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Electron paramagnetic resonance has been observed from isolated nearest-neighbor (nn) and

next-nearest-neighbor (nnn) pairs of Gd'+ in Y(OH), and Eu(OH), at 77 K and 23 GHz. The spectra were

analyzed in the same way as previous measurements on Gd + pairs in I.aC13 and EuC13 and, as before, the
dominant interactions were found to be isotropic bilinear exchange (JS, ' S,) and magnetic dipole coupling,
with small crystal-field terms. However, the relative strengths of the interactions turned out to be rather
different, and in the case of the nearest neighbors this gave rise to some interesting complications. It was

found that all of the observable lines (about 40 in each case) were almost equally sensitive to bilinear and

biquadratic isotropic interactions, with the result that only the combination J'„„=J„„—41g„„could be
determined accurately, where g„„is the coefficient of the biquadratic coupling expressed in the form

Q„„g =s (-1) 0 (S, )O (Ss). For the next-nearest-neighbor pairs no such complication was evident

and a unique fit was obtained with g„„„=0. J'„„and J„„„were fitted to the observed spectra and the

following values were obtained: J'„„[Y(OH),] = 0.164 + 0.006 cm ', J„„„[Y(OH)3] —0.0060 + 0.0001
cm ', and J'„„[Eu(OH),}= 0.134 + 0.007 cm ' and J„„„[Eu(OH),}= —0.0146+0.0001 cm

Comparison with an independent analysis of magnetic-susceptibility and specific-heat data for concentrated

Gd(OH), indicated excellent agreement if g„„&J„„,and an upper limit (Q ( ( 5 X 10 cm ' was

estimated. However, further detailed study showed that there are additional anisotropic biquadratic terms
which are not entirely negligible and that the nearest-neighbor spectra could be fitted adequately only if
three small terms of the form q 0 ' ($,)0 ' (S2) with m=+2, +1, and 0 were included in the
interactions. The fitted coefficients q& were all in the range of 10 ' cm ', which is much larger than one

might have guessed for such high-order terms. However, more detailed estimates by Cone have recently
shown that both the relative and the absolute magnitudes of the q& can in fact be explained in terms of the
measured excited-state exchange interactions in Gd(OH), and GdC13 and the known spin-orbit admixtures of
'P into the 'S ground state. These results suggest that biquadratic interactions could be larger than is

generally assumed also in other cases, although their effects will usually be observable only in detailed

spectroscopic experiments. There is at present no microscopic explanation for the much larger bilinear

exchange parameters, J„„andJ„or even their signs, but the values found are consistent with a recent em-

pirical correlation between J's in different gadolinium compounds. This suggests that the dominant exchange
mechanism in these systems involves only the Gd ' ions and not, as in the more usual superexchange inter-

action, the intermediate ligands.

I. INTRODUCTION

The rare-earth hydroxides, R(OH)s with R = La
to Yb and Y, crystallize as simple hexagonal lat-
tices which are isostructural with the light rare-
earth trichlorides, tribromides, and ethyl sul-
phates. Of these materials, the hydroxides have

the most compact lattices, with lattice parameters
about 14$ smaller than the trichlorides, and we

might therefore expect the strongest magnetic in-
teractions. Recent measurements in our labora-
tory' have indicated that the hydroxides do indeed
exhibit interesting magnetic properties at readily
accessible temperatures, but many of these prop-
erties are strikingly different from those observed
in the corresponding trichlorides, in spite of the
general similarity between the crystals. The com-
parison between Gd(OH)s and Gdcls furnishes just
such an example: Gd(OH}s is found to order anti-
ferromagnetically at 0. 94 K, whereas GdC13 un-
dergoes a ferromagnetic transition at 2. 2 K. This
surprising difference in both the magnitudes and

signs of the dominant interactions has provided the

motivation for the present detailed study of Gd~'-

Gd ' pair interactions in various hydroxide lattices.
In this paper we report electron-spin-resonance

measurements on isolated pairs of Gd ' nearest
neighbors (nn) and next nearest neighbors (nnn) in
the hosts Y(OH)s and Eu(OH)s, and an analysis in
terms of the appropriate spin Hamiltonian. Of
these hosts Y(OH)s is diamagnetic and Eu(OH)s is
only weakly magnetic, owing to the first excited
state F, about 350 cm ' above the ground state,
Fe. At low temperatures (liquid nitrogen and be-

low) the first excited state is not appreciably pop-
ulated and its only effect is to allow small admix-
tures into the nonmagnetic ground state. These
are observed as small g shifts in both the single-
ion and pair resonance spectra, which may be used
to provide additional information about Gd '-Eu3'
interactions.

Both Y(OH)s and Eu(OH}s are excellent matrices
for comparing the Gd ' pair interaction with those
for Gd(OH), , since these lattices are isostructural,
with lattice dimensions which closely bracket those
for the concentrated Gd(OH)s. La(OH)s is also a
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diamagnetic member of this series, and as such
would be another ideal system in which to study
pair interactions. Unfortunately, single crystals
of adequate size have not yet been produced, but
hopefully some will be available in the near future.

The spin resonance of an isolated pair of mag-
netic ions in a nonmagnetic insulating host has been
discussed in detail by Hutchings et af. ' (hereafter
referred to as I and II), who analyzed, in partic-
ular, the regime of comparable isotropic and

anisotropic interactions which is appropriate for
most rare-earth insulators. The specific applica-
tion was to the study of Gd ' pair interactions in
LaC13 and EuC13, and in the present investigation
we shall rely heavily on the experience derived from
the trichloride experiments. We shall find results
generally similar to those for the trichlorides, with
the dominant interactions closely described by an
isotropic bilinear exchange and a dipole-dipole
coupling. However, there were two surprising fea-
tures in the present results which are of particular
interest for understanding the spin- spin interactions
between Gd ' ions in systems of this kind.

First, it was found necessary to include small
but definitely nonzero higher-order biquadratic in-
teractions into the pair Hamiltonian to describe the
observed pair spectra for the nearest neighbors.
Such terms had not been found to be significant in
the earlier study of the trichlorides. Moreover,
the required form for this interaction turned out
to be anisotropic with axial symmetry about the
bond axis, in contrast to the more usual isotropic
biquadratic exchange. In the present experiments,
the isotropic biquadratic terms cannot be separated
unambiguously from the isotropic bilinear term,
but a comparison with magnetic and thermal results
for bulk Gd(OH)o indicates that the isotropic bi-
quadratic exchange must be quite small.

Second, a comparison of the nearest- and next-
nearest-neighbor exchange parameters for the hy-
droxides with those previously obtained for the
chlorides and several other crystals reveals a sim-
ple linear trend with ionic separation, including in-
teractions which are both ferromagnetic and anti-
ferromagnetic in sign. This surprising result pro-
vides at least an empirical explanation for the
marked differences in magnetic order between
Gd(OH)o and GdClo referred to earlier.

In Sec. II we shall review the spin Hamiltonian
for an isolated pair of Gd3' ions and the features of
the EPR pair spectra arising from this Hamiltonian.
The details of the hydroxide samples and the ex-
perimental apparatus are discussed in Sec. III. The
next three sections present the experimental results
(Sec. IV), a general outline of the fitting proce-
dure (Sec. V), and the interpretation of the pair
spectra (Sec. VI). The interaction parameters so
derived are discussed in Sec. VII, which includes

also a comparison with the previous results for Gd
'

pairs in the trichloride hosts.

II. SPIN HAMILTONIAN

The spin Hamiltonian appropriate to a pair of
Gd ' ions can generally be written in the form~

K(I, 2) =g ps Ir (F, + S,)

+JS, ~ Sz+ n(S, ~ So —3S„S,o)

+ V, (1)+ V, (2)

++ int
(1)

where the pair axis has been labeled as the z axis.
In this expression the first term is the usual Zee-
man energy withg taken to be isotropic, the next
two are the isotropic exchange and magnetic dipole
interactions (with n=g p, s/r, o), and V, (i) is the

crystal field acting on the ith site. The final term
Xzt' represents all other possible higher-order in-
teraction effects, which we would expect to be very
small, as in previously studied situations. Neglect-
ing ',K,",t' for the present and considering only fields
applied along the z axis, we can simplify Eq. (1)
and write an approximate zero-order Hamiltonian

3C'"(I, 2) =gij, sH(S„+S„)

+ JS, ~ Sz+ n(S, ~ Sz —3S„S,z)

+ Z s bz Oz(x) + bo4o0 (x)4+ oooo hoOo(i),
5~1.,2

(2)
where the crystal field terms have been written
in the usual form, ' retaining only those terms
which will give a first-order contribution to the
line positions.

The main characteristics of the resonance spec-
trum corresponding to Eq. (2) have been described
in I. For H =0, the energy levels of K"' (1, 2) are
eigenvalues of I T, ), where T = S, + Sz is the total
spin of the pair, and each state is twofold degener-
ate. For nonzero fields applied along the c axis,
T, remains a good quantum number and the energy
levels diverge linearly. The spectrum should
therefore consist of pairs of equally intense lines
situated symmetrically about the central transition
at Ho = hv/g p, wsith field splittings ~=

I H —Ho ,
'

which are independent of the microwave frequency
v. When the magnetic field is rotated away from
the pair bond axis by a small amount, the resonant
fields should turn symmetrically about this;mis,
with either a maximum or a, minimum along the
axis. These three characteristics identify a transi-
tion as part of the pair spectrum belonging to a
particular set of neighboring ions, and it is these
features which are used to identify and classify
experimentally observed resonance lines as pair
transitions.
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3Cos(1, 2)=Q 0 (-1) 0 '(1)O '(2), (4)

and a residual anisotropic part with coefficients
Iml q(m l

( 1)m q

where

We shall see that the analysis of the experimental
results is not very sensitive to the scalar part Q
in the present cases, so that only the anisotropic
coefficients q

™can be determined with certainty.
The isotropic term Q appears strongly correlated
with the isotropic biEinem' exchange coefficient J,
and additional measurements would be required to
separate the respective contributions. We shall
discuss this in more detail in Secs. VI A and VII A.

III. EXPERIMENTAL DETAILS

A. Samples

The rare-earth hydroxides from La to Yb and Y
are all isostructural, with space group P63/m. '
This structure has two molecules per unit cell, but
both the rare-earth sites are magnetically equiva-
lent, each having site symmetry C3„. The hydrox-
ides used in our experiments have been grown at

In general the behavior predicted by Eq. (2) was
followed quite accurately by all the observed lines,
and in particular the symmetry about H, was found
for all pairs of lines with good precision. This in-
dicates that any of the possible terms in K~", which
we have neglected so far must commute with T„
as one might expect if one regards the pair bond
as having predominantly axial symmetry.

Anticipating the fact that we shall not be able to
fit the observed spectra completely with the terms
given in Eq. (2), we can consider phenomenological-
ly possible higher-order terms which would satisfy
the requirement of commuting with T, . If we con-
sider all the allowed biquadratic terms, we find
that they can be characterized by three parameters,
(I)' ' (m =0, 1, 2), for each type of pair:

m2

(I 2) Q Q lml(I 2)O(2)(I)O(2)(2) (3)
75& 2

where we have used normalized spherical tensor
operators as defined by Smith and Thornley. ' '"
This expression could of course also be written in
terms of more conventional products of spin Opera-
tors, such as (S, S2) and S„S~, but the irreduci-
ble tensor form would seem to offer a more direct
link to possible physical mechanisms. We shall
discuss some of these in Sec. VIIA in the light of
the experimentally observed values of the Q's.

