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Trends in Superconductivity in the Periodic Table
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A unifying scheme is proposed for a conceptual understanding of trends in superconductivity. Physical
mechanisms propounded include effects of ionic-core size, d -band effects, filled d -core repulsion and
multi-orthogonalized-plane-wave effects, on either of or both electron-phonon coupling and phonon
frequencies.

I. INTRODUCTION

Ever since BCS theory and its refinement in the
Nambu-Eliashberg formulation' have successfully
explained superconductivity in microscopic terms,
much effort has been devoted to the effective elec-
tron attraction causing the phenomenon and the
criteria for its occurrence. It is now commonly
believed that the dominant mechanism in metals
and alloys is the virtual-phonon exchange. How-
ever, the criteria for its dominance over the direct
Coulomb repulsion are still a subject of research,
depending as it does on often unloiown normal-
state properties. While this is especially so for
transition metals, much more progress has been
made for nontransition metals, for which numeri-
cal calculations of T, have been carried out by
means of semiempirical physical parameters.
However, it is not at all clear in that work as to
what are the underlying mechanisms which favor
or suppress superconductivity and lead, for exam-
ple, to the Matthias rules. In the present paper,
we suggest a scheme of possible mechanisms,
forming an overall coherent picture. The empha-
sis is on physical mechanisms.

For this puI pose, we try to include the electron-
phonon interaction self-consistently in the lattice
dynamics. Previous discussions have variously
emphasized either the role of the interaction di-
rectly in the coupling or as it determines the lat-
tice stiffness3; we wish to consider both. Clearly,
the problem is too difficult to attempt in detail, but
we hope a description in simple models carries
some elements of truth. We employ jellium as a
reference model, into which we introduce modifi-
cations in accordance with the type of metal. Spe-
cial emphasis is made on the role of outer d states:
as they participate in the electron attraction in
transition metals, impede lattice polarization in
noble metals, and affect sp electron-phonon cou-
pling by hybridization in the pre- and post-transi-
tion metals. Furthermore, the effective ionic-
core size in the pseudopotential, incorporated into
the model, plays a determinant role.

In Sec. II we recall the phonon-induced electron

attraction mechanism, and how it appears in the
expression for T . In Sec. III, we develop modi-
fied jellium models, incorporating various features
of real metals. In Sec. IV, we review trends in
pseudopotential, which seem to be both empirically
indicated and theoretically understandable, in par-
ticular the effective ionic-core size and the effect
of d hybridization on pseudopotential strength. In-
corporating these trends into the models of Sec.
III, we see, in Sec. V, how a picture for T, trends
in metals emerges. We conclude in Sec. VI with a
summary. Transition and rare-earth metals are
reserved for a subsequent publication.

II. ELECTRON-PHONON INTERACTION AND T,

The attractive electron interaction leading to
superconductivity arises principally through pho-
non exchange. The criterion for superconductivity
depends on the strength of this effect relative to
the direct Coulomb repulsion. The effective elec-
tron-electron interaction V„,(k, R', &o), for the
transition from momentum states (k, -k) to (k, -k')
with energy difference ~ =Eg, -&& and linear re-
sponse of medium, is given by

v(Q) v l I,(k, k') )

A[1 +y(Q)] MG(sf —ur. ) '

where f„(k, k') is the electronic matrix element of
the change in crystal potential as one atom is
moved,

I„(k,k') = ( g (k')
~ g@ ~ v U~@(k)},

s(Q)/& is the direct Coulomb repulsion 4we~/AQ~

screened by the linear static function of the elec-
tron gas, 1+X(Q), which also screens the ionic po-
tential in U; Q and q are, respectively, the momen-
turn transfer and reduced momentum transfer in
the first zone, in the extended zone scheme for the
electron states; I and 0 are the ionic mass and
atomic volume, respectively; and E+, is the lattice
polarization vector. For scattering close to the
Fermi surface, co is far smaller than Fermi ener-
gy E~ and so the electron gas responds to the dis-
turbance adiabatically. Thus, the direct screened
Coulomb repulsion is instantaneous. The ions,
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attracted by the electronic disturbance, follow in
phase when the induced frequency ~ is below the
natural frequency co~„of the phonons. Electrons,
adiabatically following the ions, are thereby effec-
tively attracted by the electronic disturbance. For
a macroscopic disturbance Q=q«k~, (d is the
Doppler frequency q v~ of electrons moving with
velocity v~ in the density fluctuation of wavevector
q. In general, one has a retarded interaction in
which an electron disturbance induces a positive
charge of ions to form around it in time dd~ (urD is
the Debye frequency). The high-frequency com-
ponents v & roD, which are out of phase with the
disturbance, have by then destructively interfered.
The cloud then attracts further electrons until, un-
der destructive interference of all components, it
is finally dissipated away. Short wave vector
components q«qD are attractive in a smaller
range of ~& ro,„, they cannot exceed the Coulomb
repulsion term in magnitude at small &u (Sec. III C)
and, moreover, smaller phase space is available.
Therefore, the attraction is mainly mediated by
high-q phonons. The interaction remains short
range on account of the weak dispersion at high
Gt)@.

The theory of superconductivity, incorporating
the time dependence of the attractive interaction,
was developed by Nambu and Eliashberg' and Morel
and Anderson, using Green's functions. A good
fit to a numerical solution of their energy-gap
equations by McMillan, 3 for an isotropic supercon-
ductor (see below) is given by

Bv 1.04 (1+&)
Tc=1 45

exp x- 0-0.62K (2)

in terms of X, the average electron-phonon renor-
malization of electron mass,

'dd 'dd' p t!,(d, k'}I '/ 'dd,
t

Vp~ VE Vp.

and Coulomb pseudopotential p*,

D &-1.04/(X-Ik+)
c 1 45

provided X is greater than p, *, which is the condi-
tion for a nonzero solution for the gap equation.
The Coulomb repulsion p, is less effective than the
phonon-induced attraction & on account of its in-
stantaneous nature, and is reduced to p.~. The
origin of the factor (1+X) in the exponent of Eq.
(2), is the electron-phonon renormalization of
electron propagators, i.e. , (I+X) ~, since the
weight of pure electron component I'}kd, ) in the wave
function, with phonon wake included, corrects the
matrix elements and Fermi velocities. The elec-
tron-phonon renormalization of vertices is known
to be negligible. The correction 0. 62K p,

* to & —p.*
comes from the effect of the instantaneous Coulomb
repulsion on the time correlation between the at-
tracting electrons. The McMillan formula becomes
less reliable, however, for strong-coupling super-
conductors X &1, where the result is sensitive to
the shape of the phonon spectrum. In this respect
the solution for d (&o), the energy gap for quasipar-
ticles of energy co, yields the phonon spectrum ex-
perimentally for strong-coupling superconductors,
4(&o) being observable, then, in the density of
states, in quasiparticle tunneling. For a pure
crystal, & is anisotropic in k space but, in prac-
tice, specimens are sufficiently dirty for single
Bloch states i &c) to have lifetime r«d. ' As long.
as 7»E~, it is sufficient to average all quantities
over constant energy surfaces, as in the McMillan
formula above. The determining parameters are
& and p, ~; the Debye temperature 8D is of second-
ary importance.

