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Specific-heat measurements were performed on small lead particles (22, 37, and 60 A) and 22 A
indium particles over the temperature range 1.5-15 K. For all sizes the enhancement of the specific
heat due to the increased importance of low-frequency surface modes and attendant depletion of
higher-frequency modes was observed. Although the magnitude of the observed surface-phonon specific
heat agrees reasonably well with theoretical estimates at intermediate temperatures, the observed
enhancements apparently are not proportional to the surface area and do not exhibit quadratic
temperature dependence. The rapid decreases of the heat capacity at lowest temperature appear to be
consistent with the estimates of low-frequency cutoffs in the phonon spectrum caused by quantum size
effect. At temperatures around one-tenth of the bulk Debye temperature the surface specific heats
exhibit maxim~. Differences in the electronic specific heat in the superconducting state between small

particles and the bulk were observed. The transition-temperature behavior of lead and indium particles
is also discussed.

I. INTRODUCTION

Although theoretical interest in the thermody-
namic lattice and electronic properties of sys-
tems with large surface areas has existed for
several decades, few experimental studies have
been reported because of the difficulties involved
in their measurements. The primary objective
of the present work was to investigate the effect
of surface and size on the lattice properties of
small systems by measuring the low-temperature
specific heat. It was also hoped that some in-
formation on electronic behavior in the normal
and superconducting states might be obtained.

In the limit in which the number of degrees of
freedom of the crystal becomes infinite, only
negligible errors are introduced into the calcula-
tion of the frequency distribution function and the
thermodynamic quantities by assuming cyclic
boundary conditions. However, as the particle
size decreases so that the ratio of the surface to
volume becomes large, surface and size effects
alter the thermodynamic functions and give rise
to distinctly observable effects.

If the vibrational frequency spectrum of an iso-
tropic elastic continuum with a surface can be ap-
proximated by two independent terms, one con-
tributed by atoms on the surface with two-dimen-
sional behavior and the other by the remaining
atoms, one obtains at low temperatures in the
Debye approximation a lattice specific heat con-
sisting of a sum of surface- and bulk-phonon terms
with T and T temperature dependences, respec-
tively. In order to calculate the relative impor-
tance of the surface-phonon term, the vibrational
frequencies for a crystal with a surface have to
be determined. Several calculations which have
been carried out for finite and semi-infinite iso-

tropic elastic continua' and for a simple-lattice
model yield the lattice specific heat at low tem-
peratures in the form

Cp=BST +AVT +

where S and V are the surface area and volume of
the crystal, respectively. The second term in (l)
is the usual Debye volume term and the function B
in the first term is

8 = 3ks) (3) (2 v, —3 v, v, + 3 v, )/4m 8 v, v, (v, —v, ), (2)

where v„v, are the transverse and longitudinal
sound velocities and $(3) is a Riemann function,
the other constants having the usual meaning. Re-
examination of the lattice properties of small
particles and films by numerical methods of lat-
tice ' and molecular dynamics shows that the
qualitative behavior of small particles may be
different from the behavior of bulk crystals with
surfaces. The specific heat of small particles
does not take the form (l) and the vibrational heat
capacity is not a monotonic function of the particle
size. ' These results are expected since there
are only a finite number of vibrational modes in
a small particle, whereas a semi-infinite crystal
has a quasicontinuum of modes and also small
particles have edges and corners as well as sur-
faces.

Comparison of the electronic properties of an
assembly of small metal particles with those of
bulk metal reveals significant differences. The
electronic wave functions are subject to nonperiod-
ic boundary conditions imposed by the particle
surface and the energy spectrum becomes discrete
in a system with small dimensions. Single-elec-
tron states must be consistent with charge con-
servation because of the large electrostatic energy
required to add an elementary charge to the parti-
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cle. When the average separation between elec-
tronic levels is not small compared with the ther-
mal energy k~T, the small-particle specific heat
differs from the bulk and its temperature depen-
dence reflects the distribution of the energy levels. '

The thermodynamic properties of small particles
or films have not been extensively investigated by
specific-heat measurements. Heat capacities of
NaC1' and MgO powders revealed enhancements
2-4 times greater than predicted by semi-irfinite
theories, but the results did not exhibit the ex-
tensive properties expected from these theories-
the proportionality of the excess to the surface
area and to T . Discrepancies were attributed
mainly to the inaccuracies in surface-area deter-
mination. However, agreement with theoretical
calculations was obtained in the recent work of
Barkman et al. ' on NaCl with the experimental
error + 2(@ for the excess specific heat.

Specific-heat measurements on metallic parti-
cles, or on very small systems (& 100 A) which are
expected to show size effects, and a systematic in-
vestigation of properties for several surface areas
have not been previously performed. Therefore
we investigated the heat capacity of small particles
of lead and indium from 1.5-15 K. The prelimin-
ary results of these measurements have already
been reported.

Section II of this paper is devoted to a description
and characterization of the samples, to the experi-
mental arrangements, and to tests of the accuracy
of the specific-heat measurements. In Sec. III the
results on bulk lead, 22-, 37-, 60- A lead particles,
and 22-A indium particles are presented and the
lattice behavior examined. In Sec. IV the size ef-
fects on the lattice specific heat are discussed.
Section V deals with the observed electronic prop-
erties, changes in the electronic specific heats,
and the effects on the superconducting transition
temperatures.

II. EXPERIMENTAL
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and heated above the melting point of the metal.
The pressure required to fill the pores ranged from
0. 8 to 6 kbar for pore diameters from 140 to 22 A.
After impregnation the samples were weighed again
to determine the amount of metal left in the glass.
The lead samples were stable at room temperature,
but indium samples exhibited extrusion of the metal
and had to be kept at nitrogen temperatures to pre-
serve them. The average porosity of the glass
varied from 15 to 25% and the filling coefficient
ranged from 40 to 60/~.

