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The effect of free holes on the optical phonons of Si at the zone center is investigated with Raman
scattering. The presence of holes produces an inter-valence-band, electronic, broad, scattering background
which overlaps with the one-phonon Raman line. This overlap results in a Fano-type continuous~rete
interference. The panLmeters 1" and q of the resulting Fano scattering line can be varied by changing

(a) the laser wavelength and (b) the free-carrier concentration. A theoretical interpretation of these

results based on the detailed valence-band structure of Si and on the resonant characteristics of the
vibronic and electronic Raman scattering is presented. The effect of uniaxiM stress on this composite
Raman scattering of p-type Si is. also investigated. At large stresses the electronic background

disappeim and the phonon lines recover the linewidths of the intrinsic material. The behavior in the
intermediate-stress range is very sitrti»v to that reported for the acoustical phonons in the previous

paper.

I. INTRODUCTION

Heavy acceptor doping is known to affect the
position and width of the one-phonon Raman lines
of Ge and Si. ' The observed effects in Ge can be
successfully explained with the same type of model
used to describe the effects of carrier concentra-
tion on the elastic constants of the material. ' 3

Here the phonon is considered as a "static" per-
turbation (i. e. , the phonon frequency is considered
small with respect to the separation between rele-
vant electronic energy states) which splits the top
of the valence band and causes the dispersion re-
lation of the holes to change. These modifications
in the band structure lead to interband and intra-
band redistribution of carriers, which lowers the
electronic contribution to the free energy of the
crystal. In this way part of the energy spent in
deforming the crystal is regained through carrier
redistribution with a consequent "softening" of the
crystal with respect to that particular vibration.
This "softening" is translated into a shift of the
phonon frequency towards lower energies observed
in the Raman spectrum. ' The isotropic broaden-
ing of the Raman line is explained phenornenologi-
cally when the finite redistribution time of carriers
is taken into account. ' In this way, the effects of
heavy acceptor doping on the Raman frequency and

C44 elastic constant of Ge were quantitatively ex-
plained and both effects were shown to be intimate-
ly related to each other. ' The same type of model
gives a satisfactory account of the carrier-induced
changes in the C44 elastic constant of P-type Si.
The Raman spectrum of this material, however,
shows several puzzling characteristics which have
no analog in the associated elastic constants. In
contrast to Ge, the broadening produced by the
carriers in the Rarnan spectrum of Si is asymmet-

ric and has strong dependence on the frequency of
the incoming light. ' In a preliminary report of
this work' we proposed an explanation based on a
discrete-continuum Fano-type interaction between
the one-phonon scattering and one-electron excita-
tions from filled to empty valence states. These
excitations are infrared forbidden' but Raman al-
lowed at k= 0 because of parity and thus provide
a scattering mechanism which spreads over a con-
tinuum whose energy overlaps with that of the one-
phonon scattering. The resulting line shape is
produced by the interference between the discrete
and continuum scattering mechanisms. ' In this
paper we make a systematic study of the Raman
spectrum of P-type Si for a wide range of carrier
concentrations, at different scattering frequencies.
The explanation proposed in Ref. 5 is thus shown
to be generally valid and to give good account of all
the observed phenomena. From the fitting of the

experimental data with the Fano line shape, two

wavelength- independent parameters are obtained
which represent the real and imaginary parts of
the phonon self-energy. The carriers are shown

to decrease the phonon energy and to increase its
natural linewidth. These effects are similar to
those observed in Ge, ' and a relationship could
now be drawn between changes in phonon energy
and width with the changes in elastic constants dis-
cussed in the previous paper. In order to investi-
gate this relationship the dependence of phonon

energy shift and linewidth on carrier concentration,
temperature, and externally applied uniaxial stress
is studied and compared with similar measure-
rnents on the elastic constants reported on the pre-
vious paper. ' Qualitative analogies are found be-
tween the doping-induced changes in C44 and phonon
self-energies which suggest a close link between
these physical quantities. Quantitative understand-
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FIG. 1. Valence bands of Si calculated with k p ef-
fective Hamiltonian as explained in Ref. 3. The vertical
arrows show the inter-valence-band transitions of the
electronic continuum. The shaded region between arrows
corresponds to the total number of transitions for a
given direction in k space. Here p. stands for Fermi en-
ergy and or~ for the low-energy cutoff of the inter-valence-
band continuum.

ing of this link would require a more complex
theoretical formulation of the electron-phonon
problem than is presently available. '

II. THEORY

The explanation proposed' to account for the ob-
served changes in the Raman spectrum of heavily
doped Si with the frequency of the scattering radi-
ation is based on the existence of a continuum of
electronic excitations produced by inter-valence-
band transitions (see Fig. 1), whose energy over-
laps with that of the phonon. These one-electron
excitations (infrared forbidden but Raman allowed
at k= 0) can also scatter electromagnetic radiation
(electronic Raman scattering) giving two competing
scattering mechanisms: one produced by the con-
tinuum of electronic excitations and anotherby one-
phonon scattering. Owing to the anisotropy of the
valence band, the continuum extends from a mini-
mum energy ~ (equal to the smallest separation
between bands at k =kr, which imples ~ ~-', 4,) and
extends to very high energies owing to the flatness
of the heavy-hole band in certain directions in k
space (see Fig. 1). Since in Si the spin-orbit split-
ting 40 is 44 meV while the phonon frequency 0 is
about 65 meV, the continuum overlaps in energy
with the phonon (v &0) for almost any value of
carrier concentration. This would not be true in
Ge where 40= 300 meV and 50= 37 meV.