III. MODELS

The account of trends in superconductivity will
be developed in models that include the electron-
phonon interaction self-consistently in the lattice
dynamics. The reference model is jellium, with
suitable modifications introduced as appropriate.

1+ p, InEd, /&ov
(4a)

A. JeHium

&dfQ Q v(Q)
'0(»)'v& 1+x(Q)

' (4b)

X and p, are, respectively, the phonon-exchange
term and the direct Coulomb term in V„„(k,k', +
=0), with k and k' integrated over the Fermi sur-
face; in p, , a Fermi sphere is taken. The param-
eter X gives the enhancement of electron mass due
to the wake of phonons induced by the electron trav-
eling at constant momentum (&v =0), averaged over
the Fermi surface (in the normal state at T = 0).
In general, the Coulomb renormalization of propa-
gators and vertices are included in & and p, . In the
weak-coupling limit X«1, the formula (2) becomes

The ions form a positive continuum, in which the
electron gas is immersed. Slowly vibrating ions
are adiabatically followed and screened by the re-
sponding electron gas, so that the ionic plasma
frequency uP~=4we Z /MO is reduced to aP, = uP~/

[I+X(q)], where X(q) is the static susceptibility of
the electron gas. There is no resistance to shear,
and so no transverse vibrations. The direct Cou-
lomb interaction between electrons v(q) is modified
by the linear dielectric function of the medium

e(q, &o), viz. ,

e(q, (o) = I+X(q, u)) —(o'„/(o',

to give an effective electron-electron interaction
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v(q) v(q)
fle(q, ~) fi(I+x(q)

1 + v~ 12

) x(x) ~'- !)' (5)

B. Point-Ion Lattice

Let us first consider the ionic lattice in a fixed
unresponding background. The lattice is stable
against compression and shear. The transverse-
phonon frequencies, s,(q) in units of a)„, pass lin-
early to zero with q, i.e. , in the limit of no dis-
tortion, and the frequencies of compression waves
are lowered in the structure as follows'~:

The second term in the large parentheses of Eq.
(5} is the phonon-exchange term. It is seen that
the electron-phonon coupling is given by the Cou-
lomb interaction screened by the electron gas,
l. e. y

I(&, &+q) = e' q («s'2'/q') [1+X(q)] ' (5')

Alternatively, one may derive Eq. (5) by substi-
tuting (5'} into the second term of Eq. (1}. In the
static limit, V„„is zero for all q, so that under
purely Coulombic forces, the positive continuous
background adjusts to neutralize any disturbance
over even the smallest distances (perfect screen-
ing). This condition gives [Eqs. (3) and (4b)]

1 & v(q)
{2a)sv I

q q 1+X(q

havior of F(Q) at Q R Qa, where the ionic cores are
sampled, will be considered in Sec. IV.

The jellium phonon frequency, Eq. (7}, is trans-
formed in the pseudopotential lattice7 to

2 2 1 Qs2( )
X('q)

1+x(q)

g X(q+&)[q+&)/I@+~I ~ e„]'F'(q+r)
I+X(q+r)

X(~)(~ e,()'F'(4
1+x(w)

g X(q+~)[(q+~ )/tq+rt'te;8
(d g

= (()s Sx t
I+X(q+ &)

„Fa(- -) X( )( g() Fa(qr (9b)
1+x(f)

It is assumed that phonon polarizations can be de-
fined as longitudinal and transverse, which of course
is strictly only for q along lines of symmetry. Also
assumed is that lattice mixing of orthogonalized-
plane-wave (OPW) is negligible. The effective
electron-electron interaction of the jellium model,
Eq. (5), now becomes

v(q)
elm((qx } f1[I ( )]

(lo)

(dg (d~ 1 — S~ Q (6)

Let us now return to the physical case in which the
electron gas responds adiabatically to the lattice
vibrations. It is instructive to compare the phonon
frequencies to the jellium phonon frequency, writ-
ten with the electronic contribution separated out:

(d', = (o'„- (d'„X(q)/[1+X(q)] (jellium) . (7)

Equation (7) is modified by the lattice to Eqs. (9),
with F= 1. Likewise, V„„(Q,(d), Eq. (5) becomes
Eq. (10) for N scattering, Q=q, and Eq. (11) for
U scattering, Q=q+r. The model would be appli-
cable to metallic H, see Sec. VA1.

C. Pseudopotential Effects

for N processes, and

v(Q)" ~[I x(Q)]

~'&(()) g (() xx)') ()))
1+X(Q)

for U processes, Q=q+~. Putting

(Q &m)'F'(Q)

1+x(Q)

and expressing or~ in units of v„ thus, v,~
= {d2„s,»

we write the above equations in the static limit,
this being the relevant limit for the McMillan for-
mula. , Eqs. (2)-(4),

Electron-ion pseudopotentials W(Q) are intro-
duced into the model through a form factor F(Q)
Section IV is devoted to the behavior of W(Q) in
various metals. It will be shown that

—4me S —4we2Z

Q'[1+x(Q)1 Q'[1+x(Q)] (8)

F(Q} equals unity at zero Q, Eq. (19}, drops as Q
increases, passes through zero at Qo, and is fi-
nally zero at large Q. Trends in Qo and the be-

v o-
II[1+�(q)]

v(Q) ~ &o)(

1(Q)
sa(=1-Zss(q) D„X, -

L

-~(&,gx, -&„x,),

(12a)

(12b)

(13a)
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s'„=s', (q) -Z(D, ,X -D„X,) . (13b) (~d mgp~ 0 8pg
2 2

Ks 3Q M M/II

The electron polarization X.(Q) at metallic densities
includes correlation effects, neglected in random-
phase approximation (RPA}.

The renormalization of v,„arises as follows.
The distorted lattice, with its new periodicity,
scatters electrons through q and q+ 7', mixing wave
functions. The mixing is most pronounced among
states which scatter elastically one into the other,
i. e. , states on the Fermi surface. Thus, the elec-
tron gas forms a screening cloud about the ions,
with Fourier components~ and q+7', provided that
(q+rl & 2k+ (for spherical Fermi surface). The
latter condition is expressed by a sharp drop in
X(Q) when Q reaches 2k'. In other words, the
electron cloud cannot respond mith wavelengths too
short with respect to interelectronic spacing, on
account of Pauli repulsion.

V„„is determined by F(Q}, as it affects the
electron-phonon coupling both in the numerator D@„
and in the phonon frequencies sy, . At small q,
q«qo, the Debye wave number, V„~(&@=0)~0 is
required for stability, since over distances cover-
ing many ions, there can be no overscreening of a
static disturbance in equilibrium under electrical
forces. Within microscopic distances, say Qo
however, static overscreening can occur, depend-
ing on the strength of the pseudopotential, and

V„„(u&=0}can be negative. We may therefore
suspect that it is the behavior at large q, where
V„„is sensitive to the magnitude of Qo and
F(QO& Q & 2k'), and for which the phase space is
large, that is determinant in superconductivity.
The reader may be puzzled by our emphasis here
on static properties. Of course the dominant neg-
ative region of V„„(Q,&o) is a dynamical phenom-
enon occurring at finite (d -v~. The point is that
McMillan's dynamical calculation, which resulted
in Eq. (2), delivers an answer which is expressed
in terms of static electronic properties.

