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The thermal conductivity of solid HD has been measured and compared with theory over the
temperature range 4-0.2 K. Since the sample re~wed frozen over the entire period in which the
measurements were made, the H, and D, impurities, as well as the other crystal defects, were assumed
fixed in the lattice. However, the concentration of the J = 1 orthohydrogen (o-H2) and paradeuterium
impurities in the sample changed through the slow J = 1 to J = 0 conversion taking place in the
solid. The rate of conversion and consequently the J = 1 concentration was determined by measuring,
as a function of time, the heat of conversion resulting from J = 1 to J = 0 transitions. Because of the
variation in the J = 1 concentration, it was possible to separate the thermal resistivity into a
(J = 1)&ependent part and a part independent of J = 1 concentration. The resistivity resulting from
phonon scattering by J = 1 molecules was compared to existing theory for two-phonon R~m~n
scattering by o-H, molecules in a pieshydrogen solid. At the lowest temperatures, the temperature
dependence of this resistivity was too large to be accounted for by a two-phonon process. It is
suggested that a one-phonon process is responsible for the increase in the resistivity at low
temperatures. The results of a calculation are given to demonstrate the plausibility of this argument.
Below 1 K, the (J = 1)-independent conductivity can be adequately fitted by a T' temperature
dependence. From this dependence it was inferred that the sample was polycrystalline. Above 1 K, the
(J = 1)-independent conductivity is do~i»ted by the presence of the H, and D, isotopic impurities.
The 1 ~piques used to measure these impurity concentrations are described in detail.

I. INTRODUCTION

The current feasibility of maintaining low tem-
peratures and high magnetic fields simultaneously
has stimulated considerable interest in the produc-
tion of a high static nuclear-spin polarization. A
problem of particular practical importance has
been the production of a polarized proton target us-
ing the solid hydrogens. However, for these sam-
ples to be useful as polarized targets, it is neces-
sary to remove a large quantity of heat from the
hydrogen sample. It is the object of this paper to
analyze the heat-removal process in the nearly
pure J= 0 solid hydrogens and to present a reason-
able explanation for some of the recently unex-
plained results.

Measurements by Bohn and Mate' of the thermal
conductivity of solid parahydrogen, P -H&, contain-
ing between 0.2 and 5-mole % orthohydrogen, 0-H&,
have shown a marked dependence of the thermal
conductivity on the o-H2 concentration. This de-
pendence has been partially explained by the theory
of Ebner and Sung. 2 However, at low temperatures
the theory predicts a conductivity which should be
proportional to c T (where c is the o-H~ concen-
tration and T is the temperature), while the exper-
imental results indicate a conductivity which is
proportional to c ' Ts.

Due to the T dependence of the low-temperature
thermal-conductivity data of Bohn and Mate, some
speculation has arisen that this dependence might
be due to phonon scattering from crystalline bound-

aries in a powder whose average dimensions were
determined by the concentration of the J= 1 impu-
rities present (where J is the rotational quantum
number). In order for the HD thermal-conductivity
measurements reported here to add any significant-
ly new information, this question must be resolved.
This was done by forming only one HD crystal and
letting the natural conversion of the impurities
from the J= 1 state to the J= 0 state change the J= 1
concentration. Thus during the experiment the
crystalline boundaries and mass defects were fro-
zen in while the J= 1 concentration was varied. It
should be noted that the analogous experiment in H2
is impossible due to rotation diffusion of the J=1
impurities. '

The experimental results on HD reported here
should be qualitatively similar to those of P-H&
since both are J= 0 hydrogen solids containing a
small number of J= 1 impurities. Similarities be-
tween the results for P-H~ and HD were indeed
found. The unexpectedly large T thermal resis-
tivity found for p-H2 was observed for HD but was
found to be independent of the ortho-para ratio.
The c T dependence of the thermal resistivity on
the J= 1 concentration predicted by Ebner and Sung
was also found. In addition to these resistive
mechanisms, the low-temperature data showed an-
other scattering mechanism which has been ade-
quately fitted to a resistivity term proportional to
cT . The concentration and temperature depen-
dence of this term was arrived at on the basis of a
calculation of the resistivity resulting from a first-
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order phonon scattering by the rotational substates.
This calculation is discussed in Sec. II together
with the theory of the thermal conductivity in the
nearly pure J= 0 solid hydrogens.

In Sec. III the experimental measurements of the
therma1 conductivity are presented. Results are
given for the H& and D~ impurity concentrations,
the J=1 to J=O conversion rate, and the resulting
J = 1 concentration as a function of time. In addi-
tion, a discussion is given of the heat conducted
across the interface between the hydrogen solid and
the substance in contact with it. Preliminary mea-
surements of this contact resistance have indicated
that it is anomalously high4'5 in comparison to that
predicted from the Khalatnikov theory of boundary
resistance. An explanation is given to account for
these observations and the ones made in this ex-
periment.

II. THEORY OF THERMAL CONDUCTIVITY IN THE J= 0
SOLID HYDROGENS

A. Properties of Solid Hydrogen H„HD, and D~

The solid hydrogens are molecular solids which
exhibit all the properties of dielectric solids in ad-
dition to the unique properties resulting from the
rotational degrees of freedom. The Debye temper-
atures, 8&, for Hz and Dz have been determined by
various investigations to be nearly the same, thus
indicating a large anharmonicity in the solids. The
Debye temperatures for H2

'~ range between 109
and 128 K while those for D&

~''~0 range between
106 and 114 K. Considering these values, we have
taken rather arbitrarily the Debye temperature for
HD to be 8& = 112 K in the following discussion.

Symmetry under interchange of the nuclei in the
homonuclear molecules H~ and Dz gives rise to the
two rotational modifications, ortho and para hydro-
gen and deuterium. Since HD is a heteronuclear
molecule, it has no symmetry requirements under
nuclear interchange. The transition rate between
the ortho and para states is relatively slow com-
pared to the usual experimental times and thus one
can make measurements in samples containing
various ortho-para ratios. The energy of a rota-
tional state having quantum number J is E = 8JP
+ 1), where 8/k is large compared to the tempera-
tures studied here and has the value of 86 K for H,
64 K for HD, and 43 K for D. Thus only the J=0
and J= 1 states were occupied for the experiments
reported here.

