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Robert F. Milligan~

Department of Physics and Astronomy, University of Rochester, Rochester, Pew York 14627
(Received 8 March 1973)

The transmission of 9.23-GHz radiation through thin gallium plates at 1.3 'K is studied as a function of
external magnetic field strength and orientation in the three principal planes. The transmitted signal consists
primarily of sample-thickness dependent Gantmakher-Kaner oscillations arising from conduction electrons
with both effective and ineffective trajectories. Certain of the ineffective-electron signals have either

amplitude dips at cyclotron resonance or odd harmonic content, features which are expected when the
surface scattering is specular. One cyclotron-phase-resonance branch was also observed in the thinnest

sample. In addition to measuring the value of the product m a ( vH ) for each branch, & &~ ) was obtained
for certain cases.

I. INTRODUCTION

It is well known that when high-frequency elec-
tromagnetic waves are incident on a metal slab the
interior of the slab is shielded from the fields by
currents established within the skin depth 5. Re-
cent experiments on a number of high-purity metals
at low temperatures have shown that long-mean-
free-path (X) conduction electrons moving normal
to the surface (ineffective electrons) can transmit
small amounts of high-frequency radiation well be-
yond the skin depth. When an external magnetic
field H is oriented normal to the surface of a thin
slab (or at an angle 8 away from normal, e(-.'v —V/~)
these ineffective electrons traveling in well-de-
fined trajectories can cross the sample and in
special cases produce a detectable emergent elec-
tric field whose phase varies directly with H.
Gantmakher and Kaner' first observed these weak
transmitted fields in tin. The so-called Gantmak-
her-Kaner (GK) oscillations have since been re-
ported for several metals at radio frequencies
and recently for potassium, and copper and silver
at microwave frequencies.

At radio frequencies the oscillation period is
proportional to m"(v„), the product of the effective
mass and the average Fermi velocity parallel to
H. Only electron orbits for which m*(v„) is ex-
tremal contribute to the signal. At microwave fre-
quencies the transmitted signal can be conveniently
studied for H both above and below cyclotron reso-
nance and it is sometimes possible to independently
determine m* or (vH). ' In addition signals from
orbits for which m*(v„) is not extremal have also
been observed at these higher frequencies. 9

We report here the results of a microwave trans-
mission experiment in gallium in which many GK
oscillation branches arising from different orbits
on the Fermi surface (FS) have been observed.
The FS of gallium has previously been studied by
a variety of experimental techniques some of which
are the de Haas-van Alphen (dHvA) effect, ' the

radio-frequency size effect, ' ' Azbel-Kaner cy-
clotron resonance (AKCR), "acoustic cyclotron
resonance, "magnetoresistance, ' and oscillatory
dc magnetoresistance' (the dc analog of the GK
oscillations). Much of the data have been explained
in terms of the FS model of gallium by Reed';
however, the origins of some of the data are still
uncertain owing to the complex nature of the FS.
In addition, the data of one experiment often appear
unrelated to that of another. The identification
and correlation of data is especially difficult for
experiments which measure differentials of the FS,
such as m" and m*(v„), since these quantities are
most sensitive to small changes in the FS model.
This experiment was designed to improve the corre-
lation of data from different experiments by simul-
taneously measuring (m*(vH)),„„,„and m*, which
also enables (v„) to be evaluated. Definite indepen-
dent determinations of both m~ and (m~(ve))„„, ~,
was possible for only two branches, however many
other GK branches bore sufficiently close resem-
blance to AKCR extremal-mass branches for
comparisons to be made. One GK branch was also
identified with a dHvA extremal area branch.

II. BACKGROUND AND THEORY OF GK OSCILLATIONS

Many salient features of the transmitted electric
field can be obtained by considering a two-field
model in place of the actual complex field distri-
bution inside the metal. The bulk of the electric
field is confined to the skin depth and serves to (i)
shield the interior of the metal from the external
field and (ii) launch ineffective electrons which will
carry a small second field into the metal. Ineffec-
tive electrons moving through the skin depth re-
ceive a small increment to their momentum from
the transverse fields there. As they move into
the metal along the magnetic field lines, the direc-
tion of the increment of momentum rotates with
an angular frequency u, =eH/m*c. The nonequilib-
rium momentum distribution for many such elec-
trons gives rise to a small field inside the metal.
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At a depth z inside the metal the field produced by
electrons from the same orbit in k space has ro-
tated with respect to the original field direction in
the skin depth through an angle ~,z/(vz&. The
angle of the transverse electric vector at z with
respect to the instantaneous electric vector in the
skin depth is

where ~ is the frequency of the applied field and
the + correspond to the two possible senses of
circular polarization. The phase shift of the elec-
tric field which emerges at the second surface is
also given by this factor, ' where z is replaced by
the sample thickness L. In general both v, and