The interaction between discrete and continuum
spectra was treated by Fano and is known to lead
to asymmetric line shapes of the type observed in
the Raman spectrum of P-type Si. ' We consider
here how Fano's theory can be adapted to the case
under study. Given a continuum of states g~ and

a discrete state Q with overlapping energy, Fano
writes the Hamiltonian matrix as

(4 IH I y) = III, (la)

(lb)

(4z' Iff
I ks) = E ~(E + ) ~

(lc)

with E= 8. This leads to a line shape of the form

I(e, q ) = (0 + e )'/(1+ e'), (»)
with

e = (u& —0 —50)/I (2b)

Here the parameters I' and q are defined as

aF(~)=vIV, I', (Ba)

1 I(4ITII)I
I (II s IT I I) I

(3b)

(3c )

where &P in Eq. (3c) indicates "principal part of"
and T is a transition operator such that the squared
matrix element of T gives, in our case, the Raman
scattering probability. The states represented by
4 are the discrete states "renormalized" by its
interaction with the continuum.

The physical significance of the parameters de-
fined by Eqs. (3) in our case becomes clear. Here
0= II+ 5Q (with 0 and 0 the phonon frequencies in
the doped and intrinsic states, respectively) and
I' becomes the real and imaginary part of the
phonon self-energy when its interaction with the
electronic continuum is taken into account. The
parameter j.q', being a ratio of transition probabil-
ities, can be written in terms of the oman ten-
sor for pure electronic, R, , and pure one-phonon
scattering, R& ..

(4)

The abstract definition of I' given in Eq. (3a) can
also be translated in terms of our concrete problem
in order to obtain numerical estimates for compari-
son with experiment. First notice that the 5 func-
tion in Eq. (1c) implies the existence of a true
continuum (i.e. , infinite number of states). In
reality we have a quasicontinuum of electronic ex-
citations with a finite number of states per unit
volume given by the difference between the number
of carriers in the upper (N„) and lower (N, ) valence
bands. Our quasicontinuum is characterized by
a large discrete number of closely spaced states

The relation between such states and those
defined by Eq. (1c) is given by

4s = [p(&)I']"'4i,
where p(E) is the density of quasicontinuum states
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per unit volume and V is the volume of the crystal.
Another important difference between Fano's treat-
ment and our problem is that we can have a collec-
tion of vastly different g& states for each value of
the energy hu, as we move around in 0 space over
a constant energy surface. This multiplicity can
be approximately taken into account by defining an
average matrix element

where a is the lattice constant, M the ionic mass,
d o the corresponding deformation potential' and

n~ is the Bose-Einstein distribution. The expres-
sion for I' thus results:

SI'= — — d20p 5v'l 1+n~ (10)

In Eq. (10) all the information concerning the car-
rier-concentration dependence of I' is to be found
in p(5&v). Hence, by inspecting Eqs. (3)-(5) and

(10) we observe that the quantity I'q' should be
carrier- concentration independent. The existence
of this invariant is experimentally demonstrated
in Secs. III and IV. This provides a good test of
the validity of the approximations which lead to
Eq. (10), in particular, the assumption concerning
the energy independence of the average matrix
element. In order to obtain numerical estimates

where v„ is the number of states g& with energy
h~. The parameter I' can now be written in terms
of this "average" matrix element by substituting
Eq. (5) into Eqs. (3a) and (lb):

«( )= p(& )«l(v IHle&l'&. , (7)

Given the complexity of the band structure of Si,
Eq. (7) cannot be evaluated exactly in closed form:
It is either numerically computed or calculated
under simplifying assumptions. Here we shall
make use of some approximations in order to es-
timate values of I' and to compare them with our
experimental results. We assume Eq. (6) to be
independent of the energy I~ and we perform the
average by computing the two-band electron-phonon
matrix element in the deformation potential ap-
proximation' for 26 directions in k space (6
{100},8 {111},and 12 {110}),as shown in Appen-
dix A. This leads to the expression (valid for
p, )) 36O)

(8)

where 5E is the splitting of the top of the valence
band produced by the k = 0 optical phonon. This
splitting for the ground state zero-point phonon is
given by '

3g 1/2

a

«=7. 013&10 — ' (N„A/)(1-+n s), (12a)
hQ do

4

where'

C« =MA /8a= 1.06x10~ erg/cma . (12b)

Similar estimates for the change in the real part
of the phonon self-energy, 5Q, are more difficult
to obtain since they depend on the use of Eq. (3c),
starting from Eq. (10). In order to do that the
behavior of p(h'u) must be known over the whole
energy spectrum (&u- ~).

III. EXPERIMENT

Our measurements were performed with several
lines of an argon-ion and a krypton-ion laser, in
the backscattering configuration. A Jarrell-Ash
one meter double monochromator with detection
by photon counting was used. The frequency of the
observed Raman peaks was determined by com-
parison with several reference lines of a neon low-
pressure lamp.

