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Using a method previously described, we have calculated the coefficients of thermal expansion for the
first two interplanar spacings near the (111) and {100) surfaces of Ar, Kr, and Xe. The bulk thermal
expansion, which is obtained as a by-product in the calculation, is found to be in good agreement with
experimental measurements at all temperatures up to the melting point (largely because of a
cancellation of errors at higher temperatures). This fact provides some confidence in the method and in

the results for the surface thermal expansion. At high temperatures, the results for the surface thermal
expansion are in agreement with the prediction of an approximate model which we gave earlier,

+surface/abu)k —(3/4) & ur ) su f / (0 )b lk At lOW temperatureS, a,„„„e/ab„,k paSSeS thrOugh a rather
high peak [with a value of greater than 6 for the {100) surface] because of dispersion of the surface
modes. We are not able to give a conclusive explanation of the large apparent discrepancy between our
calculations and the experimental observations of Ignatiev and Rhodin, which if taken at face value
indicate that a,„„„,/ab„, „ is greater than twice our result of about 1.9 for the (111) surface of Xe
between 55 and 75 'K. However, it is possible that factors other than thermal expansion influence the
shifts in the Bragg peaks which are observed experimentally, as has been found to be the case in other
attempts to measure surface thermal expansion. A nonkinematical calculation of temperature effects in
low-energy-electron diffraction from Xe(111) would be of interest in this regard, and also in regard to
apparent discrepancies between theoretical and experimental "effective Debye temperatures" at the
lowest energies. Experimental observation of the strong peak in a,„,f„gab„,„would also be of interest;
this peak occurs at roughly 6% of the bulk Debye temperature and should therefore bt: observable in
metals or other materials at cryogenic temperatures.

I. INTRODUCTION

The subject of thermal expansion at a surface
has recently received a modest amount of atten-
tion. ' The first theoretical treatments involved
minimizing the Helmholtz free energy' and carry-
ing out a c,lassical computer experiment. 2 Both of
these methods yielded only the thermal displace-
ments at a single temperature, rather than the
thermal-expansion coefficients as functions of tem-
perature. The main finding of these studies was
that the rate of thermal expansion must be consid-
erably larger at a surface than in the bulk (for dis-
placements normal to the surface), since the ther-
mal displacements were much larger at the surface
for the temperatures and surface orientations stud-
l8d.

Experimental attempts to measure the rate of
thermal expansion near a surface have been re-
ported by Gelatt, Lagally, and Webbk for Ag(111)and
Ni(111), by Woodruff and Seahs for Cu(111), by
Wilson and Bastow' for Mo(100) and Cr(100), and
by Ignatiev and Rhodins for Xe(111). These at-
tempts were based on observation of the shifts in
the "Bragg peaks" with temperature. Although the
results provide evidence that the rate of thermal
expansion at the surface exceeds that in the bulk, k"s

there are other factors besides thermal expansion
which influence the shifts in peak positions, ' so
one must be cautious in drawing conclusions from
the experimental data.

In the present paper, we apply the method of
Ref. 'I in detailed calculations for the (111)and
(100) surfaces of the noble-gas solids Ar, Kr, and
Xe. We find that our results for the bulk-thermal-
expansion coefficients (which are obtained as a by-
product) are in good agreement with the experi-
mental values. This fact provides some confidence
in the validity of the present method for performing
quantitatively accurate calculations.

Recently Dobrzynski and Maradudin have cal-
culated surface-thermal-expansion coefficients for
the (100) surface of n-iron. Since it is difficult to
model the ion-ion interactions in iron with any ac-
curacy, the results cannot be regarded as quanti-
tative. In fact, the bulk-thermal-expansion coef-
ficient is found to be in error by a factor of 3. The
values for ratios like a,„„,/o~» should not be
so greatly in error, of course. The results of
Ref. 9 at high temperatures are, indeed, in good
agreement with the prediction

3 2 2
+surface/+bulk e (+s)surface/(+s)uu»

obtained in Ref. 7.

