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We report detailed experimental measurements and calculations of the amplitude modulation (AM) of a
high-frequency de Haas-van Alphen (dHvA) quantumwscillation waveform, due to magnetic interaction with
a low-frequency dHvA oscillation. Experiments were carried out using a pure Au single crystal with 8
parallel to the ( 111 ) direction, at 36.1 kG and 2.0 K. Two new mechanisms by which AM can arise are
described in detail: (i) AM can arise in conjunction with the frequency modulation (FM) due to magnetic
interaction, through modulation of the Sessel-function arguments which appear in using the field-modulation
technique. This FM-AM effect is an unavoidable consequence of using the field-modulation technique in the
presence of magnetic interaction. The resulting AM waveforms can be totally different in appearance at
different detection harmonics. (ii) AM can also arise via magnetic interaction and phase smearing in an
inhomogeneous magnetic field. The observed AM, as a function of a linear magnetic field gradient, is in

good qualitative agreement with the prediction of Hornfeldt, Ketterson, and Windmiller. Possible
applications of AM efFects are briefly discussed.

I. INTRODUCTION

Measurements of the magnetic field dependence
of the amplitude of de Haas-van Alphen (dHvA)
quantum oscillations have, in the past several
years, become a prime source of information re-
garding the anisotropy of conduction-electron scat-
tering rates at different points (or regions) on the
Fermi surface. ' 9 The resulting maps, showing
the variation of the electronic-scattering rate over
the Fermi surface, are being applied to obtain a
better theoretical understanding of the effect of
electronic-lifetime anisotropy on the transport
properties of metals and dilute alloys. '~"' 9

Experiments have been carried out so far for scat-
tering by controlled amounts of lattice defects such
as dislocations, but mainly for dilute alloys, for
which the electronic scattering rate is dominated
by the effects of random substitutional impurities.
The most detailed studies have been made for alloys
based on noble-metal (Cu, Ag, Au) hosts, and con-
taining up to several tenths of an atomic percent
of various solute atoms. ""'

Since these determinations of electronic lifetime
anisotropy depend on accurate measurements of
the amplitudes of dHvA oscillations, it is particu-
larly important to fully understand all effects,
spurious or fundamental, which produce departures
from the Lifshitz-Kosevitch expression for the
dHvA amplitude. Some of the stringent experi-
mental conditions required for accurate measure-
ments of dHvA amPlitudes are now well known. '
Magnetic field inhomogeneity, mosaic spread in
microcrystalline orientation, and inhomogeneous
solute distribution can all cause spurious (and
magnetic-field-dependent) reductions in the dHvA
amplitude A, via phase smearing, with consequent
errors in the electron-scattering rates determined
from "Dingle plots" of In(AH" ) vs (I/H). ' Sim-

ilarly, the self-magnetic-interaction (MI) effect
distorts the waveform of a dHvA oscillation, "gen-
erally changing its fundamental amplitude slightly
and drastically increasing its harmonic content. '
These effects are largest when a =4v(eM/BK) & 1
(strong MI limit) and so MI has been studied main-
ly in pure metals at low temperatures, in order
to achieve this condition.

However, strongly amPlifude-modulated (AM)
waveforms are also commonly found when the dHvA
effect is observed at crystal orientations for which
both a high-frequency and a low-frequency oscil-
lation are present. For example, with H along
the (111) direction in a noble metal, the high-
frequency belly (Fs) oscillation is frequently found
to be amplitude modulated, with the period of the
low-frequency neck (E„)oscillation. '0 This AM is
basically the result of magnetic interaction (MI)
but, as we show below, AM may be produced by
several contributing mechanisms.

Phillips and Gold' have shown that the highly
nonlinear nature of MI in the dHvA effect causes
a single-crystal sample to behave like a "mixer, "
generating combination tones (Es + F„). Beating
of these sum and difference frequencies could then
produce an apparent AM effect. We have found that
AM can be observed quite generally over a wide
range of magnetic field and temperature and in
dilute alloys as well as in pure metals. However,
in a few cases we have analyzed the observed am-
plitude-modulated belly waveform as if it were the
resultant of two separate components, for the pur-
pose of making scattering-temperature plots [of
In(AH'~') vs (I/H)]. The result was that the plots
for the two components generally had the same
slope, within experimental error, so that it did
not appear that the AM observed in these cases
arose from either a beating of the belly frequency
Fs with combination tones Fs+ E„(using standard
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results of MI theory's), or from amplitude modula-

tion of FB by a factor proportional to the neck
amplitude.

Shoenberg and Vuillemin" have observed the
AM due to MI between the ( 111) neck and belly
frequencies in Au using the field-modulation tech-
nique. However, their experiments were restrict-
ed to the case of very small modulation amplitude
with detection at the fundamental (n= 1). They
observed both the frequency modulation of the
belly frequency and its AM, due to magnetic inter-
action with the neck-magnetization oscillation.
However, they reported that the observed AM was
much stronger than is predicted by MI theory (even
in the weak MI limit) and was also sensitive to ad-
justments of the experimental conditions, apparent-
ly including the precise adjustment of the current
through a coil used to "straighten" the supercon-
ducting magnet's magnetic field profile. Further-
more, the belly amplitude was always maximum
(minimum) for the biggest positive (negative) swing
of BM„/SH for the neck, regardless of such changes
in experimental conditions. They suggested that
some form of phase smearing could perhaps ac-
count for the stronger than expected AM, because
of the simultaneous FM effect.