In this section, we have dealt with the effects of
a single OPW on V„„. There are some cases,
however, where there is considerable lattice mix-
ing of several OPW, due to either Bragg reflection
or strong pseudopotential scattering. These cases
will be dealt with in turn in Sec. V.

D. Core-Core Repulsion

So far we have considered metals where the lat-
tice spacing is determined by the conduction-elec-
tron gas, roughly of the order of the screening
length. The displacement of ions is resisted by the
Pauli repulsion among the conduction electrons.
Thus, in jellium, uP, =(v„/s )q for q&s, where
X(q)=s'/qs, and in RPA

where B~E is the free-electron bulk modulus. The
situation is different when the ionic cores overlap
between neighbors. These will likewise resist
overlap by Pauli repulsion, now of the electrons in
core states. Weak overlap splits a filled core
shell into a narrow tight-binding band, which con-
tributes little to the cohesive energy since the band
is filled, bonding and antibonding states. Some
cohesion arises from s-d mixing, since while the
total energy of the s and d bands remains un-
changed, the compensatory higher s states are
empty. However, a larger overlap (say due to dis-
placement from equilibrium) between the nonorthog-
onal cores mill raise the average d-band energy
sharply. For lattices where this effect comes in-
to play, it can be incorporated into &u5, Eqs. (9),
by the addition of &os„(q), given by nearest-neighbor
forces. Brout ' ' suggested that this extra stiff-
ness will suppress D/s, and hence superconduc-
tivity in these metals. In jellium, the equations
are modified as follows. The dielectric function of
the medium e(q, &o) is given by

e(q, ~) =1+X(q, ~) —~'/[~' —~'.(q)], (14)

leading to Eq. (5) for the effective electron-electron
attraction, where v- is now given by

~,'- = ~'/[1+x(q}] + ~.'(q) . (15)

IV. TRENDS IN PSEUDOPOTENTIALS

We have shown in Sec. III C [Eqs. (10) and (11)]
how the parameter X of Eqs. (2) and (3) will be ex-
tremely sensitive to the form factor F(Q) and hence
W(Q), in the region Q-2k+. We therefore present
in this section a brief review of present understand-
ing of pseudopotentials. ' ' In our subsequent anal-
ysis of superconductivity trends, we will rely heav-
ily on the qualitative behavior of the pseudopoten-
tial, as it varies through the Periodic Table.

A. Simple Metals

In this section, we consider metals with simple
ionic cores, i.e. , where the pseudopotential will
be tiny within the core region on account of orthog-
onality. While macroscopic lattice disturbances
will scatter electrons attractively via the screened
Coulomb potential, electron-ion scattering within
core dimensions will be only weakly repulsive.

To establish a notation, we write the OPW
IX(k) & for simple metals

where I a & are the core states and Ik& is a plane
wave. In simple metals no d bands overlap the
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conduction band. The true wave function I @& is
expanded in OP%, thus

l~&=~calx(k ~)&.

This can then be written

(17)

where I p) is the expansion g wf~lk+ r). (1$& in
an angular-momentum expansion about an ionic
center has mainly s and P components near the
ion. } IP), the pseudo-wave-function, is then the
solution of the Schrodinger pseudopotential equation
with pseudopotential 8',

W= V+K(E -E ) i
n) (n i, (18)

where V is the real unscreened ionic potential and
E is the energy of I n). Within the core region,
the deep attractive V is largely canceled by the
repulsive term, the "cancellation theorem, " so that
in the metallic close-packed structures, S' is an
over-all smooth potential. Lattice scattering is
therefore weak. Likewise, a lattice wave q, scat-
tering through Q=q and Q=q+&, will scatter only
weakly when Q

' lies within the core. Although S'
is a, nonlocal operator, matrix elements connecting
states on a Fermi sphere depend on momentum
transfer only, for spherical atoms. Therefore, in
a given problem, W' is local to the extent that such
matrix elements suffice and/or nonlocality is weak.
The response of the interacting electron gas to the
lattice (in equilibrium or disturbed) is to a good
approximation' '4 the response of a uniform charge
density, i.e. , the response as calculated with plane
waves, viz. , [1+y(Q)] ' in Sec. III. The true
charge density, that engendered by I g&, has a hole in
the core region compensated by a uniform increase
outside, but in view of the small size of the cores
this correction is a small effect. Nonlocality is
also a small effect. Furthermore, the linearity of
the response is much better justified than for point
iona. From now on [and in Sec. IIIC, Eq. (8)], we
define W(Q) with the screening included.

The general shape, then, of the local pseudopo-
tential W(Q) must be that of the screened Coulomb
potential at small momentum transfer (relative to
(kI WIk) plus surface energy), thus

W(Q-0) = —4ve Z/v = —~Ez

rising to zero at Q =Qo, where Qo' is of the order
of R, the core radius, and usually positive but
small as Q

' passes within R,. W(Q) may be writ-
ten in the form of Eq. (8). A simple model for the
pseudopotential, the empty-core model, takes the
pseudopotential as zero within R and Coulombic
outside. The screened pseudopotential is then given

by W(Q) = -4vemZ cosQR, /Q~[1+y(Q)], and Q equals
v/2R, . The parameter Qo is the one best deter-
mined so far by experimental information on W(Q),

"
and systematic differences between the elements
can be related simply to atomic properties. '3 On
the other hand, details of the strength of W(Q), at
Q above QD, are not understood theoretically, nor
in most cases well-established experimentally. In
the following paragraph we briefly mention the fit-
ting to experiment, and then go on to discuss the
trends in Qo.

Empirically, the best source of information on
pseudopotentials is Fermi-surface fitting. '~ The
pseudopotential in Eq. (18) is not unique, the addi-
tion of a term g I n ) F, with any function F
yields the same solutions for 8 and I 0), when
evaluated to all orders of perturbation theory, and
so one makes the best choice for fast convergence
of E. The freedom of choice lies at high Q; in
practice, a suitable cutoff (or convergence} in W is
made, and one fits the W at lower lying & to the
Fermi surface. For application to electron-phonon
scattering, however, W must be extrapolated be-
tween points &, and made to pass to the correct
limit for macroscopic ionic displacements, viz. ,
Eq. (19). Clearly, uncertainties exist at various
levels. First, the choice of cutoff is dictated by
the information available from Fermi-surface data,
and usually lies too low to produce reliable W in the
region Q -2k~, crucial for electron-phonon scat-
tering. Second, extrapolation between even well-
established W(7) can be ambiguous. Finally, al-
though the validity of W, as in Eq. (18) and other
forms, in the electron-phonon matrix, was estab-
lished by Sham" and Austin et al. ,

' it is not cer-
tain that a truncated W, chosen for the energy cal-
culation, is applicable to electron-phonon matrix
elements. Otherwise, the equivalence of the
screening and Coulomb vertex corrections of the
electron-ion interaction in both the static and vi-
brating lattice was proven in Ref. 17.

