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We calculate the contribution of the free-carrier absorption due to scattering of electrons by two
nonpolar optical phonons. An effective Hamiltonian is formulated for the interaction between the
electrons and two phonons. Using the previously calculated values of the two-phonon effective
deformation potential, we find that significant contributions to the absorption coefficient occur because
of two-phonon processes. The absorption coefficient due to two nonpolar optical phonons varies with
wavelength A of the incident radiation as A'*. The resultant calculated absorption coefficient varies as
A2 while the experimental value varies as A% Thus the agreement between theory and experiment is
improved if two-phonon processes are taken into account. The variation of the absorption coefficient

with temperature is also calculated.

I. INTRODUCTION

Studies of free-carrier optical absorption in
semiconductors have proved to be useful to gain un-
derstanding of the carrier interactions. Free-car-
rier optical absorption can only occur through scat-
terings by impurities or lattice vibrations. Lattice
scatterings make both the conservation of energy
and momentum possible. Detailed measurements
have been performed on many semiconductors.
Theoretical calculations taking into account various
forms of scattering have also been provided. For
some well-characterized semiconductors, such as
InSb, there have been considerable efforts to
achieve accurate quantitative calculations of the
free-carrier absorption near A=9 um. These cal-
culations'~® considered intraband electron scat-
tering by optical phonons. The results do not agree
with experiment either in the wavelength A depen-
dence or in the magnitude of the absorption coef-
ficient . Experiments show that « is proportional
to A%, whereas theoretically o =cA** To improve
agreement with experiment, Haga and Kimura! in-
cluded a contribution to a due to scattering by
acoustic phonons. However, they have to assume
a very large value for the acoustic-phonon defor-
mation potential D =30 eV, much larger than the
accepted value of D=7 eV. Demidenko® included
the effects of band nonparabolicity but did not find
any significant contribution in the frequency range
(8-15 um) of interest. Jensen? included both non-
parabolicity and contributions from the intermedi-
ate states in other bands. He found an increase in
the absorption coefficient a. Nevertheless, a was
still 30% smaller than the experimental value and
further, the X dependence of @ was poorer, a o A3,
These calculations quoted above have exhausted
the usual carrier-scattering mechanisms, and the
outstanding disagreement that exists between theory
and experiment is still puzzling.

Recently, Ngai and Johnson, * henceforth referred

8

to as I, have shown that the effective two-optical-
phonon deformation potential in InSb is very large.
In I, it was demonstrated by a resonant carrier-
phonon coupling experiment that two nonpolar-opti-
cal- (NPO or TO) phonon scatterings cause split-
tings in the magneto-optical spectrum of compara-
ble size to that due to polar-optical (LO) phonons.
It is natural, in view of this new information, to
consider the contribution of 2NPO-phonon scatter-
ing to free-carrier optical absorption in InSb. In
this work we show that good agreement with experi-
ment is obtained if contribution to @ from 2NPO-
and LO-phonon scatterings are both included.

In Sec. I we derive the effective carrier—-2NPO-
phonon deformation-potential-interaction Hamiltoni-
an. In Sec. III we calculate the frequency-depen-
dent conductivity due to two-phonon processes by
extending the Green’s-function theory of Gurevich,
Firsov, and Lang5 for one-phonon processes. The
magnitude of the 2NPO deformation potential used
in the present calculation is consistent with the
value determined in I.

II. TWO-PHONON DEFORMATION POTENTIAL
The Hamiltonian H of the system is given by
H=Hy+H g +H,, . (1)

The unperturbed Hamiltonian H, is the sum of the
following three terms:

H,= 2 Elc{CA ’
X
He= 2wy, :45,:+9, @)
Xy €

1
Hy= 20 030G, 0y 03, ns+5)-
q,nj
¢! (c,) is creation (annihilation) operator for elec-
trons in state A. We will assume isotropic para-
bolic bands for electrons with energy E ;=7 %%/
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2m*, where m* is the effective mass of the elec-
trons in band ¢ and X is the quasimomentum. wy 3
is the frequency of photons with wave vector X and
polarization €. wg,,y denotes the frequency of pho-
nons with wave vector §, branch index n, and po-
larization 7. A' (4) and a' (a) are the creation
(annihilation) operators for photons and phonons,
respectively.