The samples used in this experiment were cut
from single-crystal ingots, mechanically polished
and chemically etched with a CP-4 solution. The
samples for uniaxial stress were aligned by x-ray
diffraction to + 1 and cut in parallelepipeds of
dimensions 1. 5 && 1. 5& lV mm with the long dimen-
sion, that of the applied stress, along the [001]
crystallographic direction. The measurements
were performed in the configurations X(Z, Y)X for
the doublet and X(Y, Y)X for the singlet phonon.
Here, X, Y, and Z represent the [170], [110],

of 1" and its dependence on carrier concentration
using Eq. (10), we have to obtain a numerical es-
timate of the combined density of states for the
continuum of inter-valence-bard transitions. As
we shall see later, the experimental data can be
excellently fitted with values of I independent of
the energy Sw. This means that the function
p(h~) is very flat in the neighborhood of to= fl and
has substantial variation only at the flanks of the
spectrum [&u-0 and ~-~, where p(I~) —0].
Hence, we can approximate p(au) by its value at
the Fermi energy (p), a value which is relatively
easy to calculate. To compute p()/, ) we make the
further assumption of parabolic bands with masses
m„and m, for upper and lower valence bands,
respectively. Under these assumptions, we obtain

=3 Q

2 (1 ~)3/2(I o3/2)

where n = m, /I„= 0. 32 taking average effective
masses at the top of the valence bands. " Here
X„and N, were defined previously as the number
of carriers in the upper and lower valence bands,
respectively. %ith these approximations we ob-
tain
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and [001] directions. The notation used indicates,
with the first and last letters, the directions of
propagation of the incident and scattered beams,
while the first and last letters in parentheses de-
note the polarization direction (electric field) of
incident and scattered radiation, respectively.
The selection rules governing this type of scatter-
ing are discussed elsewhere. ' ' The stress
apparatus has been extensively described in the
literature. "'" The low-temperature measure-
ments were performed with the sample immersed
in liquid nitrogen for the stress experiments and
with the sample placed in a cold finger within an
evacuated glass Dewar for the experiments which
do not involve the application of stress.

IV. RESULTS AND DISCUSSION

A. Absence of External Stress

The one-phonon Raman spectrum of P-type Si
was determined for a wide range of carrier con-
centration starting at 6&&10 and up to 4~10
carriers/cm, at liquid-nitrogen temperature for
two different exciting frequencies (X=4880 A and
X= 64V1 A). The resulting line shapes were fitted
with the theoretical expression of Eqs. (2) with
a least-squares computer fit which used I' and q
as adjustable parameters. Representative sam-
ples of this fit are shown in Fig. 2. The fits are
in all cases excellent. Notice the pronounced
antiresonance at low energies for the 6471 A ex-
citation wavelength at high carrier concentration,

typical of Fano-type line shapes. In particular,
in Fig. 2(a), the peak is totally inverted with a
sharp antiresonance and flat at high energies.
This type of asymmetric "window" line shape has
been observed in the x-ray absorption of solidified
rare gases" and is also associated with discrete-
continuum interaction. Evidence of discrete-con-
tinuum interaction in the Raman spectrum of
BaTiO~ was also presented by Rousseau and Porto'
where anharmonic interactions between phonon
lines lead to line shapes similar to those of Fig.
2. The values of j." and q resulting from the fit
are listed in Table I. The values of 50 can be
obtained by the relations

50 = 50 —I"/q,

5Q= 50 +ql',
(13a)

(13b)

which are an immediate consequence of Eqs. (2).
Here 50„(50„)is the shift in position of the maxi-
mum (minimum) of the doped material spectrum
with respect to the one-phonon Raman peak in the
intrinsic material. The values thus found for 5Q

are also listed in Table I. From this table a num-

ber of significant observations can be made.
(a) The values of I' and 50 obtained from these

fits are, within experimental error, the same for
both exciting wavelengths. This confirms our in-
terpretation of these parameters as the real and

imaginary part of the change in phonon self-energy
owing to electron-phonon interaction. Such quan-
tities should have no relat onship with the scatter-

i (a)

p=4.0 x 10' c

~ ~ ~

EXCITING
WAVELENGTH

EXCIT
WAVE

(c)

p*4.0aM' cm'

~ g"cm'

I'IG. 2. Raman line shapes
for two scattering wave-
lengths (4880 and 6471 A).
The solid lines are theoret-
ical fits, with Eq. (2), to
the experimental curves
(discrete points) for differ-
ent values of the carrier con-
centration (in cm+): (a)
4.0x10, (b) 1.6x102,
(c) 4. 0x10 ~ (d) 1 7x10 ~.

In the last two cases the
curves have been shifted
vertically with respect to
each other, with the antires-
onance minimum in each
case defining the base line.
The relative heights of the
two curves for each value
of the carrier concentration
are the ones found experi-
mentally.
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TABLE I. Parameters obtained by fitting experimental first-order Raman spectra of p-type Si at T=77 K with the
Fano lines shape of Eqs. (2). The spectra were obtained with two different laser lines (&I =4880 and 6471 A,). The
values of q are computed for Xr =4880 A.

q
AL = 4880 ~ AL = 6471 A.

r (cm-') ~n (cm-')
4880 ~ AL = 6471 A AL = 4880 ~ AL = 6471 A

(p3 2)f /5

(cm-3/5)
q(4880)
q(6471)