The strongest trend in Qo can be understood as
follows. " Along a row of the Periodic Table, R,
will decrease as the valency Z,~ increases, since
the higher ionic charge will pull in the core. The
average lattice spacing, however, remains roughly
constant relative to the changes in R,. It turns out
that the increase of Qo with S ~ goes roughly as
does k~, i.e. , Z,'~'. Along a column of the Peri-
odic Table, however, R, stays roughly unchanged,
because although the ionic charge increases so does
the charge and principal quantum numbers of the
core. It has been found that Q0-0. 8(2k+). Thus,
scattering on the Fermi surface through Q in the
range Qo-Q ~ 2k~ is wide-angle scattering in the
extended zone, with constant relative phase space.
These processes are mostly umklapp even in mono-
valent metals.
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A weaker trend'~ is a slight increase in Q0/2&r
on moving down a column of the Periodic Table.
The series of heavy elements, Hg to Bi, have
larger Qo on account of a relativistic effect which
lowers the energy of the s state. The effective
core radius Qo', must be small enough with respect
to lattice spacing, for electrons to be (weakly) at-
tracted towards ionic centers; in particular, Qo
must be a little larger than the lowest r for W(r) to
be negative. In group ~, Qo comes out too close
to the first shell of 7 in Hg, for simple structures, '
so that I W(v) I would be tiny and lattice scattering
suppressed. The distorted crystal structures are
probably due to the energetic advantage of keeping
7 off Qo so as to increase I W(r) I. In the heavier
group III&, this occurs in Ga and In; in Tl, Qo is
sufficiently large with respect to the lowest 7' in the
simple hcp structure, but a slight increase in lat-
tice spacing is favorable to lattice scattering.
Similarly, lattice spacing increases in passing
from Sn to Pb.

The trend to smaller R„on moving to the right
in the Periodic Table, leads to strong negative
W(7') for the first shell of &, and the breakdown of
perturbation theory for pseudo-wave -functions.
Open-structured covalent bonding then becomes
energetically preferable, with filled Brillouin zones
in 0 space. "

The strength of W(Q &go} is in most cases less
well established experimentally. ' For this dis-
cussion we shall simply assume W(q &go) to be
small by the cancellation theorem, unless there is
theoretical reason otherwise. In the remainder of
this section, we review the physical mechanisms
which can lead to the enhancement or further sup-
pression of W(Q}, for Q greater than Qo. These,
together with the trends in Qo, will subsequently
be incorporated into a conceptual scheme for X.
However, alternatively proposed forms of W(Q},
with less theoretical basis, can be substituted as
the case may be. The effects to be considered,
now, are those of insufficient cores in the light
metals, and of d states in the heavy metals. These
lead to differences in the l components of W', and
hence nonlocality.

B. Li and Be (First Short Period)

In these metals of the first short period there
are no p states in the core, and so the P component
of the pseudopotential about each ion remains to-
tally uncanceled. '2 The lattice pseudopotential is
therefore less smooth and strongly attractive mid-.

way between lattice sites, so that conduction elec-
trons are attracted away from ions, thus enhancing
p-like (with respect to ions) components in the wave
functions. (Higher-1 components are too small
near ionic centers to be relevant. ) Similarly, ion-
ic displacements strongly repel conduction elec-

trons. W(Q} therefore has a large and positive
hump above Q0, and the lowest 7 lie in this region.
Further elements along the row take up open co-
valent structures, presumably because of the large
W(e & q.)."

C. Effect of d Band

Here we review the effect on the pseudopotential
pf d bands pverlapping the cpnductipn band.
There are three cases to consider: the transition
metals, where E~ lies within the overlap region;
post-transition metals, where the d bands lie be-
low E~; and the pretransition metals, where a d
band exists above E~. In these metals, the l = 2
crystal potential near ionic centers, with centrif-
ugal potential included, is deep enough, due to high
atomic number and absence of core, to overcome
the centrifugal potential and form troughs which
localize d states. The potential for E = 2 is totally
uncanceled by a core in the 3d series, and uncan-
celed in the n-core shell of the nd series for n &3.
The localized d states lie in the conduction band
continuum. Resonance with degenerate states in
the continuum, and neighboring loca'ized d states,
broadens these states into a band or subbands. In
passing from left to right along a series, the d
bands become increasingly narrow as the potential
troughs deepen.

In the post- and pre-transition metals, the d
bands are too far removed from E~to participate
in the virtual phonon exchange mechanism. On the
other hand, the conduction electron-ion interaction
must include the effect of hybridization with the
ionic d states. First, in the undisturbed lattice in
post-transition metals, the energy of single OPW
on the Fermi surface is raised, anisotropically
(i. e. , nonlocal), in accordance with the coupling,
and in pre-transition metals, is lowered, since
hybridization separates states. Second, the peri-
odic array of localized unhybridized d states will
scatter the unhybridized OPW through &, repulsive-
ly in post- and attractively in pre-transition metals,
and similarly will a lattice wave q. The strength
of the effect depends on the proximity of the d
states to EJ;. The hybridized state on the Fermi
surface has the wave function

fg) [y) Q( )
fd)Ez -Eu

6V is the difference between the free-ion potential
Vf and the potential V in the crystal in the neigh-
borhood of an ion, and I d) is the free-ion d orbital.
Unlike for the deeper-lying core states I o), 6V
varies appreciably over Id), thus giving an appre-
ciable hybridization matrix element. The single
OPW components of I 0 ) [which now include Id) with
the core states in Eq. (16)] are coupled in second
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order by virtual d-level exchange with matrix ele-
ments,

g (X(k+ T) I 5V Id} (d I 5VIX(k) }
E -E (20)

E~ is the energy expectation value of the free ion
id} in the crystal. It is convenient in the pseudo-
potential formulation to proceed in this way what-
ever the distortion of real d orbitals in the crystal
in the outer regions of a cell. This may entail
truncating the free ion Id} to eliminate overlap be-
tween neighbors, with consequent redefinition of
V„, and 5V; the correct d-band Bloch functions in
the overlap region between ions is then build out of
hybridization with OPW. In this way, Harrison' '
has generalized pseudopotential theory for d-band
metals. The dominant additional contribution to
W acting on the pseudo-wave-function Q at the Fer-
mi surface, when E„ lies close, has matrix ele-
ments between pseudo-plane-waves 1k }and I k+ 7')
obtained from expression (20) by substituting for
the OPW and recalling that (dl 5V1 n) = 0. With 7
replaced by Q for lattice wave scattering, the ma-
trix element takes the form

p(k+Qlh 1 d) (d I a tk)
E -E

where

g ~d) =5V~d} —~d)(d~5V~d) .
In the noble metals, this term gives to the pseu-

dopotential matrix element, W(k, k+ Q), a large
positive hump for Q above Qo. We refer to this as
the hybridization repulsion. The consequent
strong OPW mixing by the lattice (Q= ~), as well
as the nonlocality of (kl Wlk), seems to be respon-
sible for the strong Fermi-surface distortion, and

at the same time strong wide-angle electron-phonon
coupling (Q &Q~). However, the noble metals are
not superconductors, and their electrical resistiv-
ity is very low. We believe the explanation to lie
in the low compressibility, ' ' see Secs. III D and
VA2. The present form of W', with its character-
istic hump, is derived in most band-structure
fits. ' ' ' ' However, a quite different form
emerges from the fitting procedure of Fong and
Cohen. ' The pseudopotential we have chosen for
the present discussion is the more easily under-
stood physically, though that of Ref. 21, em-
ployed in a recent calculation by Allen, is easily
accommodated into our scheme.