Hornfeldt, Ketterson, and Windmiller'3 (here-
after referred to as HKW) have suggested in a re-
cent paper that an applied magnetic field inhomo-
geneity nH (assumed to be linear over the length
of the sample) should cause AM through a phase-
smearing process. Since the electrons respond
to the magnetic induction B, it is the inhomogeneity
4B which determines the reduction of dHvA ampli-
tude due to phase smearing. However, bB can be
periodically modulated by the dHvA magnetization
oscillations themselves (assumed here to be
dominated by a low-frequency signal M„) such that

with frequency modulation, when the field-modu-
lation technique is used(FM-AM effect). This lat-
ter mechanism does not result simply from an ex-
tension of the Lifshitz-Kosevitch theory to ex-
plicity include MI effects, but is a consequence of
the use of the field-modulation technique to ob-
serve the dHvA effect. In many cases this FM-AM
effect is the dominant source of AM and is in any
case an unavoidable consequence of using the large
amplitude field-modulation technique in the pres-
ence of appreciable MI.

In Sec. II we describe the way in which AM can
arise from MI via the field-modulation and field-
inhomogeneity mechanisms. In Sec. III we de-
scribe the experimental data-taking arrangements,
while Sec. IV contains detailed observations and
discussion of the AM resulting from each mech-
anism.

II. MECHANISMS FOR AMPLITUDE MODULATION

A. FM-AM Effect

We consider a magnetic field orientation for
which two dHvA frequencies are present: a high
frequency Fs and a low frequency F„(for example,
the (111) belly and neck oscillations in the noble
metals). We also assume, for the present, that
the sample's oscillatory magnetization M is domi-
nated by the contribution M„of F„. If the ampli-
tude of M„ is comparable to the period Ps(= H /
Fs), of the high-frequency oscillation, then, be-
cause the electrons in a metal respond to changes
in the magnetic induction B, and not the field in-
tensity H, both the magnetic induction

B= H, +4wMg (2)

and the phase of F»

+4'
B B

(3)

bB= 1+4@' 4H .
8H )

Thus, AM could arise because any applied field
inhomogeneity will be periodically modulated by
the sample's own oscillatory magnetization, with
a consequent periodic variation of the well-known
factor describing the reduction of belly dHvA am-
plitude due to phase smearing' in a static inhomo-
geneous magnetic induction.

In summary, it is known through the experimen-
tal work of Shoenberg, Phillips and Gold and
others, that a variety of (presumably) Pure MI ef-
fects (not involving magnetic field inhomogeneity
or the experimental techniques) can cause AM. In
this paper we report detailed observations of two
new mechanisms by which MI can lead to AM of
high-frequency dHvA oscillations: (i) MI in an
inhomogeneous magnetic field (essentially as pre-
dicted by HKW); (ii) AM occurring in conjunction

hB = 1+4m' — hH = 1+az ~,8M~
(4)

Over any integral number of neck cycles hB = ~.
However, within the period of a single neck oscil-
lation 4Be 4H, and the belly dHvA frequency ob-
served as a function of H (or of 1/H) is an oscilla
tory function of H, being frequency modulated be-
tween the limits

become oscillatory functions of the applied field
H, . This magnetic interaction effect ean produce
a periodic frequency modulaffon (FM) of the fast
oscillation, with the period of the slow oscillation,
P„=H /F„, as was first observed by Shoenberg
and Vuillemin" for the (111)belly and neck in Au.
This result follows directly since, when the ap-
plied field is changed by an amount 6H, the cor-
responding change in magnetic induction 4B is
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~ ~

~ ~
~ ~

=H'

~ ~

-Q4..

Fs=(1+
I a»I )Fs0 (5)

where Fs is the (constant) frequency of the belly
aoscillation as a function of B. F~ may be mea-

sured as the average of the observed Fs over a
large integral number of neck cycles, or as the
observed value of F~ near the extrema of M»
where a„=0. Thus, the extrema of frequency
modulation, F~, occur at the positive- and nega-
t' -going zero crossings of M„, where the dif-ive-
ferential neck magnetization a„ is larges . ro
(4) it follows also that Ps, the belly period o-
served vs H, is related to Pso, the (constant) peri-
odvs B, by

P»=Ps/(1+a») .
We have observed and precisely measured the

frequency modulation (FM) of the (111)belly by
the (111)neck in Au at 2.0 K and 36.1 kG (Fig. 1).
We have also used this frequency modulation as

, 111a check on independent measurements of the ~

neck dHvA absolute amplitude. '4 Similar mea-
surements of FM have also been made by Shoen-
berg and Vuillemin. "

H wever the most dramatic consequence of MI
is that, if the)Veld-modulation technique cs us
to observe the dHvA effect, then MI leads directly
to a strong periodic omplitude modulation (AM) of
the high frequency oscillat-ton, with the period of
the low-frequency oscillation. Figure 2 shows an
example of the AM which was observed for the
(111)belly orbit in Au when the dHvA effect was
detected simultaneously at seven different even
harmonics of the modulation frequency, in a com-

(6)

