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In the first part, a general theoretical treatment of two-photon absorption in semiconductors is

presented. It includes excitonic effects in the intermediate as well as final states. s and p excitonic

final states are discussed separately. In the second part, the two-photon absorption of Cu~O at 77'K
is presented. The spectral region studied includes transitions from the two upper valence bands to the

two lower conduction bands. Excitonic structures are observed. The results are discussed within the

framework of the theory presented in part one.

I. INTRODUCTION

The study of two-photon absorption (TPA} spectra
has emerged, in recent years, as a very useful tool
for the investigation of solids. TPA is an elemen-
tary excitation process in which two photons simul-
taneously give their energies to the medium. Quite
generally, the rate of two-photontransitions depends
on the polarization vectors 0& and R2 and the fre-
quencies» and w~ of the two photons. Further, the
selection rules for TPA are different from those
for the one-photon absorption. Accordingly, a de-
tailed study of TPA spectra in all possible indepen-
dent experimental configurations provides several
independent material parameters which are not
available from the more conventional one-photon
spectroscopy. Experimentally, one obtains TPA
spectra by measuring the absorption coefficient n' '

(&uq, &uz} of a relatively weak light beam character-
ized by C2, ~z in the presence of a strong laser
beam characterized by 0&, », The crystal is
transparent at both the frequencies» and &~. Since
n' ' is directly proportional to the intensity of the
laser beam, its magnitude can be controlled by ad-
justing the laser intensity. This permits one to
measure a large variation of two-photon transition
rates using the largest available single crystals. In
contrast, the only way of measuring one-photon ab-
sorption spectra in regions of strong absorption
lies in using thinner and thinner samples, which
are usually difficult to obtain. Further, unlike the
experiments measuring reflectivity or those mea-
suring absorption in thin samples, TPA experi-
ments are not affected by surface properties of the
sample.

In this paper we present the results of a detailed
investigation of the TPA spectra of Cu+. This
crystal displays, in one-photon spectroscopy, a
rich variety of excitonic transitions. As expected,
excitonic states are also very important in the
study of TPA spectra of CumO.

Loudon3 was the first to consider that the elec-
tron-hole pair created by a two-photon electronic

transition must form an excitonic state. In his
theory, the first photon is absorbed, creating a
virtual electron-hole pair state. The absorption of
the second photon then leads to the virtual state be-
ing scattered into the final electron-hole pair state,
with either the electron or the hole making an in-
terband transition. The Coulomb attraction be-
tween the hole and the electron in the final state
was accounted for, but that in the intermediate
state was ignored. The presence of at least three
bands is essential for a calculation of this type.
Loudon predicted the appearance of a strong line
due to the creation of n=1 exciton of the yellow
series of CuzO. In the electric-dipole approxima-
tion, this line is forbidden in the one-photon ab-
sorption. It was later shown by Mahan4 that most
of the available experimental data on other materi-
als could be well understood on the basis of a two-
band model, first proposed by Hopfield and Wor-
lock. In this calculation the system is restricted
to the initial valence band and the final conduction
band only. Coulomb interaction between the elec-
tron and hole in the intermediate, as well as final
state, plays an important role. It is reasonable to
expect the two-band contribution to be more impor-
tant when the corresponding interband transition is
allowed in the one-photon spectrum. In other
cases, such as that considered by Loudon, the ade-
quacy of two-band contributions may be question-
able. In order to compare the two contributions,
one must take Coulomb attraction in the intermedi-
ate state for the three-band model also into ac-
count. With this in view, a theory of two-photon
absorption in crystals is presented in Sec. II.

We find that the Coulomb effects in the interme-
diate state are negligible when neither of the two
frequencies» and +~ are close to the intermediate
excitonic levels. This is made more precise by
defining the parameters xz and gs as

where a =1,2, and R, and E«are the Rydberg and
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the band gap corresponding to the intermediate ex-
citonic level. In all cases, where e, «1, except
for the two-band contribution to s excitonic final
states, approximate results may be obtained by ne-
glecting Coulomb effects in the intermediate states.
The two-band contribution to s excitonic final states
is an exception4 in that the neglect of Coulomb effect
in the intermediate state leads to divergent results
for the two-photon transition rate.

The relative importance of the two-band and

three-band term depends on the band-structure pa-
rameters of the material and the frequencies w,
and ~~. The two terms leading to the same final
state may interfere destructively when they are
comparable. With this in view the TPA leading to
s excitonic final states is considered separately
from that to P excitonic states.

In Sec. III we describe the experimental setup.
In Sec. IV, we present our results on CuzO and in-
terpret them. Apart from some preliminary re-
sults' from our group, no experimental results are
known for Cu~O. Finally, we present our conclu-
sions in Sec. V.