(v„) depend on the exact orbit on the FS, so fields
produced by electrons having different values of
momentum parallel to H, k&, will have different
phases at the second surface and will tend to can-
cel. Phillips, Baraff, and Schmidt ' have shown
that if P(H) is extremal for a certain value of k„
=kz, i.e. ,

(2)

then electrons from that region of the Fermi sur-
face will be sufficiently in phase to produce a net
transmitted electric field.

At radio frequencies, v «co, for magnetic fields
of interest and Eq. (2) reduces to the familiar con-
dition (m~(vz)), «„~——8/2v (SA/»z)„„, ~ for the
observation of GK oscillations, where A is the
cross-sectional area of the FS perpendicular to k~.
Where SA/»z is a true extremum, the conduction
electrons follow helical trajectories. In addition
to signals from electrons on extremal helical tra-
jectories, limiting-point electrons can also yield
signals. At the limiting point of the FS, SA/Sk„
is extremal because it is nonzero and terminates
here. Since there are only a few electrons in the
vicinity of the limiting point, the signal is corre-
spondingly weaker than that of an extremal helical
trajectory. '

Equation (2) also predicts signals which can only
be observed when co-co, . Consider a FS with a
constant value of co, over a range of k~ values.
Equation (2) yields

in this region of constant &o, . Since m~(vz) e SA/

»„, Eq. (3) is satisfied by the specific orbit with
extremal SA/»„, as before. However at ~ =to,
all orbits in this region satisfy Eq. (3) and a strong
burst of power occurs. For a FS with n-fold sym-
metry about H, Eq. (2) becomes9'30

(4)

where n = oj + 1, j an integer. Thus, in addition
to a strong signal at the cyclotron resonance field
H, =m "c&u/e, signals are expected at certain har-
monics H,/n. Such bursts of transmitted power
have been observed in copper and silver '~ and
have been termed cyclotron phase resonance.

The arguments leading up to Eq. (2) as the condi-
tion for observing a transmitted signal assume that
all ineffective electron orbits on the FS can be
treated identically. This is not strictly true. Elec-
trons with small values of (v„) may have too small
a mean free path to reach the second surface. Also
peculiarities in the orbit may allow certain elec-
trons to spend a greater than average time in the
skin depth and hence interact more effectively with
the exciting field. Baraff and Phillips ' have ob-
served signals in copper and silver arising from
such orbits of high "topological effectiveness. "

%e consider now the calculation of the high-fre-
quency Gantmakher-Kaner mode in a metal slab
with specular surface scattering. The mathemati-
cal basis of the GK oscillations is the presence of
branch points in the wave-vector-dependent con-
ductivity o(q). Gantmakher and Kaner' first cal-
culated the long-range electric field mode in a
semi-infinite slab which resulted from these branch
points. Antoniewicz and Falk, Gerson, and
Carolan considered the finite slab case with specu-
lar scattering at low frequencies (H» H, ) and short
mean free path (X & L). The new aspects discussed
here extend their results by calculating the trans-
mitted electric field for arbitrary values of X and
II. These conditions are required to properly de-
scribe the field transmitted through a high-purity
metal at microwave frequencies. Other conditions
of the calculation are: (i} the FS has axial sym-
metry about 8; (ii) H and the direction of the in-
cident circularly polarized electromagnetic wave
are normal to the surface; (iii) only contributions
to the transmitted electric field from the branch
points of o(q) are considered; (iv) the transmitted
field is assumed to radiate into free space, not
a microwave cavity.