The general biquadratic expression in Eq. (3) can
be decomposed into a scalar part'

Yale by Mroczkowski using a hydrothermal tech-
nique which is described elsewhere. This method
produces needle-shaped single crystals of which
the largest were only 1-10 mg in weight. In order
to obtain well-resolved pair lines, the Gd3' con-
centration had to be limited to about 1%. This ne-
cessitated a careful selection of only high-quality
crystals to ensure oytimum resolution of all the pair
transitions. The selected crystals were x-ray
oriented so that both a nearest-neighbor and a next-
nearest-neighbor bond axis were contained in a
horizontal plane. ' With the sample in the cavity,
the magnetic field could then be aligned along either
axis by simply rotating the magnet.

The lattice parameters for Y(OH)~, Eu(OH)„
and Gd(OH)3 are listed in Table I together with the
nearest- and next-nearest-neighbor pair separa-
tions. The dipole constants g~ p~~/r, z calculated
from these values are also shown. The relatively
large error limits reflect uncertainties in the lat-
tice parameters due to apparent variations between
different determinations. It is not clear if these
arise from small departures of stoichiometry or
from poor experimental techniques. In any case
the effects are quite small and covered by the
quoted error limits.

B. Apparatus

All the measurements reported in this paper
were made on a K-band spectrometer operating
near 23.0 GHz. The experimental arrangement
was generally similar to that which was used pre-
viously (see paper I, Ref. 4), except for the actual
microwave parts which were changed from a 115-
kHz modulated-transmission system to a higher-
sensitivity superheterodyne reflection system. The
design was conventional, ' with the carrier signal
being used to stabilize the main oscillator to the
cavity frequency and a second feedback loop to lock
the local oscillator at a fixed frequency difference
of 60 MHz from the main klystron frequency. The
magnetic field was supplied by a 12-in. Varian
Field-Dial magnet and measured with NMR. The
field was modulated at 40 to 50 Hz and the signal
was phase-sensitively detected at this frequency.
A double-Dewar system allowed measurements at
77 and 4. 2 K, but most experiments were made
only at 77 K.

In view of the extremely limited size of samples
available and the generally weak intensity of the
pair spectra, it was necessary to check the sensi-
tivity of the system. This was done using a 1-mg
sample of MgO doped with 0.034-at. % Cr ' which
contained approximately 10 Cr ions and 10 Cr'
ions. ' The results indicated a limit of detection
equivalent to 5~10"S=-,' spins with a 1-Oe line-
width at 77 K and 23. 0 GHz. This number can be
compared to the expected signal from a typical
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TABLE I. Lattice parameters and calculated dipole coupling constants for Gd in
Y(OH)3, Eu(OH)3, and Gd(OH)3.

c (A)~

R(OH)3 a (A) (= r~)

Y(OH), 6.25+ 0.03 3.53 + 0.03
Eu(OH) 3 6.32+ 0. 03 3.63 + 0.03
Gd(OH), 6.30+0.03 3.61+0.03

Dipolar constant

Ann
(10 cm ')

390~10
35S+ 9
365+ 9

(A)

4. 02 + 0.03
4.08+ 0.03
4. 06 + 0.03

Dipolar constant
G~

(104 cm-')

265+ 6
253+6
256+ 6

Lattice parameters from Klevtsov and Sheina (Ref. 15). These are in agreement with
our own x-ray diffractometer measurements (Ref. 14).

Calculated from 0. =g p~/r, using the g values given in Table II. For Gd(OH)3 we
take g= l.992, the same value as that for Y(OH)3.

hydroxide sample. For a 1-mg sample doped with
1-at. g Gd ' there are approximately 6x10' iso-
lated nn pairs which undergo transitions with line-
widths of 20-40 Oe. Consequently, the sensitivity
required of the spectrometer to detect the most in-
tense pair transitions is equivalent to the detection
of only (2-5)x10', 5H= 1 Oe, S= —,

' spins. It is
thus evident that the largest nn pair lines should
have a signal-to-noise ratio of better than 50 to
1, but some of the less strongly allowed transitions
will only be barely detectable. In particular, many
of the smaller lines, which in the present case are
the most sensitive to the isotropic interactions,
are calculated to be very near the limit of the spec-
trometer resolution, and care had to be used to en-
sure optimum operation of the system. In practice,
about 40 transitions could be observed for each type
of pair and this might be expected to be quite ade-
quate for determining the parameters in the cor-
responding spin Hamiltonian. (See, however, Sec.
VIA. )

IV. EXPERIMENTAL RESULTS

A. Single-Ion Spectra

The spectrum of isolated Gd3' ions in Y(OH)& has
previously been observed at 77 K by Scott' and we
summarize the derived spin-Hamiltonian parame-
ters in Table II. Identical results were obtained
for our own Gd '-doped Y(OH)~ crystals, confirm-
ing the fact that our method of mounting the samples
(using Apiezon N-grease) did not strain the crystals
significantly. Similar results were obtained for
the single-ion spectrum of I-at. f Gd

' in Eu(OH),
at 77 K. The seven observed transitions were
identified from the relative intensities of the lines
at nitrogen and helium temperatures and analyzed
in the usual manner. ' ' The corresponding spin-
Hamiltonian parameters are shown in Table II. It
can be seen that these parameters are very similar
in both sign and magnitude to the ones for Gd ' in
Y(OH)~ .

The small apparent difference between the g val-

ues for Gd
' in Y(OH)3 and Eu(OH)3 was checked by

a careful comparison of the I+ —,')- I
——,') transition

with the resonance in diphenyl picaryl hydrazyl
(DPPH). Although the difference was very small,
it was just beyond the limit of the combined errors,
and in Sec. VII D we shall interpret the shift in
terms of an interaction between the Gd~ and Eu3'
ions similar to that previously observed in garnets2'
and tricholo rides.

TABLE II. Spin Hamiltonian parameters for single Gd '
ions in Y(OH)3 and Eu(OH)3 at T=77 K.

Parameter

b0

b4

b0
6

b6

Y(OH), '
1.992+ 0. 001

—130.4 + 0.6

—2. 2+0. 2

+0.60+0.2

+5.3+0.3

Eu(OH) 3b

1.990 + 0.001

—144.9+ l. 2d

—3.0+ 0.4

+0.6+ 0.4

+6.0+ 0.6d

After Ref. 19.
This work.

g =g„=gi + 0.001.
Units of 10 cm

B. Y(OH): Gd Pair Spectra

1. Nearest Neighbors

The EPR spectrum of Gd
' in Y(OH)3 at 77 K a,nd

24. 000 GHz, with the magnetic field along the c
axis is shown in Fig. 1. In addition to the seven
central single-ion lines, many smaller lines may
be seen at both high and low fields, extending al-
most 5000 Oe to either side of the central transi-
tion at 8610 Oe. Typical peak-to-peak widths on
this derivative trace are about 30 to 50 Oe, cor-
responding to an experimental resolution of about
+7 Oe. The obvious symmetry of extra lines char-
acterizes them as part of the nearest-neighbor pair
spectrum. This is supported by their angular varia-
tion, shown in Fig. 2, in which all the lines can be
seen to turn symmetrically about the c axis, as ex-
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MAGNE T I C F IELD (kGe)

TABLE III. Relative fields {in Oe) of nn pair lines in

Y(OH)3 with respect to the central Gd single-ion transi-
tion (Hp—-8610 Oe) at 24. 000 GHz and 77 K. The last
column gives the means shift about Hp.

-'(~, +EH )

FIG. 1. Nearest-neighbor pair spectrum of Gd + in
Y(OH)3 at T= 77 K and v= 24. 000 GHz, with magnetic field
along the c axis.

pected on the basis of the discussion of Sec. II.
The field splittings from the central transition for
both high- and low-field pair lines are listed in

Table III. The final column of Table III measures
the average asymmetry of each transition about
the center and it can be seen that this is generally
even smaller than the expected resolution of +7 Oe.
Moreover, the center of the pair spectrum coin-
cides with that for the single ions, so that theg
value of the pairs is identical to the g values of the
isolated Gd ' ion.

2. Next Nearest Neighbors

—4519
—4362
-4318
-4252
—3819
—3703
—3583
—3518
—3490
-3119
—2843
—2635
—2429
—2214
—2075
—1730
—1674
—1269

4521
4361
4320
4245
3824
3701
3591
3514
3501
3116

2838
2631
2425
2217
2072
1728
1669
1265

+1.0
—0. 5
+1.0
—3.5
+2. 5
—1.0
+4. 0
—2. 0
+5.5
—1.5
—2. 5
—2. 0
—2.0
+1.5
—1.5
—1.0
—2. 5
—2. 0

(a)
20'

0o

LIJ 20o
8 (b)z

Oo

-20'
4 6 7

RESONANCE FIEI D (kOe)

FIG. 2. Angular variation about the c axis of the low-
field nn pair lines of Gd ' in Y(OH)3 at v= 24. 000 GHz.

(a) Experimental spectrum at T=77 K; (b) calculated
spectrum using the parameters g = 1.992, J= 0. 1264 cm

a = 0.0372 cm, b2 = —0. 00378 cm, b4 = —0.00031 cm

b6 = 0.00006 cm ~.

Vfhen the magnetic field was applied along a nnn
bond direction (64' from the c axis), the EPR spec-
trum shown in Fig. 3 was measured at 77 K and
23. 311 6Hz. The most pronounced feature of this
spectrum was the sharp cutoff for fields greater
than 2700 Oe from the central transition. However,
the high density of lines and relatively large line-
widths (30-50 Oe) made resolution of closely
spaced lines quite difficult, particularly around
~= 2300 Qe. In addition, the intensities of the
pair lines were somewhat smaller than the corre-
sponding nearest-neighbor lines, mainly because

there are only half as many equivalent nnn pairs as
there are nn pairs. Taken together, these effects
made the empirical determination of the spectrum
much harder, and correspondingly increased the
difficulty in fitting the spectrum. The quality of
this particular spectrum was undoubtedly the poor-
est of the four discussed in this paper, but as we
shall see, it was still adequate for a relatively ac-
curate determination of the spin-Hamiltonian pa-
rameters.

The angular variation of the low-field half of the

spectrum, which is shown in Fig. 4, revealed an
added complication. The pair lines did not quite
turn symmetrically about the nnn bond axis, the

turning angle varying from line to line by as much

as 10' from this axis. Similar behavior was ob-
served by Birgeneau et al. ' for the nnn Gd ' pairs
in EuC13, and it was ascribed to neglected off-
diagonal crystal field terms. Since the single-ion
crystal field parameters for Gd

' in Y(OH)~ are in

fact larger than the corresponding terms in EuC13,
a similar explanation for the asymmetric turning
values for the nnn pair lines in Y(OH)~ is not un-

reasonable in the present case. Table IV lists the

high- and low-field splittings from the central
transition at HQ= 8360 Qe, together with the average
shift about this point. In spite of the difficulties
mentioned above, most of the measured lines were
found to correspond to a mean shift relative to HQ

which is less than the experimental resolution of
+ 7 Oe. As a result of the scatter it was not pos-
sible to determine the corresponding g value for
nnn pairs very accurately, but it is clearly very
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TABLE IV. Relative fields (in Oe) of nnn pair lines
in Y(OH)3 with respect to the central Gd ' single-ion tran-
sition (Ho-—8360 Oe) at 23.311 GHz and 77 K. The last col-
umn gives a measure of the asymmetry of the spectrum.

I I I

8 9 ~o

MAGNETIC FIELD (koe)

FIG. 3. Next-nearest-neighbor pair spectrum of
Gd in Y(OH)3 at T=77 K and v=23. 311 GHz, with the
magnetic field along the calculated nnn bond axis.

close to that for the single ions and nn pairs, as
we would expect.