FIG. 1. Plot of (Fz-Fz)/Fz, the fractional difference
between the local (111)belly frequency and the average
(111)belly frequency, over approximately one cycle of
the (111)neck oscillation. The amplitude yde of the belly
frequency m uodulation is 4& times the absolute neck dif-
ferential magnetization [Eq. (5)] and agrees with the
Lifshitz-Kosevitch theory within experimental error (Ref.
14). The local belly frequency was determined by mea-
suring (by computer) the distance between successive
zero crossings of the belly oscillation.

l t l homogeneous applied magnetic field. The
(111)belly amplitude is amplitude modulated wet

the periodicity of the (111) neck oscillation. How-

ever, the depth of AM is strongly dependent on
both the detection harmonic number and on the
modulation field amplitude. Thus, the mechanism
for this form of AM is connected with the field-
modulation technique, rather than the dHvA effect
per se.

lThis AM arises because the nth harmonic signa
detected using the field-modulation technique is
proportional to the nth-order Bessel function J„(x),
where x =2»FJs/H~, h is the modulation field am-
plitude, an ~ isd, d F is the variable (as a function of H)
belly dHvA frequency. According to (5), a value
of a» = 0.1 will cause a + 10% swing bx in the argu-
ment x of J„. In our series of experiments the
swing AFs for the (111)belly was of order s3-4%

1& Thus this "Bessel-function modulation"
f thecan in many cases be the dominant source o e

experimentally observed total AM and is, in any
case, an unavoidable consequence of using the
large-amplitude field-modulation technique in the
presence of appreciable magnetic interaction (o»

tIIII„,III~
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tII'NEIN
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FIG. 2. Amplitude modulation of the (111)belly oscil-
lation, arising from frequency modulation of Bessel-func-
ti arguments by magnetic interaction wit eth the 111on argum
neck (FM-AM effect). The data was obtained at H==36.1
kG and T= 2. 0 K in a completely homogeneous field
(V$0.1). Results are shown for the even detection har-
monics n= 2-14, for modulation amplitudes K= 0.159
(left side of figure) and 0.318 (right side) in experimen-
tal units. The approximate correspondence between h

d 8 1-fu ction argument 7 is 7—130 . However,
for quantitative work it is necessary to experimen a y
measure the actual "modified Bessel-function" factors,

h' h differ slightly from true Bessel functions owing towee e
ls detected atthe finite sample skin depth. The signals detec e

the various harmonics have been scaled in amp ilitude rel-
ative to each other, for presentation here.
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It is useful to derive directly the way in which
MI modulates both the Bessel-function argument
and the observed dHvA frequency, leading to AM
and FM, respectively, when using the field-modu-
lation technique. We assume that the oscillatory
magnetization is dominated by the Lifshitz-Kose-
vitch (LK) fundamental (»= 1) terms (assuming that
the amplitudes of the LK harmonics are small com-
pared with the LK fundamental, for each extremal
orbit). For completeness we now also explicitly
consider the contributions of both the belly and
neck orbits to the oscillatory magnetization

Q =As(H, T) sin(2»F s/B+ (t)s)

+A„(H, T) sin(2»FO»/B+ (t)»), (7)

in which Eo» and Eo» are the (constant) belly and
neck dHvA frequencies and P~ and P„ the corre-
sponding phase factors. (The factors A» and A„
are proportional to F~ and F„but are not fre-
quency modulated because the change from H to B
must be made in the expression for M, not in the
original free-energy formula. ) The magnetic in-
duction B = H, + 4»M = (Ho+ hcos(dt)+4»(M»+ Ms) is
the sum of the applied field H, (dc field plus modu-
lation field) and the oscillatory magnetization M,
so that (7) is an implicit equation for M. However,
Phillips and Gold' have shown that the effect of
weak self-magnetic interaction (i.e. , of the belly
magnetization with itself and of the neck magnetiza-
tion with itself} is primarily to modify the har-
monic content of the dHvA waveform but to leave
the dHvA fundamental nearly unchanged in ampli-
tude. The effects of self-MI on the dHvA neck and
belly fundamentals are then completely described
by rewriting (7) as

M =A»(H, T) sin(2»E's/Bs+ (t)s)

+ A'„(H, T) sin(2»F'»/B»+ (t '»), (8)
where now

B~ = H, +4'~, Bg=H, +4mM~, (9)

so that only the MI of each magnetization oscilla-
tion with the other remains to be considered. The
condition for the step from (7) to (8) to be valid is
that both 4» [ SM»/SH) and 4» I SM JSH I are « l.

By the usual argument the strongest dependence
of M on H, comes via the rapid variation of the
total dHvA phase for the belly and neck oscillations,

4» = 2&Fr)/B»+ (t)», 4»= 2&F»/B»+(t)» (10)

as H, is varied. However, both H, and M~ „now
contribute to the change in phase as H, is varied,

54»(t)= Vs 4» ~ 6H, = Vs 4» ~ hcos(dt,

= —(2»FO»/Ho)VN B ~ h cos(dt,

2 1+477 coscot,

:——x cosset

4»(t) = (2»F»/H() + (t)») x» cos(dt

=4 o„-x„cosset, (14)

are now time dependent. The voltage detected by
a pickup coil in the field-modulation technique is

V(2- (2- —[As sin4»(t)+ A» sin4„(t)]
dm d
dt dt

(x: —(A» [sin40» cos(x» cos(dt)

—cos4» sin(x» cos(dt)]

+A'„[sin4o» cos(x»cos(dt)

—cosc „sin(x» cos(dt)]) (16)

which leads to a convenient time Fourier analy-
sis

(O

)' —A' s'cc 2 (* ) 2Z (- () J„(s )sos t)
mal

—cos4» 2Z (-1) J~ „(xs)cos[(2m+ 1)(dt]
m*0

(i7}
plus a similar term corning from the neck oscilla-
tion. Neglecting the dc term, (17) may be written
finally as

Vcc2A2»p n(d(-1)" sin(4»+-,'nv) J„(x»)sinn(dt

(18)
again plus a similar term for the neck.