0.6

1.7
2. 6

4. 0

7.0

40

32. 8

12.4

14.6

9.8

4.7

3.7

2. 8

18.4

6.7

6.4

4. 3

3.1

1.4
0.4

2. 8

3.2

4.4

6. 2

8.1

10.5

1.2

2. 8

3.2

4

5.9

8.1

10,7

-0.1

—0.4

—0.1

—1.1
—1.8
—6.7

-14.7

—0.1

—0.4

0.0

1 ~ 2

—1.9
—6. 5

—14.7

6.6

5. 0

5.9

6.0

5.6

5.9

6.3

1.8
1.8
2. 3

2. 3

1.5
2. 6

7.0

ing wavelength. This was already suggested in our

preliminary study for one value of the carrier
concentration as a function of exciting wavelength. '
The conclusions drawn then' are now proven to be
correct for a wide range of carrier concentration
spanning two decades. We note that 50„and 60
are not independent of scattering wavelength be-
cause they are affected by the linewidth of the
scattering curves. This is the origin of the anom-
alies reported in Ref. 4, which, in the context
of the present work, appear to be of no relevance.

(b) The parameter q is shown to have a strong
dependence on scattering frequency, in line with
its definition in Sec. III [see Eq. (4)j as the ratio
of the Raman tensor for discrete vibronic and con-
tinuum electronic scattering. From Eq. (4) the
dependence of q on the exciting frequency can be
obtained using the same model for the frequency
dependence of both Rarnan tensors involved. Using
the critical point at frequency ere = 3. 3 eV (Es
transition at and in the neighborhood of the zone
center) as the main source of the dispersive term
in both Raman tensors, the relationship

~ (dp —(dI
-1 (14)

P = q(4880)/q(6471) = 1.83 . (15)

The ratio should be independent of carrier concen-
tration. In Table I the experimental ratios P are

is obtained, where co~ is the frequency of the ex-
citing laser. Equation (14) simply follows from the
fact that the phonon scattering requires one more
intermediate state than the electronic process.
Thus, an additional energy denominator results
in the phonon scattering. Such an expression is
strictly valid only near the energy gap (no= 3. 3

eV) but its usefulness was proven' on a wider ener-
gy range. From Eq. (14) the predicted ratio be-
tween q's at 4880- and 6471-A excitation wave-
lengths is

listed and they are seen to scatter randomly (i. e. ,
no systematic dependence on carrier concentration
is found in accordance with our theoretical consid-
erations) around an average value P = 2. 0+ 0. 6, in
good agreement with Eq. (15). The only signifi-
cant deviation from this value is shown by one sam-
ple with p = 4X10' carriers/cm' for which a value
P= 7. 0 is found. This can be attributed to inhomo-
geneity in the carrier distribution as we progress
from the surface towards the bulk. This inhomo-
geneity is not unlikely at such high doping levels
(close to the solubility limit) and would cause light
with different penetration depths to probe regions
of different Fermi energies.

In summary, we have proven the validity of de-
scribing the one-phonon Raman spectrum of P-type
Si as the result of a Fano interaction between the
discrete one-phonon scattering and a continuum of
electronic scattering. Such an explanation is self-
consistent and accounts for the observed line-shape
changes with exciting wavelength over a wide range
of carrier concentrations.

Now we are in a position to study the changes
in phonon energy and linewidth (which, as we proved,
are independent of scattering frequency) with car-
rier concentration. First, we focus our attention
on the parameter I' for which analytic expressions
were developed in Sec. IL Let us consider Eq. (7)
which was obtained assuming energy independence
for the "average-matrix element" and which pre-
dicts that the carrier concentration dependence of
I will arise solely from the density of states p(hm).
As we pointed out in Sec. II, this assumption, to-
gether with the definitions of Eqs. (3), (5), and (6)
predict the existence of a quantity

n = (I'q')"'
which is independent of carrier concentration. The
5 power is taken to preserve the experimental un-
certainty. This is confirmed by the values of g
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FIG. 3. Parameter I' from Table I vs model for the
joint density of states of Eq. (11). Here Nz and N, are
the number of carriers in the upper and lower valence
bands, respectively, and p stands for the Fermi energy.

listed in Table I which scatter randomly around the
value p = 5. 9+ 0. 5 cm, showing no systematic
dependence on carrier concentration. This is con-
vincing evidence of the soundness of the theory pre-
sented in Sec. II. Second, let us consider how I'
depends on carrier concentration. This dependence
is predicted by Eq. (12) if we rely on the approxi-
mation for the density of states given in Eq. (11).
This approximation is expected to work well in
middle energy ranges (i. e. , p close to KA) but will
break down at both ends of the energy spectrum
(p «hQ, p»KA), making Eq. (11) invalid for very
high or very low carrier concentrations. In Fig. 3
we show a plot of the values of I from Table I ver-
sus our model density of states (NI, N&)/p. The-
partial occupation number of each band and the
Fermi energy was calculated from the k ~ p bands
of Si in the manner described in Ref. 3. Averages
I'= -' [I' (4880)+ I' (6471)] were taken to improve the
statistics, since the small random difference be-
tween these two quantities is not significant and
can be attributed to statistical error. We see that
the experimental points (dots) fall excellently in a
straight line, as predicted by Eq. (12), for values
of carrier concentration ranging from 6&&10' to
1.6~10 cm . As expected, deviations start to
occur at higher carrier concentrations (4x 10
cm ') due to the breakdown of Eq. (11). The ex-
cellent agreement between the theoretical predic-
tions of Eq. (12) for the carrier concentration de-
pendence of I' and the experimental points illus-
trated by Fig. 3 provides additional support for the
self-consistency of our approach. The comparison
of the slope predicted by Eq. (12) (6. 9 x 10 ~0 cm '
eV ) to the experimental slope of Fig. 3 (1.2x10 20

