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Detailed measurements of the temperature dependence of the EPR spectrum and Hall coef6cient of
niobium&oped rutile have been made. At 4.2 K and 34 GHz, the EPR spectrum consists of a set of
well-resolved hyperfine lines which coalesce and then shift with increasing temperature. Computer
calculations of explicit line shapes have been performed based on a model of random hopping between
donor sites. Direct impurity-impurity and impurity-conduction-band-impurity hopping are discussed. The
hopping frequency is found to vary exponentially with temperature. The temperature dependence is
proportional to that of the conductionwlectron concentration and is attributed to exchange scattering of
the donor electrons with the conduction electrons. The exchange-scattering cross section is found to
equal cr = 3 X 10 "cm'.

I. INTRODUCTION

The electron-paramagnetic-resonance spectrum
of Nb-doped Ti02 (rutile) at 9 GHz has been reported
by Chester. ' His experimental results indicate
that the niobium occupies substitutional Ti ' sites
in the form of Nb '(4d'). At 4. 2 'K, a ten-line hy-
perfine spectrum is observed for each of the two
inequivalent substitutional sites. These are appro-
priate to the I= 2 nuclear moment of Nb (100%
natural abundance) and can be fitted to a simple
spin Hamiltonian.

Chester provided additional qualitative informa-
tion on the temperature dependence of the hyperfine
spectrum. He found the features essentially un-
changed up to about 25 K, above which temperature
the lines gradually coalesced into a single narrowed
line.

This work presents a more complete investiga-
tion and interpretation of the temperature depen-
dence of the spectrum in the coalescing regime.
Together with detailed EPR measurements at 34
GHz, the Hall coefficient has also been measured.
This allows for a direct measure of the conduction-
electron concentration, assisting in the interpreta-
tion of the EPR spectrum.

II. EXPERIMENTAL

A11 rutile samples were cut from a single boule
grown by the National Lead Co. with a nominal
niobium concentration of 0.04 at. %. The color of
the boule appeared dark blue; thin (1-mm) slabs
were a medium blue.

The boule was oriented by Laue x-ray scatter-
ing. After orientation, samples were cut from the
boule with a diamond saw and when necessary
ground to the final shape with a lapping machine.
The EPR samples were of cubical shape with sides
approximately 1 mm in length. The faces were
the [001] and [110]crystalline planes. One sample
was cleaved in the [110]plane and was used for all

final measurements.
Hall samples were cut to the shape of a rectan-

gular prism about 17&1.2 x0. 8 mm in dimension.
The current was in the direction of the [001] prism
axis, while the magnetic field was in the [110]di-
rection. Electrical contacts were made with in-
dium using an ultrasonic soldering iron.

The EPR measurements were made with a con-
ventional reflection type spectrometer in conjunc-
tion with a Varian 12-in. electromagnet. Calibra-
tion of the Nb ' concentration was done at 9. 5 GHz
and 4. 2 'K. The rutile sample was mounted inside
of a cylindrical cavity next to the Varian standard,
0. 01% pitch in KCl. By observing and comparing
the power absorption (not the derivative) of the two
samples, the Nb ' concentration was obtained as
c=3.6x10" cm '.

All other EPR measurements were made with a
cylindrical microwave cavity operating at 34 GHz.
Since the Nb hyperfine spectra arising from the
two types of inequivalent sites in rutile have differ-
ent g factors for arbitrary directions of the mag-
netic field, operating at 34 GHz had the advantage
of giving a large separation between these spectra,
as compared to 9 GHz. The sample temperature
was varied by mounting it on a substrate, whose
temperature was maintained by a heater in conjunc-
tion with an electronic feedback system. The
microwave cavity was surrounded by an evacuated
can, which in turn was immersed in a liquid-helium
bath. Temperature measurements were made with
a Cryocal, Inc. germanium resistor. Shifts of the
cavity resonant frequency with temperature were
less than 0. 1 MHz/'K, which corresponds to a
maximum error of 1.7 G in the determination of
the resonance line positions.

Measurements of the Hall effect were made by
gluing the rutile samples to a copper block inside
an evacuated can which could be immersed in a
liquid-helium or liquid-nitrogen bath. The tem-
perature of the copper block was again regulated by
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FIG. 4. Number of Hall carriers ng in Nb&oped ru-

tile as a function of inverse temperature. The two
curves are the results for different regions of the
boule.