Since the J=O solid hydrogens (p-H&, HD, and
o-Dm) have all their rotational degrees of freedom
frozen out, they should all have similar properties
characterized by their respectively similar Debye
temperatures. The J= 1 solid hydrogens (o-H~ and
P-D~) are different in that they possess the three
additional degrees of freedom due to the rotational

substates m&=+1, 0. In the nearly pure J=O solids
containing less than a few percent of J= 1 impuri-
ties (for example the P-Hz and HD samples used in
the thermal conductivity measurements discussed
here) the degeneracy of the m~ = a 1, 0 states is
lifted by interactions such as the crystalline field
and the electric quadrupole-quadrupole (EQQ) in-
teraction. The strength of the interaction will be
taken to be the same for both o-H~ and p-+ impu-
rities since both have about the same electric quad-
rupole moment. The resulting splittings of the m&
substates are of the order of kT and thus would be
expected to effect the thermal properties of the
solid.

A detailed calculation of the thermal conductivity
of the solid hydrogens must include a complete ac-
count of the possible phonon scattering processes.
Such a calculation is beyond the scope of this paper
which is primarily concerned with the contribution
to the thermal conductivity of the J= 1 impurities
in an otherwise J= 0 hydrogen solid. Thus a de-
tailed account of the scattering processes which are
independent of J will not be given. Instead only
those processes which are sufficient to explain the
data will be considered.

It will be shown that umklapp scattering is unim-
portant in the data reported here. The data have
been adequately explained by considering in addi-
tion to the phonon scattering due to the J= 1 impu-
rities the following processes: (i) boundary scat-
tering which is characterized by a constant phonon
lifetime, L/v, where v is the sound velocity and L
is some length characteristic of the particular
sample; (ii) normal three-phonon processes about
which there is no previous experimental knowledge
in the hydrogens; and (iii) isotopic impurity scat-
tering which is proportional to fourth power of the
phonon frequency.

B. Phonon Scattering by J= 1 Impurities

The only existing calculation of the effect of J= 1
impurities on the thermal conductivity of the J=0
solid hydrogens w'as made by Ebner and Sung. ~

They calculated the effect of o-H~ impurities on the
thermal conductivity of p-H2. The calculation as-
sumes that the only additional scattering mecha-
nism obtained by replacing a p-H~ molecule with an
o-H~ molecule is to allow a two-phonon Raman
scattering by the rotational substates of the J= 1
mole cules.

At low temperatures the energy splittings of the
J= 1 substates are of the order k T. Consequently,
a direct absorption or emission of a single phonon
could occur and possibly limit the thermal conduc-
tivity. Prompted by the anomalously large J= 1
scattering at the lowest temperatures, an estimate
of the effect of the one-phonon process on the ther-
mal conductivity was made using essentially the



3968 J. H. CONSTABLE AND J. R. GAINE S

same assumptions as were made by Ebner and
Sung. The calculation assumed that the coup1.ing
between the rotational substates and the lattice re-
sulted from the dependence of the anisotropic va-
lence and van der %aals interactions' on the inter-
molecular separation. By expanding the interac-
tion in powers of the displacement of the molecules
from their equilibrium positions and then replacing
the displacements by the corresponding phonon op-
erators, an explicit expression for the phonon cou-
pling was obtained. ' The term linear in the pho-
non operators thus corresponds to a one-phonon
process and the quadratic term to the two-phonon
process which was considered by Ebner and Sung.

Evaluation of the matrix e1.ements that result
from a calculation of the transition probability for
the emission or absorption of a phonon requires a
knowledge of the interactions which lift the degen-
eracy of the rotational substates. The measure-
ments were done at low J= 1 concentrations, thus
the degeneracy of the rotational substates was lifted
by the crystalline field created by the surrounding
J=O molecules and by pairwise J=1 interactions
(triples or higher clusters a,re unlikely). The elec-
tric quadrupole-quadrupole interaction is usually
taken to be the dominant pair interaction. The EQQ
interaction produces a degenerate ground state
which is in part lifted by the crystalline field. '~

The combined interactions thus produce a low-lying
energy level having a splitting comparable to the
crystalline field levels of an isolated molecule.
Since all the rotational operators have matrix ele-
ments of the order unity and since only the low-
lying rotational levels would be populated at the
very low temperatures where the one-phonon pro-
cess might be important, an evaluation of the tran-
sition probability assuming only a crystal-field
splitting of the rotational substates would seem
reasonable. The value of the splitting found from
a fit to the experimental data should then represent
some mean splitting from the ground state, the
crystalline field, or a combination of these or other
interactions.

The transition probability for the one-phonon
process was related to the thermal conductivity
through assumptions analogous to those made in the
single-mode approximation for the two-phonon pro-
cess. ~4 Evaluation of the equivalent single-mode
relaxation time for the one-phonon case differed
from the two-phonon case primarily in that the pho-
non number for the second phonon was replaced by
the number of J= 1 molecules in a given initial and
final rotational substate.

Evaluation of the relaxation time for the one-
phonon process was done assuming k T»A, where
A is the energy splitting of the rotational substates.
In addition, an isotropic average was taken over the
phonon orientations. The expression obtained for

g g) e-n(rwp) /ap fp (ap/+)B (2)

where r is the intermolecular separation between
the interacting molecules (assumed only nearest
neighbors). An estimate of the values of B, and cp
can be obtained from the renormalized values for
an o-H~ molecule in otherwise P-H2 given in Refs.
2 and 11, i.e. , &, =4.00X10 erg, &~=1.32&&10

erg, and g=13. The values of e~ and 62 for o-H2
and P-Dz molecules in HD will be slightly different.
However, the difference will likely be less than the
uncertainty in the above values and thus no attempt
has been made to refine the values above.

After taking an isotropic average, the value ob-
tained from Ref. 2 for the inverse relaxation time
of the two-phonon process is

6&~@ keDC
35m v~ 3gk

2g4T4 g Z 3/T'
x B

+0. 138c —+ B, (3)
D D D

where x=1p//kT and the other symbols are as de-
fined above. The term in the square brackets cor-
responds to inelastic phonon scattering and the x
term corresponds to elastic scattering.