Hgy is the electron-photon interaction given by

e ([ 2m \M% _, . 22
= - — by JhpiXer
Hen m*(ﬂnwi) e pe

A

Xelic A} z+c.c., (3)

where € is the high-frequency dielectric constant,
Q is the volume of the crystal, e is the electronic
charge, P is the momentum operator of the elec-
tron, and |\) is the electron wave function in state
.

Electron-phonon interaction H,, is usually given
as an expansion in its atomic displacements u,, of
the ath atom in the nth cell:

Hep=z> VU,
n, o
1 - -
+= 0 Uprge * VIV U +0ee

2
n‘n:a'

=H;+Hy+---. (4)

As was indicated in I, an electron interacts with
two phonons either by H, or by a repeated applica-
tion of H, through intermediate states. The latter
process is formally written as H,(1/E - H)H,,
where H is the entire Hamiltonian for the electrons
and the lattice. Interference of matrix elements
between H, and H,(1/E - H) H, may result in some
cancellation and weaken the resultant electron—-
two-phonon interaction. For the case of long-wave-
length acoustic-phonon modes, the results of in-
terference and cancellation are dramatic as shown
by Holstein. 8 In the limit of long wavelength, an
acoustic phonon is equivalent to translation of the
lattice. The detailed cancellation in this special
case reflects the translational invariance of the
crystalline lattice. However, for two NPO pho-
nons, in spite of interference, reasons have been
advanced to show that cancellation is believed not
to be serious. It was argued in I, that, for near-
zone-edge optical phonons with large momentum
transfer, translational invariance of the crystal no
longer enforces detailed cancellation of H, and
H,(1/E - H)H, as happens for the case of long-wave-
length acoustic phonons. However, the assumption
made in I that only H, gives rise to the observed
resonant electron—-2NPO-phonon coupling is not
necessary. In general, finite contributions to
H,(1/E - H)H, exist with all possible intermediate
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states from all bands. The results and conclusions
of I remain unchanged if the deformation potential
determined therein is taken pertaining to the ef-
fective Hamiltonian H3'' as defined immediately
below. This persistent inference of matrix ele-
ments is most conveniently handled by defining an
effective carrier-two-phonon interaction Hamilto-
nian H$*f. The procedure is illustrated diagram-
matically in Fig. 1 and corresponds to the follow-
ing expression:

Z} Z} E Van!'al" oy

ne qnf It

XMV;.(Q)CI: cléanl d)ﬂ'n'!’ ’ (5)

Vln!,i‘n'j' -m)(ﬁ" ’ q'n .7 )/pﬂaz(wen, wg ) /2, (6)

Mun(@Q)= (Fy|eF|Fy), )

where |F,) is the envelope function of electron
states.

B30 =Agns +als =inj 18 the field operator for phonons
of branch » and polarization j, and Q q+q’. pis
the mass density and a is the lattice constant of
the crystal. D is the two-phonon effective defor-
mation potential and is a function of §nj, q'=';’.

It depends also on the electronic quantum num-
bers A, A\’ because it must involve transitions be-
tween these states and various intermediate states.
Since in this work, we consider only the case when
both states belong to the same band, this depen-
dence is not important. Hence we have suppressed
the labels A and A’ in D, It is expected to be small-
er than the value if determined from the #Z’ term
alone.

