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Measurements of the Shear Modulus of the Superconducting Mxed State of Thin Films
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Existence of a shear modulus for the vortex-lattice structure in the superconducting mixed state of
several oxygen-doped aluminum films is deduced from observations of the quantum-interference effect.
From a detailed study of the widths of the interference transition, it is shown that at low magnetic
fields the shear modulus c 6 is in agreement with a recent theoretical consideration of the thin-film

case. In addition, it is found that c~ vanishes at H„ in accordance with a theoretical result for the
bulk case. Enhanced influence of the pinning effect upon local lattice parameter and velocity
fluctuations is observed at small transport velocities, in qualitative agreement with the recent theory of
Schmid and Hauger.

I. INTRODUCTION

The elastic properties of the vortex lattice in a
thin film, for perpendicularly applied magnetic
fields, has an interesting history of contradictory
opinion in the theory literature. ' 3 We are con-
cerned with the thin-film limit, where the thick-
ness d is much smaller than the bulk penetration
depth ~. This defines a regime where the length
that characterizes the spatial variation of the local
magnetic induction and supercurrents becomes an
effective penetration depth A= 2&s/d. A distinctive
feature of the film is that the vortex-vortex inter-
action is long-range, falling off as r at large dis-
tances, ' unlike the finite range in the bulk super-
conductor. As we conclude below, a modulus of
compression for the vortex lattice may very well
not exist, but the shear modulus remains finite.

II. THEORY

Finding that the free energy of the vortex struc-
ture in a film is insensitive to its structure, yet
sensitive to its density, Pearl concluded that the
shear modulus vanishes and that the modulus of
compressibility must be very high. ' The large
cost in energy for density-changing distortions is
a consequence of the large demagnetization effect
for a thin film in a perpendicular field. The work
of Fetter and Hohenberg demonstrated the stability
of the triangular lattice for their special model of
vortex dynamics that neglected damping. Since
the dispersion relations they obtained were not an-
alytic at long wavelength, being of the form &0= q
where u is the angular frequency and q the magni-
tude of the wave vector for modes traveling in the
plane of the film, they stated that an elastic theory
is inapplicable.

Recently, Schmid pointed out that one should not
expect unusual behavior of the shear modulus,
even if the interaction is long range. His argu-
ment is based upon the independence of the long-
range contribution to the lattice energy with re-

spect to changes in vortex configuration where
density is conserved. He has also pointed out that
in their comparison of vortex and Newtonian dynam-
ics, Fetter and Hohenberg had essentially derived
expressions for the lattice restoring force in terms
of parameters which are functions of the wave vec-
tor of the lattice distortion. Consequently, their
results at small q (q is the magnitude of the wave
vector of the distortion) for the restoring force
per unit displacement per vortex, which we denote
by D, and D, for longitudinal and transverse (or
shear) deformations, respectively, can be ex-
pressed as the following'.

D, = (Bq)s /2wd) q,

D =-'(qs/16m & ) q' (b «A)

D, = —4(ass/16m &s)(A/b)qs (b» A),

(1)

(2)

(6)

g= q'o ss/ (4)

In terms of experimentally measurable quantities,
the shear constant may also be written

K, = —,'(q&sH, s/4vt( ) (b «A),

K, = ,'(qsH, s/4w~ )—A/b (b» A),

(5)

(6)

where & is the Ginzburg-Landau parameter.
In comparing the above results with the bulk

theory, one finds that Eq. (5) is the same as the
bulk-theory result. 6'~ At high magnetic field, the
only theory available is for the bulk, which was
worked out by Labusch, with the result'

where b is a measure of the lattice constant
b = (wats/B)'~s, and B«H,s. Ina medium that mac-
roscopically obeys Hooke's law, the force on a con-
stituent particle is proportional to the second deriva-
tive of the displacement-leading to D~ q2. Thus,
a modulus of compressibility, as it is usually de-
fined, does not exist, whereas, on the basis of the
quadratic power law, a shear modulus does exist.
The coefficient of q is denoted by K, , which is
related to the shear modulus c66 by
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0. 24(2~' —1)
4m[1+(2~'-1)P]' ( " (7)