C. Relationship between Thermal Conductivity and Phonon
Relaxation Times

The frequency-dependent relaxation times given
above must now be related to the thermal conduc-
tivity. A theory relating the relaxation times and
the conductivity has been developed by Callaway. ~B

He makes the usual assumptions that there is no
dispersion in the lattice vibration spectrum, the
crystal is elastically isotropic, and that the longi-
tudinal and transverse phonon modes are indistin-
guishable. These assumptions are necessitated by
a lack of detailed information about the crystal and
have been adopted here.

Since normal processes cannot by themselves
limit the thermal conductivity, any theory relating
the thermal conductivity to the phonon relaxation
times must distinguish between normal and other
processes. The theory of Callaway reflects this
distinction and depends on the normal process re-
laxation time ~„ in a complicated way. Since at
present there is no a Priori knowledge of the nor-
mal process scattering in the solid hydrogens, one

the inverse relaxation time was

r,~ = [(8kf p/c)/(25k Tme )] 8(g&u -&),
where & is the phonon frequency; c is the J= 1 con-
centration; v is the velocity of sound; m is the mo-
lecular mass (™3 amu); and f= —(8v)'/B(g'ap+ 3g).
The value of the intermolecular separation co was
taken to be 3.67 A and the function g (related to the
valence and van der Waals interaction) is given by
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is forced to investigate the limiting cases. The two
natural limits are v„- and v„-0. When 7„-~
Callaway's expression for the thermal conductivity
reduces to

y Z''lj 3 8D ~ ~

v ~ J (*)z(x)ax,
27/8 8 )

(4)

where 7 '(X) is the sum of the inverse relaxation
times for the appropriate processes or ~ '= ~,'+7~'
+ ve'+ rP+ rv', where the subscripts on the inverse
relaxation times 7 ~ refer, respectively, to a first-
order process, a second-order process, boundary
scattering, impurity scattering, and umklapp scat-
tering. The function J(x) is given by

J(x) = x4 e"/(e" —1) (5)

At low temperatures 6&/ T- ~ and the limits on the
integral can adequately be taken from zero to in-
finity. It is noted that this is the limit Ebner and
Sung used in their calculation of the thermal con-
ductivity of P -H~. In the limit ~„-0 the expression
for the thermal conductivity becomes

dh v g J(x dx .
(6)

This limit corresponds to taking a harmonic aver-
age of the inverse relaxation times over the phonon
distribution and has the consequence that it is
valid to add thermal resistances (inverse conduc-
tivities) due to the various scattering processes.

The contribution of the one-phonon process in the
two limiting cases is quite different. When Eq.
(4) is used to calculate the thermal conductivity,
the one-phonon process given by Eq. (1) contributes
only for the frequency ~ =A/k which is an insignifi-
cant effect. Even if the rotational energy levels
were broadened about A such that the phonons in
this band were ineffective in transporting energy,
the total reduction in the number of phonons would
be small. Thus one must conclude that in the limit
7& - ~ the one-phonon process does not limit the
thermal conductivity.

In the limit 7& -0 the harmonic average over the
5 function in Eq. (1) has a finite value. Thus in
this limit the direct process does contribute to the
thermal conductivity. Physically this results from
the fact that when ~& -0 a phonon loses its frequen-
cy identity. A finite fraction of the life of a group
of phonons will be spent in a frequency mode which
is effectively scattered by the rotational substates.

Of the scattering processes considered here,
only the one-phonon process accompanied by very
rapid normal phonon scattering can account for the
very rapid increase in thermal resistivity with de-
creasing temperature observed from the data. Fur-
ther analysis of the data indicates that at high tempera-
tures where isotopic scattering is important, the

2 4g2C
a = [5.26X10+ Tm2esk'3

+1.57x10 ~c(T 2+0. 158 ~)], (6)

where 8D = 112 K has been combined with the nu-
merical values in the square brackets. The first
term in brackets is due to elastic scattering and
the second due to inelastic scattering.

The thermal resistance due to isotopic scattering
can be found in Ref. 16 (p. 310) and is

x '=20m'(6s)'~'v 5'c, T/a k Gf& (9)

where c, is the sum of the Hm and Dz impurity con-
centrations.

Boundary scattering is characterized by a fre-
quency-independent phonon lifetime or free path

The thermal resistance is then given by

x = (15v~0 )/(2v k L T ) . (10)

Boundary scattering can show some temperature
dependence depending on the degree of specular re-
flection of the phonons at the boundaries ie How

ever, recourse to such a dependence was not
needed to adequately explain the (J= 1)-independent
scattering. Since only the (8= 1)-dependent scat-
tering is of particular interest here, no further

temperature dependence of the data is best fit using
the limit r„-0 in Eq. (6). Also the value obtained
for the concentration of isotopic impurities is in
reasonable agreement with the measured values.
Considering the success of Eq. (6) and the failure
of Eq. (4) to account for the isotopic scattering as
well as the low-temperature data, the limit 7„-0
and Eq. (6) will be taken as the appropriate limit.

The values of the thermal resistance for the vari-
ous processes have been calculated using Eq. (6)
for later comparison with the data. The contribu-
tion to the thermal resistance calculated for the di-
rect process was

K-1 gk 2f2+ic/sBk8~v T7

It is noted that when the high-temperature approxi-
mation for the populations of the rotational sub-
states is valid (A «kT), the thermal resistance due
to the one-phonon process is increasing as T~ as
the temperature is lowered. Thus this contribution
to the thermal resistivity increases more rapidly
than T 3 which is in contrast to all other processes
considered. Examination of the complete expres-
sion for the thermal resistance due to the one-pho-
non process shows that the resistivity reaches a
maximum when the peak in the phonon distribution
corresponds to A or when A =kT. The resistivity
then decreases below this temperature.

Using Eqs. (3) and (6) the thermal resistance due
to the Raman scattering by the rotational substates
was found to be
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FIG. 1. Thermal-conductivity sample cell.

consideration of the degree of specular reflection
wiQ be made.