It will be found convenient to rewrite H3' ina
form that resembles ordinary electron deforma-

tion-potential interaction with one phonon. This
is accomphshed by f1rst replacmg the sums over
§ and §’ by sums over Q and d. For a fixed Q, let
the set of critical points in the joint energy density
of states for all combinations of two phonons #j
and »'j'q’ with the sum of their wave vectors §
+§'=§ be indexed by =. Further, denote the en-
ergy of these two-phonon critical points by Zwz(Q).
Second, the summation over § is transformed to
integration over the variable w,, which depends

k q q q q
= + +
i
k' Q' q qI q

FIG., 1. Diagram for the effective electron—two-pho-
non-interaction vertex. The solid and the wavy lines
represent, respectively, electron and phonon propagators.
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on the parameters njn'j’, and is the sum w3
+wnl!lal . Let

1@;nj, n'i', Q)= D@nd, ¥n'i")/ (Wgn s wgems )% (8)
Then

Y 2 fd;ni,n,Q)

nf,n'i’

fd’fq,nj,nf ,Q)

(21r) nt ,,.,.

j N )flg(wy); nj, n'’, Q)dw,. (9)

(2‘”) nin's’

N(w,) in Eq. (9) is the Jomt dens1ty of states of
phonon pairs 7jd and »'j'§’ with §+§’= Q We re-
place 3,;, 5 N(w,) by

:E: N(w,) =[(2m%/q, ]E $2@) 6w, - wx(@). (10)
nj,n'j’
Here Q.= volume of the primitive cell. For a crys-
tal with zinc-blende structure and lattice constant
a such as InSb, Q. =1d. Note that the indices nj
and n'j’ are subsumed in E. Hence = can be de-
fined as an index for the critical points of the com-
binations of two phonons |7jq) In'j’@-§). From
Eq. (10) we see that the quantity p(Q) has the
meaning of the fraction of the Brillouin-zone (BZ)
volume that constitute the critical point = for a
fixed 6 This meaning can be brought out clearly
by considering a hypothetical case of a lattice with
two totally dispersionless phonons 7,7, and 717,
with constant frequencies w, and wj;, respectively.
Let =, be the critical point made up by combining
these two-phonon branches with critical-point en-
ergy ﬁw,-hw,,+fiw,, Then from Eq. (10), we
must have p,h(Q) 1 for any Q

Continuing from Eq. (10), we substitute into Eq.
(9),

2 D f@n,n'i’, Q)

nhn'st
- o0 Z 1@ 0@, Q. 1

The quantity f(w,(Q), nj, nj, Q) is an average of
f(q, n], nj, Q) over all sets of phonon pairs {Infq),
In 3',4’)} that constitute Z. I we define wx by
w&= Av{w; w3y as the average over E of the prod-
uct WgnsWipnss and assume that D(qrj, nj) depends
on = and Q only, then

!Z;‘" Ef Q: ”.7’ n .7 ’ Q) (Q/Q ) E P:(Q)D:(Q)/wz .
1 q 12)
Substituting back into Eq. (5) gives,

H= Q (Q/Q,)" 2 /pRa%D z) Dp* ?)g 2
'
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XMVX(Q)C{:Cléﬁ)'zé(_ag,a].z- (13)

We have rewritten the product of pz(Q) Dz(@) as
®p'’%)g,z. The product & g,z & (3.3),z Symbolical-
ly stands for the totality of all pairs of phonons

that constitute Z. Since Q. =21a® for InSb, we have
an alternative expression for H3'f as

HEtt= Z) 72/pRa%5,)! 2 dx (@)
'll
Q-I
XMy @) clecr® ), 2 ® (5080, 25 (14)
with

dz(Q) = (47/pa°Gx)" ¥ (Dp ¥z -

This last form of Hi'f resembles a one-phonon
deformation-_potential interaction with deformation
potential dz(Q). In the present formulation of car-
rier-two-phonon interaction, properties of the lat-
tice normal vibrational modes that are necessary
to describe the interaction are the ensemble {=,
w,(Q), ,(Q)} The first two quantities, = and
w,(Q), can often be estimated by inspection of the
phonon dispersion curves. On the other hand,
p,@) can only, in principle, be obtained if we
know the phonon spectrum over the entire BZ.
This information is generally not readily available
from present day lattice-dynamics experiments

or calculations. One advantage of the effective-
Hamiltonian formulation is that this information

is absorbed into the observable quantity (9p'/%)q,z
of d,(@ which are directly related to experimental
observations.