The pore size was found from adsorption and
desorption isotherms of nitrogen at temperatures
near its condensation point and by mercury poro-
simetry. In the first method the Kelvin equation'6
which relates the vapor pressure above a curved
surface to its radius of curvature was used. It
was assumed that the capillaries are circular in
cross section. The evaporation pressure in the
region of the steepest part of the desorption curve
determines the pore diameter after allowing for
the Brunauer- Emmett- Teller (BET) multilayer
adsorption. ' The second method' is based on
measuring the volume of mercury which penetrates
into the porous samples as a function of pressure,
which is inversely proportional to the pore diam-
eter. Typical porosimetry curves and size dis-
tribution curves for 60- and 37-A samples are
shown in Fig. 1. Considering the assumptions
about the shapes of the pores, the properties of

The systems studied in this work were small
metal particles embedded in porous glass. The
advantage of these systems over films is the in-
creased amount of material. The glass samples
are prepared by leaching a phase-separated alkali-
borosilicate glass" to remove the boron-rich phase
and leave the porous body. Typical porous glasses
contain 96-wt% 8102, 3-wt% B203, and small amounts
of Na~O» A1~0, and other oxides.

The samples were prepared by impregnating
porous glass with metal. The glass samples were
heated in a vacuum at temperatures up to 600 'C
to remove adsorbed water vapor and gases, and
then weighed and transferred in the protection of
a dry box into a high-pressure chamber with metal
of 99.9999/0 purity. The chamber was evacuated
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FIG. 1. Mercury porosimeter curves for the deter-
mination of pore size of glasses showing the dependence
of volume filled (V) and size distribution curves Q,V/~)
vs pressure P and diameter D represented by the solid
and dashed curves, respectively.
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the adsorbents, and the fact that the mercury
porosimetry diameters correspond to the neck
dimensions of the capillaries, the agreement
within 1(F/~ between the two methods'9 seems to be
satisf actory.

Provided that the porous structure was not de-
stroyed during impregnation the size of the metaL
particles would correspond to the size of the pores.
This was verified with the mercury porosimeter
since the maxima of the size distribution curves
dV/dP occurred at about the same pressure for
two successive runs. Electron- transmission
micrographs of metal in porous glass showed
that the metal forms a network of beads of uni-
form diameter, in close proximity, or in contact.
The particle sizes determined from the micro-
graphs agreed with the pore sizes of the glass.

Samples of metal-impregnated glass were ex-
amined by x-ray and neutron diffraction, which
show that the grains retain the crystalline struc-
ture even at the smallest sizes. ' The informa-
tion about the crystallinity is important because
the specific heats of amorphous solids are gener-
ally greater than the values of the heat capacities
of crystalline solids of the same substance. These
disorder enhancements of the lattice heat capacity
would probably be more important than the lattice
enhancements due to surface effects. X-ray dif-
fraction patterns and elastic neutron scattering
measurements at room temperature did not reveal
strain on the metal from its surroundings. More-
over, neutron scattering measurements at nitro-
gen temperature revealed an increase of the aver-
age lattice constant of lead particles which is in-
dicative of the lack of constraints on the atoms at
the surface. ' The x-ray and neutron lines broad-
enings are smaller than would be expected on the
basis of size broadening using sizes determined
by the above methods. This implies that the co-
herently scattering regions persist over distances
of about 3 particle diameters. Therefore, the
metal in glass can be described as a three-dimen-
sional system of crystalline particles with diam-
eters as determined by nitrogen adsorption, mer-
cury porosimetry, and electron microscopy, but
interconnected on the average over distances of
several particle diameters. In addition, it was
ascertained that the particles in the sample interior
are not oxidized.

From the theoretical point of view the main ob-

jectionn

common to most of the systems on which
the heat capacity can be investigated is that the sur-
faces are not completely free. The surf ace-phonon
behavior is altered by contact of the particles,
films, or powders with the surroundings or with
each other. It is clear that some "contact" between
metal and glass must exist to support the particles
and to provide a finite thermal conductivity be-

tween particles and the surroundings. However,
the electron-microscope pictures show irregulari-
ties in the shape of the pores and metal particles
which would limit the contact area to several spots
on each particle. Differences in thermal contrac-
tion between glass and metal will cause the diam-
eter of the metal particles to be reduced during
cooling to low temperatures by 0. 14-0.40 A more
than the diameter of 22-60-A pores. The experi-
mental room-temperature values of root-mean-
square (rms) displacements of the surface atoms

of lead are 0. 26 A as compared with the bulk value
of 0. 16 A." The rms displacements are reduced
substantially on cooling to low temperatures (e. g. ,
at nitrogen temperature the average rms displace-
ment of atoms in 3'7-A particles is 0. 11 A, while
the bulk value is 0. 087 A '}, and thus at low tem-
peratures the sum of the rms displacements of
glass and metal surface atoms is smaller than the
increase of the average distance between equilib-
rium positions of glass and metal surface atoms
even at contact spots. These estimates and ex-
perimental details indicate that a substantial part
of the surface of the lead particles may be con-
sidered to be free at low temperatures. This con-
clusion seems also to be supported by the low
thermal diffusivity of the samples which is of the
same order as that of porous glasses although the
glass-metal samples contain metallic regions of
high thermal diffusivity-

The situation with indium particles which are
unstable at room temperature and therefore in a
state of unrelieved strain might be less favorable.
The differential thermal contraction and reduction
of rms displacements relieves the strain on cool-
ing to low temperatures, but the indium particles
might have only partially free surfaces.

Transition-temperature, critical-field, mag-
netization, and critical- current-density measure-
ments on metals in porous glass were performed
by Watson. ' Pure bulk lead and indium are type-I
superconductors; however, these systems are
dirty type-II superconductors since the electronic
mean free path becomes much smaller than the
coherence length. The critical field increases by
about a factor of 100 and is inversely proportional
to the diameter of the particles. The magnetization
curves show hysteretic behavior and the critical
current densities reach 10 —10 A/cm in zero
magnetic field at zero temperature.

Because the samples were smaLL and had very
low thermal diffusivity, the specific-heat mea-
surements presented problems, particularly in
minimizing heat leaks and thermal nonequilibrium
in the calorimeter assembly. A detailed descrip-
tion of the experimental arrangements and the cor-
rections for the heat leaks and nonequilibrium ap-
plied in the calculations of the specific heat are
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given elsewhere, and only a few features will be
mentioned here.