For the case of detection at the fundamental fre-
quency (n= 1) and with x» and x»«1 (the case stud-
ied by Shoenberg and Vuillemin) Eq. (18}reduces
to

V(2- (A» xs cos40» +A»x» cos40 ) sin(dt

eM aB, eM eB„ eH

8B, eH SB„ 8H et

(20)

as it must. Equation (20) is, aside from notation,
the starting point used by Shoenberg and Vuillemin
in their study of MI in this special case.

For the case of larger x~ and x„, and arbitrary
detection harmonic n, (18) can be written out as

in which

xs=- 3» li4v " 8= z (1+a»)h, (12)
2wFo eM„2mF',

0

where a»= 4»(SM»/SH), with expressions complete-
ly analogous to (11) and (12) for the variation of
neck phase. Thus, the total belly and neck phases,

4» (t ) = (27fE s/H () + (t)» ) —xs cos(d t
0= 4 —x cosset
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2''
V~2Asp n&o(- I)"sin + ps+ 2nv

~

n~l Ho+ 4mMg )

x J„, , (1 )) sian t
2m'', I

0
(21)

plus a similar expression coming from the neck
oscillation. Equation {21)correctly displays both
the origin of FM (via MI in the sine term) and the
origin of AN via MI modulation of the Bessel-func-
tion arguments. Thus, this type of AM arises via
MI just as if it were due to actual FM within the
Bessel-function arguments. However, as the
above derivation shows, the AN actually arises be-
cause the belly phase depends directly on the ap-
plied field H„but also indirectly via MI, through
the dependence of M„on H, . The oscillatory mag-
netization M„can be thought of as alternatively
aiding and opposing the applied field H0, producing
the extremes of FM at the zero crossings of M~,
where 8Ms/8H is largest.

It should be noted that Eq. (11) is an approxima-
tion in that only the leading (linear) term in h was
kept from the expansion of 4's(t). The largest high-
er-order terms are of order (2w/P PshM„rel tiave

to this term, so that the above derivation of the
origin of AM of the belly oscillation is quantitatively
(as well as qualitatively) correct so long as
hMs{2v/P„P «1. Under our exPerimental condi-
tions (H= 36.1 kG and T = 2.0 K) 4vl 8M„/8H I ™0.03„
4vI 8Ms/8HI = 0.1 and hM„(2v/P„p & 10~ if we take
h =0.1 in experimental units {see below and Fig. 2

caption). Thus, the description above should be
quantitatively correct for the large modulation am-
plitudes used in our experiments.

B. Effect of Inhomogeneous Applied Magnetic Field

The effect of a staHc inhomogeneous magnetic
field in reducing the amplitude of the dHvA oscil-
lations observed from a single-crystal sample has
been discussed both by Shoenberg' and by HIQV. '
Any variation in magnetic field intensity over di-
mensions of the sample causes the phase (2sE/H)
of the dHvA oscillations to differ in different parts
of the sample, and the observed dHvA signal, ob-
tained by summing over the entire volume of the
crystal, is then reduced by this phase smearing.
The factor I, describing the amplitude reduction,
generally has the form of a diff ractionlike integral.
HEW have shown that for a right-circular-cylin-
drical crystal with its long axis parallel to H a,nd

also lying along a crystallographic direction for
which sE/s8=0 (i.e. , a turning point of the dHvA

frequency), this factor is

=I( isnv) V/Vv, V = AB/P, (22)

where both the magnetization of the sample (8tH)
and its finite demagnetizing factor have been ne-
glected. AB is the magnitude of a linear inhomo-

geneity in the magnetic induction over the sample
length and P is the period (= Hl/E) of the dHvA

oscillation. This expression also holds for a long
prism of square cross section (within the same
limitations) and is illustrated in Fig. 3. Thus,
the amplitude reduction, for this mechanism, is
governed solely by the ratio of induction inhomo-
geneity 48 to the period P of the oscillation.

Equation (22) contains AB, rather than e H„
since the conduction electrons in a metal respond
to the magnetic induction B, and not just the ap-
plied field intensity, H, . Substituting (1) in (22},
the periodic modulation of 6B should give rise to
a periodic modulation of the amplitude reduction
factor I in {22). If we again consider the case of
a crystal orientation for which high-frequency, Fs,
and low-frequency, I'„, dHvA oscillations are
simultaneously present, and consider values of
field and temperature such that 8M/sH is domi-
nated by the low-frequency oscillation (as for the
(111)direction in the noble metals), HKW predict
that the measured amplitude of the

high-frequency

oscillation Es will be amPlitude modulated (AM} at
the low frequency I"„, as soon as b,Hw0, via modu-
lation of the argument, V= (AB/Ps), of I, as shown
in Fig. 3. Thus, the source of this AM is mag-
netic interaction and phase smearing in an inhomo-
geneous applied field.