II. THEORY

The general expression for the two-photon ab-
sorption coefficient may be derived using the stan-
dard time- dependent perturbation theory. In the
electric-dipole approximation one obtains

&2) (21I'} 8 P1
m'c'5'1d ~ n n1+2 1 2 (2 1)

where P, is the power of the laser beam in the me-
dium, n, and n~ are the indices of refraction at v,
and co2, and p(&can) is the density of final states. The
composite matrix element A&& is given by

p (f1 s2. PIl) (lIs, ~ PI2)
f4

z Sm

(fl e, ~ g I 1) (1182 ~ pi 2)

Ez —E]—@(op

where 5 denotes the total momentum operator, In)
denotes the electronic eigenstates, and E„the cor-
responding energies. In obtaining Eqs. (2. 1) and

(2. 2), the interaction between the medium and the
electromagnetic field has been represented by the
Hamiltonian

excited states are obtained from this by transfer-
ring an electron from the valence-band state v, -k„
to the conduction-band state c, ke. We denote such
an excited state by 4 (c, k„' v, »2) and the ground
state by 40. Further, when the Coulomb interac-
tion between the electron and the hole is taken into
account, all excited states may be described by
linear combinations of the type2

= Z A (»„F„)@(ck„vk„), (2.4)
&e &a-

where o, denotes a set of quantum numbers. In the
effective-mass approximation, A is given by

gA (k »2)e1 ~ r~ 1f„r„~g»2 ~ p (r r-2)e
le 2 L'Zl (2. 5)
where p is the center-of-mass coordinate of the
electron-hole pair, 0 is the volume of the crystal,
and (t)~ is the normalized wave function of relative

amotion of the electron and hole. This electron-
hole system is like a hydrogen atom with the proton
charge replaced by e/e, (e, is the static dielectric
constant} and with the reduced mass I1 = m, m„/m,
+m„), where m, and m„are the effective masses of
the conduction and valence bands, respectively.
From the foregiong discussion, it is obvious that
the index a denotes collectively the band indices c
and v, the total wave vector K, and the set of hy-
drogenic quantum numbers g.

In order to calculate the composite matrix ele-
ment A&, , we consider the case when the final state
If) and the intermediate state I l) are both excitonic
states described by Eqs. (2.4) and (2. 5). Our re-
sults are more general than those of earlier the-
oretical papers, 3' ' and we shall explicitly state
the situations in which the results of one or the
other of these would be a good approximation.
Since P does not connect states with different K,
and since the total wave vector of the state I i) is
zero, I l) and If) both have K=O. Then let I l) be an
excitonic state with hydrogenic quantum numbers
n', with electron in the conduction band c' and hole
in the valence band v'. The final state If) is sim-
ilarly specified by n, e, and v. In this case, the
relevant matrix elements are given by

&l
I

&12& =P As. ~ p (k„-k,) p; „.(k,) (2. 6)
&e

and

H' = —(e/mc)A P,
where A is the vector potential of the field.

Calculation of Matrix Elements

(2 2) &f~p~l) =/A,*
(»., -».)A.„„.(k., -k.}

e

x [ —5. ..(1 —5y„, ) P „.
~ „(k,) + I)y y. (1 —5,e )p„i (k,}

+ 5„,5„~(mh/I1 )k,j, (2. 7)

The main task in the interpretation of TPA lies
in calculating Az, of Eq. (2. 2). For a nonmetallic
crystal at low temperature, the initial or ground
state consists of a set of completely filled valence
bands, and, in the independent-particle model, all

where p». (K) are the interband matrix elements of
momentum in Bloch states. In Eq. (2. 7), the first
two terms in the square brackets correspond to an
interband transition, while the third term depicts
an intraband transition. To obtain this last term
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one used the relations'

( lplb }=

ek
8

p" (k) =p„"(O)+8 '" +ek" o
(2. 8)

where the summation is over the complete zone.
Following Elliott, 8 we assume that A(f„-k,) is
substantially large only over a small region of k
space, in which the interband matrix elements of
momentum vary only slightly. It is thus a good ap-
proximation to expand

M sm' O

(2. 10)

The matrix element Eq. (2. 9) is familiar from the
theory of the single-photon absorption; the two
terms in Eq. (2. 9) lead to the formation of s and p
excitonic states, respectively. The second matrix
element describing an interexcitonic transition, is
similarly found to be

and retain only the leading terms in this expansion.
Retaining only the first two terms,

&flP'I ~& =~:.(o) (y',"')*, +M .'&p'&",").]
(2. 9)

where ft) is an hydrogenic function, and the sub-
script zero denotes that the quantity is evaluated at
r = 0 and where we have used the definition

(fl P™lf) ={ 5 c, (1 —5„„.)p„.„(0)+5~(1—5,p)p, „(0)}(ncvl n'c'v')

+{-M~„5„,(1 —5„„,)+M,~5, (1 —5,„)+5,~5~5., [m/q, „])(ncvlp'ls'c'v'), (2. 11)

m/p, cc = M,c —M„„ (2. 12)

in the second term in Eq. (2. 11).
It is interesting here to consider the order of

magnitude of the parameter M . Using k. p per-
turbation theory, Elliott has obtained the following
expression for M,„:

where parentheses are used to denote matrix ele-
ments between hydrogenic states. The first term
stands for an interexcitonic transition, accom-
panied by an interband transition, which is allowed
at k= 0. The second term is obtained when the in-
terband transition is not allowed at k= 0, or when
the intermediate and final excitonic states belong to
the same pair of bands. The matrix element for an
intraband transition is like that for an interband
transition, which is forbidden at k= 0. In fact, the
definition of M». could be generalized to include
the case b = b' and we may then use

c." c ~ ~ c. c".
)mh ~ wc& co

(2. 13)

where the prime on the summation denotes that
terms with vanishing denominators are omitted.