In the group-IIB metals, the d states are more
strongly bound due to higher atomic number, and

E~ lies further below E~. Therefore, there is less
hybridization than in the noble metals. There re-
mains, however, some repulsion due to hybridiza-
tion, in addition to the now more effective orthog-
onality repulsion. Hence in group IIB also (the

positive), W(Q-2k') is enhanced.
The pre-transition metals, among alkalis and

alkaline earths, have wide d bands near to and above
Ez. Hybridization now lowers W in the region
Q-2k~, so that it becomes small and even nega-
tive in the event that hybridization dominates the
orthogonality repulsion. Metals higher up in

groups IA and IIA (Na and Mg) have atomic num-
bers too small for the l = 2 ionic potentials to over-
come the centrifugal potential. There are, then,
no d troughs and hence no hybridization effects.

The validity of the present pseudopotential for-
m@.ism for electron-phonon matrix elements has been
investigated recently by Allen, 'who finds that it is al-
most as good as Sham's theorem' for simple metals.

In the transition series, the d band overlaps the
sp band at E~. The 1=2 component of 8', totally
uncanceled in the Sd series, and uncanceled in the
n-core shell of the higher nd series, is now of
prime importance at Fermi energy. The use of
perturbation theory is no longer valid for estimat-
ing the effect on I g }in the overlapping regions of
the Fermi surface, since W is now large. I P} is
a. thoroughly mixed function of the I 0} and Id}.
Augmented-plane-wave-type methods are specially
suited to this case, since the hybridization is
automatically included. The d resonance and its
coupling to the d component of I 0 } is expressed by
the l =2 phase shift && of the suitably chosen muffin-
tin potential; 50 and 6, are usual weak pseudopoten-
tial phase shifts, and higher 5, are usually negligi-
ble. The method is useful for estimating electron-
phonon matrix elements, from parameters fixed by
band-structure calculations, both in transition~4
and nontransition metals. ' ' In these calcula-
tions, muffin displacements are assumed for lat-
tice waves, and a suitable choice of muffin plateau
relative to Erensures the condition in Eq. (19).

V. TRENDS IN T,
A. Monovalent Metals

I. Group IA. Alkali Metals

The free-electron Fermi sphere for Z=1 lies
well within the first Brillouin zone. With the ex-
ception of Li, W(Q) is small in QO~Q& 2k+, and the
Fermi surface is nearly spherical. We may there-
fore assume single OPW and small electron-phonon
coupling at high Q. (Distortion of the Fermi sur-
face increases in the heavier pre-transition alkalis,
due to anisotropy of the single OPW energy (kt Wl k},
i.e. nonlocality and some OPW mixing towards
zone boundaries. ) Qo is of the order of q~, the
Debye wave number, so that wide-angle scattering
processes Q &Qo are mostly U processes. The
small electron-phonon coupling means small Q„Do„/
s,„on two accounts; directly through the above dis-
cussion, and because s,~ is raised by the reduction
in electronic screening of the ions. U processes
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on the Fermi surface (Q & 2k„) can only take place
with sufficiently large q, q &T —2k~. Then, al-
though s„ itself is renormalized [Eqs. (13)], the
effect is small because of small D~„. Roughly, for
U processes

p Doi Doi, L Do.s'„1-Ls,(q), s',(q)
'

Similarly, for W processes with Q =q-qD-Q0, one
has D„/s„-D„/1 —Ls~(q). The reduction in the
electronic screening of large-q lattice waves can
be understood as follows. On account of the orthog-
onal-core effect, the screening charge will reside
outside the core, in the region where the pseudo-
potential is most attractive. Within short wave-
lengths, therefore, there is no screening between
the displaced ions, and they interact with their
"bare" potential. These ideas are consistent with
neutron spectroscopy data, which indicate
~,, - & ('d~ at large q in Na, K, and Rb. Vosko et
al. have made numerical calculations of the "bare"
ionic transverse frequencies &u„s,(q) in Na, see
Eqs. (6) and (9), and found that the experimental
~„are very nearly equal to &u„s,(q), and that
&u,, ~0. 75m„[l —'), s,(q)]. Therefore, at high q,
there appears to be very little screening indeed.
The absence of superconductivity, then, has been
traced to large ionic cores and weak pseudopoten-
tials, ' see Secs. IVA and IVC.

We remark parenthetically how the reduction in
W(q) is reflected in the stability of the metal, by
studying the small-q limit (not relevant to super-
conductivity, see Sec. IIIC). At small q, q«qn,
E (q) = 1 —+ v~q2/Q~o in the empty-core model (Sec.
IV A), and }((q)= K /q» 1 and s~~(q) = sfq2 in Eqs.
(13). Then s„, Eq. (13a), becomes

therefore repelled. In consequence they follow the
vibrating ions out of phase. It is these components
which are the efficient screeners of phonons of
wave numbers q-qD, due to U processes. Simi-
larly, in electron-electron scattering through
Q &@0, the ions repelled by electrons in turn repel
electrons, leading to a net attraction.

The strongly repulsive pseudopotential gives rise
to strong lattice scattering of OPW. However, on-
ly in a small region about Qo, where D/s is sup-
pressed for single OPW, will D/s be effectively
enhanced; otherwise D/s is not sensitive to multi-
OPW. Likewise, the direct Coulomb interaction,
anyway unsuppressed, will be insensitive in order
of magnitude. For small q, q«q» one has D/sa
& 1, but for intermediate q large enough, D/s2
should be larger than in other alkalis on account of
U renormalization of s . From these considera-
tions, it would seem that Li should be supercon-
ducting at low temperature; the continued absence
of superconductivity in the range 10 ' K remains
unexplained, see Ref. 25.

A high-pressure metallic phase of H (hydrogen)
would be expected to superconduct in this scheme,
as there is no suppression of the Coulomb potential
of the protons. Strong lattice scattering will mix
off-Fermi-sphere states, which will have little ef-
fect on orders of magnitude at large Q, but play an
important role at small q. This is to reduce the
matrix elements at small q' so as to prevent an
unstable solution, V„„(q,0) &0, arising from the
reduction of ionic plasma frequency by g,s,(q).
Thus, the lattice structure reduces the electronic
screening, simultaneously with the ionic plasma
frequency. The predicted metallic H should super-
conduct and may have a very high T, on account of
its light M (high en).