—2699
—2631
—2540
—2460
—2471
—2312
—2284
—2209
—2065
—2018

2706
2657
2570
2465
2465
2285
2285
2227
2068
2012

&(m +m, )

+3.5
+13.0
+15.0
+2. 5

+19.0
—13.5

+0.5
+9.0
+1.5
—3.0

C. Eu(OH): Gd Pair Spectra

1. Nearest Neighbors

Figure 5 illustrates the Gd
' pair spectrum in

Eu(OH)~ at 77 K and 23. 376 6Hz for the magnetic
field applied along the c axis of the crystal. The

spectrum extends to well beyond 5000 Oe to either
side of the central single-ion transition at Ho= 8394
Oe. The outer lines exhibit an obvious symmetry
about this field, characteristic of nearest-neighbor
pair lines. These pair lines are somewhat nar-
rower than those for the nn pairs in Y(OH)„with
linewidths of about 20 to 30 Oe. The angular varia-
tion of the low-field half of the spectrum is shown
in Fig. 6 and it can be seen to correspond to the
expected symmetric turning of these lines about the
c axis. Table V gives the field splittings of cor-
responding pair transitions at high and low fields
and the mean shifts relative to Ho. Because these
shifts are predominantly of one sign, the average
difference between the center of the single-ion

0'

—1932
—1881
—1731
—1667
—1516
-1478
—1372
—1317

1944
1904
1729
1690
1482
1482
1359
1342

+6.0
+11.5
—1.0

+11.5
—17.0
+2.0
+6.5

+12.5

spectrum and the center of the pair spectrum is not
zero in the present case, and taking the mean we
find a shift of —2. 1 Oe. That is to say, the nn pair
spectrum exhibits ag shift of

bg(nn) =g(nn pairs) -g(ion) =+ 0. 0006

with respect to the single-ion central field. We
shall consider this further in Sec. VIID.

It is also evident from Fig. 5 that there are many
additional lines quite close to 00 which are not
listed in Table V. These transitions generally ori-
ginate from more distant pairs of ions, although
there also are some lines due to nearest neighbors
among them. In fact, when fitting the spectrum,
one test of any calculated set of lines will be to
look for a match with some of the previously un-
identified lines.

Finally, it is interesting to compare the nn spec-
tra in Y(OH)3 and Eu(OH)~, which we might perhaps
have expected to be quite similar, given the small
differences in the lattices and the almost identical

0—

-2'
5.5 6.0 6.5 7.0

RESONANCE FIELD (koe)

FIG. 4. Angular variation about the calculated nnn

bond axis of low-field nnn pair lines of Gd ' in Y(OH)3 at
23. 311 GHz. (a) Experimental spectrum at T=77 K;
(b) calculated spectrum using the parameters g=1, 992,
g= —0. PP59 cm ', 0 = 0. 02605 cm ', b', =P. PP48P cm ',
b4—- —0.00010 cm, b6

——0.00003 cm

5 6 7 8 9 10
MAGNETIC FIELD (I oe)

FIG. 5. Nearest-neighbor pair spectrum of Gd + in
Eu(OH)3 at T=77 K and v= 23. 376 GHz, with the magnetic
field along the c axis.
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20.(a)

po,

Q 20
z ~(O)

0'

8 9 10
MAGNET IC FIELD (kpe)

FIG. 7. Next-nearest-neighbor pair spectrum of Gd3'
in Eu(OH)3 at T=77 K and v=23. 372 GHz, with the mag-
netic field along the calculated nnn bond axis.

-20'
3.3 42 5.1 6.0 6.9

RESONANCE FiELD (kpe)

FIG. 6. Angular variation about the c axis of the high-
field nn pair lines of Gd ' in Eu(OH)3 at 23.376 GHz. (a)
Experimental spectrum at T=77 K; (b) calculated spec-
trum using the parameters g=1.990, J=0.1258 cm
0 =0.03562 cm, b2

———0.01855 cm, b4= —0. 00037 cm
b6 = 0.00005 cm

single-ion spectra. However, from Figs. 1 and 5
we see that the two spectra do not in fact show any
obvious correspondence, illustrating the necessity
of a detailed fit using the complete spin Hamiltonian
for making any meaningful comparison.

2. Next Nearest Neighbors

The last spectrum to be analyzed is the nnn pair
spectrum for Gd ' in Eu(OH)3. This is shown in

TABLE V. Relative fields (in Oe) of the nn pair lines
in Eu(OH)3 with respect to the central Gd single-ion
transition {Ho -—8394 Oe) at 23.376 GHz and 77 K. The
last column gives a measure of the asymmetry of the
spectrum. The mean shift corresponds to a g-value
shift bg{nn pairs) =+ 0.0006.

Fig. 7 for the magnetic field at 64' to the c axis,
which is the calculated next-nearest-neighbor bond
axis. This spectrum exhibits many similarities
to the nnn pair spectrum in Y(OH)~ shown in Fig.
4, particularly the sharp cutoff close to hH= 2700
Qe, and the high density of lines. Another common
feature is the nearly (but not quite) symmetrical
angular variation of these lines about the geomet-
rical bond axis, as shown in Fig. 8. Unlike the
Y(OH)3 case, however, the narrower lines in
Eu(OH)~ permitted resolution of many more of the
nearly degenerate lines and a more detailed anal-
ysis should be possible. Table VI gives the high-
and low-field line splittings from the central tran-
sition. No attempt has again been made to de-
termine ag shift relative to either the single-ion
or nn pair values, since any such effect would be
masked by the small irregularities in the turning
points of the individual lines. It should be noted,
however, that most of the mean shifts from the
spectrum center do in fact fall within the experi-
mental resolution of a 7 Qe, although there are
several exceptions. In any case, it would seem
clear that the g value of the nnn pairs in Eu(OH)~
will be quite close to that of the single ions and
nn pairs and that any second-order shifts such as

—5336
—4799
—4501
-4358
-4084
—3946
—3673
-3506
—3144
—3100

—2850
—2768
—2584
—2244
—2034
-1594
—1354
—1218

5336
4790
4492
4360
4076
3941
3666
3500
3146
3100

2846
2766
2578
2237
2029
1586
1357
1210

$(~,+nfl )

0
—4. 5
-4.5
+1.0
-4.0
—2. 5
-3.5
-3.0
+1.0

0

—2, 0
—1.0
—3.0
—3.5
—2. 5
—4. 0
+1.5
—4.0

Mean shift -2.1

-10'
Qz 10,(b)

10o
5.5 6.0 6.5 7.0

RESONANCE FiELD (kpe)

FIG. 8. Angular variation about the calculated nnn

bond axis of the low-field nnn pair lines of Gd+ in Eu(OH)3
at v=23. 372 GHz. {a) Experimental spectrum at T=77
K; (b) calculated spectrum using the parameters g= 1.990,
J'= —0.01460 cm, n = 0.02531 cm, b2 = 0. 00201 cm
b4=0. 00002 cm, b6= —0.00003 cm
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TABLE VI. Relative fields (in Oe) of the nnn pair
lines in Eu(OH)3 with respect to the central Gd ' single-
ion transition (HO=8391 Oe) at 23.372 GHz and 77 K.
The last column gives a measure of the asymmetry of
the spectrum. The relatively large scatter is probably
due to second-order crystal field effects and the mean
shift of -4.5 Oe is not really significant.

—2795
—2722
—2567
—2546
—2510
—2453
—2433
—2413
—2315
—2256

—2124
—2049
—1983
-1916
—1827
—1827
—1612
—1569

2779
2677
2575
2528
2482
2457
2414
2414
2338
2261

2126
2055
1969
1924
1830
1789
1587
1587

$(dH, + dZE )

—8.0
—22. 5

+4. 0
—9.0

—14.0
+2.0
—9.5
+0.5

+11.5
+2. 5

+1.0
+3.0
—7. 0
+4. 0
+1.5

—19.0
—12.5
+9.0

Mean shift —4. 5

we might expect from the Gd '-Eu ' interaction
must be very small.

V. IDENTIFICATION AND FITTING OF THE EXPERIMENTAL
SPECTRUM

A. Spectral Identification

If we assume that the pair Hamiltonian of Eq.
(2) provides an adequate description of the spin
interactions between Gd ' ions, we are still left
with the sizable problem of fitting the experimental
spectrum and extracting values of the pair parame-
ters . This problem divides into two parts. First,
each line of the experimental spectrum must be
identified as belonging to a particular theoretical
transition. This is equivalent to estimating an
initial set of parameters. Second, the best set of
parameters must then be obtained by adjusting the
parameters in a least-squares fit of the theoretical
spectrum to the experimental line positions, under
the constraint that the line identifications remain
fixed. Under this procedure every initial identifi-
cation of the spectrum produces a set of inter-
action constants, and the final set of parameters
is determined from the particular identification
which corresponds to the minimum rms deviation
between experimental and calculated line positions.
In practice, there is usually no ambiguity since
one identification generally fits the spectrum no-
ticeably better than any other.

Hutchings et al. (Papers I and II) have discussed

various aspects of this procedure of identifying
and fitting the spectra in their analysis of the Gd3'

pairs in the trichlorides. One of the most signifi-
cant was that the dipolar contribution n could be
estimated quite accurately from the formula, ,
g p, s/r, z, and we will show this is also true for
the hydroxides. Hence, the initial stage of the
problem has been reduced to estimating the iso-
tropic exchange J and the leading crystal field com-
ponent b~. In the remainder of this section we
give a general description of the fitting problem
which is intended to supplement the remarks made
in the earlier papers.

The Gd ' pair spectra arising from the Hamilto-
nian of Eq. (1) has been solved numerically in I for

( Jr~ 33m and V, =-O. We reproduce this result in
Fig. 9, which shows the pair resonance field split-
tings hH as a function of the exchange J, both nor-
malized by the dipole constant n. Inspection of this
figure indicates that the theoretical spectra can be
divided according to values of J/n into two regions,
given approximately by (J/a (

~ 1.5 and ( J/o I
~ 1. 5.

These two regions present quite different problems
in the actual identification of the lines arising from
quite different characteristics of the resonance
spectra.

In the first region (I), ( J I
& 1.5o, , the transitions

are reasonably well separated from each other,
and the total spectrum extends over a wide field
range. Moreover, the line intensities generally
decrease with increased splitting from the central
field Ho, with the result that a corresponding ex-
perimental spectrum should be observed to vanish
gradually into the noise on either side of Ho. This
region has another important feature which is also
evident from Fig. 9: The spectra, except for a few
of the less intense lines, are insensitive to the ex-
act value of J, particularly when the exchange is
antiferromagnetic. J must then be determined by
fitting the weaker transitions. Consequently, when

b~ is negligible, the line identifications can be made
straightforwardly from Fig. 9. When bz cannot be
neglected, the problem is considerably more com-
plex, but bz is then the only unknown parameter af-
fecting all the line positions. In this case, the
identifications can be assigned from a plot of the
resonant field splittings as a function of bz for a
constant J and ~. Figure 10 shows such a plot for
J/o. = 3 and n = 0.0388 cm . Evidently, crystal
field parameters of the order of the single-ion val-
ue [b2= —0.013 cm ' for Y(OH), :Gd'] haveasignif-
icant quantitative and qualitative effect on the pair
spectrum. Comparisons of the observed spectrum
with figures such as Fig. 10 generally lead to rea-
sonable starting values for the parameters, al-.
though several attempts may be necessary to sort
out lines which are nearly degenerate. However,
once the appropriate range has been identified, the
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convergence of the procedure can be quite rapid.
For the second region (II), i Zi «1.5, the char-

acteristics of the spectra are very different. Ref-
erence to Fig. 9 indicates a very high density of
lines with field splittings which extend out to a defi-
nite cutoff value. In addition, the line intensities
do not exhibit any monotonic behavior, but are more
or less random. Even for 52=-0 the high line densi-
ty complicates the identification of the experimental
transitions, and when the crystal field is not small,
the theoretical spectrum is further scrambled in a
manner analogous to that shomn in Fig. 10. In this
case one must replot the line positions as a func-
tion of ba for many closely spaced values of J'.
That is to say, the fitting procedure in this regime
is a function of two unknown parameters Z and b 2$
and as generally much more complicated than in the
first regime. Consequently, it may be necessary
to consider additional information such as the tem-
perature dependence of the line intensities, special
groupings of the spectra which occur around Zln
=0. 5 and —1.0 (see Fig. 9), or estimates of the J
and 52 values determined in other experiments.