Comparing this with the f sum rule,

1 5 Eca 1 g'pclpic+pclpic+ 1
5 (2 14)F sb„&k„~m g K(u„m

one may expect that M,„should be on the order of
(m/g, „). Note, however, that unlike the f sum
rule, only those intermediate states contribute to
M,„, which are connected to both the bands c and
e. Due to this, M may sometimes be consider-
ably different from(m/p, „) and should be considered
an important additional parameter of the band
structure of the solid. ~ Combining the results of
Eqs. (2. 9) and (2. 11), we find

A.„(~„~,}=~ -gg{~, pcc(0)(ncvls'cv')+4' M". &ncvlpln'cv')}
+'&~ &u

x{4~~ p, (0) (yg'), + R~ ~ M,„, (pcs,') 4/((g„, ~, —(g~)

+Z Z{R, p~(0) (ncvl s'c'v)+i& ~ M~ ~ (ncvl pin'c'v))
5

X{V, p„c(O)(y„"")O+~, M, ,„~ (pilaf), j/((OS. ..„—(O~)

m q (Ncvlcg' p!s cv}{g (0)(~ )Q'M ( ~ ) )
0cf & n'cv &da

+ (Cg QJg tn, ldg)
l

. (2. 15)]
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At this stage, the calculation divides itself into
two parts: (a) the summation over n', the hydro-
genic index of the intermediate excitonic state, and

(b) the summation over the band indices c' and v'.
The first summation here is a direct result of in-
cluding the Coulomb attraction between the electron
and hole in the intermediate state. This can be re-
duced to an integral which can be evaluated by a
simple computer program. The second summation
is more difficult. Except in some limiting cases,
one is obliged to restrict this summation to a few
terms; which conduction or valence bands contrib-
ute most significantly as the intermediate state de-
pends on the material and the frequencies ~& and

A reasonable judgment can usually be made by
a careful analysis of the linear optical properties
and the symmetry of the wave functions. A partial
solution of the problem is obtained by neglecting all
the three-band terms [first two terms in Eq. (2. 15)].
In this approximation, Mahan found fair agreement
with the experimental data on alkali halides. On
the other hand, Loudon's calculations can be con-
sidered as an approximate evaluation of the three-
band terms. If, following Loudon, one neglects the
f dependence of all interband momentum matrix
elements, i.e. , puts all M». =0, 5b', the three-
band terms give rise to s excitonic final states
only. In centrosymmetric crystals, this contribu-
tion occurs only when the final conduction and va-
lence bands have the same parity at k= Q. The next-
higher-order terms, introduced due to the k depen-
dence of interband momentum matrix elements, are
of order (8/ap». ) compared to these, and contrib-
ute to p excitonic final states, 3 where a denotes
the exciton radius. Similarly, as shown by Mahan,
the lowest-order (in the k dependence of P ) two-
band term contributes only to p excitonic states:
The two-band contribution to s excitonic final states
is smaller by a factor 8'M /ap . The relative im-
portance of the two-band and the three-band terms
depends critically on the frequencies && and &z and
on the intermediate states involved in the latter.
We shall discuss this separately for the s and p ex-
citonic final states, respectively. The TPA by d-
like final states, also described by Eq. (2. 15), is
not discussed in detail, since higher-order terms
in the expansion (2. 8) would also contribute com-
parably to TPA by d excitonic final states.

s Excitonic Final States

An evaluation of each three-band term giving rise
to s excitonic final states involves summations of
the form

(2. 16)

with either c' = c or v' = v. The neglect of excitonic
effects in the intermediate state amounts to replac-

ing S,.&(~) by

CO+~„~ —(d
(y")* . (2. 17)

x„„,((u) = [R~„/(tt(u~~ -8'(u)]'~' . (2. 18)

In the above equations, W is Whittaker's func-
tion, 8,.„. and a&„. are the Rydberg and the radius
of the intermediate-state excitons. We have omit-
ted the indices on a and x in Eq. (2. 18) and in the
following discussion. For bound final states, the
summation (2. 16) becomes

Sp„,(~) = (2p„~/ft) I'(1 —x)f dr r
x p'„"(r)W„ f/g(2r/ax) (2. 20)

after integration on the orientation of r. Using
Eqs. (2. 11) and (2. 12) of Ref. 4, and the relation

a
~Fq(a, c, p) = (a/c) qFq(a+ 1, c+ 1, p) (2. 21)

Bp

for the standard hypergeometric function, Fq(a, c, p),
we find

f&uL[&H ' (&)]
CS Q Q (~ ~)

where I, „is an integral given by

r.,.(.)=-', ', e(", ')"
(t + —,

' —n/2b) (t + —,
' —1/2b)-"

(t+ —,'+1/2b) a'
with

~c—8
Qzr, p K~ &r ((d )

(2. 22)

(2. 23)

(2. 24)

The integral I, &can be reduced to a double series
following the methods of Ref. 4, but we do not find
this useful either for computational simplification
or for gaining any physical insight. For continuum
states the calculations proceed along the same way.
Equation (2. 23) would still be valid if one replaces
Z„„(x)by

f„,(z) = ,' f dt(t+ ,' ——1/2b')-

At first sight, this is equivalent to neglecting the
difference between the masses of the intermediate-
and final-state excitons, so that due to orthogonality
only the n' = n term contributes in Eq. (2. 16); and
then replacing the intermediate-state exciton ener-
gy by the corresponding band gap. In general, it is
difficult to justify this procedure. Therefore, we
have reduced the summation (2. 16) to a form which
enables us to appreciate precisely the difference
between Eqs. (2. 16) and (2. 17). We write'

2- (est")ops~(r) P""1'(1-&)
W

(o„...„.-(d 2mra "" ]c
'