It was shown in a previous paper that the inter-
ference effect method can be applied in a study of
the properties of the vortex structure of the mixed
state. A theory of the interference effect is de-
tailed in a recent paper by Schmid and Hauger. '
Dissipative excitation of dynamic fluctuations of
the vortex lattice as it is driven through an in-
homogeneous superconductor causes interference
phenomena that couple rf and dc motions and cur-
rents. As a key ingredient of the phenomenological
equation of motion, the lattice restoring force for
shear deformations D, is taken to be of the form
E&q at small q. Excitation of the other modes of
deformation require much larger forces and need
not be considered. A mathematical consequence
of the quadratic power law is the prediction of step-
like transitions in the rf voltage as a function of the
dc voltage. %e will be concerned with the width of
the fundamental, or n=1, transition for weak ap-
plied rf currents, which follows from the general
expression given by the theory

6x =
E„q 2 v 3' c pyKg

(8)

6x„= (2 3)ncp~Jp/E-„, (10)

where f is the frequency of the rf current, z„ is a
constant of order unity, p& is the resistivity in the
mixed state, and E„, is the dc electric field at the
nth transition point

E„,= (f/nc)(2yoB/W3 )'~3 .

Interpretation of these formulas are discussed in

Sec. III.
It was also shown that at small dc velocity, local-

velocity, and lattice-parameter fluctuations can
make an important contribution to the observed
transition width. This new effect had not been con-
sidered in the earlier work of either Schmid or
this author. Its estimated contribution is given as

Fire-polished Corning 7059 slides were placed 15
cm above the boat, and held nominally at room tem-
perature. Specific details such as the oxygen pres-
sure, deposition rate, and parameters of the
films's low-temperature properties are given in
Table I.

The granular aluminum films so obtained have
the unusual property of appearing to be nearly ho-
mogeneous as far as the vortices are concerned.
For illustration, note that for our 110-A film, the
mean grain size of 62 g is much smaller than the
temperature-dependent coherence distance, which
varies between 1000 and 2000 A over the range
where data were taken. Consequently, the so-
called pinning forces associated with structural in-
homogeneity are quite small and coherent motion
of the vortex lattice is possible.

Magnetic-field-induced resistance transitions
were made after the edges of the specimen were
defined by scribing with a sharpened needle. x-y
recordings of the detected (410-Hz) ac voltage as
a function of a perpendicularly applied swept magnet-
ic field show a trace whose shape is independent
of the current density for J~ 20 A/cm~. The transi-
tion curves have a rather large curvature located
where the resistance attains about 90%%u~ of its nor-
mal value, and this maximum curvature position
has been taken as the value of the upper critical
field H, a. In a few cases a reproducible sharp step
was observed at H,2 when II was swept downward
from the normal state. By making plots of H, ~ vs
T, a linear extrapolation to zero field was used to
find T, , and the slope —dH, 2/dT. Our values of
the normal resistivity p„and T, fall on a curve of
p„vs T„which was plotted by Deutscher et al. "

Knowledge of the z(T, ) for our films is an es-

TABLE I. Parameters characterizing the preparation
and low-temperature properties of two oxygen-doped alu-
minum films.

where & is on the order of unity and J~ is the pin-
ning current.

Therefore, the theoretical prediction is that at
large velocities and frequencies the widths are
proportional to f and Eq. (8) applies, while at small
velocities and frequencies the widths are proportion-
al to f ' and Eq. (10) applies. Between those limits,
a combination of the two effects is expected. In

Sec. IV, after demonstrating the existence of the
two limiting regions, data taken at large velocity
are analyzed to find the shear constant E, .

&O2 (p torr)

Rate (~/sec)

-~„/~T (0 /K)

p„M~& cm}

T (K)

1 (A)

]c (T,)'
Grain sizeb (~)

110

100

1.6

11.5
1.75

3.1, 2.7, 3.2

200

60

1.3
550

1.53

2.7, 2.5, 1.9

III. SPECIMENS AND PROCEDURE

Two films were prepared by evaporating pure
aluminum from an alumina-coated dimpled boat.

According to methods a, b, and c, respectively, as
given in Sec. III of text.