The hyperfine spacing of the H II y spectrum was
much larger with some partially resolved structure
at 4. 3 K [Fig. 3(c)j. This structure can be at-
tributed to 4mi = + 1 transitions which are allowed
through the electric quadrupole interaction if the
magnetic field is not oriented along one of the
principal axes of the crystal. Only slight mis-
alignment can give rise to "forbidden" transitions
of considerable intensity; in fact, their appearance
has been used as a very sensitive method of orien-
tation for Ti02. Cu. Unfortunately, the small
size of our samples, which were fixed inside of the
cavity, made precise orientations difficult to
achieve.

A very gradual broadening of the individual lines
of this spectrum was observed in the 18-25 K
temperature region. Most of the hyperfine lines
could still be resolved at 25 'K, but there was ap-
preciable overlap with the tail of the much larger
H II x absorption derivative signal near this tem-
perature. Decreasing signal-to-noise ratio and
further broadening prevented observation of the
H II y spectrum at higher temperatures.

Hall measurements were made on several dif-
ferent regions of the boule between 7 and 300'K.
The results obtained are typical of data on doped
and reduced rutile taken by previous authors in
that two regions with different activation energies
can be distinguished. The temperature dependence
of the number of Hall carriers at low temperatures

is given by n„cc& e '+, where E, is the depth
of the donor level below the conduction band. From
the slope of a plot of In(T'+ns) vs I/T the activa-
tion energy below 40'K was found to be E,jk
=72'K, while above 200 K a much higher activa-
tion energy is appropriate.

Results for two different regions of the boule are
shown in Fig. 4. It can be seen that different
values of the Hall coefficient were obtained in the
low-temperature region, with activation energies
identical to within experimental error. Such a
variation of the Hall coefficient is an indication of
macroscopic impurity inhomogeneity in the boule.
This inhomogeneity cannot be traced to a spacial
variation of the Nb ' concentration, since no
such variation was found in the Nb ' absorption
intensity of samples cut from the Hall bars at
4. 2 'K.

IV. INTERPRETATION

A. Hopping Model

Because a narrowed line is observed (H ~~ z) in
the high-temperature region, the coalescing of the
hyperfine lines can certainly not be attributed sole-
ly to a temperature dependent increase in the line-
width (e. g.', spin-lattice relaxation). Instead, we
attribute the changes of line shape and the shifts to
a line-hopping mechanism and interpret them in
terms of Anderson's model of "random frequency
modulation. "' Two processes may contribute':
(i) thermal excitation of the 4d' donor electrons to
the conduction hand and (ii) exchange scattering of
the donor electrons with the conduction electrons.
Either process results in the hopping of electrons
from one donor site to another via the conduction
band. Thus, electrons successively "feel" the
hyperfine field of the first Nb-donor nucleus, the
conduction electrons, and then the hyperfine field
of the second donor. Since the nuclear orientation
of each donor is random, the net effect is that of
hopping from one hyperfine line to the conduction
electron resonance line, and then back to any of
the hyperfine lines of the spectrum. If the hopping
is faster than the hyperfine frequency separation
of the resonance lines, the spectrum will first
coalesce and then narrow. Depending on the re-
laxation time and resonance position of the conduc-
tion electrons, the spectrum may also shift or
broaden.

To calculate the exact line shapes, we turn to
results of Anderson, ' who finds that the ab-

sorption spectrum is given by

f(Id) = —Re(W A I ~ 1),
where 1 is a vector with components of unity, W
a vector whose components are the absorption in-
tensity of the individual resonance lines. The ma-
trix A is given by
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A = a( u) —

(&ATE

}—5 + II,

where (d is a diagonal matrix whose eigenvalues are
the resonance frequencies ~&, E is the unit matrix,
and ~ is a diagonal matrix with eigenvalues 5, ,
the intrinsic linewidth of the ith resonance line
without hopping. The only off-diagonal terms in
A are the hopping terms II,