It is useful, for comparison later with our ex-
perimental results, to point out here the predicted
variation of this AM with progressively increasing
field inhomogeneity AH (see Fig. 3): (i) essentially
no AM in a homogeneous field (Vs 0.1); (ii) large
AM as AH is increased to approach V= 1.0 {AH
= Ps, and taking 4v(8M„/SH) & 0.1); (iii) decreasing

I,P

OA

g4

0.2
(f)

OD

0.0 0.5 I.O
V=(EB/P)

lIl
I.5

I

2.0

FIG. 3. Factor I = (sin &V)/~V, describing the phase-
smearing reduction in dHvA amplitude due to field in-
homogeneity, as calculated by HK% under the conditions
described in the text. Two examples of the amplitude
modulation resulting from magnetic interaction in two
different linear field gradients are also shown, taking
4&8M/88) = 0.1. For V= 0.5 the AM is + 10%, while for
V=1.43 the AM is+5%.
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AM as nH is increased further, approaching no
AM at V= 1.43.

III. EXPERIMENTAL TECHNIQUES

Since crystals of pure Au, with the magnetic
field along the (111)direction, are particularly
convenient for the observation of interaction ef-
fects between a high-frequency (belly) and a low-
frequency (neck) dHvA oscillation. All of the
Fermi-surface parameters needed to calculate the
noninteracting amplitudes of a„=4v(sM„/sH) and

a, =4m(SM, /SH) from the I.ifshitz-Kosevitch theory
are now known with an accuracy of (at worst) a few
percent, while the small neck effective mass (0.28)
permits relatively large values of a„ to be obtained
with only modest requirements on magnetic field
and temperature.

The Au sample used in these experiments was
spark-cut from a larger single crystal ingot which
was grown in a boron nitride crucible by the Bridg-
man technique and cooled slowly to room tempera-
ture. The sample, a prism whh square cross
section -1.1 mm on a side and -6.6 mm long (and
with (111) along the long axis) was heavily etched
with aqua regia before mounting in a nearly strain-
free way in a small-angle rotator. The dHvA os-
cillations were used to orient the (111)axis along
the field direction with an accuracy -0.05'. The
etched sample was scanned optically and with x
rays before the experiments; the low neck Dingle
temperature, which rose from 0.2 to 0.45 K in the
course of three separate experiments using this
sample, strongly indicates that a high degree of
physical sample perfection and nearly strain-free
mounting was achieved. The long, thin sample
geometry was chosen for convenience in establish-
ing known linear field gradients over the sample
length and to minimize the effect of internal de-
magnetizing fields.

The field-modulation technique was employed,
together with a computer-centered automated digi-
tal system. ' The data-taking arrangements were
as follows:

(i) All data on the effect of field inhomogeneity
were obtained at 2.02 K with the superconducting
solenoid set at 36.1 kG. The belly period is only
2. 90 G at this field and so, to obtain a high-resolu-
tion field sweep, the superconducting magnet was
put into its persistent mode and the field was digi-
tally swept proportional to 1/H through 256 steps,
covering a window of - 100 G, using a pair of coils
in the bore of the magnet. In this way the (arbi-
trarily established) absolute phase of data sets
taken on successive field sweeps, but at different
modulation field amplitudes and with different ap-
plied-field gradients, could be approximately pre-
served and the resulting amplitude-modulation ef-
fects could be compared directly (see below).

(ii) A software phase-sensitive detector was
used to simultaneously detect the two quadrature
components of the magnetization oscillations at the
first seven even harmonics of the field-modulation
frequency (-98 Hz). A fast analog-to-digital con-
verter was used to digitize data while a laboratory
computer with a magnetic disk was used for data
file storage. '6

Thus, a typical "data, window, " at any given de-
tection harmonic, contains 256 data points span-
ning -35 belly cycles and slightly more than one
neck oscillation cycle (Fs/Es = 29.33). In addition
to allowing us to explore detection harmonic-de-
pendent amplitude-modulation effects, simulta-
neous detection at more than one harmonic pro-
vided a check for the presence of skin depth ef-
fects, ' and verification that AM due to magnetic
field inhomogeneity was independent of the detec-
tion harmonic number.

(iii) The Bessel functions J'„(x), which appear as
factors in the observed dHvA amplitudes when us-
ing the field-modulation technique, were deter-
mined experimentally by stepping the modulation
field amplitude from zero to the maximum avail-
able from our modulation coil, and measuring the
amplitude of the detected signal at each step. This
was done for all even harmonics, n = 4 through 14
and is necessary because the experimental "Bessel
functions" differ slightly from true Bessel func-
tions. "

(iv) The magnetic field profile was measured
using a bridge and a Bi magnetoresistor mounted
above the sample. (The sample probe was dis-
placed to make a profile measurement. ) The field
profile was corrected to second order (by comput-
er) and a linear field gradient produced over the
sample, by adjusting the currents in a "curvature"
coil (simple short solenoid) and a "slope" coil
(two short solenoids connected in opposition and
spaced coaxially -3 cm apart). Field differences
could be measured with a precision -0.1 G and
linear gradients ranging from -0.3 to -4.0 G, over
the sample length, were produced. However, a
series of time-consuming attempts were generally
needed to produce any particular field gradient.
This fact, together with small residual uncertain-
ties in the sample position, made necessary a
compromise between the absolute accuracy with
which desired gradients could be produced over
the sample length, and the precision with which
individual field differences could be measured.
Figure 4 shows a typical final magnetic field pro-
file obtained in this way.