II. THEORY

The present method, which represents a modifi-
cation of the one we proposed earlier, ' is based
on the quasiharmonic approximation, in which the
vibrational Helmholtz free energy is given by
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F„»=k((TZ ln 2 sinh~
S((t)

co 2k~T
(2. 1)

respectively, (2, 10) implies that

aa(= -Z (K ')(,F, , (2. 11}

where k~ is the Boltzmann constant, T is the tem-
perature, and the summation is over the normal-
mode frequencies (d of the solid. We assume that
the stresses are small enough to be neglected, so
that the Gibbs free energy is equal to the Helmholtz
free energy F. If 4 is the static energy of the sol-
id, then

F = 4 +E~,b (2. 2)

We define ao to be an interplanar spacing (i. e. ,
spacing between two planes parallel to the surface)
in the bulk and A, to be the ith interplanar spacing
near the surface (with i =1 at the surface), and we
let

A& = ap+ a, , z = 1,

Ap= ap

(2. 3)

(2 4)

(We take the intraplanar spacings to vary in propor-
tion to ((0, of course. ) Then the condition for ther-
mal equilibrium is

where K is a matrix having the elements K;&. If
we use (2. 1) to obtain the derivatives of F„,», we
get

Iz (dp
F( = 4; —Z4(&5((( —

&0& h uoy;(u») coth
f ((lp B

(2. 12)Iz
K(J @ '(+ 2A(0)~(0) ~ ~Or (~oh((~0)

"o

x coth — — csch

(2. 13)
where

B ln&
y, ((u) = -A(

Ba;
(2. 14)

We have assumed in(2. 13) that B In'/Ba(sa&=0.
From inspecting typical results for B ln(d/Ba, Ba&

in our calculations, we estimate that this assump-
tion will ordinarily lead to errors of a few percent.

Once the ha; have been determined according to
(2. 11), the thermal-expansion coefficients

BF =0, i=0, 1, 2,
Ba;

(2. 5) 1 BA;
n] — T, z —0, 1, 2, (2. 15)

We now use a Taylor series expansion of F,fb
about ((, =a('0( and C about a(=a(( '. (In Ref. 7, we
expanded both about a, = aI»'. ) We assume that the
a,' ' and a&

' are chosen in such a way that we can
neglect all terms beyond the second. We define

and excess thermal expansion coefficients

1p 2t
Bag

can be determined. We adopt the notation

(2. 16)

~a) = a; —ag, va, = a, ' —a,.(0) va — (1) (0) (2. 6)
&smSace= &t ~ +bulk +0 (2. I"I)

Then

4(+Z 4(((ha( —5((()
B4
Ba)

where

(2. V)

(2. 8)

At high temperatures, the second (quantum) term
in (2. 13}vanishes. At low temperatures, this term
will be small compared to the first term (unless
the atoms are so light that the zero-point vibra-
tional energy is important compared to the static
energy). We therefore have

We use the subscript 1 to represent quantities eval-
uated at a, = a&

' and the subscript or superscript
0 to represent quantities evaluated at a, = a& '. We
also have

(2 9)

K,&=@,&, T 0 or T-~ (2. 18)

Then (2. 11), (2. 12), (2. 15), (2. 16), and (2. 18)
yield

z 0) AQ~
~ A(0) 1 f (0) l

((
0 eo

From (2. 2), (2. 5), (2. I), and (2. 9), we get

r."o„,(,"; ) ...
BFvib4, -~4;~ 5a~+

Bag p
(2. 10)

If we represent the terms in square brackets onthe
left- and right-hand sides of (2. 10) by K(& and F, ,

( )(I,)', h, (s, )

T-O or T-~ . (2. 19)

In the high-temperature limit (ordinarily valid
for T & eD, where 8& is the bulk Debye tempera-
ture), we have
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i &0, 4n;
= ~, Z(w', ")-'(c-'),,(~,'")-'Z y, (~,),

0

T-~ . (2. 20)

We mention that in the context of a crude model,
(2. 20) implies'

/
assur face 3 ~+I /surface
+ bulk 4 (+u) bulk

(2. 21)

where (u,') is the mean-square amplitude of vibra-
tion normal to the surface.