HI. EXPERIMENTAL DATA

A. Measurement Technique

The solid HD thermal conductivities reported
here were measured using the one-thermometer-
two-heater technique. (See Ref. 1 for a descrip-
tion of this technique. ) This method has the advan-

tage that small temperature gradients across the
sample can be measured accurately and that the
heat flux into the sample from J= 1 to J= 0 conver-
sion (or other means) does not eSect the measure-
ment so long as the temperature differeatial across
the sample is small compared to the temperature.

The thermal conductivity sample cell is shown in

Fig. 1. While the cell was filled with He4, the two
220-& Speer resistance thermometers inside the
cell were calibrated against the 220-0 Speer resis-
tor mounted on the outside of the mixing chamber
of the dilution refrigerator. The resistor on the
mixing chamber had been calibrated from the NMR

susceptibility of platinum in earlier experiments.
The calibration has been stable to within a 5% over
a period of three years. 5 The NMR calibration was
shifted to zero magnetic field by repeating the last
set of thermal conductivity measurements at the
NOR field. Under the assumption that the thermal
conductivity is independent of magnetic field, cor-
rected temperatures mere found with the largest

correction being 2%.
The two matched 10000-0 heaters shown in Fig.

1 were made from 390 cm of Evanohm wire which
was loosely coiled in the donut-shaped recess of
the sample tube (height and outside diameter of the
recess were 0.8 mm and 1.24 cm, respectively).
This construction was chosen to provide a large
HD to wire surface area and to remove from the
main column of HD any local heating of the HD due
to poor wire to HD contact. The spiral of copper
foil at the top of the cell was used to rgake thermal
contact to the solid HD. A description of the ther-
mal conductivity cell including descriptions of the
heaters, thermometers, and the method of making
thermal contact is given in Ref. 17 where a pre-
liminary account of these data was given.

The thermal conductivity of the empty cell was
also measured using the one-thermometer-two-
heater technique. To within 5% the empty-cell con-
ductivity data could be fit by the expression

g, = (9.74T+20. 6T ) pW/K .
The thermal conductivities measured when the cell
was filled with HD were assumed to result from a
parallel conduction of the sample cell walls a,nd the
column of HD. The HD conduction was obtained by
subtracting from the measured conduction the cell
conduction given in E@. (11). In all eases the cell
conduction was less than 6% of the measured con-
duction and thus did not introduce any appreciable
uncertainty into the values of the HD thermal con-
ductivities.

The thermometer in the bottom of the cell was
used in conjunction with the one in the top of the
cell to measure the temperature differential devel-
oped, across the sample cell due to the res'dual
heat flux into the sample. The magnitude of the
heal flux was found by applying a known power Q to
the bottom heater and measuring the resulting tem-
perature differential 4T', which was produced.
Under the assumption that the heat flux into the
saxnple was uniform over its length, the total heat
flux q into the region of the sample between the two
thermometers can be found from

(12)

In the empty cell experiment q was found to be less
than 0.01 pW which corresponds to an upper limit
on the residual heat flux into the cell. This limit
was obtained from data taken at temperatures less
than 0.2 K, since at higher temperatures the tem-
perature differential produced by 0.01 pW would
be far too small to measure.

B. Determination of J= 1 Conversion Rate

The heat produced by J=1 to J=0 conversion was
measured over a period of 400 h in a preliminary
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port a temperature-independent conversion rate.
The time constant obtained from Fig. 2 for the con-
version rate was 141+11 h. This time constant
corresponds to the conversion rate of o-H2 since in
the experiments reported here the P-D2 concentra-
tion was sufficiently low (see Sec. III C) that nearly
all the conversion heat resulted from ortho-to-
para conversion of hydrogen. The value of 141+11
h obtained for the time constant agrees quite favor-
ably with the value of 147+11 h found in Ref. 19.

C. Impurity Concentrations

O. I

100 200 300
t(h)

400 500

FIG. 2. Heat generated from J=l to J=O conversion
of 0-H2 and p-D2 impurities in solid HD vs the time that
the HD had been solidified. The solid line is an e~nen-
tial fit for c4 = O. The dashed curve is the best fit using
the measured value of e2 and c4.

experiment where accurate thermal conductivities
were not obtained due to an open circuit in the top
heater. A plot of the logarithm of q as a function
of time obtained from this experiment is given in
Fig. 2. During the time intervals indicated by the
large time gaps in the data, the sample was kept at
4. 2 K but otherwise the data were taken over the
entire temperature range 4. 2-0.2 K. However,
only the data for temperatures less than 0.4 K are
plotted since the temperature differential developed
from the heat of conversion became too small to
measure at higher temperatures. If one were to
believe the results at these higher temperatures,
they would indicate that the heat of conversion in-
creased rapidly as the temperature was raised
above 0.4 K. This apparent temperature depen-
dence is the reason for most of the scatter in the
data at a given time.

The conversion rate of the J= 1 impurities in HD
has been measured previously'8' and found to be
in good agreement with the calculated rate. From
the previous experimental and theoretical work, it
was inferred that the rate constant was independent
of temperature and J= 1 concentration for low J= 1
concentrations. If the rate constant was constant
or independent of concentration, then the o-H2 and
p-Dz concentrations should decrease exponentially
as should their conversion heat. It is seen in Fig.
2 that within experimental error the total conver-
sion heat did decrease exponentially indicating a
constant rate constant. The fact that the conver-
sion heat decreased exponentially, apparently inde-
pendent of thermal history, would also tend to sup-

The concentrations of the H2 and D~ impurities
in the HD were determined by NMR and mass spec-
troscopy. NMR provides a relatively easy way to
reliably determine the constituents in HD samples
even for very small concentrations of the various
spin species. Mass spectroscopy, on the other
hand, is susceptible to errors due to the reaction

HD+ HD H2+ Dz (13)

N~+ 2(5 —38)N4

eN TD
4

(15)

where N2, N„and N4 are, respectively, the num-
ber of H2, HD, and D~ molecules in the sample, P
and 8 are the J= 1 fractions of the H2 and D2, re-
spectively, and 7 P and 7& are the inherent spin lat-
tice relaxation times of the J= 1 H& and D2 mole-
cules. The inherent relaxation of the o-H2 and
p-Q molecules is due to the molecular reorienta-
tions of these molecules, and consequently the re-
laxation time can be expressed as a product of a
function of the correlation times for the molecular
reorientations and a matrix element giving the ef-
fectiveness of the reorientations in producing re-
laxation. Since the o-Hz and p-D~ quadrupole mo-
ments are nearly equal, the correlation times of
the two molecules will be nearly equal and depend
only on the total J= 1 concentration. The matrix
elements for 0-H2 and p-D2 differ but are indepen-
dent of concentration. The ratio of Tp and 7& is
thus a constant independent of J= 1 concentration.