&
= II (or &, &u&), which give

rise to the coupling of the resonance lines.
Applying the theory to TiO&. Nb, we have N

hyperfine lines (i = 1, 2, . .., N); N = 10, H ~~ [001];
N = 20, H l~ [110])and the conduction-electron reso-
nance line (i =N+ 1). Assuming hopping only be-
tween the donor Nb nuclei with particular but ran-
dom values of mr and the conduction band gives
nonzero diagonal and furthest off-diagonal elements
only for A. Further assuming the hopping rate
from the donors to the conduction band to be inde-

pendent of the nuclear orientation and denoting it
by gives

g= —~ Ili] N y= I=1 2 ~ ~ ~

Calling the inverse rate 0', we find that the only
other nonvanishing matrix elements of II are

1
~N+j,, X+1 Ii~,q; -—Q'/N, i = 1, 2, .. ., N .

Detailed balance is satisfied by requiring

n, Q' = (1 —h)Q,

where 4 is the fraction of the electrons in the con-
duction band. We further set the absorption in-
tensity of the ith line equal to the occupation, i. e. ,

W~, q-—6, W(-—(I -6)/N; j =1, 2, .. . , N.

With these assumptions we show in the Appendix
that the absorption spectrum is calculated as

gg
" N -1 QQt -1i

f(~) = -He~ (&~.g, ar. i -Q)+~ ~ (&«) ' (2)

We explicitly exhibit the denominator of this expression, by rewriting it as

aA N — N get g N 1

I( )=-Re (A „„„—Q) — Z IIA, , n, gA, , A„„„„gA,, — Z IIA, ,
'

(3)
0=1 3 5=1 k=1 p=1 k4p

To gain insight into the properties of the spectrum,
we proceed to consider several limits. In these
considerations we closely adhere to the work of
Barnes et a/. who have investigated the poles of
Eq. (3} in a discussion of the hyperfine splitting of
localized magnetic moments in metals. ' Since
for our experimental conditions 4 «1 (see Fig. 5),
thus A'»0, our system is quite similar to the
situation commonly found in metals.

It becomes useful to distinguish between two
regimes: (i) the unbottlenecked regime and (ii} the
bottlenecked regime. The unbottlenecked regime
is obtained when 6«+6;»~+' or when +, —&«
» ~+ ~', where CE and i refer to the conduction-
electron and the hyperfine resonance lines, re-
spectively. Calculations of Barnes et al. show that
in this regime the hopping results in a simple
broadening of the hyperfine spectrum, the width
of the ith line becomes ~+ 5, . This can be under-
stood if we consider that, after hopping to the con-
duction band, an electron will relax to the lattice
before hopping back to an impurity site or it will
precess long enough in the conduction band so that
it will hop back to an impurity site with arbitrary
phase. Either case can be considered as a type of
relaxation process of the impurities, leading to
line broadening only. This point of view was also
previously adopted in interpreting the line broaden-
ing of EPR spectra in transition-metal com-

pounds. '4 "
In the bottlenecked regime (reversal of both of

the inequalities above) an electron will not relax to
the lattice or dephase before hopping back to an
impurity site. If, in addition, we impose the limit
of vanishing conduction electron population, 0' will
be extremely rapid and the hopping process be-
comes identical to direct impurity-impurity hopping
(see Appendix B}, the conduction band acting as a
sort of virtual state Consi. dering that 1/N on the
electrons hopping to the conduction band will return
to the same hyperfine line from which they origi-
nated, we obtain for slow hopping (Q «I &u& —&uI I)
again a simple broadening of the hyperfine lines,
the width of the ith line becoming [(N —1)/N] Q+ 5, .
If on the other hand the hopping is very fast such
that ~ » (d& —+z, a single narrowed line with width
6, at e, is obtained. Barnes et al. have shown that
the effect of finite & (but still 4 «1) leads to a
single line of width (1 —&}5,+65«at (1 —&)v,
+&co« for fast hopping, while for slow hopping the
result is identical to direct impurity-impurity
hopping.

B. Application of the Hopping Model

Because of the complexity of Eq. (2), numerical
methods are the only feasible way of evaluating the
spectra in the general case. We have performed
numerical computations of the absorption derivative
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TABLE I. Parameters for Tig: Nb4'.

Direction
of H A(10 cm" )~ A(10~ crn ) 6(G)

[001j (2)
h10t (")
h10) (y)

1.948
1.973
1.981

2. 1
~1.8

8. 0

2.32+0. 10 1.3
1.66 + 0. 10 1.1
7.93 + 0.20 1.6

Chester's values.
This experiment.