On aspect of the previous papers which has been
improved in the present analysis is a more sys-
tematic estimation of the errors to be assigned to
the various fitted parameters. The approach me
have taken is to estimate the standard deviations
of the parameters directly from the matrix of the
least- squares equations. The computer program
minimizes the sum of squares of the deviations of
the theoretical and experimental resonance fields
for M different lines,

F = Q [H„(expt. ) -H„(theor. )]~ ~

respectand hence the covariance matrix of I' m'th
to the parameters i and j, 8,&, is the inverse of
the matrix of the least-squares equations. If N
parameters are fitted to obtain E „, the best esti-
mate of the standard deviation of the ithe s parameter
as thus

bO (CITi ")2

00't-

8. Fitting Procedure

Once a preliminary identification of the spectrum
had been made, the best parameters for that identi-
fication mere determined by a least-squares routine
using a program written by Pomell. The individu-
al transitions could then be relabeled and another
set of parameters generated until a fit to the entire
spectrum was obtained. (This was the same pro-
cedure used in I and 11 by Hutchings et af. )

0-

-001-

5 6
RESONANCE FIELD &kOe)

FIG. 10. Vairation of the calculated low-field pair
spectrum as a function of b at I =24. 000 GH th
=1.992, J'=0. 1134 cm, 0, =0.0368 cm, and b4=b~=0
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This takes into account the correlation between the
various parameters for a case such as ours in
which the parameters do not contribute to E inde-
pendently. It is this number, o, , which we quote
throughout as the uncertainty of the ith fitted pa-
rameter.

It is important to note that these standard devia-
tions are defined relative to the Hamiltonian of the
system. The omission of any important terms
from the Hamiltonian represents a systematic er-
ror which the cr, cannot include. Furthermore, the

cr; are dependent on the particular identification
of the spectrum, so that an improper label for any
transition is another systematic discrepancy for
which the a, cannot account. Generally, the cor-
rect identification can be found by trail and error
as long as the form of the Hamiltonian remains
fixed. If additional terms are added to the fitting
equations it is necessary to recheck the line identi-
fications, since a better fit might be possible with
a somewhat different labeling of the nearly degen-
erate transitions.

VI. ANALYSIS OF THE PAIR SPECTRA

In Sec. V, the general procedure for identifying
and fitting the various pair spectra was described
in some detail. Although the relative size of the
parameters was indicated by the main characteris-
tics of the experimental spectra, it proved to be
useful to have some independent information about
the strength of the various interactions. Such an
estimate was available to us from the high-tempera-
ture (T» T„) susceptibility and specific-heat mea-
surements on concentrated Gd(OH)3 by Skjeltorp
et al. , who derived J„=O.125+0.004 cm ' and

J„,= —0. 012+0.007 crn ', while approximate values
for the dipolar terms could be readily calculated
from the lattice parameters, as listed in Table I.
For both Y(OH)~ and Eu(OH)~ the nearest-neighbor
pairs should thus be characteristic of region I with

/o. „-3, but the next-nearest-neighbor pairs
should show a spectrum characteristic of region II
with J,„,/n„, —0.3. Fr-om the description of the
experimental spectra in Sec. IV, it was apparent
that this general classification was valid. Finally,
the leading crystal field parameter b2 was esti-
mated to be of the same order of magnitude as the
value for the single-ion spectrum, although the
pair value would be expected to be somewhat dif-
ferent, owing to the distortion of the lattice around
a pair.

Because of the similarities in the spectra of a
given type of neighbor, we shall proceed to discuss
the nearest-neighbor pair results for both Y(OH)~
and Eu(OH)~ hosts before analyzing the next-near-
est-neighbor data.

A. Neare t-Neighbor Pairs

1. Y(OH3): Gd

Using the parameters listed above, the pair spec-
trum was calculated and compared with the nn spec-
trum for Gd

' in Y(OH), . No match between these
spectra could be made. From the general features
of the spectrum and the above parameter estimates,
it seemed fairly certain that the interactions must
be close to the estimates value J„/n -3, and thus
only a better estimate of bz could resolve the prob-
lem. To find b~ appropriate to the nn pairs, cal-
culated spectra were plotted as a function of ba for
j/n =3, as shown in Fig. 10. Even though the in-
dividual resonances vary quite linearly with bz, the
over-all result for even small changes in b2 was to0

change significantly the general appearance of the
spectrum. By superimposing the experimental
spectrum on this plot, a close correspondence was
found near b~= —0.005 cm ', particularly for the
more intense lines between 5. 5 and 7. 5 kOe. With
an initial set of line identifications made from
these parameters, several least-squares-fitting
runs were necessary to sort out the best fit to all
the line positions. The parameters corresponding
to the best fit (with 3CP,' set -=0) and a comparison
between calculated and observed individual line
positions are given in column A of Table VII. Fig-
ure 11 shows a comparison of both the observed
and calculated line positions and their relative in-
tensities. It can be seen that the over-all corre-
spondence of the two spectra is quite good, con-
firming the correct identification of individual lines
with corresponding transitions.

The parameters obtained in this fit are generally
consistent with values from other sources. In par-
ticular, the isotropic exchange is antiferromagnetic
in sign and very nearly equal to the value obtained
for Gd(OH)3, as might be expected from the close
match in lattice parameters and the general trend
of the exchange with ion separation. 7 The dipolar
coupling constant is intermediate between the val-
ues calculated for Gd(OH)3 and Y(OH)„but some-
what closer to the former than might be expected.
The second-order crystal field parameter b2 has
shifted considerably from the single-ion value,
although the fourth- and sixth-order terms (b4 and

be) are identical, within the error limits, to the
single -ion values.

The root-mean-square deviation of the calculated
line positions from the measured values was 27
Oe, compared with linewidths of more than 40 Oe,
and splittings up to 4500 Oe from Ho. Neverthe-
less, this deviation was well beyond the resolution
of the line positions and their symmetry about Ho.
Examination of Table VII indicated, for example,
that the line with 4H =3702 Oe and labeled 2, 15
(marked by arrows in Fig. 11) had only been fitted
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TABLE VII. Mean experimental and calculated line splittings for nn pair spectrum of
Gd ' in Y(OH)3 at 77 K and 23.311 0Hz.

Experiment
Label ~ (Oe)

A: SC,".,'=0

Position Deviation

Calculated

B:X,".,'=3Aq)

Position Deviation

C. ~(i) ~(qlml )

Position Deviation

2, 4
2, 8
3 I
3, 4
I, 17
4, I
2, 11
3 7
4, 3
5, I

4, 6
3, 10
5, 3
2, 15
6, I
5, 5
6, 2

4, 8

7, I

1267.5
1671.5
1729.0
2073. 5
2215.5
2427. 0
2427. 0
2633.0
2840. 5
3117.5

3495. 5
3516.0
3587. 0
3702. 0
3821.5
4248. 5
4319.0
4362. 5
4520. 0

1286.2
1695.9
1710.4
2097. 6
2207. 2
2396. I
2438. 4
2664. 4
2864. 8
3147.0

3514.9
3513.7
3601.2
3628. 9
3788.4
4277. 1
4334. 9
4366. 7
4500. I

19.2
24. 4

—18.6
24. I
-8.3

—30.9
ll. 4
31.4
24. 3
29. 5

19.4
2 y 3

14.2
—73.I
—33.I

28. 6
15.9
4. 2

—19.9

1264.9
1662, 0
1699.6
2075. 0
2226. 2
2389. 5
2420. 5
2638. 7
2849. 8
3091.4

3500. 7
3515.2
3596.2
3677.6
3808.4
4265. 5
4333.5
4367. 9
4545. 7

~ I
—9.5

—29. 4
1.5

10.7
—37.5
—6. 5

5.7
9.3

—26. I
5. 2

—0.8
9.2

—24. 4
—13.I

17.0
14.5
5.4

25. 7

1269.5
1665.3
1731.2
2077. 8
2216.3
2424. I
2427. 7
2634. 4
2846. 5
3120.0

3488.4
3515.I
3585.I
3701.6
3818.9
4250. 7
4318.6
4362. 7
4521.6

2. 5
—6.2

2. 2
4. 3
0.8

—2. 9
0.7
1.4
6.0
2, 5

—7.1
—0. 9
—1.9
—0.4
—2. 6

2. 2
—0.4

0. 2

1.6
RMS deviation (Oe)

Fitted parameters
(10 cm )

yo

bo

b6
0

q0

ql 1 I

qI 2I

1264 + 55

372. 0+ 1.3
—36.8+3.5

-3.1+0.8

0.6+0.1

1880+110

371.4+ 0.9

—41.3 +4.7

-4.2+0. 5

0.5+0.6

18.8+3.3
—18.8+ 3.3

18.8+ 3.3

3.2

1766 + 97

386.6 + 2. 3

1.0+7.7
-2.0+0.3

0.6+0.1

2. 9+4.5

-4.1+4.2

7.5+3.8

to 73 Oe, and this was judged to be a significant
discrepancy which had to be resolved. In the cal-
culated spectrum this line was found to be nearly
degenerate with line 5, 3, in contrast to the rather
large separation indicated experimentally. If we
assume that the observed line is spurious and not
2, 15 and ignore it in the fit, the rms deviation im-
proves by a factor of 2 to about 14 Oe without a
significant change in any of the pair parameters.
This was the situation described in our earlier
report.

Subsequently, however, several other samples
were examined to test the possibility that the ex-
perimental lines at hH= +3702 Oe might be due to
an impurity, but identical results were in fact ob-
tained for samples from different batches and with
different Gd ' concentrations. This fact together

with the symmetry about Ho and the angular turning
point around the c axis established that these tran-
sitions must almost certainly be part of the nn pair
spectrum and thus cannot be ignored. Moreover,
the relative intensity of these transitions and the
characteristic low-field angular variation (see Fig.
3) suggested that 2, 15 was in fact the correct label,
as assigned previously (Table VII). Consequently,
we have to conclude that the Hamiltonian X' ' can
only describe the entire spectrum to within 27 Oe,
rms, and the particular line 2. 15 only to within
73 Oe. Similar discrepancies will be encountered
for nn Gd

' pairs in Eu(OH)~ to be described in
Sec. VIA2, in marked contrast to the correspond-
ing deviations for nn pairs in LaC13: Gd and
EuC13. Gd, which were only 5 and 7 Oe, respec-
tively. We must conclude therefore that there is
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(a)

(iine 2,15)

2 3
RESONANCE FIELD SPLITTING (kOe)

FIG. 11. Best fit to the nn pair line splittings and in-
tensities of Gd ' in Y(OH)3. (a) Experimental spectrum
at T=77 K; (b) calculated spectrum using the parameters
g=1.992, J=0.1264 cm, o. =0.03720 cm, 52= —0. 00368
cm, b4= —0.00031 cm, b6= 0. 00006 cm

a significant difference between the hydroxides and
trichlorides which has not been taken into account
in our choice of X' '.