The conventional discontinuous heating technique
was chosen except for the investigation of the
transition region, where continuous heating with
low power input was employed to obtain a high
density of data points. The low-heat- capacity
calorimeter with a germanium thermometer and
heater usually contained four samples prepared in
separate runs; thus the average properties of the
samples were investigated. Samples contained
typically about 1-2 g of metal and 1-2 g of glass
and had thermal conduction paths of 1.8 mm. The
calorimeter was cooled and thermally isolated
through a mechanical heat switch operated pneu-
matically to minimize the energy input on opening.
The temperature of the isothermal shield was
usually measured with another germanium ther-
mometer and controlled in the middle of the in-
tended temperature interval in order to reduce
heat leaks.

The germanium temperature sensors were cali-
brated against He vapor pressure below 4. 2 K,
and above this temperature against another ger-
manium resistor standard. The thermometer and
heater resistances were measured in four wire
arrangements with dc potentiometers. Current
through the resistors was supplied by constant-
current sources. The time to reach thermal equi-
librium in the after-heating period usually did not
exceed 30 minutes. The corrections for heat leaks
and thermal nonequilibrium were performed nu-
merically.

The random errors in the total heat capacity
were estimated to be + 1% and were primarily due
to errors in the correction of temperature drifts
and thermal nonequilibrium. Systematic errors
were almost entirely due to the uncertainties in
the temperature scale and thermometer calibra-
tion, and are estimated not to exceed 0. 5'$.

In order to test the general performance of the
calorimetric system, the application of correc-
tions, the temperature scales, and thermometry,
the specific heat of copper was measured. The
copper sample was deliberately connected by a
weak thermal link to the calorimeter to simulate
the poor thermal diffusivity of the glass-metal
samples. The 0. 2003-mole copper specimen was
sample T4. 5 from the 1965 Calorimetry Confer-
ence copper standard. The data from the entire
temperature range, 1.5-15 K, were fitted by
weighted least squares with a polynomial in odd
powers of temperature,

k

PA. T»-~ (3)
k=1

Each measured point (T;, C;) was assigned a weight
&u, = (1/C;)' in the least-squares analysis so that

The specific heat of bulk lead was measured for
the following reasons: Most of the measurements
on small particles were intended to be performed
with lead samples and a direct comparison be-
tween small-particle and bulk results was desir-
able to determine the enhancements without sys-
tematic errors. Moreover, it was appropriate to
test the performance of the system in the region
of the superconducting-to-normal transition and
it was planned to cover the region 8-14 K which
was not investigated in previous measurements.
Finally it was hoped to resolve some disagree-
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FIG. 2. Comparison of the specific heat of (a) copper
with copper reference equation, Ref. 25, and (b) lead in
the superconducting state and the normal state above
transition temperature with (1) Ref. 26, (2) Ref. 27, and
(3) Ref. 28.

fractional deviations from the curve were mini-
mized. An adequate fit was obtained with k = 4,
which yielded a percentage root-mean-square de-
viation of 0. 5% and the coefficients A; as follows:

A)= 0 69497 A2= 0 47521 && 10

A3 0. 23775~ 10, A4= 0. 61928 ~ 10

When these coefficients are substituted into (3),
the resultant specific heat has units m J/mole K.
These units will be used throughout the paper un-
less otherwise indicated. Comparison of this re-
sult with the copper reference equation' estab-
lished as an average of measurements of different
workers indicated an excellent agreement over the
whole temperature range, with maximum devia-
tions lower than 0. 4/p (see Fig. 2). Also the agree-
ment of the electronic specific-heat coefficient
y= 0. 69497 + 0. 004 m J/mole K and the Debye tem-
perature B(0)= 344. 5+1. 1 K with those of the
reference equation is very good. The error limits
in the coefficients from our measurements are the
sums of the estimated systematic errors and the
95% confidence limit from the statistical analysis.

III. LATTICE SPECIFIC HEAT
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TABLE I. Coefficients of least-squares polynomials (3) representing the specific heat in the

superconducting state and in the normal state above T, in (a) lead and (b) indium. C is given in

mJ/mole K, PRMS and acc. stand for percentage root-mean-square deviation and accuracy of the

measurement, respectively.

(a)

Ag

A2

A3
A4
A5
A6

A7
As
PRMS(%)
Acc. (%)

A(
A2

A3

A4

A5

A6

A7

As
PRMS (%)
Acc. (%)

c'
S

p. 3977652 x 10
0. 1218511x 10'
0. 1851371x 10
0.2262992 x 10-
0 1532147 x 10-
0 5014263 x 10-
0 7775348 x 10-
0 4605184 x 10-
0. 5
+1

CB

0 1702586 x 10
0. 1084259 x 10
0 4075688 x 10

—0. 5908675 x 10
0 4713268 x 10
0 2146553 x 10-
p. 5223596 x 10

—p. 5266274 x 10
0, 3

+ 1

—0.
0.
0.

—0.
0.

—0.
0.

1.1
2

—0.
0 ~

—0.
0.

—0.
0.

above T~
C22

n

875303 x 10
690325 x 10
385481 x 10-'
12p472 x 1p
152112x 10-
733737 x 10

o. 6
k2

C22
S

226489 x 10
246742 x 10'
123412 x 10
118079x 10-
635659 x 10
150325 x 10
126017 x 10 6

—0.
0.

—0.
0.

—0.
0.

—0.

C37

385105 x 10
498437 x 10
415926 x 10
327207 x 10-
113528x 10-
185042 x 10
116755x 10+

1.9
6 3

1.0
6 3

C37

0 146366 x 10
0 916446 x 10
0 759271 x 10-'
0 359124 x 10-
0 768743 x 10
0 494757 x 10-

C60
S

0. 135546 x 10
0. 275238 x 10
0. 668200 x 10-
0. 854007 x 10 2

0 334514 x 10-
0. 588362 x 10 5

0. 396876 x 10-

0. 9
k2

C60
n

0. 118224 x 10
0 766827 x 10'
0. 531514 x 10-'
0. 226229 x 10
0. 465779 x 10
0 312224 x 10-

0. 4
+ 2

A,
A2

A3
A4

A5
A6
A7

As
PRMS(%)
f' cc, (%)

CB (Ref. 38)

0. 55901 x 10
0 22066 x 10
0 51218 x10-
p. 28572 x 10-'
O. 35824 x 1O-'

0 14125x 10

C22
8

0 6553x 10
0 7307x 10
0 8236 x 10
0 7815x1p '
0 3483 x 10
0 5898 x 10

1.1
+2

C„(Ref. 38)

0 1725185 x 10'
0 1662915 x 10
0. 1528370 x 10

—0. 2489305 x 10
0 1487103x 10-
0 4582531 x 10-
0. 7207751 x 10-"
0. 4575364 x 10

C„ above T~

0. 164514 x 10
P. 540944 x 10
0. 105525 x 10
0. 191035x 10
0. 203223 x 10
0 117845 x 10-
0. 346614 x 10-
0 404869 x 10
0. 8

+2

ments (up to 6/p) in the previous results in the
superconducting state. ' Below T, the specific
heat in only the superconducting state was in-
vestigated.