Overhauser and Rodriquez2' have shown thai for
a FS with axial symmetry about H lI z, the conduc-
tivity is given by

ie eH dP, v,
(2w) c &a, &uk&0, +f/~ —W,

where e, and v, are the electron velocity compo-
nents parallel and perpendicular to H, P, is the
electron momentum component parallel to H, and
v is the momentum scattering time. Antioniewicz
and Falk et al. ~ have shown that the ratio of
transmitted to incident electric field for a specular-
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ly reflecting slab of thickness L is given by

~E' 2i&d g (- 1)"
E'; Lc „(nrr/L) —(4rri&d/c ) a, (nrr/L)

Antoniewicz has evaluated the sum by solving a
contour integral. One can show that

E~ &d
" csc(rrz) dz

E', Lc . k', —(4rri(o/c ) &r(k,)

2i&o q rrcsc(rrz)

where k, = rrz/L and the integration encloses the
entire complex z plane, For gallium at high fre-

quencies, the last term is negligible. It describes
the skin-effect fields which have a very short
range (-10 ' cm). In a noncompensated metal it
also predicts the existence of helicon modes.
The poles also produce the Doppler-shifted cyclo-
tron resonances which at microwave frequencies
occur at magnetic fields well above the range of the
magnet used in this work.

The contour integral in E&l. (7) will be nonzero
if &r(k, ) contains a. branch point at z =z, in which
case there is a contribution to the integral along the
branch cut. To show this, let se =z —z' and ex-
pand the cosecant term into an infinite series.
For z' in the upper half-plane, K&I. (7) becomes

o(r (Zn+1) italo
E~ 2&d + &z„,» (~„, e dw
E'; LC „.0 „~b, ,„(rr/L) (rv+z') —(4(ri(d/cz)&r, [(rr/L)((v+z')]

cut

(s)

The integral in E&I. (8) was solved analytically or
numerically for a number of FS models characteris-
tic of an extremal helical trajectory or limiting-
point resonance. Since the FS of gallium consists
of many separate pieces, "a two ellipsoid model
was also calculated with an appropriate o for each
piece. In this model a large ellipsoid provides the
bulk of the conductivity, while a small ellipsoid
produces the oscillating signal. All of the models
have branch points at k,.= (&d + &d, +i/r)/v, and

yield a transmitted field of the foYm

T ( +~ ) e &2n+1&LI(-

n~0

x exp [i(&o + &d,) (L/v, ) (2n+ 1)+i(rz, (up + &d,)].
(9)

The essential features of the specular scattering
case are (i) E',/E( contains a fundamental and odd
harmonics. ' The presence of harmonics is the
direct consequence of specular scattering. An

electron scattered at the surface has its momen-
tum normal to the surface reversed while the trans-
verse component is preserved. For long X elec-
trons, the sample appears to have a thickness L'
= (2n+ 1)L for the (2n+ 1) harmonic; (ii) the n-de-
pendence of the amplitude is closely given by Tz„„
= (2n+1), except in the immediate vicinity of
cyclotron resonance. For extremal helical tra-
jectories p = 2, while for limiting points p = 22~;

(iii) the fundamental and harmonics all have an
essentially symmetric amplitude dip at cyclotron
resonance (- component). Above resonance, the
amplitude continues to increase with increasing H
until H»H„where a rapid decrease begins; (iv)
for the single ellipsoid and extremal helical tra-
jectory cases the phase angles o.~„„are relatively

small except near resonance for all harmonics.
Addition of the second ellipsoid further reduces
o.2„,& to about 0. 2 rad when the magnetic field is
&H, away from resonance.

This type of signal is in contrast to that expected
when the surface scattering is diffuse. Baraff '
has calculated the transmitted field for a spherical
FS. The diffuse case has an amplitude peak at
cyclotron resonance and the phase angle changes
from —&m below resonance to + &m above resonance.
No harmonics are present since the diffuse scatter-
ing causes the electrons to loose all phase memory.
Experiments on potassium have verified the am-
plitude peaks and phase shift~ of this theory.

The relative amplitudes of the specular and
diffuse signals depends on magnetic field strength
and scattering time 7 but the diffuse signal can be
two or three orders of magnitude greater, especial-
ly at resonance.

None of these calculations uses a FS as complex
as that of gallium. A calculation of the transmitted
field using the known FS of gallium would be ex-
tremely difficult. However at least one GK branch
observed here is known to originate on a small,
nearly ellipsoidal FS piece ' and for this case the
two ellipsoid model may not be too unrealistic. A
more realistic model might be to treat the elec-
trons on the large ellipsoid as being scattered dif-
fusely while those on the small ellipsoid are scat-
tered specularly.

III. EXPERIMENTAL PROCEDURE

The measurements were made using a closed-
loop transmission apparatus in which the sample
forms a common wall between two microwave
cavities. Similar schemes have been used to study
conduction-electron spin resonance in metals.
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FIG. 1. Schematic dia-
gram of the microwave
transmission spectrometer.
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gulde.