We now consider low temperatures. One can
show that7

o) C;T J x cs chxdx~T, T 0

where C, is a constant and

x= AQp/2ks T

(2. 22)

(2. 23)

[This result follows from the fact that the density
of states at low ~ is proportional to &3 for bulk
modes and & for surface modes, but y&(&u) approach-
es a constant for the bulk modes and is proportion-
al to & for the surface modes, so the product goes
like &ub in either case. ] Therefore,

n, „„/o~»- constant as T-0 . (2. 24)

Let co'~ be the maximum frequency for the bulk
acoustic modes. For values of ~ near &', there
is dispersion —i. e. , if k is the wave vector, then
& is smaller than is predicted by the relation
&u~ (kl used in obtaining (2. 22). Since x each x
in Eq. (2. 19) increases monotonically as x decreas-
es, it follows that nb„» will be larger than is pre-
dicted by (2. 22)—i. e. , ob„,„will increase faster
than T3 at low temperatures. As T continues to
increase, however, the contribution of each mode
in (2. 19) approaches a constant (x csch x- 1 as
x-0), so eb„» will eventually increase much less
fast than T'. Thus nb„»/Tb reaches a, peak at
some temperature Tt,». The integrand in (2. 22)
reaches its maximum at x = 2, or T = —,

'
R&u/ks, so

we expect the maximum deviation from T behavior
to occur at some temperature below ~u h&u ~/k~;
i. e. , we expect T'„»& thm' /ks. (These same
considerations apply to the specific heat at con-
stant volume. ")

Similarly, let (d' be the maximum frequency
for the low-lying surface-mode branches. Since
the surface modes make a large contribution to
n,„„„there should be a peak in n,„„„,/T at
some temperature T'„~, and we expect that
Tu,» & u h&u' /ks . Furthermore, we also expect
that this peak will be higher than the peak in o.~,b/
T for the following reasons: (i) There is usually one

principal low-lying surface-mode branch, associ-
ated largely with vibrations in the direction normal

to the surface, which is of dominant importance.
Qn the other hand, there are three bulk-acoustic-
mode branches (roughly speaking, two transverse
and one longitudinal). There is, as a result, a
relatively narrow range between the frequency at
which dispersion begins to become important and
the maximum frequency &'~ in the case of surface
modes and a much broader range in the case of the
bulk modes. The onset of non-T3 behavior thus
occurs more suddenly in the case of n,„„~„and
we therefore expect the peak in a,„„, ,/Tb to be
higher than the peak in a b»/T . (ii) More impor-
tant, the surface modes exhibit greater dispersion
than the bulk modes, partly because of the static
relaxation at the surface which substantially softens
the frequencies of the short wavelength surface
modes.

In summary, we expect a peak in ob„,„/T at a
temperature which is low (compared to the Debye
temperature en =h&o /k~), a stronger peak in

u,„„„,/Tb at a still lower temperature, and, as a
result, a peak in n,u„~u/n~» .

III. METHOD OF CALCULATION AND RESULTS

In performing the present calculations for the no-
ble gas solids, we have assumed, as usual, a Len-
nard- Jones 12-6 potential,

0(&)= 4&[(c/&) —(o/~) j (3.1)

have performed our calculations for an 11-layer
slab with two surfaces, and have determined the fre-
quencies ur in a manner described previously. ' We
could have determined the derivatives (S&u/&a;)o

using first-order perturbation theory, but found it
easier just to calculate the frequencies at two val-
ues of a& close to, and on either side of, a~ . We

used a sample mesh of two-dimensional wave vec-
tors' q which contains eight and 12 values of q in
the irreducible element of the two-dimensional
Brillouin zone for the (111)and (100) surfaces, re-
spectively. There are thus 3&&11&&8= 264 indepen-
dent sample frequencies for the (111)surface, a,nd

3xll x12= 396 for the (100) surface, which are
used in approximating the summation over (d.
{This summation contains an infinite number of val-
ues of (d for a slab which is infinite in the directions
parallel to the surface). Finally, we assumed that
the third and deeper interplanar spacings expand in
proportion to the bulk interplanar spacing —i.e. , we
took &a; =0 for i~3—which is a good approximation.