III. TWO-PHONON CONDUCTIVITY TENSOR

We derive the expression for the frequency-de-
pendent conductivity tensor o, (w) by extending the
formalism of Gurevich et al.® to the 2NPO pro-
cesses. The absorption coefficient a is related to
the conductivity by

a=4nRes/cn,,

where 7, is the refractive index and c¢ is the veloci-
ty of light in vacuum. Hence in the following we
calculate only the real part of o(w). Gurevich et
al.® have shown that the general expression for
Reo(w) can be written

Rec,,(w)

—2(3 h-?./m*Z) E (k kj/w)Ika.k’(w)y (15)

where Q, t+(w) is the Fourier transform of the
retarded Green’s time function

Qfp(w)= [e™t @fpt)at,

Qf x'(t)" L <éH't/hc. c;:e'“’ t/n ;a;
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-ciege™ M chep ey, 150 Reol - 2 1. (L*ylz(_l_ - i) (w_L)m

= 3mm*w, i \2Aw,; €, € w
=0, t<0. (16)
S__}’ -

Here H'=H - N, ¢ is the chemical potential. The * sinhz [y -2l Ky 2D+ &2 Kully 42,
symbol (---) denotes thermal average. Equation am
(15) can be expanded in powers of the electron- where K, is the modified Bessel function of the first
phonon interaction.” In Ref. 5 it is shown that the order, n is electron density, y=#w/2ksT, z =Hhw,/
zero-order term does not contribute to Reo;; and 2k T, and w, is the frequency of LO phonons.
the contribution to Reo,; is calculated from the next In the Appendix we calculate Reo'?), the contri-
nonzero term involving electron scattering by one bution to Reo,; due to electron scattering by two
LO phonon nonpolar optical phonons. It is shown that

Reo® () = _ et |Vag lz (q,+ql)? sinh(fw/2k 5 T)
i 2m*%hw’ sinh(iw,./2ky T) sinh(hw, /2k 5 T)
ERT A

-1
x 2 Sinh(w)] Mz (W +lw +Mmwy)y (18)
yma-1,1 2kgT

Here j stands for both branch index and polarization of phonons and

1 NEdsq’ ~ Mk
Ha -.(w)— Q Zi> w+(Ei ; - o,;/h:.{..zs ’ (19)

k+q+

where #; is the Fermi function of E; and $=0*. V; z =hD/pQa%(w,w,.)!/? characterizes the two-phonon de-
formation potential as defined in Eq. (6)

After changing the variables § and ' in Eq. (18) to Q d+4’ and 4, we get

P » { Q2 sinh(fw/2k T)

Reo®
w3w3-; sinh(iw,/2k5 T) sinh(iwg.,/2k5T)

5 %2, 3.2 aZ
= 2m*wp*Q%a” 35,5,

-1
X 2 [sinh(ﬁ(w ;Z"?mw““)ﬂ ImI(w+lw, + mwo-q)} . (20
lym==l,1 B

As shown in Eq. (8)-(11) we can write

527D gy 055 [atwdo,

86 g, 4it g4t (211’)

where N is the number of unit cells and g(w,) is the density of phonon states. Assuming that
glw,) =§ p(wz) 8w, - wy),

where wg are the frequencies at critical points, the following expression for o'® is obtained:

@ _ Z) n(@pY 2/QL/?)? sinh(iw/2k5T)
2m* p* arwz'; [sinh(fwg/2k 5 T)?