cm 'eV ') shows that the theoretical expression
overestimates the slope by a factor of 5. The theo-

retical prediction was made by using values of do
(do= 29 eV) estimated with a pseudopotential ap-
proach. ' Since this quantity enters squared in
Eq. (12) small deviations in the estimated d, from
its experimental value would cause large changes
in the theoretical slope. Also, we have neglected
the strong anisotropy of the Si valence bands and
replaced it by spatial "averages. " This will con-
tain geometrical factors that could easily introduce
factors of 2 or 3 in our estimate of the slope. For
instance in Eq. (11) a geometrical factor y= ~

us~

[(1—o,')' '(1 —o." ')] ' appears multiplying (N„N, )-/

p. in our estimate of the density of states. Using
average values of the masses at the top of the va-
lence band we obtain n = 0. 32 and y = 0. 59. Close
to the Fermi surface, however, this will give an
overestimation of y, since the light-hole mass in-
creases steadily with increasing k. This alone
could easily account for the observed numerical
discrepancy between Eq. (12) and experimental
I"s. Because of the uncertainty in the value of
these geometrical factors and in dp we conclude
that Eq. (12) predicts well the functional depen-
dence of I' on carrier concentration and even gives
a fair order of magnitude estimate of the value for
this parameter.

It is not so easy to give a quantitative discussion
of the carrier-concentration dependence of 50.
In order to obtain theoretical estimates for it the
Kramers-Kronig transform of I'(u&) [see Eq. (3c)]
has to be performed. This, in turn, requires
knowledge of the density of states p(K(u) in the full
range of + including the correct limits for u- ~.
Since our estimates of Eq. (11) are only good in a
restricted frequency range, such a calculation is
impossible in our case. Thus, a numerical com-
putation of p(E) is required. This lies outside the
scope of the present treatment, but we hope that
the detailed experimental information of Table I
will stimulate theoretical work in this area. Table
I, however, shows an increase in )50 ( with in-
creasing carrier concentration, in qualitative
agreement with the tendencies found for I' and the
mutual relationship of these two parameters through
Eq. (3c).

Finally, in Table II, we show the parameters re-
sulting from fitting experimental curves on se-
lected samples at room temperature with the line
shapes of Eqs. (2). Excellent fits were also ob-
tained in all cases, ' as shown in Fig. 4. These
parameters show the same trends as their counter-
parts from Table I: We find values of q= (I'q')'~'
and P=q(4880)/q(6471) which are constant regard-
less of the carrier concentration (with the excep-
tion of the pathological sample with p = 4x 10"cm ).
Also, values of I' and 50 are found which, for a
given carrier concentration, do not depend on the
scattering frequency. It is interesting to observe
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TABLE II. Parameters obtained from fitting experimental first-order Raman spectra of p-type Si at T= 300 K for
two different scattering wavelengths. (&L, =4880 and &I. =6471 A) with Eqs. (2). The values of p are computed for ~z,

=4880 A.

10-"Pr

(cm )
q r (cm')

As=4880 A As=6471 A AL=4880 A. A1, =6471 A.

~O (cm-')

A~ = 4880 A AL, = 6471 A

(p3 2) 1/5

(cm 3/5)
q(4880)
q(6471)

7.0

16

40

8.8

5.1

3.2

3.9
2. 0

0.65

5.6

8. 2

11.4

5.6

8. 2

12.1

—2. 0

—4. 9

—11.9

—2. 0

—4. 9

—11.7

6.7

6.8

7. 0

2. 3

2. 6

what changes temperature produces on the param-
eters of the fit. For this purpose we list in Table
III the ratios of these parameters at room and

liquid-nitrogen temperatures: I' and g are seen
to increase with increasing temperature, while 5A

and P show the opposite trend. Only a rough quali-
tative discussion of these trends is possible at the
present level of our theoretical formulations for
I', 5A, and q. From Eq. (10) we see that I' de-
pends on temperature through two factors: the
Bose factors giving the phonon-occupation num-

bers and through p(E), which depends on tempera-
ture through its dependence on the Fermi energy.
At very high carrier concentrations the Fermi
energy practically does not change from 77 to 300
K (since the high value of p makes it already de-
generate at room temperature). Therefore, the
temperature dependence of I should come merely
from the Bose factor of Eq. (10) which predicts:

(I+ns)r, oo z/(I+ns)r 77 x 1.09 .

Si (Boro

p -1.6

T ~ 300

We see that this prediction agrees well with the
value found experimentally for I'(300)/I'(77) in the
sample with the highest concentration of carriers
(4x10 cm ~). As the carrier concentration de-
creases, we expect considerable deviations from
this number owing to the stronger temperature de-
pendence of p(E). This prediction is borne out in
Table III. Likewise the carrier- concentration-
independent parameter q = (I' q )'i should depend
on temperature only through the Bose factors. The
values listed in Table III are consistent with this
interpretation.