A diagram of the apparatus is shown in Fig. 1.
Microwave power, amplitude modulated at 100 Hz

by a Gyraline, is incident on the transmitter cavity
I. Cavity I is tunable so that both cavities can be
brought to the same resonance frequency of 9.23
GHz. A rotary smitch allows reflected power from
cavity I, as well as transmitted power from the
receiver cavity II, to be detected by the bolometers.
The isolation of the rotary switch is only 60 dB so
the reflected power from cavity I was attenuated
by an additional 60 dB when the transmitted signal
was being observed. At the bolometers the trans-
rnitted field is beat against a reference field whose
phase can be varied through 360'. The resulting
signal is detected and recorded in the standard way.

To avoid thermal straining or cracking of the
thin gallium samples they were suspended by tabs
between the two cavities until the operating tem-
perature of 1.3 'K was obtained. The cavities were
then clamped together. Usual methods for reducing
leakage between the cavities, such as conducting
paint and indium O-rings, could not be used be-
cause of this clamping arrangement. The leakage
power was reduced by introducing into the signal
arm a second signal with the same magnitude but
opposite phase from the leakage signal. Using this
scheme the unbalanced leakage power could be re-
duced to -5x10 ' W for an incident power of 10 '
W. This residual leakage power is almost indepen-
dent of H and generally causes no operating difficul-
ties. Over-all spectrometer sensitivity is better
than 10 i9 W for a 1-Hz bandwidth.

Samples were grown from 99.9999% pure gallium
in Plexiglass molds. Each sample had one of the
crystallographic axes (given by the capital letter in
the name) within 1 of the sample normal n. Sur-
face areas of the samples were made large, typical-

TABLE I. Samples and thicknesses.

Thickness (mm)
Sample

B-I
B-II
B-III
B-IV
B-V
B-VI
A-I
C-I

300 'K

0. 0707
0. 109
0. 128
0. 185
0. 243
Q. 509
0. 126
0. 191

1.3'K

0. 0702 + 0. 0010
0. 108 + 0. 003
0. 127+ 0. 002
0. 184 + 0. 002
0. 241 + 0. 002
0. 505~ 0. 005
0. 126 + 0. 001
0. 190+ 0. 002

ly -1 in. , to help reduce microwave leakage. The
sample thickness was determined by measuring the
surface area and mass of each sample and using
the room-temperature density of 5. 90f g/cm'. The
following thermal contractions were used to get
the 1.3 K thicknesses for a-, b-, and c-axis sam-
ples, respectively: bL/L=2. 41x10 s; 6. 99x10 ';
4. 11x10 3. Table I lists the samples and thick-
nesses.

The samples were oriented between the cavities
so that the microwave current, j, was along a crys-
tal axis. The transmitted GK signal has been cal-
culated only for the case H II n, however data were
taken at regular intervals for H in the plane of n

and j. The principal effect of rotating H an angle
8 away from n is to change the effective thickness
of the sample to L/cose. The precise orbit re-
sponsible for a set of oscillations also changes with
8 and this sometimes effects the line shape.

IV. EXPERIMENTAL RESULTS

A. General Features

Sample-size-dependent oscillations were ob-
served in each of the principal planes of gallium.
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The measurable quantities I. and oscillation period~ are related to orbit parameters by the following
expressions:

r3HL Ifc BA 2Itc
cos8 e ek e

(lO)

Figure 2 shows the size-effect data obtained in this
experiment. The branches are designated by two
letters; the first gives the sample normal and the
second the direction of the microwave current.
The data are plotted for convenience as the quantity
(m~/m, )(v„). The dashed curves are the data ob-
tained by Munarin, Marcus, and Bloomfield'7 from
the Sondheimer oscillations in the dc magnetoresis-
tance of gallium. These oscillations are known to
come from orbits where BA/Bk is extremal. Com-
parison of the two sets of data shows only one
branch, AB-1, in approximate agreement with a
dc branch. A possible explanation for the disparity
between the two sets of data is that the two experi-
ments may have greatly differing sensitivities de-
pending on the magnitude of &H. The strongest
oscillations at microwave frequencies were those
with small &H, and presumably small m*. Moore, "
who measured the AKCR in gallium, also noted
that the small-mass branches were the most in-
tense. The dc experiment was probably less sensi-
tive to rapid oscillations than to slow oscillations.
Branch BC-1, which is extremely intense at micro-
wave frequencies, would have a period ~H less
than the width of the field modulation used by
Munarin et al. and is unlikely to have been observed
in their thicker samples.