= 3 ;2 2 Nolw +lwg +Mmwyx)
% (21r)3 jd Q¢ sin’d cos’s (,',"?,'1 sinh[(fw +lwg + mwy)/2ky T]) : (21)

Reo,;

[

The total conductivity o,, is the sum of oil’ and stituting this in Eq. (18) we get
o¥’. We next calculate 2’ for Boltzmann and Fer- m*\1/2
mi statistics. ImIlg(w)= n°<2k T) Q-1(1 - e-"«/*sT)

Boltzmann Statistics

fiw m*w? 7 2Q%
- X exp - 5 - . (22)
In the case of Boltzmann statistics, 2k T 2k5TQ 8m*kyT
. 2 * 3/2 — ¥ 22 *
ng=no(2 */m*ky T)*' exp(~1"k"/2m "k T), From Egs. (21) and (22) after performmg integra-
where ny is the concentration of electrons. Sub- tion over Q and using the relation®
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Jyanne™ #1122 k(| )
=(37|z|Ht 26, z>1
=1 z<1, (23)

where K, is a modified Bessel function of order 2,
we obtain

dnge?m*' /2 (ppl/2/ql/2y
(@ 0 x
Reoxx =z 317202 % a*(nw)¥’?
% sinhz ( hw Rwx fwx )
sinhy, sinhy, ° \2k,T ’ 2,T ° 2k,T)°
(24)

with

F(2,91,92)=2"" [§(z -9, -9)°Ka([z ~ 9, - ,|)

+3(2 =91 +92)2 Ky(| 2=y, +9,])
+3(z+y, -yz)sz(l Z+yy ‘yal)
+3(z+y, +92)2K (|2 +y,+9, )] (25)

In order to compare the frequency and tempera-
ture dependence of 0‘*’ and ¢'®, the contributions
to o due to one LO phonon and 2 NPO phonons,
respectively, we first consider the limiting cases
as in Ref. 5 at very-low temperatures (Fwz> kyT)
when the optical phonons are not excited and elec-
tron scattering takes place through phonon emis-
sion.

(i) When fiw > 2wy, Eq. (14) gives

2 2
Rec@®=3) 282 noePmx'/29%p
= 7 3 pla’wx Q.

X (w)S/2{1 - 2wy /w}¥/2. (26)

This shows that o~ A!*% as in the case of scat-
tering by acoustic phonons.! ¢ varies as A2° in
case of one LO phonon. The total conductivity o,
is the sum of 0{!’ and ¢{?). With the two-phonon
deformation potential determined in Sec. I, the
resultant o is found to vary roughly as 2215,

(ii) If Aw < Zwyg, then

93/2 2, %1/ 202
Reo 2’ =25 T B T Px ()

x p a ch:
X (zwz/w - 1)3/2 -2t az/kaT‘ 27

(iii) ¥ |7(w - 2wyg)| <kgT, then

32 ngeim*1/2p? (k T\3/2
@ _ 32 2
Reo ? 37 (2m)!2 pPatQwi \ Riw ) - (28

|

Here 0® varies as T%/% whereas in the case of
one LO phonons it varies as T'/2, From Eqs. (27)
and (28) it is seen that at sufficiently low tempera-
tures, Reo'®’(w) shows an abrupt increase in the
frequency range where 7(w - 2wg)~k5T.

The results of detailed computation from Egs.
(24) and (17) are shown in Figs. 2 and 3 for InSb.
We assume that the optical-phonon frequencies
are independent of branch indices. Then the sums
over branch indices give a factor of 4 for the two
TO branches. In Figs. 2(a) and 2(b), the con-
ductivities o, 0‘’, and ¢‘® at room temperature
are plotted as function of wavelength X of the in-
cident radiation. From magneto-optical data,
Ngai and Johnonson* estimated the two- phonon de-
formation potential 5)?1,/ 2 to be in the range of 10%-
1.5x10* eV. We show conductivities for two values
of DpY/?=10* and 1.5%10* eV. All other relevant
material parameters at room temperature are tak-
en from Ref. 2, e.g., Fwx=265°K, m*=0.0116m,,
€=18.7, €,=15.17, refractive index n,=3.3 at
A=9 um. Our calculations in the wavelength re-
gion 8-30 pm show that

oo A5 for ppl/2=1,5x10% eV
a X% for ppy/?=10* eV.