Estimated mean grain size, as taken from Fig. 8 of
Ref. 11.
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$ (T) =0. 72(ol(1 —T/T, ) ', (12)

where $0 is taken as the coherence distance for
pure aluminum (16 000 A) multiplied by the critical
temperature for pure aluminum (1.19 K) divided
by the T, of the film. Lastly, using the pure alu-
minum value of 157 L for the zero-temperature
London penetration depth ~z(0), x is determined
from

K(T,) = 0. 75&i(0)/l . (13)

(b) The film's H, (0) is extrapolated by multiplying
the pure aluminum value of 99 Oe by T, /1 19 K. .
With a parabolic fit to the temperature dependence
of H, (T), one has

( )
—dHoa/'dT I rc

2&H, (0) (14)

(c) The Gorkov relation defines & in terms of
the normal resistivity'

g(T, ) = go+ 7. 5 x 10 p„y'~~ (15)

with to= 0.010 and y = 1.36x10 erg/cm'Ka for
pur e aluminum.

As can be seen from the results, which are listed
in Table I, these three methods do not always agree
with each other. For the purposes of calculating
theoretical values for the shear constant, we have
arbitrarily selected method a, prejudiced by the
fact that the best over-all agreement with the
theory is obtained. For impure superconductors,
the distinction between &, and &~ need not be ac-
counted for, since && = &z. ' We theref ore drop
use of a subscript elsewhere in this paper. For
its temperature dependence, & is assumed to be
proportional to the ratio of H, 2 and the parabolic
function [1—(T/T, ) ], which fits H, (T).

Interference-effect measurements entail apply-
ing a fixed, small rf current and a swept dc cur-
rent in a fixed perpendicular magnetic field and at
a fixed temperature. Details of the apparatus
have been given before. Since the in-phase com-
ponent of the rf voltage is required, the path
length of the reference leg to the rf mixer is ad-
justed for zero time delay using a 10-nsec pulse
and a fast oscilloscope. For rf frequencies below
about 50 MHz, the phase shifts in the circuit have
negligible effect, and the qualitative shape of the
transition steps is frequency independent. When
higher rf frequencies are used, the circuit phase

sential part of quantitative comparison of experi-
ment with the theory. Its values were ascertained
according to the following three methods.

(a) An effective mean free path l is derived from
the H, 2 measurements using the following relations:

H, a= po/2v(2(T)

shifts are cancelled by readjusting the reference
path length. For most of the data, recordings of
the derivative of the detected rf voltage, obtained
by a small modulation of the dc current versus the
dc-electric-field display peaks which are nearly
symmetric in the vicinity of the transition field
and which have asymptotes approaching a common
base line both below and above the transition.
These features found at the lower frequencies,
where the phase is accurately known, were used
as criteria for a correct setting of the phase at the
higher frequencies. Phase corrections were un-
necessary for measurements made at the lowest
magnetic fields, where the lower frequencies were
employed.

Measurements of the shape of the transition peak
were made relative to the base line, which in-
cidentally is not at true zero-the idealization of the
theory. Our procedure for obtaining experimental
values for the width 6x, consists of taking the ratio
of the full width at the relative half-maximum to
the transition field of the n = 1 peak. Since a Lo-
rentzian seemed to give a good fit in most cases,
we have taken z, =1 in the analysis. At low mag-
netic field, where weak signals are incurred, a
larger modulating current was used to improve
the signal to noise ratio. Here, a small correc-
tion (~ 15%) was applied in computing 5x, .

There are a number of sources of uncertainty
in this experiment. At low magnetic fields, ran-
dorn noise on the order of 20%%u(; of the relative peak
height, for a measurement interval of 20 min, is
fairly typical. Errors of judgment enter at low
magnetic field because the base line for measuring
the peak width departs from a horizontal line. At
high fields, the resistivity depends upon the mea-
suring current as the dc I-V characteristic shows
noticeable curvature. For all our measurements
we have taken p& to be given by the tangent to the
I-V curve at the transition point. In some cases,
one sees an extra transition peak associated with
the other high symmetry orientation of the mov-
ing vortex lattice (a rotation through 30'). Here,
a value for AEjg is adduced from a Lorentzian fit,
by taking v 2 times the full width at two-thirds
relative maximum, a procedure that avoids over-
lap effects.