In test calculations we found that the variation of
the static energy (and its derivatives) with the inter-
planar spacings is more important than the varia-
tion of the frequencies (and their derivatives). In
our final calculations, we therefore used only one
set of a&

' —namely, the values corresponding to the
positions of static equilibrium —but several values
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FIG. 1. Bulk thermal expansion of Ar. ~ is the
change in the bulk interplanar spacing from the value Lp
at O'K; T =kz(MO /&)' T/h. The dashed line repre-
sents the experimental values of Ref. 12. The lower
solid line (unlabeled) represents the "first estimate"
described in the text, and the upper solid line (labeled
Th. ) represents the final calculated results. The Debye
temperature for Ar corresponds to T*=26.3 (see Ref.
17) and the melting point to T =23. 7 for our choice of &

and cr, which is the same as that of Ref. 17.

of 5a;, determined in the way described below to
make the Taylor series expansion for 8C/8a; in
(2.7) reasonably accurate at all temperatures. In
other words, we expanded 8F,fg/sa~ in (2. 9) about

TEMPERATURE T

FIG. 3. Bulk thermal expansion of Xe. The notation
and labeling are the same as in Fig. 1. The experi-
mental results are from Ref. 11. The Debye tempera-
ture corresponds to T =27. 4 and the melting point to
T =68.9.

the positions of static equilibrium for all tempera-
tures, but we expanded 8C/sa& in (2.7) about a num-
ber of configurations corresponding to different
temperature ranges. All our calculations were
based on the full expression Eq. (2. 13) for K&&,
rather than (2. 18).

For the Lennard-Jones potential of Eq. (3.1), we
define a dimensionless temperature T* and a di-
mensionless thermal-expansion coefficient a* by

30-

kg Mo
(3.2)

(3.3)

20-

Lo

10-

00 10 20 30
TEMPERATURE T

40

FIG. 2. Bulk thermal expansion of Kr. The notation
and labeling are the same as in Fig. 1. The experimen-
tal results are from Ref. 13. The Debye temperature
corresponds to T =26. 7 andthe meltingpointto T =43.3.

where M is the atomic mass.
Our procedure consisted of two steps: To obtain

a first estimate of the interplanar spacings, we ex-
panded both 8F„~,/8a; and 8C/8a; about the static
equilibrium configuration. This first estimate gave
the results for the bulk indicated by the unlabeled
solid lines in Figs. 1-3 and by the solid lines in
Figs. 4-6. Notice that the curve for e&&„unphysi-
cally levels off to a constant value at high tempera-
tures. {We do not show the results for the first es-
timate of a~¹ a.nd a2¹.) Then, using the values of the
interplanar spacings obtained in this estimate {Figs.
1-3) at several values of the temperature (e.g. , T¹
= 20, . . . , 70 for Xe), we took the 8a~ of (2. 8) and
(2. 7) to have the corresponding values in our final
calculation of the M; at these temperatures; i.e. ,
in finally determining the thermal-expansion coeffi-
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cients a( at a given temperature, we expanded 84/
ea& about the configuration which was predicted in
our first estimate for this temperature. However,
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FIG. 5. Bulk-thermal-expansion coefficient of Kr vs
temperature. The notation and labeling are the same as
in Fig. 4. The experimental results are from Ref. 13.

FIG. 4. Bulk-thermal-expansion coefficient of Ar vs
temperature. Here eb,&z =AD (dAD/dT*). The dashed
line represents the experimental results of Ref. 12. The
lower solid line represents the "first estimate" described
in the text. The squares represent the final calculated
values, determined in the way described in the text.

FIG. 6. Bulk-thermal-expansion coefficient of Xe vs
temperature. The notation and labeling are the same as
in Fig. 4. The experimental results are from Ref. 11.

as mentioned above, we always expanded SF„b/Sa,
about the configuration of static equilibrium.

In the case of ah~&, the results from the above
procedure are indicated by the squares in Figs.
4-6 (e. g. , at T*= 30, 30, . .. , 60 for Xe). The ex-
perimental results are indicated by the dashed
lines. For temperatures somewhat below melting,
our results are in remarkably good agreement with
experiment. Even near the melting temperature
our results are too low by a maximum of about 18%
for Ar and 14% for Kr. (We find no reliable exper-
imental data for Xe near melting. ) This agreement
with the bulk experimental data provides some con-
fidence in our approximations and in our results
for the surface thermal-expansion coefficients.

In order to obtain values of the expansion coeffi-
cients eq between those determined at a small num-
ber of sample temperatures (T*=20, . . ., '70 for
Xe) in the way described above, we have simply in-
terpolated between the sample temperatures using
a cubic interpolation formula. ' The results ob-
tained in this way were then integrated to obtain the
frac ional interplanar expansions 4L/LD (the la-
beled theoretical curves in Figs. 1-3 and 7-9).
The bulk values of ~/Lo agree much better with
experiment than do the results for the expansion co-
efficients, of course, since the integrated quantity
does not change as rapidly as the integrand.