(2. 18)
where I(, is defined by
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with

x [(1+t)/t]" [(t + —,'}'+b "/47/]

xexp(-stan '[b'/rI(2t+1)]], (2. 25) ll
cv

Svq + Scuq —he@~
(2. 27)

a„„.x. g(cc)
Q~

(2. 26) Thus, the three-band contribution to s-like exci-
tonic final states may be written as

gs ss ~(~cv)c ~( g C2pcv'(0)tl ' Pv'v(0) I „( ( )) g Cl ~ Pcct(0)e2 ~ Pc'v( I „( „( ))
( v'Cv ~cv' &2 c'4c 40c&y —4)2

tk„w, t, wl)), (2, s8)

where the integral fs „is given by Eqs. (2.23) and
(2.25) for the bound and continuum final states, re-
spectively. For x«1, the integral I, „can be re-
placed by 1. As a result, one is justified in re-
placing the summation (2. 16) by (2. 17). However,
the deviation of the result (2. 28) from the corre-
sponding result for the bound excitonic states ob-
tained by Loudon mill be rather important when
either x,.„.(v&) or K i„.(4) )sis comparable to unity.
This corresponds to Koj or ko2 approaching the 1s
excitonic level of the bands c'e', i.e. , a resonance
in the intermediate state. Such a situation may be
encountered when we study two-photon transitions
from deeper valence bands or to higher conduction
bands. As an illustration, let us consider ~~ ap-
proaching the 1s intermediate exciton energy Sco,.„.
—R;„.. Loudon's approximate calculation, as well
as our complete calculation, predicts a resonance
enhancement; only the resonant term needs to be
considered in Eq. (2. 28). The ratio &a '/&age'vc»
of the enhancements depicted by the exact and the
approximate expressions is given by t 1, „(~,.„.(&o,)) I

'
and differs significantly from 1. We show this for
the 1s excitonic final state in Fig. 1 for p,,„=p, i„..
Our calculations also show that in many cases of
interest, excitonic effects in the intermediate state
may produce corrections of about 20% for K(&o,r„.
—~~), S(cccevt —(d2) 10R,eve.

The two-band contribution to s excitonic final
states was calculated by Mahan. 4 His result can be
written as"

Apl '=+ fM(p'„")c mK(es ~ M ~ e, )

xJs c(~~(u)2))+ (e„(o,~Em, (us), (2.29)

where the integral J, „(a) is given by Eqs. (3.24)
and (3.27) of Ref. 4 for the bound and continuum
final states, respectively. For e«1, J„„(x)=z.
When the two frequencies co& and &z are comparable
and are away from all interband resonances, the
tmo-band term is smaller than the three-band term
by a factor K~ and has nearly the same spectral

(Aa ) Loudon

10

7

5-

4 ~

3r

0
10

Energy below Eg (in excitonic Rydberg)

5 1 0

FIG. 1. Effect of excitonic intermediate state in the
three-band model (see text).

dependence. Also, the polarization dependence of
the tmo terms is similar. It should be emphasized,
however, that the two contributions (2.28) and
(2. 29) and their ratios are sensitive to the frequen-
cies ej and co&. When the two contributions are
comparable, their relative sign is of great impor-
tance because one has to add the two amplitudes
algebraically. To illustrate this point, let us con-
sider the situation in which one of the tmo frequen-
cies, say ~&, is very small compared to the other
(&ua). Further, let us assume that the intermediate
bands involved in the three-band term are either
much above the final conduction band c or much be-
low the final valence band v. In other words,
z,.„.(&&) and tc,.„.(urz) are much smaller than one.
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The integrals I, „(K) may be approximated by unity.
Using Eqs. )2.13) and (2. 28) in this approximation
we find

At( '= —off~(pn )Q (t2' Mv ~ t, ) . (2. 30)

The next-higher-order terms in (2. 30) are smaller
by a factor Qdg/&02 or K ((02), To the same approx-
imation as that for (2. 30) the iwo-band term sim-
plifies to

AI( =, m)2M(P„)Q (t2 ~ Mv„~ t, )Jv, n(K~((OQ)) .
(2. 31)

We note that K~(&o2) = [Itv„/()KQ~ —%@2)]
' must in

any case be less than 2, in order that the integral
representation [see Eq. (3.8) of Ref. 4] of W„2»
used in the theoretical analysis4 be convergent.
The limit value K(&o2) = 2 corresponds to a reso-
nance in the intermediate state, because Scoz equals
Ko,„—&R,„, the energy of the 2P exciton. Thus, as
iko2 approaches the 2p excitonic energy, Z, ,„(K,„(&o2))
attains larger and larger values and the two-band
contribution may become larger than the three-

band contribution. The 1s final state is, however,
an interesting exception, In this case, the upper
limit for Sw2 is ~,„-R, which corresponds to
&v~=0, K (&u2)=1, and J, 2(K=1)= —,'. Thus, in this
situation the two-band contribution annuls the three-
band one. Due to this cancellation, we expect that
the relative oscillator strength of 1s excitonic lines
may be considerably lower than that expected either
on the basis of a two-band model or a three-band
model alone. On the basis of Eqs. (2. 1), (2. 30),
and (2. 31) we also predict that the TPA to s-ex-
citonic levels (22& 2) will increase sharply as we
make one of the two frequencies (co&, in the above
discussion) smaller and smaller. Such an increase
is proportional to M~, which is a measure of the
k dependence of pv „(k). M~ vanishes if c and v

are both localized states. '~

p-Excitonic Final States

Following the same methods as those above, the
three-band contribution to p-excitonic final states
can be written as

Ap 22 ~ g tl ' Pv~v(0)t2 Mvv~ (p 4 n )Q I (K ~ ( ))
tl ™v~v' (P 4n )Q t2 ' Pvv'(0)