Transition curves were made for various values
of the independently variable quantities 0, T, and

f. For the 110-A film, 200 curves were recorded,
and for the 200-A film, 75 were recorded. With
the latter, only the region B«H, z was investigated
in any detail.

IV. EXPERIMENTAL RESULTS

As a preliminary test, we verify the prediction
that dynamic fluctuation effects influence the widths
at lo+ velocities, or equivalently, at low rf fre-



5042 ANTHONY T. FIORY

0.5—

I I I I I IIII I I I I in practical terms, we find that the dc current
should obey the inequality

J- J~& J~ (18)

0.2—

0.1—

0.05—

I II»l
I I I I I IIII

I I I I

I I I I

0.2—

Sx„0.1—

0.05—

I I IIII
5 10

I I I I I IIII I I I I

20 50 100 200 500
f (MHz)

FIG. 1. Measured widths of the n=1 interference tran-
sition for five applied magnetic field values plotted as a
function of the frequency of the rf current. Data for the
two lowest fields are plotted separately for clarity.

quencies. In Fig. 1 a plot of our measurements
of 5x, as a function off is shown for several ap-
plied transverse fields. One clearly has two
branches, or regions, where 6x, is either an in-
creasing or decreasing function of f. The right-
hand branch, for which 5x, is linear in f, is char-
acterized also by an n= 1 transition which is much
broader than the n & 1 transitions. These features
are in agreement with the theory [Eq. (8)]. Quan-
titative agreement of the low-frequency branch with
Eq. (10) is not found. The especially rapid depen-
dence of the magnitude of 5x, upon magnetic field
was not expected. Moreover, the predicted mag-
nitudes are as much as a factor of 10 too large,
based upon a substitution of measured values of J~
into Eq. (10). For the remaining part of this paper,
data which were analyzed according to Eq. (8) to
obtain E', fall on the high-frequency branch.

The two extreme regions of the mixed state
B«H, & and B H,2 are discussed separately in what
follows. In the low-field region, the lowest field
at which data could be taken is limited, in principle,
by the facts that the transition width increases with
decreasing B and that obviously one must always
have 5x, & 1 in order to observe a transition. Al-
though one can take advantage of the fact that the
widths decrease with decreasing frequency, there
is a lower-frequency limit, also, dictated by the
condition that small velocities be avoided. Hence,

I I I I I I I I I

E

2

l
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I I l I
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FIG. 2. Measured (open circles) and calculated (squares
and the smooth curve fit) values of the shear constant
plotted against the reduced temperature function.

at the transition point. According to the low-field
dc resistance measurements on our films, we have
J~~ B ' ~ and p&~ B. Thus, from Eq. (9) it follows
that the lowest frequency is actually independent of
B, being on the order of 10 MHz at 1.5 K. From
Eqs. (5) and (8), the corresponding minimum B is
10 G. However, the minimum B during the
course of these measurements was actually lim-
ited to 1 6 owing to a lack of definition in the base
line and therefore in the measurement of the width.

As a consequence of the above results, we find
that the very-low-field region given by b» A, for
which we expect ceeo-B' [cf. Eq. (8)], is not ac-
cessible to the present experiments on very thin
films. That is, the crossover point between "low"
and "very-low" fields, where b- A corresponds to
B-10 G at 1. 5 K, which is much smaller than the
practical lower limit.

Data taken at low magnetic fields were analyzed
according to Eq. (8), and then K, was plotted as a
function of B. Since there was a small amount of
B dependence, the data were extrapolated to find
the B= 0 intercept, following the interpretation
that Eq. (5) applies, where K, is expected to be
independent of B at low fields. For the 110-A film,
zero-field intercepts are plotted in Fig. 2 against
the reduced temperature function (1 —T/T, ). Each
point of Fig. 2 originates from a plot of &, vs B
having between 5 and 10 data points. Flags on the
data points enclose an estimated 9%/(; confidence
interval, assuming the original data points are a
sample from a normal distribution. For compari-
son with the theory, values for K, were computed



MEASUREMENTS OF THE SHEAR MODULUS OF THE. . . 5043

I I I I I I I I I I I I I I I
i

I I I I i I i I

E
D

I

O

E
D

C4

1.0
a

bJ

Q7
to

~ ~0
~ ~

~P

0.5
200A

0 I I

0 50 150

i it I

0.05 0.1 0.2
1 71Tc

I I I I I

0.5
8 (G)

FIG. 4. Square root of the shear modulus and a high
field linear fit vs applied magnetic field.