In considering additional terms which might be
added to the Hamiltonian we can use the high degree
of symmetry of the observed pair lines about Ho to
eliminate all terms which do not commute with T, .
There are only two possible bilinear terms which
satisfy this condition, an anisotropic exchange
term of the type J,S,&S,z and an antisymmetric
term of the form d(S„S,2 —S„S„2). The former is
already represented in Eq. (1) if we allow o, to be
replaced by z'=z ——,

' J, and J by J'= J+-,' J, . In-
asmuch as both J and n were allowed to vary freely
in the fitting procedure, no improvement can be
obtained from such a term. The antisymmetric
term can also be eliminated, using the inversion
symmetry of a nn pair in the hydroxide structure.
However, since it is just possible that the forma-
tion of a nn pair might destroy this symmetry and
thus allow an antisymmetric term, we tried several
fitting runs withd allowed to vary, but in fact no

improvement of the fit resulted. It thus became
apparent that the discrepancies in the nn spectrum
of Y(OH)3: Gd could not be accounted for by the addi-
tion of further bilinear terms to 3C' '.

Possible biquadratic terms consistent with the
spectral symmetry have already been considered
in Sec. II and are summarized in operator-equiva-
lent form in Eq. (3). In our first attempt to include
biquadratic terms we considered only the usual
isotropic term, given in our notation by

When this term was included in the fitting routine
some improvement resulted, as may be seen from
a comparison of columns A and B of Table VII.
The rms deviation decreased from 27 to 17 Oe,
mostly by reducing the very large discrepancy for

line 2, 15. Nevertheless, several calculated lines
still show differences of as much as 40 Oe from the

experimental resonance fields. We must conclude
therefore that isotropic biquadratic exchange can
only account for a small part of the discrepancies
noted above.

Even though the isotropic biquadratic term in Q
had only a small effect on the spectrum and the
other parameters, it did produce a striking shift
in the fitted value of the isotropic bilinear exchange
constant J. This was found for the nn pair fits for
both Y(OH)3: Gd and Eu(OH)~: Gd, and it occurred
whenever isotropic bilinear and biquadratic terms
were fitted together. We shall discuss this effect
in detail in Sec. VIIA.

As a further refinement, we next tried fitting the
data using all three of the independent parameters
Q, Q"', and Q'~' of Eq. (3); the results are given
in column C of Table VII. It may be seen that the
new fit is a dramatic improvement over both pre-
vious attempts to describe the experimental spec-
trum, and, in particular, there are now no large
discrepancies for any of the individual lines. The
over-all rms deviation is only 3 Oe, well within the
experimental resolution uncertainty and it would
appear that we have obtained an empirically satis-
factory fit.

As in the case of the fit with only Q, there is
again a large shift in J relative to the initial fit,
but this is now to be expected since we can always
decompose the Q

™into isotropic and anisotropic
parts, as in Eqs. (5) and (6). The shift is then
associated with the isotropic component, as before,
and this will be discussed further in Section VII A.

There are also shifts in some of the other pa-
rameters, with z moving towards the value cal-
culated for undoped Y(OH), (Table I), as we would
expect for a more nearly exact fit. The shifts in
the crystal field parameters have no obvious signif-
icance, but it is interesting to note that only bz
changes appreciably, while 54 and b6 remained
small and essentially unchanged.

2. Eu(OH): Gd

In view of the very small dimensional differences
between Y(OH)3 and Eu(OH)3, the nn pair spectrum
in Eu(OH)3 might be expected to be very similar to
that found in Y(OH)3. However, comparison of the
observed spectra (Figs. 1 and 5) indicated signifi-
cant differences, particularly in the grouping of
the outer lines, and a total spread of lines some
1500 Oe greater in Eu(OH)~ than in Y(OH)3. Never-
theless, the procedure adopted for Y(OH)~ proved
to be equally applicable to the initial identification
of these pair lines in Eu(OH)3 and the previous re-
sults served as a useful starting point, especially
for J and o. A plot of field splittings as a function
of bz for fixed J and ~, similar to that in Fig. 10,
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TABLE VIII. Predicted line positions (in Oe) for three
different Hamiltonians.

Label

3, 13
2, 18
1, 25

X =0 X() (q) 3& ) (pffft) E t.
~= 3880 3875 3962 3972~= 3841 3831 4073 4080
~=4085 4003 4619 4598

yielded a close correspondence between the exyeri-
rnental and theoretical spectra for b2- —0.020 crn ',
and this allowed a complete identification of the
spectral lines. Again, care was necessary to
identify the line 2, 15 which had also presented a
problem in the Y(OH)3 case. After several fitting
runs using only 3C' ', the best fit gave an rms devia-
tion of 25 Oe, similar to that found for the nn pairs
in Y(OH)3. This fit is shown in Fig. 12. Subse-
quent attempts to fit the spectrum using first an
isotroyic biquadratic term Q and then an axial bi-
quadratic interaction reduced the rms deviation to
12 and 3. 1 Qe, respectively.

The inclusion of biquadratic terms into the spin
Hamiltonian has obviously improved the description
of the experimental spectra, but it could be argued
that part of this improvement might be due to the
fact that the number of parameters used to fit the
spectra had increased from five to eight. If the bi-
quadratic terms were really significant they should
allow us to predict the location of additional transi-
tions with greater accuracy than the truncated
Hamiltonian 3C' '. Examination of the calculated
nn Eu(OH)~ spectra revealed the presence of three
more lines, designated at 3, 13, 2, 18, and 1, 25,
with intensities only a little less than that of the
weakest transition observed up to that point. The
predicted line positions were noticeably different
for the three different Harniltonians which we have
considered, as the values shown in Table VIII indi-
cate.

Two separate experiments were performed to
search for these extra transitions, In the first,
the nn pair spectrum of Eu(QH)~ was measured very
carefully in the indicated field regions using a
multichannel analyser (Fabritek 1052 I SH) to in-
crease the signal-to-noise ratio. A second ap-
proach made use of the needle shape of the crystals
to make a composite sample consisting of 17 of the
largest available crystals glued together with their
c axes parallel. This effectively increased the size
of the sample by a factor of at least 10 as long as
the magnetic field was directed along the common
c axis. Experimentally, it was apparent that the
alignment of the individual crystals was quite pre-
cise since the linewidths of the pair lines from the

composite sample were quite close to the linewidths
for a single crystal. All three of the previously un-
observed lines were found in both of these experi-

ments, with field splittings as listed above. The
line 2, 18 was found to be almost degenerate with
a larger previously noted transition (4, S) when the
field was along the c axis, but it emerged off axis
on the low-field side because of its unique angular
variation.

Comparison of the three observed line positions
with the values predicted by the full biquadratic fit
shows that the agreement is quite spectacular and
it clearly reinforces the earlier indication of its
importance.

The experimental spectrum including the three
new lines was next refitted in three stages as be-
fore, and the results are presented in Table IX.
In the first attempt with K'„",-=0, shown in column
A of the table, the glaring differences referred to
in the previous paragraph have been considerably
reduced, but only at the expense of several other
transitions, so that the over-all rms deviation is
still 36 Qe. In this fit several of the calculated
lines were more than 50 Oe from the experimental
values, with one differing by as much as 78 Qe.
Furthermore, the dipolar constant in this fit was
found to lie just outside the range defined in Table
I for Eu(OH)~ and Gd(QH)~, a significant discrep-
ancy, since for every other ease u has always
been found to be between the values calculated for
the pure crystals. As was exyected, the isotropic
biquadratic interaction improved the fit somewhat,
reducing the rms deviation from 36 to 29 Oe, but
it could not remove the discrepancy in the aniso-
tropic term and hence produced the same value of
o as before. The full biquadratic interaction (col-
umn C of Table IX) not only reduced the rms devia-
tion to 4. 2 Oe, but it also resolved this discrepancy
in ~.

We ean conclude from all this that the anisotropic
biquadratic terms are indeed necessary for a prop-
er fit to the spectrum in the present case. A simi-

t7)
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FIG. 12. Best fit to the nn pair line splittings intensi-
ties of Gd ' in Eu(OH)3. (a) Experimental spectrum at
T= 77 K; (b) calculated spectrum using the parameters
g = l.990, J= 0.1258 cm, n = 0.03562 cm, 52

———0.01855
cm, b4 ———0.00037 cm", b6

——0.00005 cm
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TABLE IX. Mean experimental and calculated line splittings for nn pair spectrum of Gd+
in Eu(OH)3 at 77 K and 23.376 GHz.

Label
Experiment~ (Oe)

A: ~~&., -=0

Calculated

B:«.",=X(q) C. g (i) 3(qlml)

Position Deviation Position Deviation Position Deviation

1, 1
1, 5
2 1
2, 4

2, 8

2, 11
3, 1
3, 4
3 7
1, 21

4, 1
2 15
4, 3
3, 10
4, 6

5, 1
5, 3
3 j 13
4, 8

2, 18

5, 5
6, 1
1, 25
6, 2

7, 1

414.0
456. 0

1214.0
1355.5
1590.0
2032. 0
2032. 0
2242. 0
2581.0
2767. 0

2848. 0
2848. 0
3100.0
3145.0
3503.0
3609.5
3943.4
3940.5
4080. 0
4080. 0

4359.0
4496. 5
4598. 0
4795. 5
5336.0

398.3
452. 5

1194.4
1368.5
1614.9
2056. 0
1994.5
2257. 2
2618.3
2689. 2

2800. 7
2866. 9
3116.3
3183.5
3543. 5
3618.8
3956.1
4017.5
4131.7
4095. 3

4395. 0
4451.9
4542. 9
4793.8
5301.6

—15.7
3.5

—19.6
+13.0

24. 9
24. 0

—37.5
15.3
37.3

—77. 8

—47. 3
18.9
16.3
38.5
40. 5

—50.7
12.6
45. 0
51.7
15.3

36.0
—44. 6
—55.1
—107

—34.4

396.1
454. 2

1289.0
1355.3
1579.4
1991.3
1990.0
2242. 4
2583. 9
2789. 9

2802. 4
2845. 1
3106.1
3150.1
3521.3
3632.4
3954.4
4028. 1
4119.9
4124.3

4379. 5
4482. 9
4532. 1
4800. 5
5355.6

—17.9
—1.8

—25. 0
—0. 2

—10.6
—40.7
—42. 0

0.4
2. 9

—27. 1

—45. 5
—2. 9

6.1
5.1

18.3
—37.1

10.9
55.6
39.9
44. 3

20. 5
—13.6
—65.9

5. 0
19.6

405. 6
455. 9

1215.9
1359.3
1583.7
2024. 3
2029. 1
2244. 9
2579. 0
2766. 2

2850. 2
2856. 0
3103.2
3142.3
3503.3
3669, 2
3945. 0
3966.0
4077. 1
4072. 8

4358. 5
4499. 7
4595. 9
4790. 8
5335.0

—8.4
0.1
1.9
3.8

—6.3
7 ~ 7

—2. 9
2. 9

—2. 0
—0.8

2. 2

8.0
3.2

2 ~ 7
0.3

—0.3
1.5

—6. 5
—2. 9

7 ~ 2

—0.5
3.2
2 ~ 1

—4. 7
—1.0

RMS deviation (Oe)

Pitted parameters
(10 cm )

y0

b4

yo

@0

ql iI

q I2I

36

1258 + 71

356. 2+ 0.9

—185.5+2. 1

-3.7+0.9

0.5+ l. 3

29

3497+ 713

355.1 + 0.8

-192.5+ 2.3

—4. 7+0.8

0.5+1.0

+ 56. 8 + 18.0

-56.8+18.0
+ 56.8+ 18.0

4. 2

1720 + 90

363.7+ 0.3

—168.3+1.4
—2.4+0. 2

0.7+0.2

7.4+2. 3

-8.3+2.2

11.0+2. 2

lar search for extra lines in the nn spectrum of
Y(OH)3: Gd was not attempted since the available
crystals were not as good and the linewidths some-
what larger. The chance of finding the rather
weak lines was therefore small and it was felt that
there was, in any case, enough evidence to support
the finding of anisotropic biquadratic interactions
also in that system.