Another possibility for the differences between
the two sets of data is that the microwave branches
are not due to orbits of extremal BA/Bk but may

arise from one of the other mechanisms mentioned
in Sec. II. Branch BA-1, in fact, is known to be
due to cyclotron phase resonance. Baraff and
Phillips ' have pointed out, however, that GK os-
cillations arising from orbits with maximum topo-
logical effectiveness will only occur if co & co, .
Gallium is characterized by many small effective
mass branches" so most resonant fields are less
than 2 kOe at the frequency of this experiment. The
majority of the observed branches have oscilla-
tions continuing well above this field with many
still increasing in magnitude at 10 kOe, the highest
attainable field for these experiments. It is thus
unlikely that the "topological effectiveness" mecha-
nism is operative in these cases.

A surprising result of the experiment is that in
no case is the expected symmetric peak or dip at
cyclotron resonance observed in the GK oscillations.
Several branches show an amplitude increase with
H starting at low fields. These cases may actually
be characteristic of oscillations produced by
specularly scattered electrons (i.e. , symmetric
dip at H, ) with small effective mass. The signal-
to-noise ratio is too poor at low fields to observe
oscillations increasing in amplitude as H is lowered
below H, . Values of m* were obtained for two
branches which have anomalies at H, . Branch
BA-1 is characteristic of cyclotron phase resonance
while BC-1 contains an unexplained asymmetric
amplitude anomaly at H, .

Several of the size-effect branches show a great
similarity to AKCR effective-mass branches' in
field dependence, angular range, and polarization
effects and it is likely that nearby orbits on the
same piece of FS are responsible for the two
effects.
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B. Specific Features of the Data

The size-effect oscillations observed in gallium
at microwave frequencies were of several types.
The particular type observed depended in part on
sample thickness and the strength and degree of
tilt of the magnetic field, as well as the properties
of the individual orbits.

1. Small Period Oscillations of Ineffective Electrons

This type of oscillation showed the greatest re-
semblance to the calculated GK oscillations. Elec-
trons which have no portion of their orbit moving
parallel to the sample surface will absorb and
reradiate electrical energy uniformly along their
helical trajectory producing a sinusoidal signal.
Most of the signals observed for H near the sam-
ple normal-BC-1, CA-1, CA-2, and CA-2' —are
of this type. The signals a.re generally weak or
unobservable at low magnetic fields (below the cy-
clotron resonant field H, ) and increase gradually
with increasing field strength. The oscillations of
BC-1 differ in this latter respect and will be dis-
cussed separately in a later section. The observa-
tion of GK oscillations only above resonance is in

IA)

MAGNETIC FIELD (kOe)

FIG. 4. Sharp spikes of branch AB-2 seen in the sig-
nal transmitted through sample A-I, j lib. H makes an
angle of 70' with the u axis in the ab plane.

I I I
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MAGNETIC FIE LD ( k06 )

FIG. 5. Signal transmitted through sample A-I, j Ilc.
H makes an angle of 55' with the c axis in the ca plane.
At low fields {top trace) the sharp double spikes of AC-1
are seen. They broaden and in a certain field range
(middle trace) give a sinusoidal signal with 2 the average
period. At high fields (bottom trace) they have the
average period and are superimposed on the broad AC-2
oscillations. Note the change in scale.

I

6.0

2. Oscillations of Effective Electrons

Electrons which have a portion of their orbit
moving parallel. to the surface will preferentially

marked contrast to the oscillation from electrons
of high topological effectiveness observed in cop-
per and silver which occurred only below H, .

Figure 3 shows the signal transmitted through
sample C-I with H 30 from the c axis and j Ih a.
A beat period of -1 lee is observed which is due to
interference between branches CA-1 and CA-2.
Branch CA-1 and Moore's AKCR mass branch G