This frequency dependence is in better agreement
with experiment® (oo %) than the previous calcula-
tions. = The absorption coefficient as calculated
by Jensen® for A=9-pum and T = 298 °K using only
one-phonon scattering is smaller than experimental
value. For this wavelength and temperature we
find that the ratio ¢‘*’/¢'* varies between 0. 8 and
1. 8 depending on the value of DpL/2. Thus both the
magnitude and the frequency dependence of ¢ show
that the two-phonon processes are significant for
free-carrier absorption in InSb.

Figures 3(a) and 3(b) are plots of 0, 0c‘*’, and
0‘® as functions of temperature for incident radia-
tion of wavelength A=9-pum. In this calculation
the temperature variation of the material parame-
ters are neglected and the values at room tempera-
ture are used. At low temperatures o‘*’ dominates,
but as the temperature increases o‘?’ increases in
strength and ultimately becomes larger than o!’.
The crossover temperature depends on the two-
phonon deformation potential. For Dpi/%=10% eV,
the crossover temperature is 350 °K. Further ex-
perimental studies of the temperature dependence
of the absorption coefficient will serve to confirm
the importance of 2NPO scattering in free-carrier
absorptions.

Fermi Statistics at T=0
In this case with ng=1 for |k| <k, (Fermi mo-

mentum) and ng=0 for |2|>k,, we find from Eq.
(18) that
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FIG. 2. (a) Conductivity versus wavelength of incident light at T=300°K and D p1/2=10% eV. ¢ is the total conduc-
tivity. o) and 0@ denote, respectively, the contributions from one-phonon and two-phonon scattering. (b) Conductivity

versus wavelength at T=300°K and Dp'/2=1,5x10% eV,

* *2,,2 2 *
ImIiz(w)= 4—’:ﬁ—Q [(kf, - %5";— - %- + ”;l_—w) 8(Q — 21/ %, {(1 +3£) - (1 +£)1/2 /%)

Xe(zllzkp{(l+%§)+(1+f)”2}1/2—Q)—(k§ _

m*%? Q2 m"‘w>

QT T4 " n

XO(Q - lezkp{(l _%5)_ (1 —5)1/2}”2)9(2”2121,{(1 —%E)+(1 - 5)1/2}1/2 —Q)], (29)

where
g0 _ 2miw
Ep hkp
and 0 is the step function

f(x)=1, x>0
=0, x<0.

In the second term inside the square bracket of Eq.

r

(29) £<1. Using Eq. (29) in (24), we get the fol-
lowing for 0@ (w):

@) _ Sm*ZeZDz
Reo ()= 2 gy to:
E.\2 1 (ﬁw—Zﬁw,)
ot —_ o Tz
% (ﬁw) O)zz f Ep ’

(30)
where
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FIG. 3. (a) Conductivity as a function of temperature at A=9 pm for D p'/2=10% eV. (b) Conductivity versus T at A
=9 um and Dp'/2=1,5x10% eV,

f(&)=o, £<0 P-q-q', @n + f-m-m'
=(1+§)’/2“(1"§)8/2, 0=¢=1 PrwWn+t P Wns+t
=(1+£)%2 E>1. (31)

From Eq. (31) when fiw/Ez> 2hwg/Er, we have

23/2y, o2y x1/ 202
@y o 19 € x
Reo'(w) ? 3np°a* Qs Prwg
1 \8/2 2w.2\3/2 (a)
X — - |
(ﬁw) (1 w ) ) ©2)

This agrees with Eq. (26) obtained from Boltz- pLuwy

mann statistics for the case #(w — 2wy)/kg T> 1.

SO S
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P Woygemem Prwnyy
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FIG. 4. Sketch of topologically distinct diagrams of
all two-phonon processes that contribute to the conduc-
tivity. The solid and wavy lines are, respectively, the
electron and phonon propagator. The phonon vertices (c)
where two wavy lines appear represent H, and the verti- .
ces with one wavy line represent H;. FIG. 5. Diagrams for computing Q. (w,).