'& are the Lorentzian linewidths of the hyperfine lines
that best fit the 4. 2'K spectra.

with aid of an IBM 360/91 computer, with results
both in numerical and graphical form. Assuming
0 to increase with temperature, we can interpret
all of the experimental results in terms of our
hopping model.

As for numerical computations, all of the pa-
rameters in Eq. (2) must be known. The relative
number of conduction electrons, ~, was calculated
by taking the conduction electron concentration
from the Hall measurements and dividing it by the
concentration of Nb sites from the EPR calibra-
tion at 4. 2 'K. To determine the hyperfine param-
eters, we note that for zero hopping, Eq. (2) re-
duces to a superposition of Lorentzian lines

~ &I- (~- )-& ]') W

Since the experimental spectra retain about the
same shape up to 15'K, there is presumably no

hopping at 4. 2 K.
We match (4) to the experimental 4. 2 'K spectra

and obtain the hyperfine line positions && and their
"intrinsic" width 6, (see Table I). The equivalent
parameters for the conduction electrons ro«and
5«are unknown, since their resonance could not
be observed. Due to small carrier concentration
and possible broad linewidth, observation of this
resonance may be extremely difficult and to our
knowledge no such observation has ever been re-
ported.

Fortunately, lack of this information does not
hamper interpretation in the lower temperature
range, where the hyperfine lines are still partially
resolved. Indeed, from the discussion in the last
section we expect that the onset of hopping will re-
sult in line broadening only, both in the bottlenecked
and unbottlenecked regimes, independent of the
quantities urcE and ~«. Numerical calculations
show that a sj.mple line broadening is a good ap-
proximation to Eq. (2) for values of & small enough
so that the individual hyperfine lines are resolved
and for a wide variety of values of +«and 6«.
Very good agreement with the experimental spectra

is obtained (see Figs. 2 and 3). Since direct im-
purity-impurity hopping will also lead to line
broadening for small hopping rates, we conclude
that either it or impurity-conduction-band-impu-
rity hopping adequately describe the experimental
spectra in the lower temperature range.

Next we turn to a discussion of the spectra at
higher temperatures at which the individual hyper-
fine lines are no longer resolved. For H ~~ 2 the
coalescing of the ten hyperfine lines into a single
narrowed line was complete at 25 'K [Fig. 2(a)].
With further increase in temperature this line was
observed to narrow slightly more, and then to
broaden, while the center of the line simultaneous-
ly shifted towards higher magnetic field. The nar-
rowing can be explained in terms of increased cou-
pling (hopping) between the individual hyperfine
lines in the spirit of direct impurity-impurity
hopping. However such coupling alone does not
result in any shift or broadening. Thus a simple
impurity-impurity hopping model fails at these
temperatures and we turn to impurity-conduction-
band -im purity hopping for interpretation.

With increasing temperature the coupling of the
hyperfine lines with the conduction electrons is ex-
pected to become considerable, because of an in-
crease in the relative number of conduction elec-
trons & and in the hopping rate . Such a coupling
will shift and can broaden the line if the system is
(at least partially) bottlenecked. The shift will be
in a direction towards the conduction electron reso-
nance, with a maximum value of &(&sex —&u, ) in the
extreme bottlenecked limit. Since the observed
shift was towards higher field, we conclude that
the conduction-electron g factor g« is less than

g„i.e. , g«& 1.948. A lower bound of the differ-
ence in the g factors can be estimated. Using the
experimental values of the observed shift and of &
at 50'K, we find gcE 1.8.

Lack of information of the band structure of rutile
precludes a theoretical estimate of this quantity.
However, such a value is reasonable in light of the
wide variety of conduction electron g factors com-
monly found in semiconducting materials. For in-
stance, values close to 1.8 have been reported for
ZnS and CdS. '

Quantitative predictions of the broadening are
difficult to make. We note that the smallest width
that can be obtained from the hopping model is ~„
corresponding to complete narrowing of the hyper-
fine lines. In the limit of large hopping the width
becomes the weighted average (1 —&) 6, +&6« in

the bottlenecked regime, while the intermediate
hopping regime can only be solved numerically.
Considering that the system may not be completely
bottlenecked and that part of the observed broaden-
ing may be due to an increase in the spin lattice
relaxation rate, it is not possible to draw any
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temperature dependence of 0 by matching the
computer calculated curves to the experimental
spectra. As a sensitive criterion for matching,
the ratio of the shoulders of the absorption deriva-
tive A to the amplitude of the central hyperfine
lines B was chosen to characterize the spectra (see
Fig. 3). Thus by comparing the A/B ratio of the
computer calculated curves to those of the experi-
mental spectra at many temperatures, we have ob-
tained as a function of temperature.