The measurements were performed on a
0. 0881-mole sample cast of 99.999$fo-pure lead.
The results were represented with polynomials (2)
separately in the superconducting and normal re-
gion, the coefficients A, being given in Table I.
The values of the specific heat obtained by evaluat-
ing the polynomials are presented in Table II. In
the overlapping temperature region from 2 to 8 K
our results are in good agreement with the values
determined by Neighbor et al. 6 (deviations shown
in Fig. 2), but there is a discrepancy of up to 6%
with the measurement of van der Hoeven and
Keesom' around 3 K. Comparison with another

set of data above 14 K ' also shows good agree-
rnent.

The specific heat of small metal particles mea-
sured from 1.5-15 K was evaluated by subtraction
of the heat capacity of addenda, which included
the calorimeter and glass contributions. These
were determined in separate measurements and

accounted for 40-59fo of the total heat capacity,
with the glass and calorimeter contributing rough-
ly the same amount. Enhancements in the specific
heat of porous glasses above the values for solid
glass were also observed. ' ' These excesses
(& 60% of the solid glass value) probably arise
from surface-phonon modes present in the empty
porous glass. The contact between the walls of the
glass pores and the metal will reduce the free-
surface area of the glass and decrease its specific
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TABLE II. Table of specific-heat values (in mJ/mole K) for bulk and small particles of
lead and indium in the superconducting state and in the normal state above T ~

T
(K)

1.5
1.75
2. 00
2. 25
2. 50
2. 75
3. 00
3. 50
4. 00
-4. 50

5. 00
6. 00
7. 00
8. 00

10.00
12.00
15.00

CB

5. 783
9. 341

14.26
20. 76
29. 06
39.39
52. 04
86. 15

137.0
212.2

317.6
609. 1

S1046
N1525

2894
4484
7135

C

8. 75
14.4
22. 0
32. 1
44. 9
60. 8
80. 2

131
202
300

432
S784

N1200
1800
3230
4820
7510

Pb

37

8. 40
14.6
22. 5
32. 1
43. 7
57. 6
74. 3

119
186
280

404
S726

N1110
1690
2980
4460
7160

C60

6. 88
11.7
18.1
26. 5
37. 2

50. 5
67. 1

112
177
265

381
703

S1130
N1650

3000
4540
7190

CB

6. 635
10.74
16.06
22. 73
30. 94
41.04

S53. 35
N71. 80
111.5
163.7

230. 2

411.4
661.8
980.4

1781
2705
4216

In

C22

9. 78
17.6
27 3
39. 1
53. 2

70. 0
90 ~ 3

143
S213
N282

379
618
921

1290
2200
3200
5060

heat. However, this will not significantly affect
the metal results, because the contribution of
glass to the total heat capacity is small (e. g. , if
the total free surface of glass is decreased by 10%,
the maximum decrease in the total heat capacity
is less than 1%).

Measurements were performed on 22-, 3V-,

60-A lead and 22-A indium particles and the
0 0

specific-heat results for 60-A lead and 22-A indium
particles are shown in Figs. 3 and 4, respectively.
Below T, the specific heat in the normal state was
not measured because the magnetic fields required
to drive the small particles normal are of the
order of 10T. The resultswere fittedwith odd-pow-
er polynomials (2) in the superconducting andnorm-
al regions; adequate fits over the whole tempera-
ture range required polynomials of order 5-8 and

no physical meanings are ascribed to the coefficients
in this case. However, it was possible to repre-
sent the results well in a limited region, say 1.5-
3 K, with two-term polynomials. The random er-
rors in the total heat capacity were typically + 1','
after subtraction of the addenda heat capacity the
precision of the small-particle results was about
+ 2%%ug, as shown in Fig. 5. The coefficients of the
polynomials and the tabulated specific-heat re-
sults are given in Tables I and II, respectively.

In all cases substantial enhancements in the
specific heat were observed, ranging from 75%

of the bulk value around 2 K to a few percent at
15 K. The enhancements are simply defined as
the difference between the heat capacity of the
small particles and that of bulk. However, in
metals both lattice vibrations and electrons con-

TABLE III. Average values of the transverse and
longitudinal sound velocities and the lattice enhancement
constant B.

Element

Pb
In

V, Vr

(10 5 cm/sec)

0. 96 2. 38
0. 97 2. 73

a(0)
(10 m J/Ks cm2 mole

2. 21
2. 19

tribute to the specific heat and the computed en-
hancernents will correspond to changes in phonon
and electronic behavior. For a complete analysis
of the results the measurements in the normal
state below the transition temperature would be
required, and even in that case the separation
would not necessarily be clear since the lattice
specific heat of the particles does not have a sim-
ple temperature dependence and the electronic
part can be nonlinear. '

In bulk lead, the electronic superconducting
specific heat contributes from 1.5 K to T, from
2 to 7%~ of the total. Furthermore, the transition
temperatures of small lead particles are not very
different from the bulk transition temperature. In
a first approximation we can neglect changes in
the electronic behavior and the excess specific
heat will correspond to the phonon enhancements
alone. Surface atoms are bound by weaker forces
because of missing neighbors, which leads to
lower characteristic frequencies and large dis-
placements for these atoms compared with in-
terior atoms. The downward shift of frequencies
of atoms at or near the surface and an attendant
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75

—50
E

E

o 25

to the former.
Since the theoretical results are derived for

isotropic solids, the function B in (2) involving
the sound velocities has to be averaged over all
directions of propagation. Average speeds of
sound v, are determined from

" dQ
V) = ' q, i=1, 2, 3„4'] (4)

!0
IO

T (K)

FIG. 3. Specific heat of bulk lead and 60-A lead parti-
cles in the superconducting state below 5 K.