0
(2o)

Z. Group IB. Noble Netals

The screening length x ' has been increased to
(1/x + s /4Qao)' a, which expresses the fact that
the screening cloud is situated outside the core.
We have, for small-angle scattering,

D q/K
s'„q'/a' v'+q'/4Q', —g s',q'

The condition D„/s„- 1, for stability, is satisfied
when w /4Q~O~ gs2. (In the absence of core as in
metallic H, the condition is satisfied by the increase
in lattice scattering. This is the case treated by
Pines' and will be further discussed below. )

Li presents a special case with a strongly repul-
sive pseudopotential for Qp& Q

& 2k~, and so /DE/
s~~ is not suppressed. In contrast to the other al-
kalis, the strong repulsion of conduction electrons
within the ionic core reduces the frequencies of
short-wavelength phonons. The very-high-momen-
tum components of the electron wave functions are

We believe, following Refs. 10 and 11, that the
absence of superconductivity in the noble metals is
due to core-core repulsion, impeding lattice vibra-
tions, as discussed in Sec. IIID. The stiffness of
the lattice by d-core-core repulsion is indicated
both by the compressibility, and the high-frequency
end of the phonon spectrum. Taking as a rough
reference the free-electron compressibility X F~
=—B~ o-r,', comparison of the measured compress-
ibility g of noble metals, with those of alkalis,
shows a drop in the X of noble metals, far exceed-
ing what might be expected from the high depen-
dence on r, in XFE. Comparison of the noble met-
als with Mg, group IIB, and the metals of the non-
transition groups IIIB and IVB, all with r, of com-
parable order, indicate the X values for noble met-
als grouped at a factor roughly & smaller. Apart
from Mg which has no d core, the higher-valence
metals have smaller d cores (Sec. IV). Further



TRENDS IN SUPERCONDUCTIVITY IN THE PERIODIC TABLE 5117

-Es', (q) -Z D, , X,
'r

Iq+& l&QO

s'„-s',(0)—
T

qo

(21a)

The ions are more effectively screened in polyva-

evidence is supplied at the opposite end of the spec-
trum from neutron scattering data for Cu and Ag,
which indicate values of co„greater than (d„. More-
over, Born-Von Karman fits to the data need as-
sume only nearest-neighbor forces, since the dis-
persion curves are smooth. The longer-range
forces via conduction electrons, out to fifth-near-
est neighbors in Na and K, are reduced to a sec-
ondary role in noble metals.

Counter to the core-core repulsion, stiffening
the lattice, is a strong pseudopotential scattering
electrons. As discussed in Sec. IVC, the proxim-
ity of d-band energies to E~ raises the electron-
phonon coupling for wide-angle scattering by hy-
bridization, so that the noble metals are expected
to have strongly repulsive pseudopotentials for
Qo & Q ~ 2k+ (see, however, Refs. 21 and 23). Nev-
«heless, d-core-core repulsion seems to domi-
nate, and suppress D/s at all Q as discussed in
Sec. IIID. This is in contrast to the metals of
group GB, see Sec. VC 1.

B. Polyvalent Metals Z~~3

There is no theoretical understanding of the rela-
tive strength of E(Q -2k') in these metals. How-
ever, we shall see that on the mere assumption of
weak pseudopotentials, F(Q - 2k~) small by the
cancellation theorem (Sec. IV A), the polyvalent
metals would have stronger attractive electron-
electron interaction than monovalent metals, due
to stronger s~„renormalization. Furthermore,
more attractive U-scattering processes can take
place. Finally, OPW mixing by the lattice might
enhance electron-phonon coupling when this is
weak rendering V„„less sensitive to the strength
of single OPW coupling.

Our explanation will be based on the dependence
of Qo on Z. We recall that Qo increases with Z as
does k~, while the average lattice spacing stays
relatively constant. Therefore, Qo is greater than

qD. The actual positions of the 7 relative to Qo,
however, is a subtle matter, "see Sec. IV.

Phonon frequencies for large q are more strong-
ly renormalized in polyvalent than in monovalent
metals, as follows. Since q~ is well below Qo, the
N contribution is not suppressed in Eqs. (13), in
contrast to the alkali metals, nor is the U contri-
bution with Iq+Tl & Qo. The expressions for s2„,
Eqs. (13), become

1 wS2
al 1 + &2/~2 2Q2

lent metals because the ion core, which keeps the
polarized electron cloud out, is pulled in by the
higher ionic charge, without there being any cor-
responding change in lattice spacing. Hence, even
short-wavelength ionic displacements are well
screened. Finally, taking account of multi-OPW
states, there would be an additional contribution
from components l q + ~ I Qo, otherwise suppressed
when the single OPW form factor is weak above Qo
(discussion below). Neutron spectroscopy' or
superconductor tunneling data ' confirm the high
degree of cancellation in uP,„; at large frequencies
one obtains for the ratio uP„/uP„(or s„), values
s„-0.07 for Pb, 0. 06 for Sn, 0. 07 for In, and
0. 09 for Al and Tl, all to be contrasted with the
results for alkalis, quoted previously. Further-
more, in contrast to alkalis and noble metals,
there is a high degree of structure in co,„, confirm-
ing the influence of the electron gas; see also Kohn
anomalies, Sec. V D. The high screening of pho-
nons in these metals is indeed reflected in strong-
coupling superconductivity.

On account of the strong renormalization of large-
q phonons, one expects that wide-angle scattering,
whether between single OPW states on the spheri-
cal parts of the Fermi surface or multi-OPW
states, would be far more attractive than in alkali
metals. Furthermore, the larger Qo relative to

q~ implies more U processes for intermediate-
angle scattering.

In this paragraph, we discuss in more detail the
effect of multi-OPW. In the polyvalent metals,
where the Fermi sphere crosses Brillouin edges,
even small W(r) strongly mix OPW by diffraction
near intersections. When the single OPW form
factor is weak, the electron-phonon matrix element
can be effectively enhanced. This would occur
for states separated by I Q I & Qo on the Fermi sur-
face in the extended zone, if at least one of the
states is multi-OPW. Only rarely would any de-
structive interference conspire to cancel the over-
all enhancement. Although in many polyvalent
metals only a small fraction of Fermi surface is
distorted [W(v) being small], the density of states
is very high there, a small Fermi velocity accom-
panying strong OPW mixing. Similar considera-
tions apply when both states are multi-OPW. In
that case, however, q can also go to zero, and the
screened matrix element than passes to zero as
q(4' Z/v ). There is no lattice distortion when q
goes to zero, the two states are separated by w in
the extended zone, and are equivalent on account
of Bragg scattering. In that case, V„„~0 is re-
quired for stability. However, for q large enough
(larger than the separation between two sections of
Fermi surface at the zone edge), the attraction is
enhanced. We remark that quite generally the di-
rect Coulomb repulsion will not be so sensitive in



5118 H. STERN

order of magnitude to OPW mixing.
In summary, it is conjectured that polyvalent

metals favor the electron-electron attraction for
the following reasons: phonon frequencies are
more effectively screened due to smaller ion cores
relative to lattice spacing, there are more U pro-
cesses for intermediate angle scattering, and when

pseudopotentials are weak for Q above Qo, multi-
OPW states enhance a significant amount of wide-
angle scattering in the extended zone, both directly
and in the phonon renormalization. Pseudopoten-
tials need not be particularly strong for Q above

Qo (but can be), and this seems qualitativeIy con-
sistent with the nearly-free-electron nature of
most of the Fermi-surface area. These ideas cor-
roborate well in a qualitative way with the apparent
rise in electron-phonon coupling strength with elec-
tron concentration, observed in the data on ~,„andT„"" see above and Secs. VD and VE.

Finally, the present considerations offer an un-
derstanding of Matthias's empirical rules, that X

increases in going from Z=3 to Z=4, and that for
fixed Z = 3 or Z = 4, X increases with lattice spac-
ing. The latter rule could be understood from the
tendency towards larger Qo, accompanying the in-
crease in lattice spacing, as one moves down the
Periodic Table to heavier metals (Sec. IVA}. The

shortening of the effective core radius Qo will then
enhance the electron screening of v,„.