More difficult to interpret are the changes in 50
and P with temperature. In the latter case, one
would expect the same temperature dependence as
for the parameter q since both are essentially car-
rier-concentration independent. It is difficult,
however, to pinpoint the temperature dependence
of P since only three carrier concentrations were
measured, and the parameter q is the one obtained
with the greatest error from the fit. In view of
this error, the observed dependence of Table III
can be regarded as consistent with our previous
considerations. Finally, the dependence of 50 on
temperature cannot be accounted for without analyt-
ic expressions giving the carrier concentration de-
pendence of this quantity. However, it is interest-
ing to note that this dependence is in qualitative
agreement with the temperature dependence of 5C44
discussed in our previous paper. ' The sign of
5D (50 & 0) is also in qualitative agreement with the
measured changes in C«(6C«& 0). This suggests
the existence of a link between these two quantities
(perhaps analogous to the link found in the case of

-40 TABLE III. Ratio between the parameters of the Fano
line shape fits of Tables I and II at room and at liquid-
nitrogen temperatures. Here P = q(4880)/q(6471).

FIG. 4. Room-temperature Raman line shapes vs
scattering wavelength for p-Si. The solid lines are the-
oretical fits, with Eq. (2), to the experimental lines
(discrete points). The curves have been shifted vertically
with respect to each other, with the antiresonance mini-
mum in each case defining the base line. The critical
energy is the same for all curves. The relative heights
of the different curves are the ones found experimentally.

10 ~9N

(cm 3)

7.0

16

40

r(300)
r(77)

0.92

1.01

6a(300)
6O(77)

1.08

0.75

0.80

P(300)
P(77)

l.53

1.00

0.71

g(300)
g(77)

l. 20

1.15

1.10
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Ge'). The dependence of both effects on uniaxial
stress, to be discussed in Sec. IVB, evokes even
closer links, the theoretical implications of which
should be of interest in clarifying the nature of the
electron-phonon interaction in heavily doped semi-
conductors.

B. Under [001] Uniaxial Stress

4

E
EJ

Si. p = 7xlp cm T=300oK (a)

The application of uniaxial stress splits the I',
states at the top of the valence band, ' '" At high
enough stresses, and for low doping, it is possible
to separate both bands sufficiently so that all car-
riers are left in one band. With increasing stress
the low-energy cutoff of the inter-valence-band
continuum moves to higher energies and eventually
ceases to overlap with the discrete one-phonon
state. Thus, the Fano discrete-continuum interac-
tion disappears upon application of sufficiently high
uniaxial stress. Before this limit is reached we
would expect a gradual decrease of the effects re-
ported in Sec. IV A as a function of uniaxial stress,
i.e. , we expect an increase in q and a decrease
in I' as the stress increases. Also, the uniaxial
stress splits the line into a singlet (0, ) and a dou-
blet (Q~) corresponding to phonon polarizations pa-
rallel or perpendicular to the stress axis, re-
spectively. ' ' Symmetry considerations predict
different behavior in the stress dependence of 50,
I', and q for each of these lines. Quantitative pre-
dictions of this effect are extremely difficult owing
to the added complications that the external stress
introduces in the already complex valence-band
structure of Si. However, it is relatively easy to
follow qualitatively the striking developments in
the Raman line shape as a function of stress.
These developments show a number of similarities
with our previous discussion of elastic constants,
which provide strong indications of the relation-
ship between the effect of carriers in elastic con-
stants and Raman spectrum. Some aspects of this
comparison were pointed out in a preliminary re-
port, ' although the understanding of the Raman
line shape outlined in Secs. I-IV was not available
at the time. Here we present a systematic ex-
perimental investigation of the observed effects on
the Raman line shape and position of heavily doped
P-type Si as a function of uniaxial stress for sev-
eral values of the carrier concentration. In order
to analyze the results, the understanding of the
line shape gained in Sec. IVA is used, by fitting
the experimental line shape with the theoretical
expression of Eqs. (2), in the manner previously
described. From such fits the variations of the
relevant parameters (I', 60, and q) with the ap-
plied stress can be followed for a variety of doping
levels. In Fig. 5 we present the room-tempera-
ture stress dependence of I' and 5Q for a sample
containing 7x10' carrier/cm . The points were

o doublet
)E - 4880

~ singletI, I I, I

4 8 12 16

UNIAXIAL STRESS (10 dynes cm )

Si p = 7xlP cm-4— (b)

0—

I

4 8 12 16

UNIAXIAL STRESS (lp dynes cm )

FIG. 5. Stress dependence of the parameters of the
Fano fit: (a) parameter 1 vs uniaxial stress; (b) fre-
quency shift &0 vs uniaxial stress. Traingles corre-
spond to measurements with the 6471-A laser line while
circles indicate measurements with the 4880-A. line.
Open circles (triangles) represent parameters pertaining
to the doublet phonon while full circles (triangles) signify
the singlet. Measurements were performed on boron-
doped Si with 7x10 carriers/cm at room tempera-
ture. The solid lines are interpolations between experi-
mental points.

