tion of the absorption coefficient in the quadratic
approximation of the polaron where phonon cor-
relation is included, ' and the GLF result. ~

As a last point we can remark that a sum rule,
relating the first moment of the absorption coef-
ficient to the electronic part of the polaron self-
energy has been discussed in Ref. 7:

AF Q dO=m i u~~p i

or

f AF(Q)dQ= ,' E„w, - (31)

where E,& can be calculated analytically by means
of canonical transformations':

E„=—,
' a+ [21n(1+W2)- &In2- —,'W2] a

The numerical evaluation of the integral in (31}with

F(Q) given by (30) confirms this result.

IV. CONCLUSION

We have calculated the optical absorption for
free polarons in the "weak" coupling regime, taking
into account correlation in processes involving two

phonons.

2a (Q —I}'~'
3 Q' (Q 1)

is derived using the two canonical transformations
of Lee-Low-Pines. A simple and elegant deriva-
tion of this result is obtained by rewriting the ma-
trix element in Eq. (3) as

'
&i lu plf)=A&i lu [p, H1 lf&, (A2)

with

—iQz(Q) = Q'- X(Q),

where z(Q) is the dynamical impedance of the polar-
on, it is clear that such a series expansion valid
for Q & 1 and for relatively small e exists.

In conclusion we find a decrease of the weak
coupling optical absorption as a result of correla-
tion between the virtual phonons which build up the
self-induced polarization cloud of the polaron. In
fact this correlation is related to the concept of a
relaxed excited state" (RES), which we propose to
describe as follows: Starting from weak coupling
and increasing the coupling constant a, the initial
and final states of the polaron are influenced more
and more by the correlation between the phonons of
the polarization cloud to which the electron distribu-
tion is readapted self-consistently. If the correla-
tion is strong enough to enable the electron to be
excited into a higher level in the polarization well
(a ) 3), the latter is re-adapted to the new electron-
ic distribution. For strong electron-phonon cou-
pling this tends to a quite stable RES.

APPENDIX A

In Eq. (2) the GLF perturbation result linear in
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where H is the polaron Hamiltonian and

[p, H] =Z k(V~afe'"' V-~ofhce "') .
pT

(A3}
r(O)=0 (0«o)

Converting the summation over k into an integral,
the GLF result (Al) is obtained. Incgs units one has

After performing the first Lee-Low-Pines trans-
formation U, of Eq. (4), Eq. (A2) reduces to

4nNe 2a (0/~ —1)'~
mnc&a 3 (0/~)~

(A10)

-„&&i I
~ (u' k) (Vnsf- Vasr~) Ifi&,

with

In this way the perturbation result in order 0. is
obtained directly from the dynamical properties of
the polaron without a variational calculation of the
ground-state energy, as was necessary in Ref. 2.

(A6)

EI=E(+(I+ ~k ).
The evaluation of Eq. (A4) gives

&f lu plf&=-'&01~(u k')
g

"(~a ef 1
—Va sf~.)sf~

I
o&

1=- (u k}V .
Q

(A7)

(A8)

The ground state of the polaron in the new repre-
sentation is given by l i~ &

=
I 0) with af ) 0)= 0 and

the final state, corresponding to the emission of
one optical phonon is

with energy

APPENDIX B

"dx 1 b +(x+c)
s ln

Jot x a +x' b'+ (x-c)'
277 lr c c

=~ I
arctan ——arctan

a b a+b& '

""dx 1 ba+ (x+c)
x (e +x ) b +(x-c)

2m C C=~ arctan ——arctan
a b a+b

(B1)

In order to calculate the remaining integrals,
(20) and (28b), the following types of integrals are
used (a &0 and b &0):

Using Eq. (AS), E(A) of Eq. (2) is:

Z(fl) =~q (u. k)'
I V, I'b(I+ -,'k'- O)0 (AQ)

5
a (a+b)'+c' '

dx b~+ (x+ c)2 C—ln s = 2m arctan-
x b +(x —c)~ b

(B2)
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