FIG. 3. Measured (open circles) and calculated (curve)
shear constant vs reduced temperature function.

from Eq. (5) using critical-field data and our cal-
culated temperature-dependent &. A smooth curve
is drawn through the theory points, closed squares,
in Fig. 2. The above procedures were repeated
for the 200-A film, and those results are plotted
in Fig. 3. Agreement with the theoretically ex-
pected temperature dependence is judged to be
satisfactory. As indicated by our earlier discus-
sion, the theory curves are subject to appreciable
systematic error from uncertainty in knowledge
of x(T,), although the temperature dependence
should be correct. The origin of the systematic
deviation of the middle points of Fig. 2 is unknown.

It has been conjectured by Horn and Parks that
the driving force for vortex motion in thin films
could be substantially lower than it is in the bulk,
because p& for a thin film is generally much smaller
than the theoretical value of p„B/H, z(0) '4 Our re-.
sults for K, are obtained from a theory which
makes explicit use of the driving force. Since we
used empirical values of p& in the foregoing anal-
ysis, we would conclude that our results do not
support their hypothesis.

While collecting data on the resistivity, mea-
surements of the pinning current J~ were also ob-
tained. At low 8, J~ varies as B ', and just be-
low H,2 it has a maximum related to the "peak
effect. " This behavior is understandable if one
considers the theoretical expression' for J~ which
contains a prefactor Et, and the theoretical ex-
pression for the shear modulus, which vanishes
at H,&. ' Thus, as the shear modulus goes to zero,
larger local fluctuations of the vortex lattice are
expected, and these in turn would enhance J~ . '

For our 110-A film at temperatures above 1.3
K, the resistance transitions do not show any peak-
effect structure near H, 2. With a smaller grain

TABLE II. Comparison of experimental. slopes, from
Fig. 4, and theoretical slopes, from Eq. {7), for (&66)

near H~2. 110-A film.

1.50
1.60
1.64

Experiment

0.016
0.013
0.013

Theory

0.026
0.027
0.027

size, the pinning forces are correspondingly smaller
than for the 200-A film. It therefore was possible
to take data for K, in high magnetic field and at
high temperatures. These were converted to cs'6~~

using Eq. (4). Results for several high tempera-
tures are plotted in Fig. 4. The linear fits near
H,~ are drawn through the critical-field points de-
termined from the resistance transitions. Al-
though the Labusch expression (7) would not neces-
sarily apply to a thin film, the magnetic field de-
pendence is in agreement with that theory. How-
ever, the magnitudes of the slopes do not, as evi-
dent from the comparisons in Table II. Again,
there is probably agreement to within the uncer-
tainty in our knowledge of &. Also included in Fig.
4 are low-field points where c66 becomes linear in
B.

In this paper we have used the dynamic quantum
interference effect technique to indirectly mea-
sure essentially a static property, the shear con-
stants of the vortex lattice in a thin film. Recent
theoretical considerations by Schmid and Hauger
have sho~n that one must take care in considering
measurements made at low velocity, where the
fluctuations themselves can cause an anomalous
increase in the transition widths. Insofar as the
theory accounts for these effects, it indicates that
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other broadening mechanisms can lead to an un-
derestimate of K, or c66. It is believed the criteri-
on that the results for K, should be independent
of the measurement frequency has been largely met
for our data. Qualitatively, the very existence of
steplike transitions is interpreted as a confirma-
tion of the existence of a shear elastic modulus in
thin films as pointed out by Schmid. (Our experi-
ments are not sensitive to compressional modes. )
Moreover, quantitative results for the shear modu-
lus are in satisfactory agreement with the theory for

a thin film at low fields, ' where c68~B [Eqs. (4)
and (5)], and with a theory for the bulk at high
fields, ' where clo- (H,3

—B)2 [Eq. (7)].
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