An Arrhenius plot of the results is shown in Fig.
5. The best fitting straight line' to the points in
the plot can be expressed in functional form as

Q=4. 9xy0" e i'eyr sec ' Hiiz

Q=2. 7xy0'e sec ', H~~ x .

4 x106 I

4.5
I

5.0 5.5
102' T ('K-')

I

6.0
Q (3 7 y 1 3)x 109 e-(99@10&JT sec 1 (5)

We note that the temperature dependence of the
hopping rate for H I] x corresponds closely to that
of the conduction electron population, but not for
H II z. However, we find that the expression

FIG. 5. Hopping frequency (solid lines) and the rel-
ative number of electrons in the conduction band (dashed
line) in Nb-doped rutile as a function of inverse temper-
ature.

quantitative conclusions from the broadening.
Turning to the H Il [110]spectrum, we note again

that in the coalesced regime only the H ~~ x spectrum
could be well resolved, since the H I] y spectrum
was very broad and partially obscured by the tail
of the H ~~ x line. With increasing temperature this
line was observed to shift towards lower field and
to broaden. We attribute the shift to increasing
coupling with the H ]~ y spectrum competing with
coupling to the conduction electrons, which tends
to shift the line towards higher field. Assuming
the latter effect the same as the observed shift for
Hll z, we can separate the shift due to coupling
with the H ~l y spectrum only, and find it to be -30
G at 47'K. The maximum shift predicted by the
hopping model is just one-half of the separation
between the centers of the two low-temperature
hyperfine spectra, i.e. , 26 G. These values are
in agreement to within experimental error and
suggest that the line observed in the high-tempera-
ture limit for H II [110]arises from the complete
coupling of the H I~ x and H ]~ y spectra. The broad-
ening of this line is attributed to a combination
of increase in coupling with the conduction
electrons and to a possible increase in the spin-
lattice relaxation rate, just as in the H tl z
case.

To gain quantitative information about the hopping
rates, we turn back to the regime of resolved hy-
perfine structure. We obtain an estimate of the

can be used to describe both the H ]~ x and H t~ z re-
sults to within the error bars.

In principle, a determination of the temperature
dependence of 0 could be made also for the H ~~ y
spectrum. At lower temperatures values of 0
could be obtained from measurements of the width
of the individual hyperfine lines. At higher tem-
peratures where the individual lines overlap, an
analysis of the line shape just as for the other two
spectra would be appropriate. Such an analysis,
however, is not feasible for this experiment, since
at lower temperatures the widths were obscured
by appearance of the ~nl =+1 transitions, while
at higher temperatures the signal was too noisy.
To within experimental error, interpretation of the
H ~l y spectrum is consistent with the assignment
of ~ made for the other spectra.

C. Hopping Mechanism

Next we turn to a discussion of the physical
origins of the hopping in the regime of resolved
hyperfine structure where the hopping rate has
been calculated from the EPR spectra (Fig. 5).
Analysis of the hopping predicted by different pro-
cesses will show that the dominant contribution to
the hopping is exchange scattering with the conduc-
tion electrons. First, however, we investigate
the other possible processes.