taken for two exciting wavelengths, 4880 and 6471
A, represented by circles and triangles, respec-
tively. Open circles (triangles) represent the pa-
rameters pertaining to the doublet lines while full
circles (triangles) signify the singlet. We observe
again that the parameters I' and 50 and their stress
dependence are independent of the exciting frequen-
cy in full agreement with the considerations of
Secs. I-III. Hence, in the future, we shall discuss
results taken for only one exciting frequency. We
observe that both ) 5Q I and I' for the doublet line
show an increase with increasing stress passes
through a maximum, and decreases at high stresses.
In the singlet line both I' and )5A ) decrease mono-
tonically (and indeed roughly linearly) with in-
creasing stress. The same trends were observed
in the stress dependence of 6C«(doublet) and 6C68
(singlet) discussed in Ref. 3. In Fig. 6 we pre-
sent the dependence of q

' for both singlet and dou-
blet lines taken with two different exciting lines
(6471 and 4880 A). A marked dependence of q and
its stress dependence on the frequency of the ex-
citing line is found, as expected from the con-



4742 CERDE IRA, F JE LDLY, AND CARDONA

p s

T

.2-

I

0 2 4 6 8 10 12 1I 16 18

UN!AXIAL STRESS {109dynes cm )

FIG. 6. Parameter q from the Fano fit vs uniaxial
stress, for boron-doped Si with p = 7 x 10 9 cm at T
=300 K. Triangles and circles indicate measurements
with the 6471- and 4880-A laser lines, respectively.
Open circles (triangles) indicate doublet phonon while
full circles (triangles) signify the singlet. The continu-
ous line is an interpolation between the experimental
points.

for the singlet decreases linearly with stress and
attains the value corresponding to the intrinsic
material at the point where the lower band crosses
the Fermi energy. This crossing was determined
from average bands computed with a k ~ p Hamil-
tonian as explained in Ref. 3. On the other hand,
the doublet shows an initial increase in I' with in-
creasing stress, passes through a maximum and
then decreases. For the sample containing 6x10'
carriers/cm3, the decrease of I'(doublet) for very
high stress X goes like X '. This is evident from
Fig. 8 where I'(doublet) is plotted versus X ~ for
the high-stress points. It is to be noted, that the
trends observed in Figs. 7 and 8 coincide exactly
with those predicted and observed for the electronic
contribution to the elastic constants C44. ' This
similarity points again to the close relationship
that exists between 6C«(associated with the elec-
tron-phonon interaction for zone center acoustical
phonons) and its counterparts 80 and I' (associated
with the corresponding optical phonons). Finally,
Fig. 9 shows a plot of q

' for a carrier concentra-
tion of 2. 6x10" cm ' where a behavior similar to
the one previously discussed is evident. Here the
asymmetry in the Raman spectrum disappears
(q '=0) at Vx10 dyncm for the singlet, and at
15&& 10 dyncm for the doublet. A similar plot

siderations of Sec. IV A. Again, we observe that
the singlet shows a monotonic decrease in q

' (the
line becomes more symmetric) while in the doublet
this quantity initially increases, passes through a
maximum and decreases at very large stresses.
A simple argument (see Appendix B) shows that
application of stress makes the electronic transi-
tions of the overlapping continuum more probable
for the electric field polarizations leading to dou-
blet scattering as for those leading to singlet scat-
tering. Indeed, we find at sufficiently high stress-
es the relationship, for a given carrier concentra-
tion and exciting frequency;

q(singlet) 2
T'(doublet)

q(doublet) I'(singlet)

=3
E

Si p-type
T -770K Singlet ~ J

This result is in excellent qualitative agreement
with Fig. 6.

In order to reach regions where all carriers can
be transferred into one band for experimentally
attainable stresses, samples of low carrier concen-
trations must be selected. Consequently, we
studied the stress dependence of the Raman spec-
trum in samples with 2. 6x 10~ and 6x 10' carriers/
cm'. At such low doping levels the carrier-in-
duced frelluency shift 60 becomes too small (ap-
proximately the experimental uncertainty) for its
stress dependence to be studied. Hence, for these
samples only the stress dependence of I' was de-
termined. In Fig. 7 this dependence is plotted for
both samples. We observe that the parameter I'

X2(6 ~ l0'6cm 3)
1 (Intrinsic)

UNIAXIAL STRESS (lO dyn cm )

FIG. 7. Parameter I' from the Fano fit vs stress for
boron-doped Si with p= 2. 6 x10 9 carriers/cm (X1~
= 5145 A) (circles) and p = 6 x 10 carriers/cm (&&~,~
=4880 A) (triangles). As before, open and full circles
(triangles) signify doublet and singlet phonons, respective-
ly. The arrows and the letters X2 represent the value of
the uniaxial stress for which the lower valence band
crosses the Fermi energy. The measurements were
performed at 77 K.
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p*2.6 ~ 10 cm

T=77 K

X=51C5 A

0.2-

doublet

~ singlet

.5 1.0 1.5

[UN1AXIAL STRESS] ' (10 dyn ' cm )
0

5 10 15

UNIAXIAL STRESS (10 dynes crn2)FIG. 8. Parameter 1 for the doublet phonon in a
sample with p=6x10 carriers/cm (open circles) vs
inverse stresses (X ).

for the sample containing 6x10' carriers/cm is
not shown here since q '=0 even at zero stress
(see Table I); in this case I' is directly the half-
width of the experimental curve.

In conclusion, the stress dependence of the
Raman spectrum of heavily doped Si brings out
several interesting points.