( ( ))
v Al &2 (0~& —

COp

~l'v 'ton ™8~vvl2 ' ~l'n 'tPv"-) 4'v' to)
+

c'4c COC.&V
—

COP (OC'V (Oa

+ (t»my vv't2, ~2), (2. 32)

where for bound final states the integrals I, and I~ are given by

and

1+t ", (I+ 2 —1/2b)"n2
I2 n(K) = dh (f+ 2)

(f
g 1/2b)nv2

0

(2. 33)

(2. 34)

The integrals for the continuum final states are ob-
tained by changing n- —ip as in all previous cases.
As for Av&( ', the iwo square brackets in Eq. (2.32)
correspond to the valence- and conduction-band in-
termediate states, respectively. In each square
bracket there are two terms. The first of these
corresponds to the formation of a P exciton in the
intermediate state, the interexcitonic transition
then takes place between two p excitons. The sec-
ond term corresponds to the formation of an s ex-
citon in the intermediate state. In this case, the
interexcitonic transition takes place from the s to
p excitonic levels. W'e notice the similarity be-
tween this sequence and the two-band scheme. In
fact, if we neglect the difference between the effec-
tive masses of the intermediate- and final-state

excitons, the parameter 5 becomes n/K and the in-
tegral I2 „(K) reduces to (1/K )J2 „(K) [see Eq. (2. 14)
of Ref. 4] in the two-band term.

For comparison, we also write the two-band
term leading to p excitons,

&pl =~ ti' Pmt2' (PAn )2
WMcv

X Jp n(Kvv(&g))+ (tg, ~g ~ R2, &2), (2. 35)

where the integral J& „(K) is given by Eqs. (2. 14)
and (2. 24) of Ref. 4. For small values of K, J2 „(K)
may be approximated by z . The relative magni-
tude of the two-band and the three-band terms de-
pends on the intermediate state contributing to the
three-band terms and the frequencies co, and w~.
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If the intermediate band is not near the final bands
c or v, the two-band term would dominate, at least
when one of the two frequencies is small. When &f
and +~ are not very different, the spectral depen-
dence of the two terms does not differ substantial-
ly. The spectral dependence of the continuum p
excitonic final states is, however, rather different
from that of the s excitonic final states. As in the
fundamental optical spectra, this happens because
the absorption coefficient to p excitonic final states
is proportional to (VP„)i, while that to the s ex-
citonic final states is proportional to (Q„)i. The
two-band model gives rather simple predictions
for the polarization dependence. Deviation from
these predictions for the polarization should be in-
terpreted in terms of the three-band terms. For
example, in cubic crystals, the two-band model
predicts TPA to p excitonic final states to be inde-
pendent of the orientation of the crystal axes. If
experimentally, TPA depends on the crystal axes
or if a' '(Ri J.Ri)/a '(e~ II ii) is less than one half or
more than one, the three-band contributions to P
excitonic final states become important.

III. EXPERIMENTS

The induced absorption coefficient o' ' is given
by the relation

A(~&)/4i(~&) = e

where Q(&oi) represents the variable frequency flux

~z transmitted through a sample of length l when it
is illuminated by the fixed frequency Qux ~& pro-
vided by a laser. The transmitted flux in the ab-
sence of the laser light is denoted by Qi(&o,). The
induced absorption coefficient e' ' is proportional
to the laser power I', . The crystal being centro-
symmetric, there is no loss of the variable fre-

quency flux due to sum frequency generation and
subsequent absorption. Processes involving ab-
sorption of more than one laser photon are also ex-
pected to be negligible, because we have E~ &28+~.

The experimental setup is shown schematically
in Fig. 2. A Nd -glass laser D, Q spoiled with a
rotating prism A. , gives a 40 nsec pulse at 9440
cm ' with a maximum peak intensity = 100 MW/cm'.
The rotating prism (fretluency 400 Hz) also pro-
vides a low jitter (& 10 sec) signal B which after
a suitable time delay S triggers the variable fre-
quency light source. The delay S is so adjusted
that the laser pulse falls on the flat part of the
flash pulse shape. The exit mirror of the laser is
made of a plane parallel glass plate (E, E0046
Sovirel) of high refractive index which acts as a
Fabry-Perot etalon. The outcoming light is lin-
early polarized by putting several glass plates C
at Brewster angle in the cavity. A & X quartz plate
G allows us to vary the polarization direction con-
tinuously. The spectral characteristics of the
laser were analyzed by recording the spectrum of
its second harmonic generated in a potassium di-
hydrate phosphate (KDP) crystal. Typically there
are five longitudinal modes, 1.39 cm ' apart, in
the spectral width at half -intensity. The position
of the modes was found to be very stable in time.
The interval between the modes corresponds ex"ct-
ly to the mode separation of the output Fabry-Perot
etalon.

The laser beam is focused in the middle of a
150-cm long cell H filled with hydrogen or methane
gas at room temperature and a pressure of 10-40
bar. As a result of stimulated Raman scattering
in the cell about 10' of the laser intensity is con-
verted to the first Stokes's component. A silicon
plate I (for methane) or BG18 and RG2 Schott glass
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FIG. 2. Experimental
setup (see text).
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filters (for hydrogen) remove the primary beam
while transmitting the Stokes's component at 5285
cm ' for hydrogen and 6524 cm ' for methane. The
intensity of this component is monitored with a
germanium detector Q placed after the sample. It
was verified that no noticeable spectral broadening
occurred during stimulated Raman scattering by
analyzing the first and the second anti-Stokes's
components.