IV. RESULTS

A. FM-AM Effect

As was shown in Sec. II, MI of the (111) neck
magnetization on the (111) belly oscillations leads



5468

POSITION Z

H. ALLES AND D. H. LOWNDES

Am litude modulation m = (,)/TABLE I. mp
dHvA oscillation, result-

magnetic interaction w'

tuned for the firstwhen detection isfaN = «(8M&
usi the field-modulation4 6, 8, 10) using

technique.

(z)

p. 035
0.1
p. 2

p. 5

0
+1
+6
+43

+1
+3
+14
Zc

m (%)
6

+1
+6
+ 27
ZC

1
alp
+47
zc

10

+1
+13
+67
ZC

ossi corresponding toc Bessel-f nction zero cro
+ 100'% amplitude modulation due

M etc field profile (abscissa) po t

f ld difference betweenlong sample is shown; the total ie
rders of the figure si 1 G. Experi-the left and right borde

es are shown (&), along w awith a second-
fit to the points; t e

f th adi tused to calculate cocorrection currents or
roduce a linear fieldand curva rture coils, in order to produce a

gradient over the sample dimens on .

ith the1Sm for 1Si AM
' unavoi~~hle, even w

litude tuned for detection at thei i
' ' :( ),
th t t of AM).and h1gher der1vat1ves, govern

M due to modulation of Bessel unc 1

la er than thatgiven by Table Ig
when detect ng a

e the AM observed for h5-7 and Table II compare the

of the belly oscil-
ulation of the argume

conveniently observ
b fixi~~ the modula 1on field am-belly oscillation by

Bessel argu-on near some meanlitude for operation
cti the

m, resulting from FM, for any part1c r
t' harmonic n, will be

-A z„(x+~)-z„(~-~)A — mi.
A Z„(x+m)+Z„(x-d )

'
A ~+A „

If x is chosen such that J„',x)v0 then

z„'(7) z„'(x)
(24)

( ) g ( )

h&~H =a„x is the maximumi i = "
Fo 11 MIof the Bessel argument. For smaswing o

AM is then proportional
Be 1 t

1 a & the resulting is
d(ii) to the mean Besse

near the oper ng p . If t m
fixed then the resultiag epetude is me

iation of the nth-order'1 on the rate of variation o
Bessel function near t e ope

rates the fact that the condition forTable I illustra es
t is the same asvia the FM-AM effect, s e

FM: a = 4s(sM„j sH) should be ap-that for large
yreciable (0.1-0.3 suffices) in w c

ggyg~IIII

0tdI'(I'III, I'IIIf~W
IIII(I&IIIIII' III ' ' 'I 'III

jIIIIIIIIIIIIIII

'

II

FM-AM effect at 2. 0 K annd 36.1 kG in a
eneous field (~S 0 1) for the even de-

peak f th J' Bessel functione first peak of t e
7 . The AM measured at eac e

II ith that calculated usingmonic is comp ared in Table II w
at the operating point Kh measured Bessel function a e oeach measure

together with the observed ybell FM.



AMP LIT UOE MODULATIO N OF DE HAAS —VAN ALPHA LPHEN WA VE FORMS 5469

00
I

h ( Experirnenta I Units ) O.I25

j

~~ /)5j) I

&)PAL ~,n,«" '
I

~
~ ~

i

'l

IO —-

14--

FIGIG. 6. FM-AM effect at 2. 0 K and 36.1 kG '

fi ld adie t V$1 4 fo th, for the even detection harmonics
is value of V corres ndspon s to the first nega-

o sin & /&V, so that the AM

entirely to the FM-AM
e observed is due

e - M effect and not to field inhomo
ity. The modulation am litud ' = . (
tal units), correspondin to

p e is h= 0.111 (e
pon ng to a location at the first ak f

e ~2 Bessel function (see Figure 7 . Th
pe 0

gu ). e
e c 1on armonic is corn

i
p

cu a e using each measured Bessel functi t
e operating int Kpo' together with the observed belly FM

on a

=0.059 and 0.111 &inin experimental units) with the
AM which was calculated d'erectly from the mea-

) at these two o erat-sured Bessel functions (F' 'f)
lng points, using FM of 3-'%%uo —,

%%u~ for the calculation.
perat-

If the meean Bessel argument x is uffs

anciently

large, then the resulting AM at sua successive detec-
ion rmonics ma a*

y appear qualitatively very dif-
ferent, depending on whether the operating int

pea or zero crossing, or on a
region of positive or negative Bessel slo e A

s, the maximum of the amplitude-
modulating envelope of the belly dHvA waveform
may occur at either the m

4 (x BM /sH de
ei er the maximum or minimum f0

function a
epend1ng on the slope of th Be essel

'
n at the operating point. Th Ae M may also

nec requency, forppear o occur at twice the neck f
operation near a Bessel peak.