I

20

depletion of the higher-frequency lattice vibrations
results in enhancements of the lattice specific heat.
The experimental enhancements are plotted vs T
in Fig. 6 together with the theoretical predictions
from theories for semi-infinite crystals. ' The
theoretical curves were calculated with the assump-
tion that the particles are long cylinders and their
surfaces are totally free. When a metal is ap-
proximated by separated spheres, as was done in
previous publications, ' the total free surface in-
creases up to 5. The actual free-surface area
will be between these two limits, probably closer

where dQ is an element of solid angle. For any
particular direction the integrand in (4) is found

by solving the equation of motion for elastic waves
using the elastic constants for lead and indium.
The transverse velocity v, taken as an average of
the two transverse v, from (4) and the longitudinal
velocity v, are given in Table III together with the
enhancement factor B(0), which is approximately
constant at low temperatures.

Considering the limits of accuracy of our esti-
mate for the free-surface area of particles, good
agreement is found between theoretical and experi-
mental magnitudes of the excess specific heats
above about 4 K with the exception of 22-A lead
particles. Serious qualitative discrepancies arise
both in the temperature dependence of the excess
specific heat, which is not simply T even over a
limited temperature range, and also in the lack
of proportionality to the surface area; these ap-
peared in all small-particle measurements.

300:

OJ

—50

42
E

E

2

u 25

(K )
FIG. 4. The specific heat of 22-A indium particles from 1.5 to 5 K plotted as C/T vs & . The insert shows the details

.of the transition region with continuous-heating data points taken as the average of eight experimental points. The solid
curve indicates the bulk-indium specific heat, Ref. 38.
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Reasons for these discrepancies may lie in the
nonideality of the epxerimental systems or in the
inadequacies of the semi-infinite theories. In the
first case an immediate question arises with re-
spect to the effect of some "contact" between the
metal and the surroundings. As indicated above
the surfaces are probably essentially free at low
temperatures, but contact can effectively de-
crease the magnitude of the surface heat capacity
and in special circumstances its proportionality to
the surface area. If the number of contacts per
unit area of surface is the same for small and
large particles, the proportionality should not be
affected. The temperature dependence of the sur-
face specific heat is probably not altered by con-
tact since for surfaces which are completely
free, one would expect from the semi-infinite
theories enhancements proportional to T, whereas
in the extreme opposite case of a solid with com-
pletely clamped surfaces, it is predicted that a
T -dependent decrease should be observed. This
negative contribution in the latter case arises from
imposing additional restraints on the vibrating sys-
tem which raise the phonon frequencies and lower
the specific heat. Thus it seems that the discrep-
ancies cannot be attributed to the nonideality of the
experimental system, and therefore the applicabil-
ity of theoretical calculations was examined.

The continuum models are valid only at low tem-
peratures, where the dispersion of the modes is un-

important, typically at temperatures below 8/30.
The semi-infinite calculations may not be applic-
able to small particles since their vibrational spec-
trum can be completely different from that of semi-
infinite crystals. According to one theoretical
estimate the difference in the excess specific heat
should be less than 10% for indium or lead if
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FIG. 5. Fractional deviations of the specific-heat data
points from the fitted polynomials (3) for 22- and 60-A.
lead particles.
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FIG. 6. Enhancements in the specific heat of small
lead (22, 37 and 60 A) and 22-A indium particles above
the bulk values and the predictions of the semi-infinite
theories.

dT- 3x10 m K, where d is the diameter of the
0

particle and T is the temperature, so that for 22-A
particles the difference should be less than 1&o
above 1. 5 K. However, we believe for the follow-
ing reasons that this seriously underestimates the
difference. The stress-free surfaces assumed in
the calculations are more realistic boundary condi-
tions than models with perfectly reflecting faces
used previously, but even these might be an in-
adequate description of the real free surface. The
calculations neglect changes of the force constants
of atoms near and at the surface, which can amount
to a large decrease of the nearest-neighbor force
constants by relaxation ' and result in the corre-
sponding decrease of the higher frequencies for
surface modes. ' Relaxation effects are important
for the specific heat at intermediate temperatures,
butdo not effect it at very low temperatures for
the semi-infinite solids, because the lowest-fre-
quency surface modes contributing significantly
to the surface specific heat penetrate deeply into
the solid and are thus insensitive to what happens
at the surface. However, the relaxation effects
might be more important in small particles be-
cause these longest-wavelength phonons are cut
off by the particle size. Size quantization in small
particles can result in a discrete phonon spectrum
and hence a low-frequency cutoff, which may give
significant effects at temperatures where the
Debye-like behavior occurs; this aspect will be
discussed in Sec. IV.

Recently it was reported that no enhancements
above the bulk specific heats were observed in in-
dium and lead films. s In view of our results it is
easy to ascertain that the expected enhancements
are lower than the accuracy of these measurements.
Large increases in the lattice heat capacity of
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FIG. 7. Lattice specific heat of bulk lead and small
lead particles plotted as C/T vs T. Deviations in the
transition region are smeared out.

granular aluminum films have been detected,
but the presence of oxides on the grain surfaces
and large grain inhomogeneities do not permit one
to relate the excesses to surface effects. More-
over, the heat-capacity contribution of the inert
gas trapped in the films could account for the ob-
served increases.

IV. SIZE EFFECT ON PHONONS

The quantum size effect may be defined as the
dependence of the properties of solids on their
characteristic dimensions, when the latter become
comparable with the effective wavelength of the
elementary excitations. It is proposed here that
the observed effects are consistent with the effect
of finite size on the phonon spectrum. Low-fre-
quency phonon modes contribute most to the low-
temperature specific heat and thus removal of part
of these frequencies would cause a rapid decrease
of the specific heat at the lowest temperatures. It
is observed that below 2. 5 K the heat capacities of
the 22- and 3V-A lead particles agree within ex-
perimental accuracy. The indications that the
quantum size effect is involved may be illustrated
on two graphs. If one assumes that the specific
heat can be separated into two parts arising from
volume and surface contributions, that the surface
part has a temperature dependence of the form T~,
and that the volume part is unchanged in magni-
tude and temperature dependence, one should ob-
tain by plotting C/T vs T curves shifted above the
curve representing the specific heat of the bulk
metal by an amount independent of temperature
and proportional to the surface area. As can be
seen in Fig. 7, the curves for small particles for
0.'= 2 are shifted by approximately constant values
above the bulk curve below 8 K except at the low-
est temperatures, where they start to fall off. The
simple power-law temperature dependence of the
surface enhancement term is expected only at tem-
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FIG. 8. Enhancements of the specific heat of small
particles of indium and lead, 4C, divided by the lattice
specific heat of bulk indium and lead, Cs, respectively.
The solid line indicates the ratio nC/C& if the enhance-
ments EC were proportional to BST . The value of BS is
based on the enhancement at 6 K. Deviations near the
transition for lead particles are smeared out and the re-
gion below T, for indium particles is deleted.