The variable-frequency light beam is provided by
the discharge of a capacitor band (80 gF, 2000 V)
in a xenon flash tube M (GE, FT-230). This yields
a smooth pulse of duration =15 p, sec in a wide
spectral range (A. =3000-15000 L), except in two
regions, 9035-9065 A and 8810-8840 k, where the
emission is irregular in time and prevents any
reliable measurements.

In order to avoid one-photon excitation of the
sample, high-energy components (ku&z &2 eV) of the
emitted light are filtered using Schott RG filters L.
The light beam is linearly polarized with a plastic
polaroid P placed in front of the sample. A grating
monochromator {Spex 1704) N placed after the sam-
ple selects the frequency to be studied. The flux
P(&o2) and Po(ru2) are measured with a high-current
photomultiplier 0 (RCA FT-4008 or Radiotechnique
56 C VP) put at the exit slit of the monochromator. It
was verified that the photomultiplier always worked
in its linear-response region. The data are re-
corded in the following manner: The output signal
at the anode of the photomultiplier is divided in two
identical parts, one of which is retarded by &= 100
nsec with a passive delay line. A trigger signal.
derived from the laser pulse and conveniently re-
tarded to account for the transit time of the elec-
trons in the photomultiplier initiates the electronic
circuitry enabling one to measure the flux P(&om) at
time t corresponding to the laser pulse falling on
the sample, and the flux Po(&g2) at time t+v. The
two measurements are amplified and recorded
separately in channels V' and V', respectively.
The corresponding intensity of the laser is regis-
tered on a third channel V". The same two mea-
surements are alternately repeated with and with-
out the laser pulse illuminating the sample. In
this way, any differences in the gain characteris-
tics of the channels V and V' as well as any change
in the emission shape of the flashtube are mini-
mized. Via the three digital converters ~, W',
W" the data in the three channels are punched on
a tape X which is analyzed by means of a computer
program. Typically, 100 cycles of measurements
are performed at each wavelength. This permits
improvement of the signal-to-noise ratio by averag-
ing over shot noise. The crystal is kept at 77'K
in a quartz-window Dewar K

The cuprous-oxide single crystal used was 0. 3
~0. 3&0.6 cm in size. It is grown by the arc-

image furnace technique. An x-ray diffraction
analysis revealed that the crystal axes in neighbor-
ing regions could differ by very small angles (&2').
This indicates the presence of some internal
strains in the crystal. However, we found that the
one-photon electric quadrupolar absorption to the
ls exciton level of the yellow series is not broad-
ened by these internal strains. The measured
width at half-maximum absorption is 1.3 cm ',
which assures us of the good quality of this crystal,

The frequency region 1.4& Su2& 1.8 eV could not
be studied in our sample because of the occurrence,
at 77'K, of a broad emission band in this frequency
range. This band appeared whenever the sample
was illuminated by the laser beam. The emission
intensity was found to be proportional to the third
power of the laser intensity. Thus, it was found
difficult to obtain reliable results for two-photon
transitions to the higher-energy excitons of the
yellow series and the green series. The energy
range %u&+0+2& 2. 5 eV could not be studied with
another value of Nor, because then kco2 would lie in
the infrared where detection is considerably less
sensitive.

IV. RESULTS AND DISCUSSION

Cu20 belongs to the O„group. The fact that there
is a center of inversion leads to a simplification in
the interpretation of the results, because it is pos-
sible to neglect sum-frequency generation process-
es. As it has been recognized recently, ' this
is not the case for noncentrosymmetric crystals,
where effects arising from the second-order non-
linear susceptibility may contribute significantly to
the attenuation of the light beams. The linear opti-
cal properties of cuprous oxide have been exten-
sively studied. A widely accepted band scheme,
first proposed by Elliott, ' is represented in Fig.
3. All bands are parabolic with extrema at the
center of the Brillouin zone. The wave functions
of the highest valence bands v, and v, at k= 0 trans-
form like the I"7 and I"8 irreducible representations
of the point group 0„. Those of the conduction
bands c& and c3 transform like I'6 and I'& represen-
tations, respectively. In the tight-binding approxi-
mation, the top ten valence bands are expected to
be formed from the 2P orbitals of 0 and 3d orbitals
of Cu ions. Of these, only one has a negative
parity. This band v' of symmetry I', at k= 0 (I',
and I'~ with spin-orbit interaction) is formed from
the 2P orbitals of O. An augmented-plane-wave
(APW) band-structure calculation ' indicates that
v' is about 5. 6 eV below the highest valence band
vg.

The lowest band edge (I'; —I"6) occurs at an en-
ergy of 2. 1 eV. The two-photon absorption spec-
trum measured at 77 K with S(d& = 0. 655 eV and
1.35&%v&&1.45 eV, is shown in Fig. 4. In this
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FIG. 3. Band scheme of Cu~O near the center of the
Brillouin zone (after Elliott, Ref. 19). The irreducible
representation characterizing the various bands at k= 0
is indicated in the notation of Koster et al. (Ref. 20).

experiment, the laser beam was polarized along a
(100) axis of the crystal. The flash beam was not
polarized since a loss in the intensity of the flash
beam would further deteriorate the poor signal-to-

I, g (~1+~2)

noise ratio. As shown in Fig. 4, a peak is ob-
served at R(&o, +~a)=2. 025 ev. Its position cor-
responds to that of the n = 1 quadrupole line of the
yellow series. Due to the rather poor resolution
of the detection in the infrared, the observed width
of the line is, however, larger by a factor of 60
than the corresponding quadrupole line, as mea-
sured in the same sample (see Fig. 5). According-
ly, with improved resolution, a considerable in-
crease in the peak absorption should occur. The
two possible symmetries for the excitons with s-
like envelope function and formed from the bands
c& and v, are 1"~ and I"5. Of these, only the I'5 state
can be created in a two-photon electric dipole, as
well as one-photon electric quadrupole transition.
In the chosen experimental configuration, the
strength of the line is independent ' 3 of fa.