(i) By studying the effect of strain on the param-
eters &, 5D [obtained from fitting the experimental
curves with the line shape of Eqs. (2)] from spec-
tra taken at different scattering frequency we ob-
serve their independence of the latter. This gives
additional proof of the soundness of the interpreta-
tion of the Raman spectrum in P-type Si presented
in Secs. I-IV.

(ii) The clependence of q on strain is in agreement
with its definition of Eq. (4), as the ratio of the
one-phonon to the electronic Raman tensor. The
fact that q '=0 at high stresses implies that the
continuum is moved, by the stress, into energy
regions where it no longer overlaps with the pho-
non energy.

(iii) The behavior of the parameter I' and 50
for high doping levels is in qualitative agreement
with the stress dependence of the carrier-induced
change in elastic constants discussed in Ref. 3.

(iv) At low doping levels it is found that I' for the
singlet decreases linearly with stress, attains the
value of I found in intrinsic samples and is flat
afterwards. The point at which I' attains the in-
trinsic value, coincides with the crossing of the
lower band through the Fermi energy (a point at
which all carriers are contained in the upper band).
The doublet I" initially increases, passes through
a maximum and disappears at high stresses as
X '. These tendencies are surprisingly similar
to those found in the stress dependence of the
carrier-induced changes in the elastic constants
5CB, (singlet) and 5C«(doublet) discussed in our
previous paper. This emphasizes the close re-
lationship between the carrier effects in C«and
those on the frequency (5Q) and lifetimes (I' ') of

FIG. 9. Parameter q vs stress for a sample with
p=2. 6x10' carriers/cm at T=77 Kwith the A. =5145-A
line of an argon-ion laser. Open (full) circles indicate
the doublet (singlet) phonon line.

the corresponding optical phonon. The exact na-
ture of this relationship could only be disclosed
by a microscopic treatment of the electron-phonon
interaction. While such a treatment lies outside
the scope of the present work, we hope that the
detailed experimental study presented here, will
stimulate theoretical research in this area.
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TABLE IV. Matrix element of the electron-phonon interaction for different symmetry
directions in K space in the deformation potential approximation.

Direction Multiplicity

[001]

[110]

l»0]

+ (X- Y)

R (Y —Z)

I-,' (-X+ Y)

lg (X+ Y+Z)

V
' (X+Y—2Z)

J&i (2X+ Y+Z)

~ —(X+ Y-2Z)/i
6

s
J-,' (X+ Y+ Z)

lq (—X+ Y+Z)

v-,' (X+ Y)

J—,
' (X —Y')

—QE

4, (-,' &E)

-& (-,' ~E)

3(1 QE)

I v~ &
= v —, (X+ iY) t,

I
vm &

= M (X —iY)t, (A 1)
and their corresponding time-reversed partners.
Here the Z axis corresponds to the direction of the
wave vector k, X lies along a direction perpendicu-
lar to the plane defined by the wave vector k and

the polarization of the phonon, and Y lies on a. di-
rection which is perpendicular to both X and Z.
We denote the crystallographic axis by X, Y, and

Z. Denoting the electron-phonon interaction in
the deformation potential approximation by H, we
get'

&XIH. I»= &xIH. IZ&= &YIH. IZ&= —.'5E, (A2)

all other matrix elements = 0 .
Here 5E is the splitting of the top of the valence-
band produced by the zone-center optical phonon
whose polarization was arbitrarily chosen to be
along the [1l l] axis (all polarizations being equiva-
lent in a diamond-type material). Using Eq. (Al)
we obtain

&~i lff, I ~a = - —.
I &x IH. Ix& - &Y IH. I

»l. i&x lff. I Y& .
(A3)

It is now straightforward to calculate the matrix
element of Eq. (A3) for different symmetry direc-
tions in k space. The results are listed in Table
IV from which we obtain the average matrix ele-
ment,

&I &~iffy, f~ &f2'&.,=p, ( .'()E)'- (A4)

APPENDIX B

E, = E (
= v( —,

' (X- Y)

for the doublet and

E;=Z, E,=V 2(X —Y)

for the singlet. Using the fact that

I&,. Ix~ fx,& f= fqeo

(B3)

(B4)

(B5)

where e &,„ is the Levichevita tensor, and i, j, k
denote the crystallographic axes, we obtain

off band contains always less than 4'fp of the car-
rier. ' The wave functions for these two bands
have the same symmetry as

I
vg& = P3 Z't —v 6 (X+i Y)t,

I
vz& = —P (X+iY)t

(Bl)
and their respective time conjugated partners.
Here X, Y, and Z refer to the crystallographic
axes and the arrow corresponds to spin up or down.
The conduction band has the symmetry of X, Y,
and Z. The dipole moment matrix element enter-
ing into the Raman intensity of the relevant elec-
tronic transition (see Fig. i0) is given by

f&v IE, fc&&c I@; fv .& f', (B2)
0f jCof y C

where n and u' are indices covering all valence-
band states, c runs over all conduction-band states,
and h, and E, are the polarization vectors of the
scattered and incident radiation. We have

For sufficiently high uniaxial stress the band

structure of Si near k= 0 is illustrated in Fig. 10.
We focus our attention on transitions from the bands
1 and 2 to the conduction band, since the split-

Hence, we have

IR (doublet) I'/ la, (singlet) I'= 4 (B6)
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