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The critical behavior of the surface properties of magnets is discussed. A homogeneity assumption for
the free energy, involving a new exponent ¢, to scale the surface field, is introduced. New exponent
relations are derived for the surface exponents. These are satisfied for the two-dimensional Ising mcdel,
the spherical model, and mean-field theory. The existing estimates for the three-dimensional Ising

model, however, appear to be possibly inconsistent.

Considerable interest, both theoretical™® and ex-
perimental,  has been shown recently in the criti-
calbehavior of magnetic systems withfree surfaces.
The surface quantities of interest are most conve-
niently defined! if we consider a spin system on a
lattice® which is infinite in d’ =d - 1 dimensions but
has n(<») “layers” in the dth dimension; the first
and nth layers forming free surfaces. If F(n, h, by, T)
is the free energy (per spin) of this system in the
presence of auniform bulk magnetic field h and a sur-
face field® hy, then as n—«, with #, by, and T fixed
we expect! that

Fu, h, by, T) = Fo(hy, T)+@/0)F(hy by, T)+--+ , (1)

where F.(h, T) is the bulk free energy per spin and
F*(h, hy, T)the surface free energy per surface spin.’

Since, in general, F* is nonanalytic at the bulk
criticaltemperature! 7,, weintroduce®? thenew ex-
ponents o for the surface specific heat, C*(T); +*
for the surface susceptibility® y*(T)= - 82F*/an% B,
for the surface magnetization M,(T)= -8 F*/ahy; y,
for the layer susceptibility x,(7)= - 82F*/an,0h; 1,1
for the local susceptibility xy,4(7) = - 82F*/8k}, etc.®
In this paper we discuss the relation of these “sur-
face” exponents to each other and to the standard
bulk exponents, ! on the basis of a generalized ho-
mogeneity assumption'? for the singular part, F,,
of F(n, h, by, T).

Explicitly, we assume that in the critical region,
we may write

joo

Fs(n, hy hy, T) = Q(n’ hy by, i) (2)
as n— and h, hy, f—~ 0, where the function @ satis-
fies the homogeneity relation

QUn, 1-° by 13 by, 17%F) = 1 QU hy Iy, £ ) ®)

where we introduce the new exponent ¢, to scale &,.
The shifted temperature deviation ¢ is defined by

i=[T-T,0)/T,=t+€h), )

where T,(n)is the finite-size critical temperature, 12
T, = T,(«) is the corresponding bulk critical temper-
ature, t=(7- T,)/T,, and the fractional shift

€m)=[T, - T,)]/T,~b/n* as n—, (5)

with X the shift exponent. !
If we choose I=1/z in (3), we may combine (2) and
(3) into the single scaling postulate

Fs(n’ hy hy, 7) zn"Q(l, nch’ n°1hy, not. ) (6)

as n— and h, hy, { - 0, which identifies 6, ¢, and
¢, as crossover exponents!! in terms of ». In zero
field (k= hy = 0) the specific heat C(x, T) and total
susceptibility per spin y(n, T) may be written

i-o0, (7

where w=39+20 or $+2¢ if Y=C or x, respectively,
and the scaling functions X(x) are given by appro-
priatederivativesof Q. This result is of precisely
the form discussed by Fisher and Barber, ! where

6 is the rounding exponent.' Hence from their ar-

Y(n, T) = n® X(n®f), n— o,
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guments we find
0=1/v, p=(a-2)/v,
$=--0m=0/v,

where @, 8,7,v, and A are standard bulk exponents. 1013
A more detailed investigation! of the behavior of
X(x) for large x yields the predictions

y*=y+v ifA>1, )
(10)

Turning now to the behavior of the derivatives of
F with respect to k; wefindthatin zerofield, y,(x, T)
and yy,1(n, T) arealsooftheform (7)withw=9+ ¢, +¢
and § +2¢,, respectively. The analysis of Ref. 1 is
againapplicable, excepttonote thatasn- <, wenow
require Y(n, T) to approach Y,(T)/n. Hence the ex-
ponents ¥; and ¥, ; must satisfy

(8)

a*=a+v,

o=a+1, y*=y+1 if A=1and v<1.

P+P1+d—10=9+2¢-1,,0=-1, (11)
which yields
__2—a+'y1—A _A—'y1+'y11
$1= " 1= ”
2-avymy 1 12)
2v 2

Combining (11) with (8) yields the first of our new
exponent relations:
27 -n=r+v. (13)

The behavior of the surface magnetization M;(7) also
follows by a similar argument! and we obtain the
second relation

Bi+n=B+7v. (14)
Eliminating y, between (13) and (14) gives
2B +1,1=2B+y-v=2—-(a+V). (15)

If the shift exponent A exceeds unity, we may com-
bine this result with (9) to obtain

a*+2B+M,1=2, (16)
2

which was first proposed by Binder and Hohenberg.
Note, however, that this last result does not follow
if =1 and p<1.