We mention that our results for ab&„at high T
are considerably better than those obtained from
much more elaborate calculations based on the qua-
siharmonic approximation, ' because of a cancella-
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FIG. 7. Surface thermal expansion for the first (m = 1)
and second (m =2) interplanar spacings. These results
are for the (100) and (111) surfaces of Ar. LU, is the
change in the first or second interplanar spacing from
the value 1.0 at O'K.
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FIG. S. Surface thermal expansion for Kr.

tion of errors in our method: As can be seen in
Figs. 1-3, our first estimate of the interplanar
spacing is well below the correct value at high T.
As a result, our final calculated values of e~„» will
be too small. On the other hand, the quasiharmon-
ic approximation (plus the Lennard-Jones potential)
predicts values of e„„»which are too large. " The
monic approximation (plus the Lennard- Jones poten-

0
20 40

TEMPERATURE T

60

FIG. 9. Surface thermal expansion for Xe.

tial) thus tend to cancel, so that our results are more
accurate than those obtained in more rigorous calcu-
lations based on the quasihar monic approximation.

The bulk results shown in Figs. 1-6 were ob-
tained for a slab having a (111)surface orientation,
but the results obtained for a slab with a (100) ori-
entation are almost identical to these, as must be
the case if our method is to be reliable. One might
expect our results for the surface expansion coeffi-
cients to have the same general agreement with ex-
periment as our bulk results (i.e. , very good agree-
ment at low temperatures and moderately good
agreement at higher temperatures), although we do
expect the quasiharmonic approximation to fail at
lower temperatures at the surface because the am-
plitudes of vibration are larger.

In obtaining results for the surface thermal ex-
pansion we assumed the first estimate" to fail at
the same temperature for the surface as it did for
the bulk (i.e. , T*= 5, 10, and 10 for Ar, Kr, and

Xe, respectively). The results obtained for the
first two interplanar spacings and for the (111)and
(100) surfaces are shown in Figs. 7-9 for tempera-
tures up to the melting temperature (T = 84, 116,
and 161'K for Ar, Kr, and Xe, respectively). For
all three materials and both interplanar spacings,
the expansion is greater for the (100) surface than
the (111);this difference we attribute to the fact
that there are more surface modes with lower fre-
quencies for the (100) surface' and, more import-
ant, that the surface modes exhibit greater disper-
sion for the (100) surface.



2922 V. E. KENNER AND R. E. ALLEN

60-
20

Q. x10

40-
CX x10

15

20-

0
0 5 10 15 20

TEMPERATURE T

I

25 00 20 40
TEMPERATURE T

60

FIG. 10. Thermal-expansion coefficients for the first
(rn =1) and second (m =2) interplanar spacings beneath
the surface. These results are for the (111) and (100)
surfaces of Ar. To the left of the vertical arrow, the
results were obtained by expanding 84/&a; about the
positions of static equilibrium, and to the right by the
interpolation scheme described in the text.
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FIG. 11. Surface-thermal-expansion coefficients for
Kr. The notation and labeling are the same as in Fig.
10,

The results for the surface expansion coefficients
are shown in Figs. 10-12, with the arrow indicat-
ing the temperature below which the 'first esti-
mate" described above was used. Above this tem-
perature the surface expansion coefficients were
calculated at a few sample temperatures, as ex-

FIG. 12. Surface-thermal-expansion coefficients for
Xe. The notation and labeling are the same as in Fig.
10.

plained above, and a cubic interpolation gave the
values plotted at intermediate temperatures. '