The T& measurements were made at 3 MHz by

taking place in the ionized gas in the spectrometer.
A mass spectroscopic determination of small con-
centrations of H2 and D2 in HD is thus difficult.

The NMR determinations of the H~ and D~ con-
centrations were made by measuring the proton and
deuteron spin-lattice relaxation time, T~P and T&&,

respectively, before and after successive dilutions
of the HD by a known amount of normal H2 and Dz.
It has been shown that at low temperatures where
diffusion is negligible T» and T» in a solid HD
sample are given by 18,19

8 N3+ QN2
1P yN P
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condensing the HD sample into the bottom of a glass
tube inserted into a helium Dewar. Since the HD

gas used in the experiment was stored at room
temperature for over three months, it is reason-
able to assume that the H2 and D2 in the sample
were present in the normal rotational state. Thus
the values of Q and 8 were taken to be & and —'„re-
spectively.

Using the fact that 7 J,/re is a constant, and using
Eqs. (14) and (15), the expression connecting the
relaxation times in the diluted and undiluted sam-
ples was found to be

T~g T~p N3+2N4 N~

Tjp TyD N3+ 2N4 N4
(16)

where T~&, T,'p, and N4 are the respective quanti-
ties in the sample after it had been diluted with a
given quantity of normal D2. The expression con-
necting the relaxation times in the doubly diluted
sample was similarly found to be

~Tz T~g N3+2N2' ~N

T~p TqD N3+ 2 N2 N~
(17)

where T,'D Typ and N~" are the respective quanti-
ties in the sample after it had been diluted by both
the normal D2 and H2. Equations (16) and (17) were
solved simultaneously for c2

= N, /N and c,= N4/N,
where c2 and c4 are the respective H2 and D~ con-
centrations in the original HD sample and N= N4

+N, +N2. The resulting fourth-order equation in
the concentrations was solved numerically (although
the fourth-order terms in c could have been
dropped) and yielded c4

= 0.63s 0. 07%%uo and c2 = 1.7
+0. 4%%uc where the errors were obtained from the
absolute uncertainty in the T, measurements.

Two mass spectroscopic analyses were per-
formed on the HD. The first was done using a
MS-90 Veeco leak detector set up to detect both
masses three and four. A calibration of the rela-
tive sensitivity versus pressure was done using Q
and HD. From this analysis the D~ concentration
was found to be c4=0.8+0.2% which was in agree-
ment with the NMR determination. Assuming both
measurements were reliable, the agreement be-
tween the two indicates that the D~ in the HD was in
its normal rotational state.

A commercial mass spectroscopic analysis of the
HD gas was also obtained. The results of this de-
termination were c2= (3.54+ 0.04)% and c4= (2. 39
+0.06)%%uo. These results are significantly higher
than the other determinations. It is believed that
the reaction in Eq. (13) was responsible for this
discrepancy in which case the results for the H2

and D~ concentrations found from this determina-
tion should differ from the previous values by the
same percentage. Subtracting the NMR determina-
tion from the commercial mass spectroscopic val-
ues yields 1.8%0 for the H2 concentration and 1.76%

for the Dz concentration which are the same to
within experimental accuracy. In view of the con-
sistancy of the three determinations under the as-
sumption of dissociation in the commercial mass
spectroscopic analysis, the H~ and D2 concentra-
tions in the experiment have been taken to be the
values determined from the NMR determination {c2
= 1.7k and c~ = 0. 637o). It should be pointed out that
an error in the concentration determination only
affects the absolute magnitude of the (J = 1)-depen-
dent one- and two-phonon scattering processes and
not the significant qualitative agreement between
the experiment and theory heretofore unobserved.

The J= 1 concentration as a function of time is
given by

c(4=1)=gc2e '~ +ec4e "~ (18)

D. Conductivity Data

Figure 3 shows the thermal-conductivity data
taken at two different time intervals during the 271
h which the sample was frozen. During this period
Eq. (18) shows that the J= 1 concentration changed
from 1.5%%uo to 0. 2'%%uo. The points on curve (a) in Fig.
3 were taken between 22 and 28 h after the sample
was condensed with the mean time being 26 h. This
time corresponds to a J= 1 concentration of 1.2%.
The points on curve (b) were taken between 260 and
271 h after the sample was condensed into the sam-
ple cell. The mean time was 264 h corresponding
to a J=1 concentration of 0.25%.

Figure 3 shows that thermal conductivity did de-
pend on the time the sample was frozen and conse-
quently on the J= 1 concentration. Under the as-
sumption that the appropriate method of averaging
over the phonon distribution is given by Eq. (6),

where c~ and c4 are the H2 and D2 concentrations
given above; Q and 8 were again taken to be & and

3, respectively; D is the time constant for the or-
tho-para conversion in H2 which was found in Sec.
III B to equal 141 h under the assumption c4=0; and

$ is the ratio of the time constants for o-H2 and
P-D& conversion. The value of ( was obtained from
the ratio of the theoretical rate constants obtained
from Ref. 20 and has the value of $ = 0. 54. The
heat generated in the sample from conversion of
the J=1 molecules is given by

Q=(172kN/D)[gc2e '~ +(26(c4)e" ], (19)

where 172k is the energy spacing between the J= 1
and J= 0 rotational states of o-H& and k is the
Boltzmann constant. An improved value for D can
now be obtained by fitting Eq. (19) to the data, in
Fig. 2 and using the measured values of c~ and c4.
This was done and the value found was D= 138+11
h. The resulting fit is given by the dashed curve
in Fig. 2. The previous result (D= 141 h) was ob-
tained assuming c4= 0.
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FIG. 3. Measured HD thermal conductivities taken
during two different time intervals after solidification.
The mean time for the points on curve (a) was 26 h where-
as the mean time for the points on curve (b) was 264 h.

responds to a J=1 concentration of 0.47%.
Inspection of the first two terms in Eq. (20)

shows that at the higher temperatures the first
term in the square brackets, (oT), should start to
become dominant. The dot-dash line proportional
to T drawn through the high-temperature data in
curves (e) and (f) indicates that the resistivity dif-
ferences at a given time or concentration are very
nearly proportional to T and not to T. Under the
continued assumption that it is correct to add ther-
mal resistivities, it must be concluded that the es-
timate of the e1,astic scattering of the J= 1 impuri-
ties given in Ref. 2 must be much too large in
comparison to the estimate of the inelastic scatter-
ing.