PYWgimem Pywy
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|

IV. CONCLUSIONS L (MrBT L -
. Q@) =2 Jy/upre’ " Qe (r)dr,
In summary, we find that 2NPO scatterings oc-

cur with significant strength in a weakly polar é;p(‘r) - (T,(e”"c{.c;: e‘”"c%c;)) .
material such as InSb. Their contributions to the

free-carrier absorption coefficient are comparable T, is the ordering operator with respect to the

to that caused by polar interaction. The compari- variable T.
son between theory and experiment is improved We used the diagrammatic technique of many-
when both polar-optical and 2NPO-phonon scatter- body theory to evaluate contributions to gz (w,)
ings are included. We have used the 2NPO defor- from two-phonon processes. The totality of these
mation potential as determined earlier by a mag- contributions consists of the sum of the diagrams
neto-optical-resonance experiment.‘ The agree- shown in Fig. 4. Only topologically distinct dia-
ment achieved here gives further evidence for the grams are displayed in this figure. The effective
published size of the 2NPO deformation potential. electron—-two-phonon-interaction vertex as de-
We have also calculated the temperature depen- fined in Fig. 1 permits partial summations of
dence of the absorption coefficient. At higher tem- these diagrams. The diagrams that appear in the
peratures (~ room temperature) where 2NPO phonon  first row in Fig. 4 when summed give rise a
scatterings dominate, the predicted temperature single diagram, diagram A in Fig. 5. The elec-
dependence is noticeably different from what is ex- tron—-two-phonon-interaction vertex depicted as
pected for LO-polar scatterings only. We suggest a heavy dot in the figure corresponds now to the
this to be checked experimentally. The results effective Hamiltonian of Eq. (14). In exactly the
and conclusions of this work for InSb should also same manner, summing the diagrams in the sec-
be applicable to either nonpolar or weakly polar ond (fourth) row in Fig. 4, we obtain diagram B
semiconductors with a simple band structure such (C) in Fig. 5. The remaining diagrams of Fig.
as Ge. 4 are not expressible entirely in terms of H3".
APPENDIX They have th.e common characteristics that in the
R ‘ ] ) ) process, which any one of these diagrams de-
Qi (w) is the analytic continuation of the thermo-  gcribes, either the electron or the hole have to
dynamic Green’s function on the upper half-plane, scatter with large momentum change only. Con-
i.e., tributions from these classes of diagrams to
= . Qip(w,) can be estimated individually. They are
Qe (@)= Qe (—iw +5), (A1) found to be negligible compared with those of Fig.
where 5 for InSb, and hence will be dropped.

1

The contributions from the three diagrams are, respectively,

=1 (0) 0)
Qaew)= (kT T bprpitr] Vi |88 @netemene) 85 @10n)
sMmym
a’a'

(0) (
gt (@DEE @rememe) d5 (@) dE (@), (A2)
~I1 .
Qur(wn)=(- kHT)’l :Em, Ot,i¢ | Varr |2 [88” (@ mi) PEE2 20 (@ mtcmem?) €5 (01) 48 (@,) 8 (@i ), (A3)
HEd
and 111 ~11
Qe (w )= Qg (- w,), (A4)

where gém(w o) is the Fourier transform of the zero-order finite-temperature Green’s function given vy

20w y)=1/(hw, - Eg+£), hw,=(2l+1)nk,T

-0, fiw,=2lnky T, (A5)
and d§”(w,,) is the same for phonons:

d§°)(w,,,)= -2 Kwg/[(rwg)® + w1, hw,= 2amkgT
=0, fiwn=(2m +1)wkgT. (A6)
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Substituting (A5) and (A6) in (A2)-(A4) and after performing fractional decomposition of the product of four
functions g‘, the sum over ! is done using the identity