peratures much lower than the Debye temperature,
as remarked earlier. Also, since the predicted
temperature dependence of the surface enhance-
ment 4C is of lower order than that of the bulk-
phonon specific heat C» and if no other effects
were present, the ratio hC/C& should be an in-
creasing function with decreasing temperature. It
can be noticed in Fig. 8 that the ratios start to
fall off near 4 K and at the lowest temperature the
ratios decrease with lowering of the temperature.
For comparison, the solid line calculated from
the excess specific heat between 5 and 6 K shows
the expected behavior of the enhancements if they
were T dependent.

The smallest wave vector q allowed in I particle
with characteristic dimension d is of order q = it/d,
and in the isotropic-continuum approximation the
corresponding cut off temperature is

ec= tvq/ks.

The complicated geometry of the particles does
not permit one to obtain definite quantitative val-
ues of 9z and falloffs. The cutoff temperatures
9&& and 9& for the surface and volume modes,
respectively, were evaluated for a vibrating sphere
and a cylinder from relation (5), with the lowest
wave vectors allowed in the vibrating system de-
termined by solving the differential wave equa-
tions. " In Table IV these estimates of the cutoff
temperatures 9~ for the volume and surface modes
for a sphere and a cylinder are summarized in
columns 3-7.

The decreases in the specific heat due to low-
temperature cutoffs 9«and 9~& can be evaluated
for an isotropic elastic continuum in the Debye ap-
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TABLE IV. Theoretical and experimentally determined estimates of volume and surface size cutoff temperatures
(in K).

Element

Pb

In

Diameter

22
37
60

Sc=h&vt/@ad

10.5
6. 1
3.8

10.6

o"cv
sphere

17.6
10.3
6. 4

17.7

scs
sphere

8. 0
4. 7
2. 9

8. 1

o"cv
cyl. /=3d

5. 8
3.4
2. 1

5. 9

("-)cs

cyl. l =3d

3. 5

2. 1
1.3

3.6

p„erPt.

8. 0

5~ 0
4 ~ 5

-8. 0

p„erato

5. 0
3. 1
2. 4

~ 5 0

proximation by differences in integrals of the type

J,
"

y4(x) dx- f* 'y, (x)dx

and

J,"'ye(x)dx - f""
y s(x)dx

for the volume and surface specific heats, re-
spectively, where

y„(x)=x"e"/(e* —1)', () = 4, 3

(6)

x = g (((/k ((T~ x, = 8(/T,

i = V, S, V1, 81 labeling high-temperature cutoffs.
The upper limits xv, and xs„redefined so that the
number of modes remains unchanged, can be set to
infinity together with xv and xs at temperatures
T «Bv, Gs. The procedure can also be used to
assign cutoffs to known decreases with the help of
the tabulated values of the integrals (6).

Experimental decreases of the specific heat
were determined as the difference between the
measured values and the values expected if the
size effect were not present. The latter were
estimated from an extrapolation to low tempera-
tures of the C/T vs Tplot in 5--8-K range. i'f

the relative importance of the surface and volume
terms for the decrease at any temperature is
assumed to be given by the ratio of their contribu-
tions to the total specific heat, the experimental
decreases can be accounted for with average cutoff
temperatures listed in the last two columns of
Table IV.

The experimental cutoff temperatures in every
case lie within the theoretical limits set for a
sphere and a cylinder, which can be considered
to be a reasonable agreement in view of the many
oversimplifications of the model. The size quan-
tization will change the phonon quasicontinuurn into
a spectrum of discrete frequencies, so that the
estimates based on the integrations with the cut-
off temperatures as lower limits will yield com-
pletely incorrect results and summations should
be used instead. Furthermore, the relative im-
portance of the surface and volume terms in the
decrease may be different from the assumed one,
and the frequency spectrum of the particles is not
necessarily given by a sum of the linear and qua—

dratic terms in the wave vector.
"Contact" of the grains with the medium could

enable the propagation of some low-frequency
modes from the surroundings into particles. This
effect would effectively lower the cutoff tempera-
tures. On the other hand the size effect may play
a role at higher temperatures (above 5 K), where
it was a Priori assumed for the evaluation of ex-
perimental cutoffs that they are not involved. The
theoretical cutoffs shown in Table IV are only
lower limits of a series of cutoff values and these
may decrease the heat capacity in the whole mea-
sured range. Finally it should be pointed out that
for very small particles it might not be appropriate
to differentiate between contributions of surface-
and volume-phonon modes to the specific heat.

Another interesting aspect of the data is the
existence of maxima in the surface specific heat
aC of lead particles (see Fig. 9; the anomalous
behavior near the superconducting transition tern-
pera(ure will be discussed later). These maxima
occur roughly at T =0. 1 , a temperature corre-
sponding to energies at which the density of sur-
face-phonon states is high. Similar behavior was
observed and theoretically accounted for with
numerical lattice dynamical calculations for NaCl. '

The magnitude of the 4C peaks are 10~ 3, 8. 6
+2, and 10+ 2. 5 i(&/Km' for 22-, 37-, and 60-A
lead particles, respectively, if a cylindrical shape
for the particles is assumed in the estimate of the
surface area. The measurements have not been
carried out above 15 K because the enhancements
at these temperatures are rather low and hence the
inaccuracy in the surface specific heat is large.
Consequently the variation of the positions and the
magnitude of the maxima as a function of particle
size might not be significant. The maximum in
the surface specific heat of indium probably ap-
pears above 15 K and the peak magnitude is great-
er than 31+4 i(J/Km . The occurrence of a maxi-
mum in indium particles at higher temperatures
compared with lead is expected since a high density
of surface-phonon states in indium will appear at
higher energies. This is due to the fact that the
maxima of the bulk-phonon density of states of
indium lie at higher energies than those of bulk
lead.
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The occurrence of maxima in the enhancements
can be easily understood by considering the be-
havior in the limits of low and high temperature.
Low-temperature lattice properties of small parti-
cles are governed by the finite-size effect, which
results in a faster decrease of their vibrational
heat capacity when the temperature is lowered as
compared to the infinite crystal, both approaching
zero as the temperature goes to zero. At high

temperatures each mode of vibration contributes
the classical amount k~ to both small particle or
bulk specific heats, and since the total number of
modes is unchanged the surface enhancements have

to approach zero. Therefore the presence of the
surface modes is reflected by a maximum in the
surface specific heat at intermediate temperatures.