The ratio of the thermal resistivities at 1.5 K
taken from the T lines drawn through the high-
temperature data in curves (e) and (f) is 6. 5. The
ratio of the squares of the average concentrations
is 6. 5. A comparison of these two ratios shows
that at the higher temperatures the concentration
dependence of the J= 1 scattering is c2. Conse-
quently, the (J= 1)-dependent thermal resistivity
is described adequately between 3 and 1 K by a re-
sistivity of the form 8= pc~ T ~.

At temperatures below 0.5 K, the resistivity due

the concentration and temperature dependence of
the J= 1 phonon scattering can be obtained by sub-
tracting from the thermal resistance (reciprocal
conductivity) at a given time, the thermal resis-
tance at infinite time corresponding to a zero J= 1
concentration. The calculated thermal resistance
is obtained by adding the thermal resistances in
Eqs. (7)-(10)which yields an expression of the
form

IO

I.O—

=ctcT~+Pc[oT+c(T~+0. 185 T ')]+y T ~+5T,
(20)

where cr= 3.34x10 and 0, P, y and 6 are con-
stants which can be deduced from Eqs. (7)-(10).
Subtracting the thermal resistances consequently
yields the first two terms in Eq. (20).

No appreciable change in the thermal conductivity
with time was observed by the time the points on
curve (b) of Fig. 3 were taken. Thus for all prac-
tical purposes this curve can be considered the c
= 0 curve and subtracted from the other curves to
obtain the J= 1 dependence of the thermal resis-
tance. Curve (e) of Fig. 4 was obtained by sub-
tracting from the thermal resistances obtained
from the points on curve (a) of Fig. 3 the thermal
resistance obtained from the line through curve (b)
of Fig. 3. Curve (f) was obtained by subtracting
the resistances obtained from curve (b) from the
points taken between 164 and 1V3 h after the sample
was condensed. The mean time was 169 h and cor-

O. I—
E

4.02.00.4 I.Q

Temperature (K)
FIG. 4. The Q = 1)-dependent thermal resistivity.

The squares correspond to resistivities obtained by sub-
tracting curve (b) of Fig. 2 from the points on curve (a).
The triangles correspond to subtracting curve (b) from
points taken during an interval having a mean time of 169
h. The solid lines were obtained from a least-squares
fit to all the data assuming 0 = 0 in Eq. (21). The dashed
line corresponds to a fit assuming o & 0. The dashed-
dot line is a T fit to the high-temperature resistivities.
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FIG. 5. The {J= 1)-independent conductivity obtained
by subtracting the {J=1)-dependent thermal resistivity
given in Eq. {21)from the measured thermal resistivities.
The width of the error bars represents the + 5% uncer-
tainty in the temperature. The solid line corresponds to
the least-squares fit to all the data.

to the J=1 impurities is seen to increase with de-
creasing temperature more rapidly than T ~ or
even T, implying that the phonon scattering prob-
ability must be increasing as the temperature is
decreased. Such a temperature dependence is in
general not found in the two-phonon processes.
The requirement that only the sum or difference of
the two-phonon energies be equal to the change in
energy of the rotational substates does not severely
limit the band of phonon frequencies that can be
scattered. However, in the one-phonon process,
the resonant requirement produces a scattering
which is most effective for the band of phonons sur-
rounding the resonant frequency. Consequently, as
the peak in the phonon distribution approaches the
resonant frequency a greater fraction of the pho-
nons can be scattered and the thermal resistance
increases as the temperature is decreased. The
fact that the thermal resistance resulting from the
one-phonon process was expected to increase with
decreasing temperature motivated the calculation
of the resulting thermal resistivity appearing in
Eq. (7). To within the accuracy of the experimen-
tal data, the rapidly increasing resistivity appear-
ing below 0. 5 K is fitted by Eq. (V). However, the
tentative assignment of this scattering to a one-
phonon process should not be taken too seriously.
The small number of experimental points taken

where this process is significant provides a very
limited test of the theoretical predictions and even
the theory is derived on the unjustified assumption
that Eq. (6) is the appropriate average to take over
the phonon distribution. In addition, no explicit
account has been taken of the other possibilities
such as the validity of the high-temperature approx-
imation used in Ref. 2 or of the possibility of ther-
mal transport of rotational or nuclear-spin energy.

The results of a least-squares fit to all the data
are given in the following paragraphs where further
justifications will be given for the choice of the
phonon average given in Eq. (6) over that given in
Eq. (4). The lines drawn through the points in
curves (e) and (f) of Fig. 4 were obtained from a
resistivity of the form

Az= acT~+Pcs(T ~+0. 185 T '+oT/c), (21)

where the values of a and P were obtained from the
least-squares fit to all the data and c was taken to
be the average J= 1 concentration given earlier for
curves (e) and (f). The dashed line corresponds to
the value of o obtained from Ref. 2 (o= 3.3X 10 ')
and the solid curve corresponds to 0=0. The over-
estimate of the value of o given in Ref. 2 can again
be seen from the two curves.

The results of a computer fit to Eq. (20) using
all the data and the J=1 concentration given by
Eq. (18) were a = 0.099, P = 1.32x 10', y = 0. 5V,
and 5 = 0.031, where 0 was taken to be zero and the
units are (mK "/W) with n taking the appropriate
values for the four terms. Figure 5 shows a plot
of the J=1 concentration-independent thermal con-
ductivity. The points were obtained by subtracting
from the measured value of the thermal resistance
the thermal resistance obtained from Eq. (21) using
the values of z and P given above. The line drawn
through the data was obtained using the third and
fourth terms in Eq. (20) and the values of y and 5
given above.