As discussed in Sec. II, a two-photon transition
to an s-like excitonic state can occur through the
two-band and the three-band terms. The evaluation
of the three-band term depends on which bands act
as intermediate states. These bands must be con-
nected to cj, as well as v, by the momentum oper-
ator p, which transforms like the I'4 irreducible
representation of the O„group. It is important to
notice here that c2 does not fulfill this condition,
as can be seen from group-theoretical arguments:
The product I'~xl VX I"4 does not contain the identity
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FIG. 4. Two-photon absorption spectrum of Cu20, at
77 'K, in the region of the n=1 line of the yellow exci-
tonic series. The laser beam Ko~ = 0.655 eV has its po-
larizationvector e& along a (100)axis, e2 is perpendicular
to F~. The arrow indicates the position of the line, as
observed in a quadrupole one-photon transition.

6126.1 A 6128.45ACNe)

FIG. 5. One-photon absorption due to the 1s line of
the yellow excitonic series of Cu&O at 77'K. Line
6128.45 A, is from a neon reference lamp.
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representation I",. The nearest such band is the
relatively deep (- 5. 8 eV) valence band v' with sym-
metry I,. Due to the large energy separation of
this band from c, and v„~„„.(&u) and rc~„,(v} are
much smaller than 1. Thus, it is a good approxi-
mation to replace I, „(tc) by 1. Further, it is justi-
fied to neglect co& compared to {d,

g
and (0~

The three-band contribution may therefore be
evaluated using Eq. (2. 29). The two-band term is
also known from Eq. (2. 30). We find

Cu20

'E„C2

where we have used the fact that in this case the
absorption coefficient is symmetric in c, and e2.
The values of J, „(e,„(&a,)) and Z„„(~,„(&uz)) are 0. 227
and 0. 306, respectively. Thus, the two-band and
the three-band contributions are comparable and of
opposite sign. The net effect is that the oscillator
strength of the 1s excitonic line is smaller by a
factor of 12 than that calculated by Loudon on the
basis of a three-band model alone. To compare
our theoretical and experimental results for the
discrete line, we calculate the corresponding oscil-
lator strengths per unit cell defined as

5--

2

2.5

Jt

/ ~

~l

2.6

5w1 —. 809 eV

2,eV

2.7

f, =
2„2jV z & (~i+~2)d~z,{2) ~S {g&

where W' is the number of unit cells per unit volume
of the crystal. Using our results including both
the two- and three-band terms, we find a theo-
retical value

f~»'= l. 4. 10 '0 for a laser intensity of 3 MW/cm'.
The experimental value is

f (2) 10 10
1S

per unit cell and for the same laser intensity. This
is in good agreement, in view of the lack of accu-
racy in the measurement of the laser intensity. As
it will be shown later, the measured value of I,
leads to a good agreement between theory and ex-
periment in other parts of the spectrum.

The TPA spectrum with %a& = 0. 81 eV and if(u&&

+ wz) ~ 2. 5 eV close to the second energy gap is
shown in Figs. 6 and 7 for E& II e& and && ~ ca, re-
spectively. (Results obtained in the same region
on a polycrystal with ku, = 0. 655 eV have been pre-
sented earlier and are not reproduced here. ')

The spectral range covered in Figs. 6 and 7 can
be conveniently divided into three regions. Region
I (%0&+%02 ~ 2. 55 eV) is attributed to two-photon
transitions from the two valence bands v, and v& to
the lowest conduction band c&.

In region II, where R(&o&+ +2) is close to the ls
excitonic level of the blue series (E = 2. 548 eV),
one observes a structure, which requires some
explanation, since a two-photon transition to an s

FIG. 6. Two-photon absorption spectrum of Cu20, at
77 'K, in the region of the blue and violet excitonic series.
Both beams are polarized parallel to each other. The
solid line shows the spectral dependence calculated on the
basis of a bvo-band model.

excitonic final state with an electron and a hole in
bands of opposite parity is forbidden by the parity
selection rule. In order to provide such an ex-
planation, due consideration must be given to the
fact that the discrete 1s excitonic level lies on a
continuum of levels associated with the lower con-
duction band. The discrete and the continuum
levels are mixed by configuration interaction,
i.e. , those interactions in the system, which are
not included in our approximate description of the
excited states. One must now consider transitions
to the mixed states. A structure near the position
of the discrete state can appear, ' even if the
transitions to the unperturbed (by configuration in-
teraction) discrete state are not allowed. In such
a situation, however, the absorption decreases
below its average value in the continuum (but the
absorption coefficient integrated over the entire
spectral range covered by the structure must be
the same as that for the unperturbed continuum).
W'e feel that such a situation is well reproduced in
Fig. 7, even though there is considerable uncer-
tainty in the estimate of TPA, due to the "unper-
turbed" continuum. In other cases (see Fig. 3 of
Ref. 7), a nonvanishing two-photon transition prob-