g ent 1s sufficiently largeIf the Bessel ar umen
at the operating point is several aks

low-order Be
pea out on a

erc
r Bessel function then FM f nl

p ent can sweep the operati
o o yafew

sel peak clear thr
1ng point from a Bes-

ea c ear through a zero crossing, resulti
in AM greater than 100%. Figure 2 shows examples

FIG.IG. 7. The experimentall mea y measured "Bessel func-
rough Jl4. The plots were roduc

suring the detected dHv

to har o 'c as th
c v amplitude at each ev
s e mo ulation amplitude k was ste

rom 0 to approximately 0.125 (e
e operating points for the data of Figs. 5 and 6

indicated by arrows. A hifs t of the zero cr

indicated b
or J4, the zero

y open circles.
4, ero crossings for J are4 e

TABLE II. Comparison of the observed
di ted AM d to FM f

K-
or two different B

porn s =0.059, 0.111) and for
ations are taken fro

a o igs. 5 and 6. The calculated AM
tained using a FM of + 3 V

ed AM was ob-
o +3 % and the measured Bessel

nc ons shown in Figure 7.

K= 0. 059
n Observed (%) Calculated (9p)

A= 0.111
Observed (%) Calculated (7p)

6
8

10
12
14

+50
+9
+19
+22
+24
+ 32

+55
+6
+ ll
+18
+22
+26

+14
+ 75(zc)»
+17
+61
k7
+20

+26
zc
+14
+58
k3
+18

zc Bessel-function zn zero crossing, corres ndi
+100% amplitude modul ti due to FM

of this extreme AM for two successively lar er
modulation levels. An

ess1ve y larger

resultin f es
e s. nother example of larg AM

'
g f rom operation near a Bes l

e

in isg
'

apparent for m=6 in Fig. 6.
esse zero cross-

The AM arising out of FM ' l
the o sit

1s a so of interest in
e opposite extreme of very small Bessel ar u-

ments [x « first peak of J (xo „x . Since J„(x) rises
y FM 1s nonlinearly ampli-x 1n is limit an

ied in the resulting AM: a s 10%%d FM of x
o ~ g.

e o served for x=0.059 and n=10
does incre' crease approximately as (m+2 n

n=, 12, 14

cessive even detection harmonics. For
s n+ n for suc-

and x =0.024 a

' s. orn=4, 6, 8

, amplitude modulations of + 16/0,
+2'1% and +39% were measuredre, again increasing



5470 H. A LLES AND D. H. LOWNDES

BMN

BH

J„(x)

)k
J„(x)

FIG. 8. The figure illustrates that the maximum (min-
imum) of the ame amplitude modulated envelope for the bell
oscillations , due to the FN-AN effect, occurs at the

e e y

maximum of 8Mg/8H when the operating point x corre-
spon s to a region of positive (negative) Bessel function
slope. If x corresponds to a Beesel peak, then the AN
occurs at twice the neck frequency.

xs us in quali-The observed behavior of the AM th
tative agreement with the prediction by HIQV, the
observed decrease of AM (at V= 1.38) correspond-
ing to arrival near the first negative peak of
(sinwV)/vV, which should occur at V= 1.43.

The FM-AM effect, described above, is re-
sponsible for the fact that the observed AM does
not vanish in either a homogeneous field (V=0) or
near V= 1.43 (see Figure 9). As described above,
the FM-AM effect may be minimized by choosing
x so as to operate at a local Bessel-function ex-
tremum, where J'„(x)=0, but if the FM is appre-

' n' scan M contribu-ciable there will still be a signif' t AM
tion at such an extremum. In these xp

' te experiments
r Es was+3. 5/p [a„=4m(BM„/'BH) =0.035]. For the

e ap-data reported here, the modulation amplitud h
pened to be such that the Bessel function had a

be on
slightly negative slope for J and Z (operat' ' t

eyond the first maximum of each at @=0.024 and

these c
0.059, in the experimental units f F' 7o ig. '. Under

ese conditions the inhomogeneity AM and the FM-
induced AM are additive as a function of 4v(BM
BH) but the FM contrsbution is near minimal. It

proportional to (n+2)/n, as expected from the x"
behavior of J„(x)for small arguments.

B. Effect of Field Inhomogeneity

Data were taken for five different values of linear
applied field inhomogeneity, at several modulation-
field amplitudes, and at seven different even detec-
tion ha rmonics, n = 2-14. Figure 9 contains our
results showing the effect of progressively larger
linear magnetic field gradients on the (111) belly
amplitude, in the presence of (weak} magnetic in-
teraction with the ( 111) neck oscillation. In-
creasingly deep amplitude modulation (AM) is
clearly present as V is increased from 0.1 to 0.8;
when hH is further increased to V=1.38 the AM

nearly disappears.
The results for detection at 2&v or 6&v (&u/2v-98

Hz) are virtually identical, where the modulation
field amplitude has been adjusted in each case to
be near (but not quite on} the first peak of the J2
and J6 Bessel functions, respectively. By in-
creasing the modulation field amplitude the ( ill)
neck oscillation can be detected by itself Do'

thisxs while keeping the magnet in the persistent
mode and keeping the field gradient unchanged,
and then comparing the recordings of (111) neck
and belly oscillations, we find that the maximum
and minimum of the belly AM do occur at the zero
crossings of M„; i.e. , at the extrema of BM„/BH.