have a similar angular dependence and are believed
to arise from the same or neighboring orbits on
the FS. This would make the resonant field in Fig.
3, 300-400 Oe. The amplitude dependence of the
oscillations above resonance is in qualitative agree-
ment with the various calculations assuming pure
specular surface scattering. Under the conditions
of Fig. 3 oscillations are not observed until H & 2H, .
One would not expect to observe oscillations in the
field range 0~ H» 2H, since all FS models based
on pure specular surface scattering predict a
symmetric amplitude dip at resonance.
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tions are thus thought to arise from orbits at or
very near a limiting point. These electrons are
also the ones most excited by the field in the skin
depth, since H is nearly parallel to j. Figure 7
shows traces of CA-4 for angles of 1.5' to 4. 5'
out of the sample plane. The qualitative behavior
of CB-4 is the same as that of CA-4. CB-4 was
observable as far as 19.7' away from the b axis
and CA-4 as far as 13.0 from the a axis. Gant-
makher and Kaner and others have observed sim-
ilar oscillations at radio frequencies for H just
out of the sample plane. The rf experiments pro-
duced periodic spikes characteristic of orbits with
effective segments. Only a sinusoidal variation
was observed in the present case. However, no
signals were observed at low fields where the sharp
nature of the spikes should be most noticeable.

Table II gives the values of (m*/mo)(v„) along the
a and b axes. For comparison, two calculated
limiting point values for each direction are given
for the eighth band ellipsoid centered at L. The
first value is calculated using extremal area of the
ellipsoid from Reed's pseudopotential calculation of
gallium. The second value uses the dHvA ex-
tremal areas obtained by Goldstein and Foner' and
Condon" along the a and b axes and Reed's calcu-
lated c-axis area (for which no dHvA data for this
piece are available). The calculations assume a
perfect ellipsoidal FS, however, the true surface
undoubtedly differs somewhat from this idealization.
An ellipsoid with its major axis along 0, also pre-
dicts a rapid decrease in (m*/mo)(vs) as H is ro-
tated towards the c axis. Branch BC-4 is in good
qualitative agreement with this.

The decrease in amplitude of the signals as H

approaches the sample plane (see Fig. 7) is due to
two factors. First, there is an exponential de-
crease in amplitude with effective thickness given
by exp(-L/jocose). Second, the sample surface
area which can radiate power also decreases with
increasing 8 due to the finite thickness and area
of the sample. ' This latter term is complicated
by the possibility of small-leakage fields at the edges
of the sample. The variation in amplitude of CB-4
near the b axis yields X-4. 3 mm at 1.3 'K.

4. High-Field Large-Period Oscillati ons

One group of oscillations in the ca plane, AC-2,
AC-3, and CA-3, are characterized by large
periods of order &H-1 kOe and appreciable strength
only at high fields, generally above 4 or 5 kOe.
If signals are weak in the vicinity of cyclotron
resonance and are only observable at higher fields,
then the only difference between this group of os-
cillations and the small-period ineffective-electron
oscillations is a larger value of m* in this case.
Because of the large periods only a few oscillations
are observed below 10 kOe. Figure 5 shows AC-2

as a broad background variation for the rapid
oscillations of AC-1. The oscillations of the three
branches, AC-2, AC-3, and CA-3, are sinusoidal
with the exception of AC-3, which becomes a
periodic spike as H approaches the c axis.

Approximately 40' to 50' from the a axis, branch
CA-3 undergoes a rapid increase in period and then
returns to its expected extrapolated value (see
Fig. 2). It is not clear whether or not this depar-
ture represents another branch crossing CA-3.
The limited number of oscillations which can be
observed does not allow beating patterns to be re-.
solved.

There is a similar behavior for branches AC-2
and AC-3 using the j II c polarization. As H is ro-
tated towards the c axis, the signal from AC-2 sud-
denly fades and AC-3 appears a few degrees away
with a larger period.

The qualitative similarity between the large
period branches for the two polarizations suggests
that nearly the same orbits are being excited in
both cases.

A

5. Oscillations in the cb Plane, j II b Axis

The oscillations observed under these conditions
are characterized as extremely weak with periods
that are nonconstant. The oscillation period often
changes a few percent after several cycles at a
constant period. This behavior is not the same as
that observed in copper by Perrin et al. in which
different harmonics of the fundamental period were
observed for different field ranges. In the
present case, a period observed at low fields
often reappears at a higher field. At isolated
angles the signal is quite intense and extends
over a large-field range. The data given in
Fig. 2 for these branches represent the most
intense and continuous oscillations observable in
this plane.