TWO-PHOTON ABSORPTION IN CupO 2731

Cu20, 77' K

~ ~

the experimental value of o. ' ' is found to be one-
half the magnitude of the calculated one. We find
this agreement satisfactory in view of the uncer-
tainty associated with laser intensity measure-
ments. The dependence of n ' on && and 62 also
provides a check on the theoretical description. In
the two-band model for TPA in cubic crystals with

p excitonic final states, the ratio o.' ~(e, & e~)/
c.~ '(e, ~le&) is independent of the crystal axes and
is given by

~ s

~ ~
~ + ~ ~ ~

~ ~

4 ~e

~ ~o ~
~0

~'s
~ ~ 0
Pa

~ e ~

~ 0

%au 0.809 eV

5~) +$1~2,eV

2.5 2.6 2.7 2.8

ability to the unperturbed 1s state of the blue series
must be accounted for. One possibility for such a
mechanism is provided by the presence of an in-
version asymmetric perturbation in the sample,
due to internal strains. This is consistent with
the observation that spectra of similar Cu20 crys-
tals have shown some features which violate the
parity selection rule. For a clearer understand-
ing of this interesting region, one needs some
more measurements on different samples with an
improved resolution.

The frequency region III begins as R(ro, + co~) ap-
proaches the n = 2 excitonic level of the blue series
(E = 2. 62 eV). A sharp increase of n' ' is observed
for both values of (d& and for all polarizations
studied. As discussed in Sec. II, this corresponds
to the creation of P final states. We have computed
n' ' using the results of Mahan's two-band calcula-
tion. ' The integrals J»(x) were evaluated using a
simple computer program. The band gap and Ryd-
berg of the blue series are taken to be 2. 63 and
0. 046 eV, respectively. The corresponding num-
bers for the violet series are 2. 76 and 0. 047 eV.
The contribution of bound P excitons was evaluated
by extrapolating below the ionization limit the re-
sults for the continuum. Rather good agreement is
found between the calculated and observed spectra
dependence of n' ' (see Fig. 6). The magnitude of

FIG. 7. Two-photon absorption spectrum of Cu20, at
77 'K, in the region of the blue and violet excitonic series.
Both beams are polarized perpendicular to each other.

We have performed a detailed investigation of
the two-photon absorption spectra due to excitonic
states in semiconductors. The general theoretical
treatment presented in Sec. II includes the exciton-
ic effects in final, as well as intermediate states.
We found it appropriate to study the s and p exci-
tonic final states separately. As in the one-photon
spectra, the spectral dependence of s- and P-like
final states is different. The three-band and two-
band contributions to the same kind (s or p) of ex-
citonic final states have very similar spectral de-
pendences except close to a resonance in the inter-
mediate state. Away from such resonances, one
expects the three-band contribution to be larger
than the two-band one for s excitonic final states,
while for P-like final states, the two-band contri-
bution dominates. We also found that the Coulomb

TABLE I. Comparison between measured and calcu-
lated 0, (see text).

S(d|+ Sc02

(eV)
Q {cg+ E'2 /Q (E'grl E2)

Calculated Measured

2. 66
2. 72
2.78

0.59
0.60
0.60

0.73+ 0.15
0.70 + 0. 10
0.71+0.06

We measured this ratio at several frequencies,
keeping all other experimental parameters con-
stant. In Table I these results are compared with
those calculated on the basis of a two-band model
alone. At A (&u, + &uz) = 2. 78 eV, the contribution of
the violet series was also included in the calcula-
tion. The agreement between theory and experi-
ment can be considered fair, in view of the limited
accuracy of the experimental results. On the other
hand, one may argue that the difference between
the two sets of values indicates a contribution from
the three-band term. A three-band contribution,
involving the p-like excitons of the yellow and
green series as intermediate states close to reso-
nance, can be safely neglected here, because the
transition between the two conduction bands c, and
c2 is not dipole allowed.

V. CONCLUSIONS AND SUMMARY
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effects in the intermediate state become more and
more important as v& or au2 approaches the inter-
mediate-state energy. The dimensionless param-
eters x,.„.(&o,}and x,,~(&oz} (c', v' are the bands in
the intermediate state} provide a measure of the
proximity of v, and +& to the intermediate-state
energy. Attention is drawn to the fact that two-
band and three-band terms leading to same final
state can interfere destructively. This happens
for the s excitonic final states. In fact, as one of
the two frequencies becomes very small, the two-
band and three-band terms to the 1s final state
cancel each other. We should also mention that
the three-band term is usually more difficult to
evaluate than the two-band term because the latter
involves only those parameters which are known

from the one-photon spectroscopy.
Cu~O, chosen for our experimental investigations,

is well-known for excitonic effects in its optical
properties. Longstanding interest in the TPA
spectrum of Cu&O is due to the fact that the small-
est band gap is between bands of the same positive
parity at }t= 0. Thus, while one-photon transitions

at I' between these bands are not allowed in the
electric-dipole approximation, the two-photon tran-
sitions are allowed. Further, since the second
conduction band has negative parity at I', in this
case one-photon transitions are allowed at I', while
those involving two photons are not. Thus, while
in the one-photon spectrum transitions to the sec-
ond conduction band are much stronger than those
to the first conduction band, the converse should
be expected for the two-photon spectrum. Our ex-
perimental results show that this expectation is not
fulfilled. This is essentially due to the fact that the
only band which is connected to the lowest conduc-
tion band, as well as the highest two valence bands,
is a deep lying valence band of symmetry I'8. The
destructive interference between the two-band and
the three-band terms further reduces the strength
of two-photon transition to the lowest conduction
band. The spectral dependence of 0. ' ' in the higher
frequency region is well reproduced by the two-
band model. The study of polarization dependence,
however, indicates that the three-band terms are
not negligible.
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