22 1/Gnw,—Eg)=ng /by T. (A7)
1
Thus we obtain

2
(w,)= %“;%%- L | Ve | ? 0, 2 (n8 = 1) 450 () AP (e

T,q

1 1 2
X - 8
{mwmm¢m' +Eg- Eq * O mmient Eg—Efr R0y “"Ei_Ei’} (A8)
and

G0 +§H .= (—k‘l:)r Sp D |Vig| e 2 = D) A (w,) A% (Wpe)

q.i'
( 2 1 1 }
X - - - - —( - (A9
{mw,,..,,,:+E:.;.;:-E; MW mamtntE 3.3 — Ex  RWpamean+Ef g3 — Exe )
Hence
= kp T\
= k,k,',Qz,;'(w,.)=(',}L) 2T d”(wn)dg (W)
;,.k‘ Wp ‘ran;' mym?
X | kylly+q,+ ')(. B Ridad + —— TR MR )
[ #at st dy RWOmemtsntEy = Efugeyr O mamen+Ei = Eidugr
- z( ng4-g = ni R nig-gr = ng )
* iﬁwmm'+n+EE£-;'_Ei AW memeon+ Eig-gr — Eg
nEg.ge = R 2 ME—Mpgg ]
+2k, (By +q"+q’)zﬁwmm:+E1 ~Eog - 2Fk; lﬁw,,..,,.r+Ex.¢.q:-Et . (A10)

In Eq. (AlO) make the following replacementS° (1) in the third and s1xth terms k-k+§+§’; (ii) in the sec-
ond term k-k- -3-9’ ; and then d--4, 4 ~--q', m~-m, m'=-m’'; and (iii) in the fourth term q--4q,

-/

q'--7 m—--—m, m'=-m’. Then we have

‘ 5 kT
‘gzi;.,kxk;Qﬁl(wn)=!’§?a' IV;;:I (h_w ) (q,+q,) (”ioii'—”i)

= d“”(w )d (m(wd ( )
X —I: +(a real term). 11
mym’ zﬁwmm on"'Ek Ei#;*; (A )
Since in the calculation of Reo,(w) we need Imé;;,(w), the real term in Eq. (All) will be ignored. The
sums over m and m' in Eq. (All) can be converted into integrals over E and E’ using the relation®

'

2k T

0)
dé: ((l)ml) -
m? AW pemame + B3 = Ef3. 30 21rk B

T I dE’ coth

1 1
" . Foss)d
X [(E +iwpem + B¢ = Eggg) Im(ﬁw;, +E'+isk + fwg. - E’ -isﬁ)

1 1 1 )
b . (A12
+<ﬁw¢.—E'+iﬁw,,.,,, +ﬁw,.+E'—iﬁwM) Im(E'+E;-E;,;,;.+isﬁ ] (a12)

The integrals over E and E’ can be easily done using the relation Im[(x +is)"]=—76(x). From Eqs. (A12)
and (A1l) we finally obtain (after making the analytic continuation, i.e., replacing w, by —iw +s)
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Im 2 ) A{" (W0 ) 42 @pe) / GAW pameen+ Ex — Efegede)

=(2kp T)? sinh(tw/2k 5 T) [sinh(kw; /2k 5 T) sinh(fiwy, /2K 5 T)]™
-1

% [sinh(ﬁw +hw, +iw, )

2%, T Im(7 w +FAw, +Awge + Ef = E,3,50 +isH)™

— * -! . =
+sinh(ﬂ%:’;ﬂ’) Im(fiw +Aw, = Aw, +Eg - Ey,3,3. +ish)™

-1
+ sinhm———g;,—t@-’—'-) Im(Ew = w, + Ewys + Ef = Eg g,y +ish)™
B

AW = fiwg = Hwe\™!
+ sinh(—w—z’iw;,——ﬂ—w-'—) Im(fw - iw, = Awg: + Ef = Ef,00 + ish’)"] . (A13)

Equation (18) then follows from Egs. (A13), (Al1), and (15).
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