The actual surface scaling theory of Binder and
Hohenberg? may also be deduced from the basic ho-
mogeneity postulate (3). To do so we choose I=|£1¥
in (3), which yields, in place of (6), the alternative
scaling form

Fs(n’h,hl, T)~ lt. lz-u Q(n‘ilv$ h/lt.lA’ hl/li loAh 1)
a7)

asn-o and |£1, h, hy~0, where A;=¢,u. K we
now assume that

Q(x’ Y, 2y 1) = Qe(y)"'x-l Qx(y, Z) Fooe ’ (18)
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as ¥~ at fixed y and 2z, and compare with (1) we
obtain a scaled form for F*

F(hy by, T) = 5| ¢] = @0/ |14, my/ || %) , (19)

provided A>1. With =0, this is precisely of the
form proposed by Binder and Hohenberg.? If A= 1,
there is an additional contribution to F* from the
first term in (18) and we find

F¥(hy by, T) = 3] ¢ @*(n/ | £, 1o/ | 1] %1)
+30] 1] 1@- )@/ £]%) - a0/ | £])Q2 (/[ 2]*)],

20
where b is the amplitude of the shift (5) and the(
prime denotes differentiation. Hence the single ho-
mogeneity assumption (3) yields botk the finite-size
scaling of Fisher! and the surface scaling of Hohen-
berg, 2 and thus unifies these two apparently distinct
scaling formulations for surface problems.

The question now arises to the validity of the new
exponent relations (13)-(15) for actual model or
real systems. The existing published!™® values and
estimates of surface exponents for d-dimensional
Ising models (d=2, 3) are summarized in Table I.
The exact values® of 8, and ¥, , for the two-dimen-
sional Ising model (a=0, B=3, y=%, v=1)satisfy
(15), while either (13) or (14) then gives =4 in
agreement with the numerical estimate.? The pre-
dictions (13)-(15) are also satisfied by the mean-
field results® =1, »=3, 7,1=~ 3%, while (13) is
also in accord with exact calculations on the spher-
ical model, ! in all dimensions, which yield! y,
==n1= 1/(d-2) for 2<d<4. From (12) we explicit-
ly find that ¢, =1 for mean-field theory and ¢, =3
for the d=2 Ising model and d=3 spherical model.

On the other hand, for the three-dimensional Is-
ing model (y~§, B~fj, v=~0.64) the situation is
less definite. The estimates® of ¥, and %, ; satisfy
(13) only within the relatively large error bars
quoted. With these values we may conclude from
(13) that ¢, ~1.0+0.15, while (14) and (16) predict
By =~0.68+0.08. However, a preliminary analysis
of a direct low-temperature expansion®® for M,(T)
indicates 8, ~1.0+0,12, While this result must be
considered as somewhat tentative (the series is rel-
atively short), the validity of the general homogene-
ity postulate remains open to question for the d=3
Ising model.

With regard to real systems, the only experimen-
tally measured surface exponent to date is B; ~1for
nickel oxide (NiO) by low-energy-electron diffrac-
tion (LEED).* Although this does agree with the ten-
tative estimate quoted above for the d=3 Ising mod-
el, a definite comparison is premature on both the-
oretical and experimental grounds.

Insummary, the exponent relations (13)-(15)ap-
pear tobe in agreement with the known exponents for
several model systems, but uncertainon existing es-
timates for the d = 3 Ising model andpossibly real sys-
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TABLE 1. Surface exponents for Ising models.
Dimension Shift Magnetization Specific heat Susceptibilities
d A By o 7 " ,1
2 12 3 1P 40,05 U.0.05° 0 (log)®
3 1.56+0,159 ?¢ ? 1,950, 08% T+0.08° 0o~g°c

3Exact calculation (Ref. 1).
PExact calculation (Ref. 3).

tems. Undoubtedly, more theoretical and experi-
mental study is required before our understanding
of the critical behavior of surface properties ap-
proaches that of bulk critical phenomena.

Note added in proof. Fisher (private communi-
cation) has pointed out that the exponent A; appear-
ing in (17) is conceivably model independent. For
the d =2 Ising model, mean-field theory and the
spherical model (all d) it has the value 3. If we
assume for the d=3 Ising model that A; ~0.5, we
find from (12) and (14), y,~0.82, %,,,~-0.2, B,

®Series estimate (Ref. 2),
dSeries estimate (Ref. 1),

®No direct estimate yet
available.

=~0.73. This estimate for y, is in good agreement
with the numerical estimate (Table I), while the
existing series for x;,, and M; must be viewed as
too short to exclude the estimates for y,,, and g;.
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