V. ELECTRONIC PROPERTIES AND TRANSITION
TEMPERATURES

FIG. 9. Enhancements in the specific heat of small
lead particles above the bulk value plotted as b,C= C~~
—C, „vs T . The region near the superconducting transi-
tion is deleted. The plot indicates the possible decreases
in the electronic specific heat in the superconducting state.

by the continuous-heating method. Low power
input was used to prevent excessive temperature
gradients in samples of low thermal diffusivity
which could smear out the discontinuity 5C at T,.
The steady temperature difference across the
sample established on heating is proportional to
the power input. 4 The temperature nonequilibrium
was directly determined during discontinuous heat-
ing and this permitted an evaluation of the upper
limit of power, which could be employed without

setting up gradients greater than the width of the
bulk- lead discontinuity.

The transition region results for 22-, 37-,
60-A particles and bulk lead are shown in Fig.
10 and for 22-A indium particles in Fig. 4. The
transition temperatures listed in Table V agree
with the value of T, determined with an acoustic ther-
mometer for bulk lead' and with T, 's detected by
a mutual- inductance technique. Our bulk- lead
discontinuity 5C (T, ) = 58. 0+ l. 5 m J/mole K is in
agreement with a previous determination of 58. 5

+ 0. 9 8 and a magnetic result of 58. l s 0. 7 m J/
mole K. "

A striking difference exists in the discontinui-
ties of small lead and indium particles, the former
being broad whereas the latter is quite sharp. The
smearing may be due either to thermodynamic
fluctuations or to a variation of T, with particle
size. When the dimensions of the small particles
are much less than the coherence length $, fluc-
tuations of the order parameter become important.
However, if interparticle distances are small so
that the particles are phase coupled by Josephson
tunneling, the effective size of the superconductor
can be greater than g, although the particle size d
is less than (. Thus the system might exhibit
three-dimensional behavior and the importance
of the fluctuations can be suppressed, this hypo-

Cpn= Cps (7)

is adopted here for both small particles (SP) and

bulk (B). C is determined as

The usual heat capacity analysis into lattice (P)
and electronic (e) contributions in the normal (n)
and superconducting (s) state

C„=C~„+C~, C, =Cp, +C„
with

!500

0) l250
O
E

E

IQOO

Ces Cz —C„+C&z = 6C+ Ceff. (8)

For the bulk samples C~= y T, but C,„cannot be
determined since normal- state measurements
below the transition temperature 7.', were not per-
formed and extrapolation to low temperature from
above T, could not be employed because of the
high values of T,.

Most of the information was acquired near T,

750

6.5 7.5

FIG. 10. Specific heat of bulk lead and small lead par-
ticles near the superconducting transition temperature.
Continuous-heating data points (C) are averages of eight
points taken with 10-mK temperature increments.
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TABLE V. Superconducting transition temperatures Tc determined from the specific-heat
measurements.

Sample PbB pbi 40 pb60 Pb37 Pb

Tc(K) 7 209+0 01 7 19+0 01 7 04+0 01 6 86+0 05 6 83+0 07 4. 34+0 01

thesis being supported by the absence of appreciable
rounding of the indium discontinuity.

The dependence of T, on particle size, a mecha-
nism for which will be discussed later, can also
round the discontinuity. Typically about 90%0 of
the pores lie within 25%%uo of a mean diameter and
thus the size distribution results in a smearing of
+80, +70, +37 mK for 22-, 37-, and 60-A lead
particles, respectively (as estimated from the ob-
served T;vs 1/d dep-endence) and accounts for the
observed broadening. The smearing of the discon-
tinuity by a size distribution is small in 22-A in-
dium because 5T,/5 (1/d) = 0 around 20 A.

Using Eg. (7) we should find smooth curves for
the lattice specific heats including enhancements.
However, when the enhancements ~C„,= C„,—C„,
are plotted vs temperature (Fig. 9) for lead particles,
the depression of b C can be observed approximate-
ly from 5 to 8 K, excluding the data near T,. These
systematic deviations are attributed to decreases
in C, and C of lead particles with respect to the
bulk value. In absolute terms the changes are very
small (1-2% of C ) but they represent lowering of
up to 30%0 of C„and C~. At lower temperatures
the changes in C~ cannot be resolved, because
C„ is less than 2% of C, . In the calculation of
4C„ the corrections for the depressed values of
T, , which are likely to enhance the anomalous be-
havior, should be included, but they are uncertain.
These decreases in C„and C,„can be due to a
decrease in the electronic density of states at the
Fermi surface N(0). However, it is necessary to

emphasize that the observed changes in lead C„
and C,„are of the same order as the accuracy of
the measurements, and hence the results and their
interpretation should be treated with extreme caution.

The analysis of the electronic properties of in-
dium particles is complicated because of the sub-
stantial enhancement of the transition temperature,
so that only the behavior at T, will be considered. The
bulk discontinuity 5C (T, = 3. 4 K) = 9. 2 + 0. 5
should be compared with 5C (T, = 4. 34 K)= 19.1
+ 1 for indium particles. Using y= 1. 7 m J/mole K
(Ref. 38) and Eq. (8) we find C„(T,) = 14. 9
mJ/mole K, whereas C„(T, )= 28. 4 mJ/mole K
with C~ used instead of the appropriate C,„.Even
if C,„ is completely neglected in (8), C„(T, ) is
greater than C~(T, ). The ratios 5C(T,)/y T, are
approximately 1.6 and 2. 6 for bulk and 22-A in-
dium, respectively. These interesting features
imply that C„. of indium is enhanced contrary to
the behavior of superconducting lead particles.
The increase in both T, and C„may indicate an
increase of the energy gap and the electron-phonon
coupling constant (due to the softening of phonon
spectrum), which appears as a move to a more
strongly coupled superconductor as the particle
size is decreased.