Of more immediate interest are the values of the
much larger bilinear exchange constants J and the
disquieting large variation in the fitted values when
the biquadratic term was added. We shall return

to this point in Sec. VIIA, but we may note already
here that some additional experimental information
is needed to determine J more precisely. In prin-
ciple this could be done by finding additional transi-
tions which depend more sensitively on J, but a
search for several possible lines failed to show

any additional resonances, even though the calcu-
lated intensities indicated that they should have
been observable. The reason for this is not clear
at this time, but it mostprobably results from some
additional line broadening due, perhaps, to the
more critical dependence of the resonance on ex-



4362 COC HRANE, WU, AND WOL F

change-the very effect which we are trying to ob-
serve. However, we can also obtain an estimate
of the relative importance of J and Q from magnetic
susceptibility and specific-heat measurements, and
we shall use these results in Sec. VIIA to obtain
a final set of interaction parameters for the near-
est neighbors.

(a)

Il i I

TABLE X. Mean experimental and calculated line
splittings for nnn pair spectrum of Gd+ in Y(OH) at 77
K and 23.311 GHz. g=1.992; J= -0.005964 cm
= 0.026055 cm b2 = 0. 004855 cm b4 = —0.000086 cm
b6=- 0.000023 cm

Label

2, 8

1, 9
1, 17
1, 20
2 17
1, 8

1, 24
1, 13
3. 7
4, 1

1, 21
2 11
3, 1
5, 1
2, 15
2 1
3, 4

2, 4
3, 10
4

4, 6
6, 1
1, 1
1, 5
2, 18
5, 3
3 13
4, 8

7, 1
5, 5

6, 2

Experimental

1330.0
1365.0
1365.0
1480.0
1499.0
1678.0
1678.0
1730.0
1730.0
1892.0

1938.0
1938.0
2015. 0
2015. 0
2067. 0
2218. 0
2218. 0
2285. 0
2285. 0
2285. 0

2285. 0
2299. 0
2313.0
2313.0
2441. 0
2463. 0
2555. 0
2644. 0
2644. 0
2703. 0
2720. 0

Calculated

1316.9
1371.2
1353.7
1473.4
1502.9
1638.8
1684.1
1730.8
1735.9
1887.9

1956.9
1927.4
2014. 3
2021. 6
2067. 1
2226. 6
2219, 6
2269, 5
2273. 5
2285. 1

2285. 2
2303. 2
2336. 3
2340. 0
2442. 3
2467. 1
2555. 6
2647. 3
2649. 1
2689. 2

2720. 8

Difference

13' 1
+6.2

—11.3
—6.6

3.9
—39.2

6.1
0. 8
5.9

—4, 1

18.9
—10.6
—0.7

6.6
0. 1
8.6
1.6

—15.5
—11.5

0.1

0. 2

4. 2
23.3
27. 0
1.3
4.1
0.6
3.3
5.1

-13.8
0.8

8. Next Nearest Neighbors

l. Y(0H): Gd

Bulk properties of Gd(OH)3 indicated that the
nnn Gd ' pair interactions should be characteristic
of regionII, I Jl & 1.5~. The sharp cutoff of the ex-
perimental spectrum beyond ( hH [

- 2VOO Qe lent
added support to this estimate. Furthermore, b2
quantized along the nnn bond axis was expected to
be small and positive. In spite of this preliminary
information, the identification of the spectrum
proved to be quite difficult. Several of the more
intense lines were almost degenerate, with the ex-

I

1.4
I I I I

1.8 2.2 2.6
RESONANCE FIELD SPLITTING (kOe)

FIG. 13. Best fit to the nnn pair line splittings and
intensities of Gd in Y(OH)3. (a) Experimental spectrum
at T= 77 K; (b) calculated spectrum using the parameters
g = l.992, J= —0. 00595 cm, n = 0. 02605 cm, b2
= 0.00480 cm, b4 = —0. 00010 cm, b6 = 0. 00003 cm

act number of lines being unknown —particularly
those lines near ) HEI - 2400 Oe. After plotting
several trial spectra calculated from parameters
in the vicinity of the above estimates, it became
obvious that b2 must be restricted to a limited range
in order to satisfy the field cutoff criterion. Sub-
sequently, a tentative identification was made near
J= -0.005 cm, and after a few fitting runs the
best fit given in Table X was obtained.

The rms deviation of this fit was 9 Oe, in very
reasonable agreement with the expected experi-
mental accuracy and the somewhat anomalous an-
gular variation of some of the lines mentioned pre-
viously. No attempt was therefore made to include
any higher-order terms into the fit of this spectrum
and it seems clear that quite a complicated refine-
ment would be needed in this case to account for
both the residual discrepancies and the angular
variations. However, all these effects are small
and the fit shown in Table X can be considered as
quite satisfactory. Figure 13 compares the cal-
culated and experimental line splittings, including
the relative intensities of the individual transitions.
The agreement here is also quite good, particularly
when it is noted that some of the smaller calculated
lines are not intense enough to be observed above
the experimental noise.

The most remarkable feature of these results is
the fact that the next-nearest-neighbor exchange
coupling is ferromagnettc, hut more than an order
of magnitude smaller than the nearest-neighbor
exchange. This is quite different from the earlier
results in the trichlorides, and we shall discuss it
further in Sec. VIIB. Both the dipolar and crystal
field terms closely approximate the original esti-
mates, as we might expect.

2. Eu(OH): Gd

We have already remarked that the general fea-
tures of the nnn pair spectrum for Gd ' in Eu(OH)z
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TABLE XI. Mean experimental and calculated line

splittings for the nnn pari spectrum of Gd+ in Eu(OH)3 at
77 K and 23. 372 GHz, with J= —0.01460 cm, n = 0. 02527

cm, b2
——0. 00200 cm, b4

—-0.000025 cm, and b6
= —0.000024 cm

Label

2, 8
3 7
1, 25
1 13
1 12
1, 8
2 11
2, 18
4, 6

3, 10

3, 13
5, 1
4, 1
4, 8
6, 1
3, 1
4, 3

3, 4
5, 5

2, 4

2, 1
1, 5

1, 1
5, 3
7 1
6, 2

Experimental

1578.0
1578.0
1600.0
1808.0
1829.0
1829.0
1829.0
1920.0
1976.0
2052. 0

2125. 0
2259. 0
2327. 0
2413.0
2424. 0
2455. 0
2455. 0

2455. 0
2496. 0
2496. 0

2496. 0
2537. 0
2537. 0
2571.0
2700. 0
2786. 0

Calculated

1565.4
1574.1
1601.8
1795.0
1836.4
1833.0
1827.9
1919.3
1966.9
2041.4

2119,1
2267. 3
2324. 6
2399.5
2425. 0
2461.1
2461.1
2454. 1
2496. 0
2501.3

2499. 0
2457. 0
2457. 0
2565. 9
2726. 3
2768. 9

Difference

—12.6
—3.9

1.8
—13.0

7.4
+4. 0
—1.1
—0.7

—9.1
—10.6
—5.9

8.3
—1.4

—13.5
1.0
6.1
6.1

—0.9
9.1
5.3

3.3
10.0
10.0

—5.1
26. 3

—17.1

were both qualitatively and quantitatively similar
to those for the nnn pairs in Y(OH), . The smaller
linewidths in the Eu(OH)~ case permitted the res-
olution of more of the nearly degenerate transitions
around bH =+ 2400 Oe. The identification proce-
dure was again quite tedious, however, since many
spectra had to be calculated and compared with the
experimental line positions and intensities. The
sharp cutoff beyond ) dZI J

- 2700 Oe proved to be a
key factor in obtaining a fit, as it had been for the
nnn pairs in Y(OH)~. A comparison between the ex-
perimental results and the final fit is given in Table
XI. The rms deviation for this fit was 9 Oe, the
same value as for the Y(OH)3 case. Corresponding-
ly, the experimental and calculated line intensi-
ties were again in good agreement, as shown in
Fig. 14. As for the nnn pairs in Y(OH)3, no at-
tempt was made to include higher-order terms into
the spin Hamiltonian.

The magnitude of the bilinear exchange constant
was almost three times larger than the value found
for the nnn pairs in Y(OH)~, but it was still only
about 10%%u& of the magnitude found for the nn pairs.
As in the case of the Y(OH)~ results, the sign was
found to be ferromagnetic, again in contrast with

the antiferromagnetic nn interaction. The fitted
dipolar parameter z was found to be very close to
the calculated value of 0.0253 cm ' estimated from
the Eu(OH)s lattice constants (see Table I). Also,
the crystal field parameters were all found to agree
with estimates based on the single-ion values re-
ferred to a nnn pair axis.

The over-all fit of the nnn spectra for both the
Y(OH)3 and Eu(OH)3 hosts can thus be regarded as
quite satisfactory and generally in accord with
earlier pair results. The nn results on the other
hand are not quite so straightforward, and, in par-
ticular, the anomalous biquadratic terms require
some further discussion. We shall consider this
in Sec. VII.

(a)
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FIG. 14. Best fit to the nnn pair line splittings and

intensities of Gd ' in Eu(OH)3. (a) Experimental spectrum
at T=77K; (b) calculated spectrum using the parameters
g = 1.990, J= —0.01460 cm ', n = 0.02531 cm", b2
= 0.00201 cm, b4 = 0. 00002 cm, b6 = —0. 00003 cm

VII. DISCUSSION

A. Biquadratic Effects

1. Separation of Bilinear and Biquadratic Terms

In the previous sections we noted the fact that the
bilinear exchange coefficient J for both the nn spec-
tra was shifted markedly whenever isotropic bi-
quadratic terms were included in the fitting routine.
Moreover, the addition of one or two new experi-
mental lines to the data to be fitted often produced
changes in both J and Q which were well beyond the
standard deviations of the previous fit. This ap-
parently random variation in the values of the iso-
tropic interaction parameters was evidently not due
to the relative insensitivity of the observed transi-
tions to the J values, since this effect has already
been included in the definition of the standard de-
viation. We must conclude, therefore, that there
is some additional effect which correlates the J
and Q values in the analysis.

To study this effect a number of fits were made
in which Jwas held fixed at several different val-
ues while all other parameters, including the three
Q', were allowed to vary. The result was quite
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FIG. 15. Variation of the least-squares-fitted biqua-
dratic parameters (-1) Q

~ and the rms deviation for
different values of the bilinear exchange coefficient J.

striking. All the parameters other than the Q'
varied very little, while the Q' ' increased signif-
icantly with J. Figure 15 shows the variation of
the Q' ' for the case of the nn pairs in Eu(OH)3,
and also the corresponding rms deviations for dif-
ferent values of J. Several significant points were
at once obvious from these results.

First, the rms deviation varied only from 4 to
7 Oe for J values ranging from 0. 11 to 0. 19 cm"'.
In view of the fact that the experimental resolution
was approximately 7 Oe, it could only be concluded
that corresponding sets of parameters with J any-
where within this range provide equally valid de-
scriptions of the experimental spectrum. This is
in marked contrast to the earlier results for the
trichlorides (papers I and II), and also for the
present results for the nnn, for which J was de-
termined quite precisely by the over-all fit.