C. Divalent Metals

l. Group IIB

These metals have strong pseudopotential above

Qo on account of hybridization with the d core (Sec.
IVC). Unlike in the noble metals, we do not expect
the core effect on ionic frequencies to impede su-
perconductivity. Indeed, d cores are more strong-
ly bound than in noble metals, and less likely to
impede ionic vibrations. This relative unimpor-
tance of the core has been confirmed experimental-
ly by neutron scattering on Zn, 29 and by supercon-
ductor tunneling in Hg. 3' At the high-frequency end
of the spectra, ro„ is of the order 0. 2 v~, in
marked contrast to noble metals. Thus, the dif-
ference between noble metals and group IIk, with
regard to superconductivity, most probably lies in
the extent of d binding.

The relatively low values of T, in Zn and Cd
emerges from the numerical calculations of Allen
and Cohen, as follows. Since W(7} is strong and

the metals are divalent, it is energetically prefer-
able to fiD out the first Brillouin zone rather than
the free-electron Fermi sphere. [Since W(~) is
repulsive, the electron concentrations are between
rather than at ionic centers as in tight binding, but
the energetic advantage is the same, independent
of the sign of W(7). ] Thus, although multi-OPW

will have little effect on the coupling, already
strong for single OPW, it considerably reduces the
area of Fermi surface by zone boundaries. As a
consequence of the smaller phase space, X is re-
duced both directly and by the smaller renormal-
ization of s2„. (The latter applies for U processes,
especially where q &Q, since the screening in the
numerator of D/s2 is also diminished. ) Thus, Zn
and Cd are weak-coupling superconductors, in
spite of strong pseudopotentials.

In Hg, however, I W(7) I is not so large (Sec.
IVA), on account of the proximity of Qo to the low-
est 7, and lattice scattering does not suppress the
Fermi surface. At the same time, wide-angle
scattering feels the strongly repulsive pseudopo-
tential due to d hybridization, and so Hg is a
strong-coupling superconductor.

2 Group IIA. A/kaline Earths

Be, with its strong pseudopotential, is a super-
conductor of low T„ like Zn and Cd. The main
difference is the origin of the strong pseudopoten-
tial, viz. , the absence of P core in Be (Sec. IVB).

Mg has a weak pseudopotential, as expected in
view of the absence of any enhancing characteris-
tics. The Fermi surface, therefore, is free-elec-
tron-like except at the intersection with the zone
boundary. There is too little OPW mixing in the
divalent metal to affect the electron-phonon cou-
pling in X. However, the effect mentioned pre-
viously in the polyvalent metals, whereby phonons
of large q are more effectively screened, due to
the smaller core, than in alkalis, thereby increas-
ing the attraction in wide-angle scattering, would
begin to take effect here; see Eqs. (21). This may
be responsible for the result of Allen and Cohen, ~

predicting superconductivity at low temperature.
Ca, Sr, and Ba are pre-transition metals, where

d hybridization would suppress the repulsion of W,
leaving a very weak (repulsive or attractive) pseu-
dopotential for Qo~ Q

~ 2k+ (Sec. IVC) with complex
Fermi surfaces due to the anisotropy of the hybrid-
ization, i.e. , nonlocal effect. The weakening of
pseudopotential, when a d band lies close above the
Fermi surface (though not too near), is reflected in
larger values of oPQ&a2s due to weaker screening;
up to 0.4 in Sr, from specific-hea, t data, com-
pared to 0. 2 in Be and Mg, from neutron spectros-
copy. The present considerations, therefore,
predict no superconductivity at zero pressure in

Ca, Sr, and Ba.

D. Kohn Anomalies

The U contribution to the screening of co,„under-
goes abrupt changes at q satisfying Iq+rl =2k&.
This leads to kinks in the dispersion curve ~,„,
which suffers a little sharp drop as each new U

process appears. Strictly speaking, the anomalies
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occur where q+ w=K, K being the extremum of the
distorted Fermi surface in that direction. The
strength of this effect is a measure of the strength
of wide-angle electron-phonon coupling and elec-
tron density of states, both directly, in the perti-
nent scattering amplitude, and indirectly, in the
size of the smooth background. In practice, the
kinks are often difficult to observe, but all non-
transition materials with relatively large Kohn
anomalies are superconductors, viz. , Zn, Al, Sn,
Pb, and Pb-Tl alloys, and several transition met-
als. Strong anomalies are accompanied by high
T; thus Pb has stronger Kohn anomalies then Zn,
Al, and Sn, and these move and grow weaker in
Pb-Tl alloys as Tl is added and T, drops. The
prominence of the effect depends on the size of the
smooth background, which emphasizes the link with

T,. Thus, in Cu, Kohn anomalies are tiny against
a background dominated by core-core repulsion,
whereas in Pb, the discontinuities are superim-
posed on a very small smooth background. These
results corroborate well with the ideas above.

E. Alloys

The previous model can be employed for substi-
tutional disordered alloys, of approximately equal
atomic mass, with the common ("rigid") band of
NZ electrons (Z is the mean electron-to-atom ra-
tio) immersed in a lattice of fictitious "average"
ions, each with average pseudopotential S', such
that W-Ze2e~" /r outside each ion core. The dif-
ference from true ions acts as a perturbation.
in first approximation, is given by the ionic plas-
mon, charge Ze, screened by the electron gas
(with shifts and finite lifetime due to the random
differences). The electrons in first approximation
are in OPW or lattice scattered multi-OPW states.
However, the perturbation breaks the periodicity
and mixes the states. As long as the single Bloch
states have lifetime ~» E~', the wave functions are
not much affected; if 7 & 4 ~, the energy gap is iso-
tropic (Sec. II). When the impurity concentration
is high enough, then r approaches Ez' (unless there
is too little difference between pseudopotentials),
and the OPW are thoroughly mixed (e.g. , higher
electron attraction towards more strongly charged
ion s).

Factors determining the variation of T, with Z
are difficult to disentangle. Only when pseudopo-
tential differences are negligible are the determin-
ing factors simply the density of states and, where
X is sensitive to OPW mixing, the changes with Z
in Fermi surface-Brillouin edge intersections.
Otherwise, there are also changes in mean W and
in "impurity" scattering of OPW. For want of de-
tailed knowledge, however, it is difficult to discern
trends, but we make some comments in the follow-
ing paragraph.

Neutron scattering data on ur, ~, for binary alloys
of Tl-Pb-Bi, show that screening increases with
electron concentration, thus indicating an increase
of electron-phonon coupling (see Sec. VB). Dynes
et a/. have made numerical computations of the

gap equation, using pseudopotentials extracted from
the co,„, but assuming absence of appreciable band
effects. Havinga on the other hand, arguing that
an increase in electron-phonon coupling with Z is
a consequence of greater lattice mixing of OPW,
explains observed T, variations in Tl-Pb alloys and
several alloys of In, purely in those terms, by
rough semiquantitative estimates. The inherent
uncertainties of these estimates is apparent in the
further observations on In-Sn alloys by Lambert
et al. s'; Allen and Cohen, on the basis of their cal-
culations, predict that dilute alloys of either group
ZB or group III' metals in Zn and Cd should have
higher T„due to the "freeing" of the Fermi sur-
face from the zone boundaries, see Sec. VC 1.