'j~IMj IIIII)bji IIj"'IIpI,
« „,, IjlUj!)jjj(i

IiljHjji»
"

I INIIj IIjI

FIG. 9. Effect of applied magnetic field inhomogeneity
on the depth of amplitude modulation of the (111)belly
by the (111)neck in Au at 36.1 kG and 2. 0 K. On the
left are results obtained with 2~ d t tie ec on, on the right
with 6' detection (co= field-modulation frequenc ). Thuency . e

, ield xnhomogeneity parameter, Eq. (22))

1.38.
are (reading down from the to ): 0.07 0

The distance from the bottom border of each fig-
ure to the wavy line running through each set of oscilla-
'ons gives the local peak-to-peak amplitude of the belly

oscillation (in arbitrary units).
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TABLE III. Observed, corrected, and predicted values of the depth of am-
plitude modulation of the (111)belly by the (111)neck in Au, due to magnetic
interaction in an inhomogeneous magnetic field, as described in the text.

Observed m {%)
n=2 6

Corrected m (%)
2 6

Calculated m (%)
ag=0. 035 aN= 0. 10

0.07
0.3
0.6
0.8
1.38

+9
+18
+24
+48
+9

7
+16
+27
+48
~ ~ @C

+1 +1
+8 +10
+14 + 21
+38 +42
y] ~ ~ ~ &

0
+ 1
+5
+16
k2

0
3

+16
+45
+9

Corrected for the AN due to the FM-AM effect (see text).
Using Eqs. (1) and (22), from HKW {Ref. 13).
No AN measurement was made with the modulation amplitude near the first

peak of J6, for this value of field inhomogeneity (V= 1.38).

is necessary to correct for the additional AM due
to the FM-AM effect, in order to make quantitative
comparison with the HKW calculation. These AM
corrections are +10jp at 2~ and +6% at 6~, at our
measured Bessel operating points. We again define
the depth of AM using Eq. (23), where A is the cor-
rected amplitude for the (111} belly. The results
of our measurements of the AM due to field inhomo-
geneity are presented in Table III, where they are
also compared with the predicted AM, calculated
from Eqs. (1) and (22) (using a„=0.035).

As Table III shows, the corrected observed depth
of AM is larger than that predicted by HKW, though
there is excellent qualitative agreement as a func-
tion of V = AB/Ps. Several factors make quantita-
tive comparisons difficult, including a finite de-
magnetizing factor (about 0.1) and the non-second-
order surface shape of our sample (which produces
an inhomogeneous demagnetizing factor over the
volume of the sample). The inhomogeneity of the
demagnetizing factor should be most important
physically at the high detection harmonics, where
the skin depth is small. We do find evidence for
skin depth effects in that the measured "Bessel
function" zero crossings for high n occur at higher
Bessel argument than would be predicted simply by
scaling relative to the observed positions of the
low-n Bessel zeros and peaks. Any nonuniformity
of the effective magnetization should also have the
consequence of slightly smearing out zeros of the
observed belly dHvA amplitude, thus reducing the
magnitude m of AM. Since Mz varies (slightly)
through the sample due to nonuniform demagnetiza-
tion, then the occurrence of a zero of MB in one
part of the sample will not quite correspond to a
zero in another region; for a small demagnetizing
factor this effect will be important only when N~
would otherwise be zero.

C. Discussion and Conclusions

The experiments demonstrate that AM of a high-

frequency dHvA oscillation can result either from
magnetic interaction with a low-frequency oscilla-
tion in an inhomogeneous magnetic field, via phase
smearing, or from modulation of Bessel-function
arguments, as a result of using the field-modula-
tion technique. The depth of the latter FM-AM ef-
fect is in excellent agreement, for different detec-
tion harmonics and modulation amplitudes, with
calculations based on the observed detection Bes-
sel functions and the measured belly FM. The
qualitative behavior of the AM due to field inhomo-
geneity is also in excellent agreement with the pre-
diction of HKW, ' particularly in that the AM goes
to a minimum near V=1.43. However, quantita-
tive agreement is less good, possibly because of
the presence of other sources'3 of phase smearing
or because of demagnetizing effects.

An understanding of these two AM mechanisms
does make it possible to adjust experimental pa-
rameters to minimize AM, and to improve the
relative precision of a set of dHvA amplitude mea-
surements. For example, if AM arises from the
FM-AM effect then any set of amplitude measure-
ments at a sequence of magnetic field values can
be usedin making a Dingle plot to determine the
electronic scattering rate, provided that each
measurement in the set is made at the same point
in phase on the modulating waveform.

Because of the simultaneous presence of the
FM-AM effect, the AM due to field inhomogeneity
does not seem to provide a reliable method for
measuring the absolute amplitude of dHvA oscilla-
tions, as was suggested by HKW. '3 However, the
absolute dHvA amplitude for a low-frequency oscil-
lation can be measured accurately either by wave-
form analysis, ' or by measuring the FM of a co-
existent high-frequency dHvA oscillation (as in
Fig. 1). ' Such measurements of the FM of a
high-frequency oscillation may also provide a
convenient way of detecting very-low-frequency
dHvA oscillations with the field-modulation tech-
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nique. The presence of FM also has the incidental
consequence that very accurate measurements of
the frequency of a high-frequency dHvA oscillation
should be made over an integral number of cycles
of any coexistent low-frequency oscillation, in
order to average out the effect of FM.
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