In Fig. 13, the ratios a. . ./a~„» and a, /ab~&
are plotted for the (111)and (100) surfaces of Xe.
Similar results for Ar and Kr are not plotted, since
the curves for these materials are nearly the same
as those for Xe. (The ratios for Ar and Kr differ
from those for Xe by a maximum of S/p when plotted
versus T*.) Two points regarding Fig. 13 are
worth noting: First, the ratio a, f~, /at, „yg in-
creases with temperature at high temperatures.
Comparison with calculated values'7 of the mean-
square amplitudes of vibration in the direction nor-
mal to the surface, (u, ), ,~, and (u, )&„» for atoms,
respectively, in the surface layer and in the bulk,
show that the results of Fig. 13 are in approximate
agreement with (2.21): a, f~p/ahgfg g (u ) f /
(u,')b„». Second, as T- 0 a,„„ ,/a, „» undergoes
a large increase, passes through a peak at roughly
6% of the bulk Debye temperature, ' and then de-
creases again. The reason for this behavior is dis-
persion of the low-frequency surface modes, as
discussed in Sec. II. We mention that &u*~=(Mo /
e)~~~ co' ~ is about 10 for both the (111)and (100)
surfaces, ' where w' ~ is the maximum surface-
mode frequency for the low-lying branches, so ac-
cording to the arguments of Sec. II the peak should
occur below T*= ~ co* =2 —,', as it does. There are
more surface modes for the (100) surface than there
are for the (111) surface, the (100) surface modes
show greater dispersion, and the surface-mode
frequencies are lower (on the average) for the (100)



CALCULATIONS OF SURFACE THERMAL EXPANSION 2923

0
0 20 40

TEMPERATURE T

I

60

FIG 13. 13. Ratio of n for first (m=1) and second (m=2)
interplanar spacings to eb„&k. These results are for
Xe(111) and Xe(100). On the right-hand 'de, we use the
expanded scale at the top to show the behavior at low
temperatures (0 & T —5). The slight d' t'e s ig discontinuity at
T =10 (in the graphs for 0 &T —70) is due to a change
in method at this point, as discussed in the text and in
the caption to Fig. 10.

their heaviest contribution to n,„,f~„and so e,
peaks at lower T.

IV. CONCLUSION

The three main qualitative conclusions of the
present paper are the foQowing: (i) Our method
yields results which are in good agreement with the
measured values of the bulk thermal-expansion co-

ig empera-efficients for Ar, Kr, and Xe. (ii) At hi h t
tures, the results are in approximate agreement

u, „„,„. (iii) At low temperatures, there is a
strong peak in o.,~, /T' and insux' f gee an in ~ spy f see Q bu1 k,

Recently, Ignatiev and Rhodin ' 'nf d hin i erred the rate
of surface thermal expansion for Xe(111)by ob-
serving the shifts in the low-energy-electron-dif-
fraction (I EED) Bragg peaks" 'th twi emperature.
Their result was (kggpfQQ@ cgll)g 4 or 5 (or even
larger) between 55' and 75 'K, which is much
larger than our result of about 1.9 in the same

the
range (see Fig. 13). Although we cannot ul t

e possibility that this apparent discrepancy is
caused by some failing in our calculations, we feel
that it is more likely due to difficulti ic ies in interpret-
ing the experimental data, for the following reasons

The three principal approximations in our method
are (i) the quasiharmonic approximation, (ii) the

1Bsurface. The arguments of Sec. II indicate that,
as a result, the peak should be higher and should
occur at a slightly lower temperature for the (100)
surface, as is the case. Below the peak + surface/

eb„» should approach a constant as T- 0, accord-
in to (2. 24)ing o ( . ). However, our results at very low
temperatures are unreliable because we used a slab
of finite thickness and a finite mesh of sample
points in performing the calculations, so we can-
not check this conclusion.

In Fig. 14, we plot n~„,„/T", ~,*,~,/T*3, and
nl'/T*' for the (ill) and (100) surfaces of Xe.
There is only a small deviation from T' behavior
for ~bu» and a much greater deviation for ~s~f~e
and ~2 at low T. Also, there is a much larger de-
viation from T behavior for the (100) surface than
for the 111) surface; this result we again att 'b tri ue
o e greater dispersion of the surface modes for

the &100& orientation, so that their effect is more
pronounced. The fact that nz/T' peaks at a lower
temperature than e, &~,/T' can be attributed to the
fact that the attenuation of the surface modes in-
creases with co. At first the surface modes will
contribute more and more heavily to n2 as z in-
creases and their penetration decreases. However,
when u increases beyond a certain point, the sur-
face modes are so localized near the surface that
they make little contribution to aa. Consequentln equen y,

ur (or T) mcreases, the surface modes w'll ak
th

m e
eir heaviest contribution to ez before they make

(D
O
x (b) (

15-

10-

5-

0-
0 2 4

TE MPERATURE T

FIG. 14. Ratios e //T3 n 3
bulk ~ +surf see/' T (+surf ace

the dim
for the (111) and (100) surface f X . T*ceso e. T and a*are

e imensionless quantities defined in the text (and in
the captions to Figs. 1 and 4).