Secondly, all three biquadratic coefficients were
linear functions of J unth identical values of the

sloPe, (-1) dJ/dQ™=40.6+0.7. The identical
slopes immediately suggested that the biquadratic
coefficients were absorbing components of some
isotropic term, in order to compensate for the dif-
ferent values of J. This was confirmed by decom-
posing the values of Q'"' into a scalar part and an

anisotropic part, according to Eqs. (6) and (6).
It was then found that only the scalar coefficient
Q varied with J, while the anisotropic coefficients

TABLE XII. Summary of spin-Hamiltonian parameters
for Gd ' pair interactions in Y(OH)3 and Eu(OH)3 at 77
K (in units of 10+ cm ).

nn
V(OH),

nnII
Eu(OH)3

J'= J-41@
I 2I

/ 1 I

q0

1640+ 55

+2.7+0.4

+1.4+0.4

—2. 6+ 0.4

1340+ 71

+1.9+0.4

+0.9+0.4

—2. 0+0.4

~ ~ ~ a

y0

g0

b6
0

1640 + 200h —59.6 *1.0

386.6+1.0 260. 6+1.0
1340+ 200h

364. 4+ 0.9

+1.0+0.5 48. 6 + 0. 2 —164.3 + 0.5

—2. 0~0.3 —0. 9~0. 2 —2. 0+0. 2

+ 0.6+0.1 —0. 2 2 0. 2 +0.7+0. 2

—146.0 + 1.0
252. 7+ 1.0

20 ~ 0+ 0. 2

0. 3+ 0. 2

—0. 2+ 0. 2

For the nnn J is determined independently of Q.
(Q~ estimated & 10 cm . )

J~ estimated from J~ assuming Q~= 0 + 5 (10" cm ),
as estimated from the comparison with the results in
Ref. 6.

q were essentially independent of J. As would
be expected from the variation of the individual

Q ', the dependence of Q on J was such that the
combination J—40. 5Q remained essentially con-
stant.

Finally, the direct correlation between J and Q
was evident in another way. The standard devia-
tions for the Q

' when all parameters were fitted
were generally comparable to the parameter val-
ues themselves as indicated in Tables VII and IX.
When the data were reprocessed with J fixed, the
standard deviations decreased by an order of mag-
nitude. It is apparent that the smaller values rep-
resent the appropriate limits for the anisotropic
coefficients q™,and these are the numbers listed
in Table XII.

We thus concluded that the present analysis is
able to determine the isotropic interactions only
in form of the linear combination J'= J-41Q, while
the anisotropic terms are all determined individual-
ly and unambiguously by the fits to the spectra.
The best estimates of J' are given in Table XII
along with the corresponding values of the aniso-
tropic parameters q ™.

To complete this analysis we still require an ex-
planation for the origin of the slope dZ/dQ =41.
This can be understood by examining the particular
transitions which are observed in the case of the
nn spectra and used to determine the parameters.
Since the dominant interactions in this case are
isotropic, the only readily observable transitions
are those between states which belong to the same
tnultiplet of total spin, T=8, +Sz. These states
are perturbed and admixed by the anisotropic terms,
and the strength of the isotropic interaction enters
only through the energy differences between the
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states which are admixed. In practice it turns out
that only two energy differences are involved in the
transitions which are observed: ~(T =0, T=2)
and AE(T = 1, T = 3). This is because the anisotrop-
ic terms couple only states with AT=2, and no
transitions between states with T & 3 are observed
with the available sensitivity. These two energy
differences are readily calculated in terms of J
and Q, and one finds

~(T = 0, T = 2) = —3(J- 42Q)

sE(T = 1, T = 3) = —5(J- 36Q).

It is now evident that the analysis of the spectra
is not sensitive enough to distinguish between the
two rather similar factors involved in these ex-
pressions, so that only an appropriate mean can
be determined. It is not unreasonable that this
mean should turn out to be J- 41Q. In principle,
one might of course try to distinguish between the
two types of transitions and attempt to extract the
two factors separately, and hence determine J and

Q independently. However, in practice this will
be very difficult when, as in the present case, Q
is very much smaller than J (see below).

A much more promising way of determining J
and Q independently would be to observe transi-
tions which depended on ~(T, T + 2) directly, in-
stead of relying on the weak second-order admix-
ture. Unfortunately no such transitions could be
found in spite of an intensive search, and we can
only conclude that intennultiplet transitions are
much weaker or broader than corresponding intra-
multiplet lines, for reasons which are not clear
at this time.

At this point we must conclude therefore that the
present EPR method is not able to separate the
isotropic bilinear and biquadratic interactions for
either of the nn pair spectra, although the linear
combination J = J-41Q can be determined quite
accurately. For the nnn pairs, on the other hand,
the relatively weaker isotropic terms allow much
larger admixtures by the anisotropic terms, which
result in inte~ultiplet transitions which are sensi-
tive to J and Q independently. In this case no evi-
dence for a significant Q was found and J„,could
be determined quite accurately.

Z Comparison with Gd(OH)3 Results

Information about spin-spin interactions can also
be obtained from analyses of bulk-susceptibility
and specific-heat measurements, and in the pres-
ent case this provides a useful upper limit on the
so far elusive Q„. It can readily be shown that

Q does not have any first-order effect on either
the susceptibility or specific heat, and the second-
order contributions proportional to (Q) will be ex-

tremely small for all realistic values of Q. It is
reasonable therefore to analyze the bulk properties
ignoring Q and to estimate the interactions in terms
of only the bilinear coefficients, J„and J,. Such
a analysis has recently been reported by Skjeltorp
et al. , who found in particular, for concentrated
Gd(OH)3, J„[Gd(OH)3] = 0. 125 +0. 004 cm '.

This value may be compared with the two values
of J„determined by our resonance experiments
(see Table XII), and it may be seen that the values
for Eu(OH)~ and Gd(OH)3 agree quite closely. In-
asmuch as these two lattices have identical struc-
tures with very similar dimensions (see Table I),
it would seem reasonable to suppose that J =J„
—41Q„ for Gd(OH)~ would be within the range of
J„values for the Eu(OH)3 pair measurements
listed above. Comparing these values with the bulk
estimate of J„, we can conclude that Q„[Gd(OH)3]
should be less than + 5~ 10 cm, and it would
seem likely that Q for the pairs shouldbe similar-
ly small. Using these limits on Q„, permits us to
estimate the bilinear exchange as

J[Eu(OH)3] = 0. 134+ 0.020 cm ~

for Eu(OH)3: Gd, and

J[Y(OH)z] = 0. 164+0.020 cm '

for Y(OH)3: Gd.
This estimate for Q„, may be compared with the

values of the anisotropic biquadratic coefficients
q' ' which are listed in Table XII. It can be seen
that the ranges of values are all quite similar,
and we shall see later (Sec. VIIA3) that this is not
unreasonable from a theoretical point of view.
From a practical point of view we may note that
all these terms are quite small on an absolute
scale and since they produce no first-order effect
on bulk properties, it is probably safe to ignore
them for most thermodynamic calculations. How-
ever, for the detailed analysis of individual pair
spectra, both isotropic and anisotropic biquadratic
terms can and do make significant differences, and
it certainly seems necessary to consider their pos-
sible contribution carefully in all such cases.

3. Biquadratic Interaction Mechanisms

There are two mechanisms which are commonly
cited to account for biquadratic interaction terms.
One is a second-order superexchange interaction,
and this has been discussed by Anderson. Its
strength has been estimated to be of the order of
JjU times the usual bilinear exchange, where U is
the energy required to transfer an electron from
one ion to a neighbor. U is generally of the order
of a few eV and since J-0.1 cm, this would here
give Q-10 cm ', a value which is quite consis-
tent with our upper limit of 5&& 10 cm '.

The second mechanism arises from exchange
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striction and this has been found to contribute sig-
nificantly to the biquadratic coupling in various 3d
systems, such as MnO, NiO, Mn pairs in
MgQ ' and CaO, and Cr pairs in ZnGaQ4.
The strength of this mechanism is estimated to be

geneau we write the EQQ interaction for a pair
of neighbors in the form

(4)2/2 2 ( (P &

2

x QB Q F (8, $,)Y (8, $/), (8)

where R is the ionic separation and c is an elastic
stiffness constant. The rate of change of Jwith R
for our kind of system may be estimated from earl-
ier results for Gd in different crystals, ~ which
have been shown to be on an almost straight line
with dd/dR- —0. 15 cm '/f Tak.ing c- 10' dyn/
cm, this gives QE,- —0. 5x10 cm '. This is
even smaller than our previous estimate, and we
must conclude that neither of the commonly in-
voked mechanisms predicts any significant biqua-
dratic interaction in the present case.

These estimates are quite consistent with our
conclusion that the isotropic biquadratic terms are
small, but they do nothing to explain the finite
anisotroPic terms which were necessary to fit the
experimental data. Moreover, it is not possible
to resolve this problem by increasing either of the
above estimates, since both mechanisms can only
give isotropic coupling terms, at least in the sim-
ple form in which they have been considered so
far.

A simple extension of the exchange-striction
mechanism, allowing for the effect of the separa-
tion dependence of the magnetic dipole interaction,
has been considered previously in connection with
the Gd ' pair measurements in LaC13 . Such an
extension might in fact account for the form of the
observed anisotropy, but the absolute magnitude
is again estimated to be about two orders of magni-
tude too small.

In a search for alternative interaction mecha-
nisms we next considered electric quadrupole-quad-
rupole coupling between the Gd ' ions. To a first
approximation, the ground state of Gd 'has no or-
bital angular momentum and thus no electric multi-
pole moment. However, there are second-order
admixtures due to spin-oribt coupling, and with
these, weak electric interactions are permitted.
The admixtures have been estimated by Wybourne, '
who found an approximate ground state which may
be written in the form

le=, &=o.ossl's7/2&+0. 1821 P7/2&-0»2I D7/2&

( 1)
To estimate the strength of the electric quadru-

pole-quadrupole (EQQ) coupling between a pair of
ions described by states of this kind, we shall use
a simple model of localized charges, neglecting
for the moment complications from shielding and
overlap. Following the notation of Wolf and Bir-

where B =6, 4, or 1 for m =0, +1, or+2, and E&

is the effective dielectric constant which we shall
set equal to 1 for the time being. Here R is again
the ionic separation, (72) is the usual average over
the 4f radial wave function, and the sum over i and

j is over all electrons on ions 1 and 2. The re-
quired matrix elements of Vzz thus reduce to sums
of products of matrix elements of the form

( gi~~.
I Z r;(f) I

s'f, 'z'z,' &,

with J=J =+~ and S=S, which may be evaluated
readily using standard methods. After some
reduction, the final result, expressed in terms of
the parameters q' ', could thus be estimated to be

I I (7 & -1
qE@+™0. 01 2 B cm

Taking (72&/ft 0. 03, t-his gives q' -10 cm ',
which is about one order of magnitude smaller than
the observed values. However, there are several
factors in the present calculation which could well
enhance the mechanism, and one can certainly not
conclude that EQQ is inadequate for explaining the
observed q' '. A discussion of the various com-
plications which must be considered in a realistic
calculation of the EQQ interaction has been given
by Baker, and it would seem clear that factors of
10 are well within the present range of uncertainty.
Even the discrepancy between the relative sizes
of the q' ' and the factors B could perhaps be re-
moved by proper allowance for shielding and over-
lap.

However, for complete agreement, all these
factors would have to combine in just the right way,
and on balance it really does not seem very likely
that EQQ coupling is in fact the principal interac-
tion mechanism for the observed q'"'.

An alternative mechanism, which we have re-
jected up to now by implication, is the possibility
that the exchange interaction itself might have large
anisotropic biquadratic terms, even though the
isotropic terms are quite small. At first sight
such an idea seems completely unlikely since one
might guess that the anisotropic terms would be
smaller than the isotropic terms by some factor
of the order of [(2-g)/g], as in the case of aniso-
tropic bilinear exchange. ' Such an estimate would
then give

q - Q[(2-g)/g] ~ 10 ' cm ',
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which would clearly be quite negligible.
However, such a naive estimate fails to take into

account the true form of anisotropic exchange and
a, more detailed analysis is required. Such a cal-
culation has recently been carried out by Cone,
who considered the general form for the orbital
dependence of the exchange as given by Levy, '

X = 5~ —r,'", ', u,'(i)u', :(j)f —,'+2s, s,),

iaaf

together with the admixtures of nonzero angular
momentum states into the ground state [Eq. (7)].