1. Direct Impurity-Impurity Hopping

Even though direct impurity-impurity hopping
fails to explain the experimental results at high
temperatures, previous considerations have shown
that in the regime of resolved hyperfine structure,
this process, under certain circumstances, affects
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FIG. 6. Shift of the center of the hyperfine spectra of
Nb-doped rutile as a function of temperature.
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the spectra in a manner identical to hopping via the
conduction band. Direct impurity-impurity hopping
has been treated by Miller and Abrahams' in con-
nection with impurity conduction in elemental semi-
conductors at low concentrations. These authors
consider phonon activated hopping, where electrons
move between un-ionized and ionized donor sites
by absorption or emission of a, phonon. From
their work we calculate that the temperature de-
pendence of the direct hopping rate would be

duction band. The first is thermal activation of
donor electrons to the conduction band by phonons.
Kubo and Toyozawa have considered this problem
and show that the temperature dependence is given
by

g cc(kT/E )~ -E~/»

where E*= ED[(1+la)'/2a], Eo is the depth of the
donors below the conduction band, and o. is a con-
stant associated with the electron-phonon interac-
tion. We note that E*«Eo for any value of n.
Since the temperature region of interest is rather
small a plot of inQ, vs 1/T is nearly linear,
with the magnitude of the slope being greater
than Eo.

Below 40'K the Hall measurements are charac-
teristic of an activation energy of 72 'K. Previous
measurements on niobium-doped rutile have
shown an activation energy of 290'K in the low-
temperature range. This leads us to believe that
the depth Eo of the Nb donors in rutile is at least
290 K and that the source of conduction electrons
in our samples is due to some other (unknown) type
of impurity. However, the measured temperature
dependence of the hopping has an activation energy
of (99+10) 'K, which is smaller than Eo. Thus, we
conclude that thermal activation to the conduction
band cannot explain the observed effects.

25

20-

l5—

0& ~ E,[coth(E, /2k T) + 1], (6) IO—

where E~ is the energy barrier against the hopping
process, arising from fluctuations of the local
fields at different donor sites.

No values of E, are available for rutile. In the
elemental semiconductors values of E/k have been
determined by EPR and range from 3 to 10 'K. '~
By using a nonlinear least-squares-fit computer
program, ' we have found that it is impossible to
match Eq. (6) to our data with values of E, /k
- 80'K. The use of larger values of E~ seems un-
reasonable in light of the data for the other semi-
conductors. Since direct hopping also does not
predict the observed spectra at higher tempera-
tures, we conclude that this process is not an im-
portant effect.

2. Thermal Acth ation to Conduction Band

Two processes may induce hopping via the con-

H //x

20-

I5—

IO
20

I

25
I

30
I I

35 40
T {OK)

I

45
I

50

FIG. 7. Linewidth of the coalesced hyperfine spectra
of Nb-doped rutile as a function of temperature. The
horizontal lines are the smallest widths of the coalesced
spectra expected from a simple broadening of the indi-
vidual hyperfine lines.
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3. Exchange Scattering with Conduction Electrons

The second process that can cause promotion of
donor electrons to the conduction band is exchange
scattering of the conduction electrons with the
niobium donors. Such a process has been con-
sidered by Pines, Bardeen, and Slichter as a
mechanism for relaxation of paramagnetic impuri-
ties. Lepine" found exchange scattering to be the
predominant hopping mechanism in P-doped Si.

The scattering process can be described by con-
ventional collision theory in terms of

ex = +Vox ~

where the exchange scattering rate is ~,„,the con-
centration of conduction electrons is n, their aver-
age thermal velocity is t) = (3kT/m~)'~, and the ef-
fective exchange scattering cross section is denoted
by 0,„.Taking the temperature dependence of n
from the Hall measurements, we find that the tem-
perature dependence of the exchange scattering
rate is given by

g fX- T2 (-72/T)
ex

In the temperature range of interest, this expres-
sion predicts a nearly linear relationship between
1n& and 1/T, with a negative slope of 108'K.
Comparing this value with the activation energy
given in Eq. (5}we find that good agreement is
achieved with the exchange-scattering mechanism.

Thus, we conclude that exchange scattering is
the predominant hopping mechanism responsible
for the changes in the EPR spectra. We can make
an order of magnitude estimate of the effective
cross section. Using the experimental values at
20 'K, ~ = 2. 0& 10' sec ' and n = 2. 5 x10' cm ';
and assuming m*=100mo, ' we obtain v=3X10
cm/sec. The value of the exchange scattering
cross section is then found from E(l. (7); &x„=3
~10 " cm'. This value is somewhat larger than
the exchange-scattering cross section estimated
for Cr ' in rutile'; o,„=3&&10'7 cm .