2924 V. E. KENNER AND R. E. ALLEN

use of a truncated Taylor series expansion about
our first estimate" of the atomic positions, and
(iii) the assumption of a two-body Lennard-Jones in-
teraction. Both of the first two approximations
should break down at lower temperatures at the sur-
face than in the bulk, since the vibrational ampli-
tudes and change in the interplanar spacings (from
the values at 0 'K) are larger at the surface. How-
ever, we expect that there will be appreciable can-
cellation of the error in the quasiharmonic approxi-
mation (plus the Lenna. rd-Jones potential) and the
error in the use of a truncated Taylor series, as
there is for the bulk thermal expansion. If so, the
total error in e, &~, at one-third the melting point
(i.e. , 50 or 60 'K) should not exceed by very much
the error in ~„„»at the melting point, which is
about 157'.

It is difficult to believe that the Lennard-Jones
potential is much less accurate at the surface than
in the bulk, since this would imply that the effective
two-body interaction at the surface and in the bulk
are greatly different. In a metal, it is not unrea-
sonable that the effective ion-ion interaction may be
different in the surface layer from what it is in the
bulk, since the valence electrons screen this inter-
action and the states of the valence electrons will
be strongly affected by the surface. However, in a
molecular solid such as Xe, the electronic states
are less affected by the environment, and one ex-
pects the effective atom-atom interaction to be ap-
proximately the same at the surface and in the bulk.
Of course, there are contributions from three-body
forces, etc. in the effective two-body interaction,
and these contributions will be changed by the envi-
ronment. However, we do not expect the change to
be enough to have a drastic effect on the net effec-
tive interaction between atoms.

We conjecture that the apparent discrepancy be-
tween our results for ~, f gee/ah„» and the value in-
ferred by Ignatiev and Rhodin is due principally to
multiple scattering and other effects which invali-
date a simple kinematical analysis of the data. In
many ways the scattering from Xe(ill) is nearly
kinematical, and certainly more nearly kinematical
than the scattering from most materials. However,
it is clear that there are nonkinematical features in
the data. In particular, there is strong evidence
of nonkinematical behavior around the (333) peak
[see Fig. 4 of Ref. 6(a}]. If the (444) and (555)
peaks also were nonkinematical, in so far as shifts
in the Bragg peaks are concerned, then it would not

be valid to infer a high rate of surface thermal ex-
pansion from the data in Figs. 12 and 14 of Ref. 6(a).

We mention another interesting fact which may
indicate that the (444) and (555) peaks show nonkine-
matical behavior —in this case, with regard to
changes in the peak height (rather than peak posi-
tion) with temperature: In Fig. 7 of Ref. 6(b), the
measured en

~ ff (effective Debye temperature) is
plotted as a function of electron energy and is com-
pared with calculated values which were obtained
from the theoretical mean-square amplitudes of
Refs. 1 and 2 (after adjustment of the theoretical
bulk values). The better theoretical values are
presumably those of Ref. 2, since these values in-
clude anharmonic effects. The experimental values
of en,«and the theoretical values (based on Ref. 2)
agree very well for the (666) and higher peaks.
However, there are noticeable discrepancies for
the (444) and (555) peaks. In model calculations,
Laramore and Duke obtained nonkinematical con-
tributions to the effective Debye temperature which
are of the same order of magnitude as these dis-
crepancies (- 5-10/0).

We therefore reach the conclusion that the appar-
ent discrepancies between theory and experiment
for Xe(111)can be resolved for both the surface
thermal expansion and the surface mean-square am-
plitudes of vibration, if we assume that there are
appreciable nonkinematical contributions to the
shifts of the peak positions and the peak heights
with temperature for the (333), (444), and (555)

Bragg" peaks. A nonkinematical calculation of
temperature effects in LEED from Xe(111)would be
of great interest.

We also mention that it should be possible to ob-
serve the large peaks in a, ,~,/T' and e f~ /
a&~z (see Figs. 13 and 14) at cryogenic tempera-
tures in metals or other materials. The peak in
c g /cfg~g should occur at roughly 6% of the De-
bye temperature, according to our results. Such
a measurement would amount to an indirect obser-
vation of low-frequency surface modes and their
dispersion.
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