Following a procedure similar to that mentioned
above in connection with our own EQQ calculation
and neglecting the small D7&2 admixture, Cone
was able to show that all of the q

™could be ex-
pressed interms of only takeo of the exchange pa-
rameters, I'00 and Fg ] and that all three were in
fact proportional to the same linear combination
(roo+ r', I). The relative magnitudes are thus uni-
quely predicted independently of the I"s and eval-
uating the n-j symbols Cone found

[2 I .
q

ll I, qo —2:1:—2,

in striking agreement with the experimental values
for both Y(OH)~ and Eu(OH)~, as shown in Table
XII.

To calculate the absolute values one must esti-
mate I'Oo and I'y

g and this introduces some uncer-
tainties. However, by combining recent analyses
of optical measurements on Gd(OH)~ and GdC1~,
Cone was able to make reasonable estimates for
the I"'s which led to q's within a factor of 5+ 3 of
our observed values. Details of this analysis and
a discussion of the uncertainties will be given else-
where, but we can already conclude here that a
proper calculation of the effect of orbital anisotropy
in the usual (bilinear) exchange seems to account
for both the qualitative and quantitative aspects of
our small biquadratic terms.

This result has a number of other implications,
both for our particular systems as well as for other
situations in which isotropic bilinear (Heisenberg)
exchange has previously been considered to be
dominant.

First, it is clear that the inclusion of states
other than the P in the admixture will permit con-
tributions from higher-rank tensors in the general
interaction [Eq. (9)], and these in turn will result
in higher-degree terms in the effective spin-spin
interactions. In the present case these may be ex-
pected to be quite small, since the amplitude of the

D, &3 state is relatively small [Eq. (7)], and indeed
we were able to obtain a satisfactory fit to the ob-
served spectra without having to include any such
terms. However, in other cases we can certainly
expect larger admixtures of states with L, & 1 into
the ground state, and we should then find cor-

respondingly larger high-rank interactions of the
form 0,'"(S,) 0,' '(S2) with k and k & 2.

The second implication of these cross-term ef-
fects is a prediction of a contribution to the iso-
tropic biquadratic coupling in the ground state.
This is simply a consequence of the recoupling of
terms of the form of Eq. (9) to give a second-rank
contribution, which in general will certainly have
an isotropic part as well as anisotropic part. In-
deed, in general one might expect both parts to be
comparable in magnitude, and in the present ca,se
this would correspond to a Q-10 cm '. This is
still well inside the upper limit estimated from the
data, , but it is interesting to note that it is about
two orders of magnitude larger than the values esti-
mated on the basis of Anderson's second-order
superexchange. It could well be that a similar ef-
fect could account for some of the anomalously
large biquadratic exchange terms observed in other
systems.

A more detailed discussion of these effects is
clearly beyond the scope of the present paper, and
we need here note only that the anisotropic biqua-
dratic terms which we were forced to include em-
pirically to fit our data are by no means unreason-
able, and that their presence may indeed imply a
number of other new effects both in these systems
and in others.

B. Bilinear Interaction Terms

We have given a rather extensive discussion of
the biquadratic terms because their effects are
new, but from an over-all point of view the more
usual bilinear terms are still much more impor-
tant. From Table XII we can see that by far the
largest interaction is the nearest-neighbor J„,
with J, and the magnetic dipole interactions for
both the nn and nnn smaller but still significant.
As noted previously, the dipole parameters are in
excellent agreement with the calculated values
(see Table I), confirming both the analysis and the
absence of large anisotropic bilinear exchange
terms.

The observed values of J, on the other hand, are
much more difficult to explain. Not only their rel-
ative magnitudes but even their signs are not pre-
dicted by any microscopic theory, and this remains
as a challenge to all first-principles theories of
exc hange interactions.

From a purely phenomenological point of view
we may note that all four J values are consistent
with a previously notedv trend of J with R, which
would seem to indicate that superexchange via the
ligands may not be the most important mechanism
in systems of this kind. It is not clear whether
the dominant interaction is via the closed 5s5p
shells or some other form of overlap, but it would

appear that the exchange coupling in these materi-
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als is the result of quite a complex competition be-
tween several factors.

Considering the J values as purely empirical
quantities, it is immediately obvious from Table
XII why Gd(OH), behaves so differently from the
apparently similar GdC13. First, me see that the
dominant interaction is antiferromagnetic in sign,
in contrast to the dominant ferromagnetic J„,in
GdC13. This explains the striking difference in
the cooperative properties. Second, we may note
that the dominant interactions are here between
nearest neighbors along one-dimensional linear
chains, mhich in the absence of other interactions
would not order at all. Long-range order thus de-
pends critically on the much weaker interactions
between chains, and this explains the fact that the
ordering temperature is relatively low, in spite
of the expected stronger interactions.

The detailed cooperative behavior is further
complicated by unusual cancellations produced by
the high symmetry of the hydroxide structure.
These have been discussed by Skjeltorp et al. ,
and it is evident that a number of interesting ques-
tions remain to be explained.

C. Crystal Field Terms

The crystal field parameters required to fit the
spectra are also given in Table XII. Comparison
with the single-ion parameters reveals two interest-
ing features. First, in all cases, by far the larg-
est term is b2, mhich varies from system to sys-
tem, while b4 and b6 remain small and much more
constant. Second, the shifts between the single-
ion values for b~ and the corresponding pair values
show an interesting systematic trend. Empirically,
these shifts are

hbq[nn Y(OH)q .' Gd] =+0.0131 cm ~,

bb2[nnn Y(OH)~: Gd] =+ 0.0021 cm ',

dhz[nn Eu(OH)z. Gd)] = —0. 0023 cm ',

bb2[nnn Eu(OH)~: Gd] = —0.0010 cm ',

where we have written Ebs —-ba(pair) —bz(ion). Since
even the origin of the single-ion parameters re-
mains an unresolved question, there is clearly no

hope of explaining these shifts at this time, but it
is interesting to note that the signs of Aber follow a
simple pattern. Whenever Gd3' is doped into a
host of larger dimension than the isomorphic Gd

salt, bbz is negative and vice versa. Such a cor-
3+

relation also describes the earlier results for Gd
in LaC13, EuC13, and lanthanum ethyl sulphate,
and it would thus appear to have some general
validity. However, it is not clear whether any
more quantitative analysis can be made along this
line, and for the present we must regard the bz as
purely empirical parameters which must be de-

termined in each case.
3+ 3+

D. Gd -Eg Interactions

In addition to providing information about Gd3'-
Gd ' interactions, the measurements on Gd

' single
ions and pairs in Eu(OH)3 also provide estimates
of the Gd '-Eu ' interactions. The analysis is
identical to that previously employed for Gd ' in
EuCl3, and we can immediately take over Eqs.
(7a) and (8b) given in II to solve for J„and Z„, in
terms of the observedg shifts (see Sec. IV). Sub-
stituting, we find

J~(Gd '-Eu ') =0.06+0. 09 cm '

Z„,(Gd '-Eu ') = —0. 005+ 0.050 cm '.
The large uncertainties in these values prohibit
any strong quantitative conclusions, but it is in-
teresting to note the qualitative similarity of both
these results to the corresponding Gd '-Gd ' in-
teractions (see Table XII). As in the previously
studied case of EuC13': Gd, it would thus appear
that the average electron-electron exchange inter-
action is roughly the same for both the 4f and 4f
configurations, as suggested by Van Vleck.

VIII. SUMMARY AND CONCLUSIONS

In this paper we have presented EPR measure-
ments on single-ion and pair spectra of Gd ' in two
rare-earth hydroxides, Y(OH)3 and Eu(OH)~. The
data were analyzed following the earlier work on
Gd ' in LaC13 and EuC13, and generally similar re-
sults were obtained. However, a number of un-
expected effects w ere observed, mhich are of some
interest.

For the nearest-neighbor pairs it mas found that
the resonance method could not readily distinguish
between isotropic bilinear (Heisenberg) and bi-
quadratic interactions, and only the linear combina-
tion J„—41 Q„could be determined with accuracy.
Comparison with an analysis of bulk properties of
concentrated Gd(OH)~ allowed an upper limit to be
set on Q„(Q„&5x 10 4 cm ~), and it was finally
concluded that isotropic biquadratic interactions
are in fact relatively unimportant in these materi-
als.

At the same time it was found that anisotroPic
biquadratic interactions of a similar magnitude
are by no means negligible in the explanation of the
observed spectra, and accurate values of the three
parameters characterizing the axially symmetric
components were determined. Such interactions
have relatively little influence on observable bulk

properties, but they can be quite important for
the detailed analysis of precise spectral infor-
mation.

For the next nearest neighbor, no influence of
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biquadratic interactions was detected, and the spec-
tra could be fitted in terms of the usual bilinear
exchange and magnetic dipole coupling.

Crystal field terms were found to be quite im-
portant forboth the nn and nnn pairs, and. inpartic-
ular, bz was found to be relatively large and dif-
ferent for the various kinds of pairs. However, on
an absolute scale, the crystal field contributions
were really quite small, as previously found in the
isostructural trichlorides.

The parameters describing the anisotropic bi-
linear interactions were found in all cases to be
equal to the values calculated on the basis of mag-
netic dipole-dipole coupling, and we may conclude
that anisotropic bilinear exchange is zero within
the experimental limits.

The results have thus shown that the significant
interactions for both nearest and next nearest neigh-
bors are characterized by a single parameter J,
as we would expect for pairs of Gd ' ions. Values
of Jwere extracted from the detailed analysis,
and the results are given in Table XII, which in-
cludes also values for all the other parameters
used to fit the spectra.

Examination of the J values shows both qualita-
tive similarities and quantitative differences from
the earlier results for Gd ' in LaC13 and EuC13.
For all four systems the nearest-neighbor inter-
action is found to be antiFerxamagnetic in sign,
while the next-nearest-neighbor interaction is fer
romagnetic. However, in the hydroxide case it
is the nearest-neighbor couyling which is dominant
in strength, while for the trichlorides the next-
nearest-neighbor interactions are strongest. This
explains at least empirically the previously sur-
prising difference between Gd(OH)3 and GdClq.

The observed J values are consistent with a sys-
tematic trend previously noted for several other
Gd ' systems, and it would seem that exchange pa-
rameters can now be predicted using these purely
empirical results.

At the same time there is apparently no micro-
scopic explanation for either magnitudes or even
the signs of the observed J's, or indeed for most
of the other parameters used to fit the spectra. A
discussion of the biquadratic terms showed that
the small isotropic component (Q) is not unreason-

able, and that the anisotropic components q™are
most probably due to the orbital dependence of the
exchange acting through the spin-orbit admixture
of nonzero angular momentum states into the
ground state. Also there appears to be some cor-
relation between the crystal field parameters bz
and the size of the crystal host lattice, but only
qualitative predictions seem possible at this time.

We must conclude, therefore, that the empirical
determination of all the spin-Hamiltonian parame-
ters is still fax more accurate than any of the at-
tempts to account for them theoretically, and it
would seem most useful to use them mainly for cor-
relating diff erent experimental results. In this
connection we may note that the comparison be-
tween the susceptibility and specific-heat results
for Gd(OH)~ and the present pair measurements
has provided a very satisfactory over-all descrip-
tion of this system, even though no "first princi-
ples" estimates of the principal interactions can
be made. In the long run, however, a detailed
comparison between the empirical parameters and
microscopic calculations would be most desirable,
and this remains as a clearly defined challenge to
the theory of exchange and electric multipole inter-
actions.
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