V. CONCLUSION

Our analysis of the temperature dependence of
the Nb-doped rutile hyperfine spectrum has shown
that the spectra cannot be explained by an increase
in the spin-lattice relaxation time only. Instead,
we have been able to interpret the spectra in terms
of random hopping between donor sites. Only hop-
ping via the conduction band can consistently ac-
count for all of the observed features. The domi-
nant hopping mechanism is attributed to exchange
scattering with the conduction electrons.

Although we are able to estimate an upper bound
for the g factor of the conduction-electron reso-
nance line, the exact position and width of this line
still remains undetermined. We suggest it would

be useful to make a search for the conduction-
electron resonance by optical pumping of the sys-
tem to achieve the necessary electron populations
at low temperatures. This should be done in un-
doped rutile, since for the Nb-doped rutile the con-
duction-electron resonance line is expected to be
inextricably coupled to the Nb hyperfine spectra,
thereby complicating any interpretation of the con-
duction electron spin resonance spectrum.
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APPENDIX

A. Absorption Spectrum for Impurity-Conduction-Band-
Impurity Hopping

For the case of hopping via the conduction band,
the only nonvanishing elements of matrix A. are the
diagonal and furthest off-diagonal elements:

A( (
———i((d —(d() —5( —0, i =1, 2, . . . , N

A«+1, «+1 ~((( (dCE) ~CE

A«, g (=f1'/&, A( «.)= f1,' &=1, 2, ~ ~ ~, &.
Here we have identified the conduction-electron
terms by the subscripts CE and X+1. Finding the
absorption intensity we write

I((d}= —Re ( W .A ' ~ 1 )

N N N+1

= —Be r r (A '),
~

5 r (A ')„.. ..)j=l g=l gal

(A1)
We can solve for the summed terms by requiring

N~l N+1

Q A( q(A ')~ ~
—l. .

y=l k=1

For the case i=X+1,

g I N N+1 N+1

( )g «+ «, ) «„Z(A ')«, g ))
--]. (A2)

For the case of i=1, 2, . . . , W,

N+1 N+1

Z Z A, J(A ')q ~ D+Zi (A '), « = 1 .
/=1 k=1 k=1

Since for i &j the 4j &
terms in the first summation

vanish, we obtain, after rearrangement and a
further summation,

r F: (A '), , = ( —() Q (A ')„...) Z(A, , ) '. (Am)
j~1 k~1 k 1 j=1

Solving (A2) and (A3) for the summed terms a,p-
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pearing in (Al) yields S N+1

EZ (A ')~ = (A„„„., —G)5 (A, ,} ')
y=1 0=1 /=1

and

gg& N -i
x A„,s„„—N Z(A& ()'

f=1 Substituting these expressions into Eq. (Al) finally
gives the absorption spectrum

I((u)= —Re~ (A„„,—A)+6 Z(A, ,)
' ——A„„„Z(A, ,) '

B. Absorption Spectrum for Direct Impurity-Impurity Hopping

In the case of direct hopping from one hyperfine
line to any other, the matrix elements of A for N
hyperfine lines are easily seen to be

A&& ———i(u —&u&) —5& —[(N —1)/N ]0,
AU=f1/N, i~j .

The absorption spectrum is found from

N E
i(u&) = -Re(W. A ' ~ 1)= —

N
Re Z Z (A ')».

f=i 0=1

Since
N N

Zi Z A, ~(A ')J ~= 1,
/=i pal

substitution for the off-diagonal terms in A gives

or

Z (A '), , =(1 ——r Z (A ')i ) (A, , ——

l

Summing over i and solving for

we find

N 1 g i
I((o) = ——Re Z [-i((o —(u, ) —&, —&] '

+N
j=l

(A4)
We proceed to consider the limit of (5, +0)«I v,
—(d~ I. Restricting the values of 0 to within the
neighborhood of &~, we find the terms in the sum
appearing in Eq. (A4) not involving k to be negligi-
ble and obtain

1 . N-].
I((u) = ——Re —i((o —(o~) —5, —

N a ~ N

which is just a broadening of each hyperfine line.
lf, on the contrary, (&&+&)» l&o& —&u~l and

A»6„we find that the spectrum consists of a sin-
gle narrowed line at ~„

i(~) = —Re[-i(~ —~~) —~i l
'

where &a& =g, &&a;/N and 5, =g", , 5~ /N
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