Examination of Fig. 5 shows that the four-pa-
rameter fit of Eq. (20) accounts for the data fairly
well and consequently other resistive mechanisms
are probably not of significant importance. Be-
cause the umklapp process is often important at
temperatures around the conductivity maximum
and above, it requires further consideration. The
magnitude of the umklapp resistivity should be
about the same in both P-Hz and HD since both are
hydrogen solids having about the same Debye tem-
perature. In the P-H3 experiment the umklapp pro-
cess was found to be significant in limiting the ther-
mal conductivity near the conductivity peak. From
a fit to the P-H& data, ~ the umklapp thermal resis-
tivity was found to be R„=8. 3&& 104 T ' exp(- 109/
2 T) m K/W. A comparison of this resistivity to
the ones obtained from Fig. 3 shows that the
umklapp resistivity is less than 2% of the total HD
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resistivity for all measured temperatures and thus
can be neglected. The reason the umklapp scatter-
ing is less important in the HD data than the p-H~
data is because of the reduction of the HD thermal
conductivity near the conductivity maximum due to
the higher concentration of isotopic impurities.

A value for the concentration of isotopic impuri-
ties can be obtained by equating the value of 5 ob-
tained from the data to the value calculated from
Eq. (9). The value obtained was 1.52%%uo and com-
pares favorably with the l.V% Hm and the 0.63% Dl
known to be in the sample (see Sec. IIIC). The
overestimate of the isotopic scattering given when
the measured H& and D~ concentrations are used in
Eq. (6) would tend to indicate that the limit 7„-0
used to obtain Eq. (9) is not an ideal assumption.
However, when the other extreme ia tried, 7„-~,
the agreement is extremely poor. Thus of the two
extremes, Eq. (6) is the most satisfactory. The
discrepancy might also be due to other factors such
as a cluster of impurities or quantum crystal ef-
fects. ~2

From the value of y obtained from the data, one
can deduce the temperature-independent mean free
path which is generaQy taken to be the typical di-
mension of the crystaQites in the sample. The val-
ue found for L was 64 p,m. Since no J= 1 concen-
tration dependence of L was observed in the HD
data, the apparent dependence of L on the J= 1 con-
centration found in the P-H~ data of Ref. 1 wouM
seem to arise from the solidification process and
not the ortho-para ratio in a given crystal.

One interesting feature of the data not accounted
for in the theory is the small jump in the conductiv-
ity at about 1.5 K. This effect can be seen in Fig.
5 by noting that above 1.5 K the data are centered
on the fitted line, however; below 1.5 K the data
are centered above the fitted line. Although it is
possible that this is due to experimental scatter,
it is interesting to speculate (based on the regulari-
ty of the deviation) that it may originate from some
degree of ordering in the sample. One possibility
would be an isotopic phase segregation which could
have occurred on solidification in which case a co-
operative transition~' could occur in the enriched
J= 1 domains at 1.5 K. Similar experimental re-
sults have been observed in solid helium~ where
phase separation occurs in the solid.

E. Contact Resistance

In this experiment and in the ones done prior to
it, 4'~ measurements have been made of the thermal
resistance resulting from making thermal contact
to the hydrogen samples. Both hydrogen to copper
and hydrogen to liquid-helium interfaces have been
used. In all cases the results of these measme-
ments have yielded a substantially higher thermal
resistance than would be expected from the Khalat-

nikov theory of boundary resistance. 6

A spiral of copper foil was used to make thermal
contact to the HD for the thermal-conductivity mea-
surements. The results obtained for the contact
resistance in this case were given in Ref. 1V. Af-
ter completion of the thermal-conductivity experi-
ment, some of the HD was removed from the cell
and replaced by liquid He which was condensed in-
to the cell under its own vapor pressure. A cal-
culation of the temperature differential developed
across the He~ column demonstrates that it was
negligibly small compared to the one across the
HD. The temperature differential 6T developed
across the thermal contact resistance R, and the
bulk thermal resistance of the HD ~ ' from a power
Q applied to the upper heater is the difference be-
tween the temperature measured on the top and
bottom thermometers inside the sample cell. Ne-
glecting the small conversion heat remaining after
300 h and the cell-wall conduction, the heat-flow
equati, on is

5T= (Q/A)(R, +l~ a '), (22)

where 12 is the length of sample above the top
heater. By switching the heater power to the lower
heater, g was found as before from the change in
temperature &T of the lower thermometer. Sub-
stitution of the expression for z ~ into Eq. (22)
yieMs

5T/&T=lq/lq+ (Q/A T AT)(R~T ), (23)

where l, is the separation of the two heaters. A
plot of 5 T/6 T vs (Q/A T~d T) was found to yield a
straight line for temperatures below 0.6 K. At
higher temperatures the He4 conductivity in the fill
tubes became dominant. From the s1ope of the
plot obtained from Eq. (23), the value of R,T' was
found to be l. IX 10~ cm K~/pW and from the in-
tercept, l~/I, was found to be 0.05. Although this
value of RT3 is closer to the value expected for a
pure boundary resistance than the previous val-
ues, ~'5 the resistivity above what would be expected
is likely due to the fact that the sample is very po-
rous at the toy and consequently has a much poorer
thermal conductivity. Two observations have been
made which substantiate this interpretation. (i)
The addition of He' to the liquid He4 used for ther-
mal contact substantially improves the thermal con-
tact. Reasonable quantitative agreement for the
improvement can be accounted for on the basis of
the improved thermal conductivity of the liquid he-
lium in the narrow channels of the porous hydro-
gen. ' (ii) The small value of lz/I, obtained above
indicates that the height l, of the effective bulk HD
is much less than the approximate 1 cm expected
from the amount of HD gas emitted to the sample
cell. Thus the conductivity through the upper por-
tion of sample was possibly due to conduction
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through the liquid helium.
It is presently believed that the difficulty encoun-

tered with hydrogen to copper thermal contacts is
due to fractures of the crystal around the copper
and subsequent pulling away of the crystal from the
copper upon cooling. Liquid helium eliminates this
problem, however; the conduction through the po-
rous region of the sample near the top limits the
heat that can be removed from the sample. All the
samples that have been studied have been grown un-
der their own vapor pressures. Thus a possible
solution to the contact problem is to pressurize the
hydrogen gas prior to solidification so that when the
sample is cooled the sample does not contract away
from the copper contact.