8 =15' o b PLANE

Jlla

0
Ltj

Hc (AKCR- MOORE)

IOO

I

200 &00
I

400 500

MAGNETIC F IELD (Oe)

FIG. 8. Oscillations of branch BA-1 transmitted
through sample B-II. This signal is characteristic of
cyclotron phase resonance. H, is the cyclotron resonance
field observed by Moore (Ref. 14) for mass branch L.
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FIG. 9. Effective mass obtained from branch BA-1 in
the ba plane. The solid curve is the value observed by
Moore (Ref. 14) for mass branch I .

6. Cyclotron Phase Resonance in Thin Samples
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FIG. 10. BC-1 oscillations near cyclotron resonance
in sample B-I, H normal. H, is the cyclotron resonance
field for Moore's mass branch C (Ref. 14) and H, is the
resonance field inferred from the dnvA data of Goldstein
and Foner (Ref. 10).

The b-normal samples with j II a exhibited no
size-effect branches except for the thinnest sample
used, B-II. (Sample B-I was accidently destroyed
before the j II a polarization case could be studied. )
These oscillations, BA-I (see Fig. 8), are charac-
teristic of cyclotron phase resonance with sharp
bursts of power at cyclotron resonance H, . There
is also a noticeable burst of power at half the reso-
nant field but not at any other harmonics H, /n
Equation (4) allows a value of n = 2 since n = I for
H in the ab plane. m* was determined by taking the
resonant field as twice the value of the peak oscilla-
tion near 2H, . Phase effects are less sensitive
here since the oscillations are more rapid than
near H, . The value of m~ agrees closely with
Moore's AKCR mass branch L over a 60 range as
shown in Fig. 9. The periodic oscillations of BA-1
continue for at least 10 cycles above resonance at
most angles enabling (m*/mo)(vH) to be obtained.

FIG. 11. Top trace: Experimental trace of the real
component of the field transmitted through Sample B-II.
The solid curve is the theoretical line shape for P = 2; the
dashed curve is for p= 2. Bottom trace: Experimental
curve (imaginary component) after a 90' reference phase
change. The solid curve is the theoretical line shape for
p= 2; the dashed curve is for p= 2. In both sets of curves
the theoretical curves are displaced upward for clarity.
There is actually a p ~ shift in peak field positions be-
tween the two sets which is not indicated.

C. BC-1 Oscillations

The line shape of the BC-1 oscillations was
studied extensively as a function of magnetic field
strength, sample thickness, and spectrometer
phase. The line shape strongly supports the theory
that the electrons responsible for these oscillations
are scattering specularly, as has previously been
reported. Figure 10 shows a dramatic change
in line shape of BC-1 near 170 Oe. The field value
for the onset of the more normally shaped GK
oscillations is independent of sample thickness,
decreases by 5% with a 5% reduction in microwave
frequency, and increases as H is rotated away
from the sample normal. The onset is in excellent
agreement with the cyclotron resonance field for
Moore's mass branch C over a 50' range in the
bc plane. ' Both branches are believed to originate
from a small nearly ellipsoidal five-band-hole FS
piece in Reed's model. The identification is made
via dHvA extremal area and effective mass data. 0'~

For H II b, AKCR yields m* = 0. 0513mo while dHvA

data yield m*=. 054mo for this FS piece.
The line shapes of the GK oscillations above reso-

nance show considerable harmonic content due to
the multiple reflections. Equation (9) predicts vari-
ous signal line shapes depending on the spectrom-
eter phase. Neglecting the phase angle a2„,&, which
is small except near resonance, the real part of
the signal yields
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TABLE III. Size-effect data for H lib.

3751

Branch

BA-1
BC-1

(m*/m )(v ) (10 cm/sec)

0. 097 + 0. 005
0. 0578 + 0. 0005

m*/mo

0. 120+ 0. 002
0. 0500 + 0. 0015

(e„) (10 cm/sec)

0. 81+ 0. 05
1.16 + 0. 05

larization harmonics can be very large at low fields
(5P' = 35$ at &u, = &&@) so that their amplitudes may
actually be much smaller than the —components
in this field range and will not interfer strongly.

A second, less satisfactory, explanation con-
siders the effect of a few electrons which scatter
diffusely producing a signal which interferes with
the specular signal. The diffuse signal exhibits a
m phase shift in going through resonance while the
specular signal has only a small phase shift. This
process only effects the fundamental and is very
abrupt at resonance, in agreement with experimen-
tal observations. Unfortunately, the amplitudes
of the two signals must be nearly the same over a
large field range (&u, -0 to 2~) to produce the proper
interference. This is in such poor agreement with
the theoretical amplitudes that this explanation of
the anomaly does not seem very promising.