A different effect of alloying is the elimination
of the core-core effect in noble metals. In concen-
trated alloys, where noble metal ions are no longer
nearest neighbors, the lattice spacing is determined
by the s-p electron gas resisting compression,
rather than the repulsion between the closed d
cores, "and likewise the phonon frequencies.
Therefore, one would expect this change to be ac-
companied by the advent of superconductivity. Ex-
periments by Luo and Andres34 have indeed demon-
strated that a phase transition in several alloys of
a noble metal and base metal (including nonsuper-
conductors), semimetal or semiconductor, occur-
ring at a high enough concentration of base metal,
induces superconductivity. The mean valency Z
has a range 1.3-1.8. In Robert's tables are list-
ed many such alloys and compounds; in particular,
we may note CuS~, CuSSe, CuSe2, and CuSeTe all
with lattice spacing of order 6 A, to be compared
with 2. 6 A in pure Cu.

F. Amorphous Metals

Bulk metallic glass with density close to the
crystalline state should have a higher tendency to
superconductivity. The looser structure reduces
resistance to shear, so that s„are smaller. Jel-
lium has no resistance to shear, neither in the
positive jellium nor the electron gas, but a random
distribution of discrete ions will resist shear, to-
gether with its electron gas, especially at short
wavelengths. OPW will be thoroughly mixed on the
Fermi surface, where wavelengths are short. In
practice, however, it is difficult to prepare bulk
specimens of amorphous metals. Amorphous
superconductors are thin films, where effects due
to low density, microcrystallinity, strong defects,
and surface modes, may all play an intricate role,
outside the domain of the present discussion.
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G. Pressure Effects

A large number of metals are known to become
superconducting at high pressures. " Furthermore,
nonmetallic elements (insulators and semiconduc-
tors) in groups IVB, VB, and VIB, upon being
squeezed into metals at high pressure (W becoming
smooth), are good superconductors. At the oppo-
site end of the periodic system, high pressure in-
duces superconductivity in Cs, Ba, Y, and Ce, and
raises the T, of La quite spectacularly. On the
other hand, in many other superconductors, T,
falls under pressure. We consider the consistency
of these facts with the previous discussion.

The high-pressure metallic phases in groups
IVB, VB, and VIB fall into the category of polyva-
lent metals, and so their superconductivity is con-
sistent. Where single-phase T,-P relationships
are known, they show negative dT, /dP (with the
exception of Ge). Likewise, the zero-pressure
metals in groups IIIB and IVB lower their T, con-
tinuously with pressure, for each single crystal-
line phase. Discontinuities in T, in either direc-
tion occur with crystalline phase transitions; the
TII-Tl II phase transition is accompanied by a drop
in T„whereas Sn II-SnIII has an increase in T„
and likewise high-pressure modifications of Bi.
However, for each single phase, T, continues to
drop under further application of pressure. These
results can be understood within the previous
scheme as follows. Under pressure, q~ and k~ are
raised on account of smaller lattice spacing, leav-
ing Qo unchanged; i.e. , the lattice spacing is re-
duced with respect to the ionic-core radius, ren-
dering the latter more effective in impeding elec-
tronic screening of short-wavelength lattice vibra-
tions. Phonon frequencies are thereby raised. At
the same time, the core reduces electron-phonon
scattering through a wider range of scattering angle
Qo-Q -2k~, between points on spherical parts of
the Fermi surface, where states are single OP%.
OPW mixing will also be affected by changes in
W(&)/&. Simple compressions of a lattice will not
affect the Brillouin-zone-Fermi-surface intersec-
tions, but these are affected by lattice distortions,
and at crystalline-phase transitions. It is too hard
at present to discern trends in T, accompanying
crystal structure changes; there will be effects of
OPW mixing on g(Ez) and electron-phonon coupling,
and some dependence on s,(q).

The negative dT,/dP in Zn and Cd could be attrib-
uted to the increasing role of the core-core repul-
sion under pressure. The previous factors will be
less important here, as the pseudopotentials are
strong due to d hybridization. Likewise, in the
noble metals, pressure would presumably not in-
duce superconductivity, on account of the core-
core effect. Very high pressure, however, will

broaden the core band up to the Fermi energy, and
the core will evaporate into the conduction band in
the ground state. Thus, the noble metals wiQ be-
come superconducting transition metals; similarly,
in group HB, T, will rise, and ultimately in all
polyvalent elements. In this connection, it is in-
teresting to note a recent estimate of the pressure
of metallization of rare-gas solids to be about 5
Mbar, of order ten times presently attainable
pressures.

The pre-transition metals Cs, Ba, and Y be-
come relatively good superconductors under pres-
sure. ' (Y is included as pre-transition here, be-
cause the d band seems to be too little occupied in
the ground state at zero pressure for the metal to
superconduct. ) Under pressure, the bands will be
broadened and the occupation of the d band in the
ground state increased, thus converting these met-
als into superconducting transition metals. The
pre-transition metals higher up the Periodic column
have increasingly wider s-d energy separation, and
would require higher pressures. La, with a suffi-
cient concentration of d electrons to be a good su-
perconductor at zero pressure, exhibits a steep
rise in T, under pressure. In Cs, the induced T,
is accompanied by a crystalline phase transition,
but, in the other metals, the rise of T, with P can
be seen in single-phase pressure ranges. In view
of the phenomenon in Y, any influence of 4f states
in La, Ba, and Cs seems secondary.

The present description is consistent with high-
pressure resistivity data at normal-state tempera-
tures. 40

VI. SUMMARY

The trend favoring superconductivity in the right-
hand side of the Periodic Table, both in zero-pres-
sure metals and high-pressure metallic phases,
was related to the reduction in ionic-core size for
high valency ions, accentuated in heavy elements
by a relativistic effect. The reduced core allows
the screening cloud to sit closer to the ion, thus
making for better screening of short wavelength
lattice distortions, and at the same time, more
electron-phonon U processes take place for inter-
mediate-angle scattering. If pseudopotentials with-
in the core are weak, as expected by orthogonality
cancellation, then Bragg diffraction will enhance
part of the wide-angle scattering in extended zone,
and thereby also electronic screening of phonons;
this will reduce sensitivity to the strength of single
OPW coupling. Under pressure, T, falls in a sin-
gle phase, as lattice spacing is diminished with
respect to the core. In alkalis, other than Li, the
large core and orthogonality cancellation, further
accentuated by empty d-band hybridization in the
pre-transition alkalis, is unfavorable to supercon-
ductivity, and likewise in pre-transition group IE4
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metals. Under pressure, d-transition character is
induced as the d band reaches the Fermi level, and

T, appears. In post-transition metals, filled d
bands will strengthen the repulsion of pseudopoten-
tial within the core region by hybridization, but,
at the same time, resist lattice vibration by core-
core repulsion. In noble metals, the latter domi-
nates the phonon frequency and suppresses T„ex-
cept in some alloys with base elements; in group
IIB, the deeper-lying d core will not be felt except
under pressure, when T, drops.

The scheme proposed offers an over-all coher-
ent picture in terms of simple physical principles,
but is open to alternative descriptions at various
stages.
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