IV. DISCUSSION

A. Significance of Coefficients e and P

The magnitudes of the coefficients 0. and p are
related through their dependence on the anisotropic
part of the valence and van der Waal's interactions
for the coupling which gives rise to the phonon
scattering. As mentioned earlier, the strength of
these interactions is not accurately known. If the
rotational matrix elements resulting from the cal-
culation of the thermal conductivity could be evalu-
ated, then the coefficients ~ and P would determine
the magnitudes of the anisotropic valence and van
der Waal's interactions.

In the case where the two-phonon process is
dominant, scattering takes place between all nine
of the rotational pair substates created by the EQQ
interaction. The matrix elements for this case can
be evaluated fairly accurately since the magnitude
of the EQQ interaction is known quite well. How-
ever, at lower temperatures where the one-phonon
process is dominant, only the low-lying rotational
substates are important because only these states
are accessible to the low-energy thermal phonons.
It is the origin of these low-lying states which is
uncertain making an unambiguous evaluation of the
valence and van der Waal's interactions impossi-
ble.

One possibility is that the one-phonon process is
taking place exclusively between the near continu-
um of EQQ levels formed in a nearly pure J= 0 or-
tho-para alloy. A numerical evaluation of the ef-
fect of these levels on the thermal conductivity
showed that, in the temperature range 4-0. 2 K,
these states gave rise to a maximum in the thermal
resistivity around 0.8 K. Further, the magnitude
of the resistivity was less than that expected from
the presence of only a crystalline field splitting of
the rotational substates. Consequently, a one-pho-
non process taking place between the pure EQQ
levels does not account for the rapid increase in
the (J= 1)-dependent thermal resistivity below 0. 5

5.88m&If ~A4

p a q4k' (24)

Thus the value of A determined from Eq. (24) de-
pends experimentally only on the fourth root of the
ratio of n to P. In addition, the principal depen-
dence of A on the magnitude of valence and van der
Waal's interaction is through the square root of the
value of q since f/s, g is of order unity. Solving for
the value of A from Eq. (24) using the values given
earlier for the various parameters yields A/k = 24
mK. [Note that this value of A justifies the use of
the high-temperature approximations used to ob-
tain Eq. (1).] In the case of p-Hz the most recent
work places the value of A/k between 0. 1 and 0.008
K. '~ A recent NOR determination of A/k in HD
led to the value of A/k=0. 015 K.+ Comparing
these results it can be seen that the value of A/k
determined from the thermal-conductivity data is
in reasonable agreement with the other determina-
tion.

The value of e~q determined from p and Eq. (8)
was 1.53X10 2o J. This is 2. 3 times larger than
the value deduced from the parameters following
Eq. (2). The factor of 2. 3 is reasonable consider-
ing that the estimates given by various authors
(Refs. 2, 11-13)differ by a larger factor. Also,
a value of e,q 2 ha. not been calculated explicitly
for HD, the calculation of the value for p-H2 in-
cludes a factor of 2. 8 due to zero-point renormal-
ization, and the value of e,q needed to be in-
creased by a larger factor for the theory of Ref. 2
to fit the P -H2 thermal-conductivity data in Ref. 1.

K. Scattering between the EQQ states could ac-
count, however, for the departure from the curves
fitted through the resistivity differences in Fig. 4.
It is noted that the experimental points lie above
the fitted curve and show a maximum departure
just where the EQQ levels would be expected to
give a maximum resistance.

The numerical calculation of the effect of the EQQ
interaction was carried out using the EQQ pair
wave functions and summing over the first 3044
possible pair separations weighted by their prob-
ability. The probability of a given pair separation
was taken to be the probability of having two J= 1
molecules with the given separation times the prob-
ability that there were no other 7= 1 molecules in-
side two spheres (with radii equal to the separation
of the two J= 1 molecules) centered on the two given
J= 1 molecules.

Assuming then that the one-phonon process is
solely due to a crystalline field splitting of the ro-
tational substates, an accurate determination of the
value of A can be obtained by comparing the mag-
nitude of the coefficients a and p. The ratio of a
to P is given by the ratio of Eq. (7) to Eq. (8) as
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B. Summary

The HD thermal-conductivity measurements re-
ported here have shown a dependence on the J= 1
concentration qualitatively similar to that found in
the P-H, measurements. ' However, the fact that
the J=1 to J=O ratio was changed by conversion
while the sample remained frozen allowed a sepa-
ration of those phonon scattering mechanisms which
depend on the J=1 to J=O ratio and those which de-
pend on the impurity concentration. The HD data
showed that the anomalous T dependence of the
P-H~ data on the o-H~ concentration is not due to the
J= 1 to J= 0 ratio in the sample but rather a prop-
erty which is frozen in the crystal upon solidifica-
tion. In the case of HD, consistency is found in
attributing the anomalously large T3 dependence of
the thermal-conductivity data to a polycrystalline
sample having voids or channels into which liquid
helium can penetrate and carry heat. As these
measurements are limited to the region below the
thermal-conductivity maximum~s and the sample
was polycrystaQine, no anisotropic effects should
be expected.

The dependence of the HD thermal conductivity
on the J = 1 to J= 0 ratio at high temperatures was
found to be consistent with the theory of Ebner and
Sung with the exception that the elastic scattering
term had to be dropped. At low temperatures a
(J= 1)-dependent phonon scattering was found that
increased rapidly with decreasing temperature
down to the lowest temperature reported (-0.2 K).
It has been found consistent to attribute this scat-
tering to a direct absorption or emission of one
phonon by the rotational substate of the 8= 1 mole-
cules. For a one-phonon process to effectively
limit the thermal conductivity, the normal three-
phonon processes must be very rapid. Substantiat-
ing evidence for the presence of rapid normal pro-
cesses was obtained from the observed isotopic
scattering. If the normal processes were not rap-
id, then the known isotopic impurities would not be
sufficient to account for the magnitude or tempera-
ture dependence of the data. In conclusion, it is
noted that theoretical fit to the data yielded values
of the effective crystalline field splitting and inter-
action strengths which were within the limits of the
presently accepted values.
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