D. Fermi Velocities (v& &

Two branches, BA-1 and BC-1, were charac-
terized by anomalies at cyclotron resonance, al-
lowing m~ and (v„) to be determined. The data for
these two branches for H ~l b are summarized in
Table III. For both cases, the value of (v„) in-
creases as H is rotated away from the b axis,
while on the average for the entire FS, b is the
high-velocity (low-resistivity) axis. This differ-
ence strengthens the supposition that the individual
FS pieces responsible for these two sets of oscil-
lations are small with high curvature along k» in
contrast with the larger pieces for which k, is the
low-curvature axis. '

The small-period oscillations in the ac plane
show a great resemblance to three AKCR extremal
mass branches with the correspondence given in
Table IV. The validity of combining the results of
the two experiments to obtain (v„) is questionable
since the value of m* may vary considerably be-
tween the extremal mass orbit and the nearby ex-
tremal m~(vs) orbit. However this is not the case
for branches BA-1 and BC-1 which yield mass val-
ues within 290 of Moore's mass branches L and C,
respectively, for H ll b. Combining the data from
the branches given in Table IV yields values of
(vz) ranging from 8 to 12&&107 cm/sec. Doppler
shifted acoustic cyclotron resonance measurements"
and heat pulse-time-of-flight measurements ' for
the same direction in gallium have yielded Fermi
velocities considerably smaller than those values.

To explain the discrepancy, it should be noted that
heat-pulse measurements tend to yield only an
average of Fermi velocities in a particular direc-
tion. If a relatively small number of high-velocity
electrons are producing the size-effect oscillations
they may be unobservable in a heat-pulse measure-
ment. The acoustic-cyclotron-resonance experi-
ment may also be less sensitive to such a small
number of high velocity electrons than is a micro-
wave transmission experiment where the electrons
must cross the sample.

V. SUMMARY

TABLE IV. Correspondence between size-effect
branches in the ac plane and AKCR extremal-mass
branches of Moore (Ref. 14).

Size-effect branch

CA-1
CA-2
CA-2 '
CA-2 "
AC-1

AKCR mass branch

6
F'
F
F orF'
F orF'

Several size-effect branches have been observed
in gallium at microwave frequencies. Most of
these are believed to be true GK oscillations cor-
responding to orbits of extremal 8A/sk rather than
orbits of maximum topological effectiveness.
Several sets of oscillations arising from ineffec-
tive electrons have an increase in amplitude above
cyclotron resonance, in qualitative agreement with
the theory based on specular surface scattering.

One set of ineffective electron oscillations,
BC-1, contains the odd harmonics which are pre-
dicted for electrons undergoing specular scattering
and having X» L. This branch has an anomalous
amplitude behavior at cyclotron resonance for
which no adequate explanation is presently avail-
able. The effective mass of this branch is in
excellent agreement with Moore's AKCR mass
branch C.

Oscillations from electrons with effective seg-
ments in their trajectories were also observed,
even for H ll n. The signal of periodic spikes ex-
tends through cyclotron resonance with no observa-
ble change, except for a gradual broadening as H
is increased.

Two branches of limiting point electrons were
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observed for H just out of the sample plane. The
values of (m~/mo}(v„) for these two branches are
in reasonable agreement with that expected along
the a and b axes for the large Se ellipsoid in Reed's
FS model.

One branch, AB-1, was observed in the thinnest b-
normal sample which was characteristic of cyclo-
tron phase resonance. Amplitude peaks occured
at H, and &H, giving a value of m~ which is in ex-
cellent agreement with Moore's AKCR mass branch
L.

The observation of GK oscillations at microwave
frequencies offers an advantage over radio frequen-
cies in allowing the oscillations to be studied on
both sides of cyclotron resonance with the possible
determination of m* as well as (m"(v„)}„„,„.
This is one of the few methods of measuring Fermi
velocities at specific spots on the FS with a single
experiment.

The apparent sensitivity of this experiment to

FS pieces with small values of m* has enabled new
size-effect branches to be determined. Together
with the dc data of Munarin et al. , "a more com-
plete mapping of (SA/Sk},„~„„is available for
gallium.

Finally, correlations have been made between
several size-effect branches and AKCR extremal-
mass branches. This should help in the eventual
identification of these branches with specific elec-
tron orbits which will lead to refinements in the
present model of the FS of gallium.
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