Anomalous behavior of C~ in indium has been
reported and interpreted as a decrease of C~
accompanying the normal- superconducting transi-
tion, ' This interpretation causes a substantial
change of C„, but is not supported by elastic con-
stant measurements. ' The inferred changes be-

TABLE VI. Tabulation of moments (cu") determined with & F from electron tunneling, predictions of T's in small
particles, the experimental Debye temperatures 8, and experimental T,iT, .

((u)
(meV) (me V')

a F from tunneling
2)B

)
Tc
(K)

experimental results
O(4 K) O~(T ) e(4) e(T, )

(K) (K) OB(4) OB(T )

Tc
TB

PbB
Pb' 4 94
Pb 4. 77
Pb 4. 57
InB 6. 90
In 6. 07

1
0, 95
0. 92
0. 88
1
0. 88

31
28. 3
26. 5
24. 4
61 ~ 0
47. 9

1
l. 095
1.17
1.27
1
1.27

1.50
1.64
1.755
l. 905
0. 83
1.06

6. 28
6. 53
6. 69
6. 86
3.42
4. 77

1
1.04
1.065
1.09
1
l. 39

99
90. 8
89
86

106.2
86. 2

88. 4 1
85. 2 0. 92
84. 4 0. 90
82 0. 87

107.4 1
86 0. 81

1
0. 96
0. 955
0. 93
1

0. 80

1
0. 98
0. 95
0. 945
1
1.29

pb ' @+=0 13 A, = l. 5 of F, Ref. 41

Parameters used

In p*= 0. 125; ~ = 0. 83 a F, Ref. 42
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tween C~„and C~, if correct, would invalidate the
previous analysis for indium. With the same per-
centage change in C~ as in C~ the effect would
tend to lower 5C even more than 6C and thus
would be a contradiction to the observed enhanced
discontinuity. If a parallel between the bulk and
the small-particle lattice behavior can be drawn,
the interpretation of the bulk-indium result would
not be supported by this measurement.

It is generally observed that the superconducting
transition temperatures of films and small particles
are enhanced. Numerous models have been pro-
posed to explain enhanced T,'s and the most suc-
cessful calculations demonstrate the dependence
of T, on changes in the phonon spectrum, yield-
ing the expression

(~) 1.04(1+ X)

12 I —g (( 0. 62K)) ' (9)

where X is the electron-phonon coupling constant,
p, * is the Coulomb pseudopotential,

(ru") = J d(o n~(~)F(&u) &o' '/J d&o a~((d)F(ru) &o '.
(10}

F(&u) stands for the phonon density of states, & (&u)

is the average of the electron-phonon interaction,
and ~0 is the maximum phonon frequency. For
polyvalent metals one finds &~N(0)(r )/M((d ),
where (r ) is the average of the square of the elec-
tron-phonon matrix, and M the ionic mass. If the
N(0), (r ), and p~ of small particles are unchanged
as compared with the bulk, the presence of addi-
tional low-frequency surface phonons and the at-
tendant depletion of higher modes decreases (~ )
and thus usually enhances T,.

The low-temperature specific heat does not pro-
vide sufficient information to predict changes of
T, from (9} in films or small systems, since (( )
is not determined and the experimental (~) cor-
responds only to the average over the low-frequency
part of the phonon spectrum. In order to estimate
the moments ((d) and (~ ) for small particles over
the phonon spectrum a simple approximate scheme,
described in detail elsewhere, is adopted. The
vibrational frequencies coj of any atom in the par-
ticle are obtained by scaling the bulk frequencies
& according to the atom's number of nearest
neighbors n„ that is, &(), = (n, /n) ~ (, where n is
the number of nearest neighbors in the bulk. Then
the fraction of atoms b j in a given environment
(with the same number of neighbors} is determined.
The Of E value for a given bulk frequency is divided
into portions determined by the above fractions b j.
These portions are shifted to the renormalized
frequencies uj, an approximate a I' for small par-
ticles is generated, and moments (10) for the
small particles are then given by

( )=Zb f d ( ) )( ') t))if d
j 0 j 0

x u ((()F((())&u(~.

The calculated moments (~') and experimental
Debye 8 are presented in Table VI, Although 8
and e are averages over the low-frequency re-
gion of the phonon spectrum, 0 /0 correlates
with the calculated ((d) /(v), which lends some
support to the estimates of (&o') . If these cal-
culated values of ((() ) are then used to evaluate
T, from Eq. (9}we find an increase in T, for
small lead particles while a decrease is observed
(see Table VI), and the predicted enhancement
of T, for 22-A indium is higher than the observed
value. These discrepancies may be due to the
nonapplicability of Eq. (9) to small particles.
Many other explanations for the changes of T,
in films and small particles have been suggested
but the exact mechanism is not fully understood
at present.

VI. CONCLUSION

The lattice specific-heat enhancements due to
low-frequency surface-phonon modes were ob-
served in small metal particles. Decreases in
the enhancements at low temperatures were inter-
preted as the first observation of the effect of finite
size on the lattice heat capacity. An anomalously
large specific-heat discontinuity was detected at
the superconducting transition temperature of
22-A indium. Possible decreases in the super-
conducting electronic specific heat of small lead par-
ticles were observed, and the effect of surface and
size on the transition temperature were discussed.

It would be of interest to compare these experi-
rnental results of lattice behavior with realistic
numerical lattice or molecular-dynamics calcula-
tions. Further experimental work on a variety of
systems with different sizes and surface areas is
required to establish the universal and specific
features of the lattice and the electronic thermo-
dynamic behavior in small systems.

Note added in Proof. Recently H. P. Baltes and
E. R. Hilf [Solid State Commun. 12, 369 (1973)]
have calculated the specific heat of small (22 A)
particles using the eigenvalues of the wave equa-
tion for a free elastic vibrating sphere and obtained
good agreement with the reported nonquadratic
temperature dependence and maximum in the sur-
face-phonon specific heat.
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