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A simplified model is introduced to study the temperature dependence of the index of refraction n in

the transparent regime of crystals. The dielectric susceptibility is written as a sum of an electronic

contribution due to band-to-band transitions and a lattice contribution, viewed as due to a single mode

coo. Each of the latter undergoes a temperature variation consisting of contributions due to thermal

expansion, as well as contributions due to the explicit temperature dependence at constant volume. The

temperature derivative dn/dT is investigated for various materials. It is found that for zinc-blende- and

diamond-type semiconductors, electronic effects, in particular the temperature variation of the band gap
at constant volume, yield the dominant contribution. Theoretical calculations of the latter are carried

out employing a temperature-dependent-pseudopotential band-structure model; the resulting values for
dn/dT are in good agreement with experiment. For ionic materials, it is found that both lattice and

electronic contributions may be important, as are both explicit temperature variation and

thermal-expansion effects. Experimental data on the temperature dependence of coo and the band gap
are employed to obtain good agreement with the frequency variation of dn/dT for a variety of ionic

crystals. The results demonstrate that the major physical mechanisms responsible for dn /dT can be

understood within the present simplified model, and that the model is useful in predicting the

magnitude and frequency dependence of dn/dT for a wide variety of crystals of interest.

I. INTRODUCTION

The temperature dependence of the refractive
index n of crystals is of considerable interest, es-
pecially in connection with a wide variety of optics
applications. This is the case, for example, with
optical instrumentation, such as high-resolution
photographic lenses, which are required to operate
under a wide variety of temperature conditions.
Another area in which dn/dT, the temperature de-
rivative of n, has come to play an important role,
is the thermal distortion of high-power laser beams
traversing various optical elements and/or win-
dows. 2 The associated aberration, under most
conditions, is approximately proportional to dn/dT.
Both the absolute magnitude of dn/dT, as well as
its frequency dependence, are of considerable in-
terest in conjunction with applications such as the
latter.

Although a wide body of experimental data4 exists
on dn/dT, much of it is concentrated in specific
limited spectral regions, usually in the visible.
Useful data outside these regimes, especially at
longer wavelengths than the visible, are very of-
ten unavailable. For this reason, it is highly de-
sirable to obtain theoretical prescriptions which
allow prediction of dn/dT over a wide range of
frequencies based on, at most, a small number of
known values at a few frequencies.

Ramachandran' presented a semiempirical theo-

ry of thermo-optical effects in crystals, in which
the dispersion was fitted to experimental data, em-
ploying a series of oscillator frequencies and
strengths as adjustable parameters. A close cor-
relation was found between temperature shifts of
various parameters and those of the fundamental
oscillator frequencies. Unfortunately, the param-
eters chosen were rather numerous, and often
physically obscure or not unique; no general pre-
scription was presented for determining their tem-
perature variations, which are necessary for cal-
culating dn/dT. Masse and Antoncik7 in studying
dn/dT near the fundamental gap of Si and Ge, suc-
cessfully correlated the temperature shift of the
absorption edge with measured variations indn/dT.
A somewhat similar approach was taken by Yu and
Cardona, ' who calculate the variation of the gap
energy E~ in an approximate fashion utilizing the
Yu-Brooks theory. These authors find that the
agreement in the visible between calculated and
experimental values of dn/dT for diamond and
III-V zinc-blende- (ZB-) type crystals is within
-40k. A variety of papers exist in the literature
which attempt to relate the value of dn/dT in crys-
tals to thermal-expansion effects, but do not prop-
erly account for the effects of the shifts of the sys-
tem energy levels and the corresponding oscillator
strengths.

The purpose of this work is to present a simpli-
fied two-oscillator model of dn/dT applicable to a
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fairly wide variety of crystals, from which dn/dT
may be calculated at frequencies throughout the
transparent regime (ur, & u& & ur, ), once the tempera-
ture dependences of just a small number of physi-
cally meaningful parameters are determined. The
theory is designed primarily for cubic diatomic
crystals, although various aspects are applicable
for other crystals, when appropriate generaliza-
tions are carried out. The two fundamental oscil-
lators are the TO phonon coo for the lattice response,
and E~, an appropriately-weighted average band

gap for the electronic response. In the present pa-
per we calculate only the electronic contributions
for diamond, and III-V and II-VI ZB-type crystals,
where the lattice contributions may be shown to be
negligible. Both the lattice and electronic contri-
butions to dn/dT of alkali halides are calculated.

It will be found that certain of the parameters
arising in the theory are more readily amenable to
first-principles calculation, while others are not.
We therefore consider the necessary parameters
as being available either from theory or experi-
ment. For example, we calculate d&u, /dT for
semiconductors from first principles employing a
temperature-dependent-pseudopotential energy-
band approach. The corresponding information
for ionic crystals, where the first-principles cal-
culation meets with special difficulties, is obtained
from experiment.

One finds that a wide range of measured values
of dn/dT characterize crystals in the transparent
regime. ' At wavelength X = 10.6 p, m, for example,
typical values range from —25 to + 25x 10 '/'K; it
is therefore important to identify the principal
physical mechanisms responsible for this large
variation in dn/dT. We note that dn/dT is found'w

to be relatively independent of temperature over a
fairly wide range of temperatures, and assume this
to be generally the case here.

In the following development, we point out the
relative contributions of electronic and lattice ef-
fects to dn/dT. It is also useful to distinguish be-
tween two sorts of physical effects which influence
dn/dT. One is the thermal expansion; when T in-
creases, the material expands, becoming less
dense. Were this the only mechanism operative,
it would tend to make dn/dT negative. The other
effect is the change in the thermal occupancies and
spectra of the energy levels of the material as a
function of temperature. For most materials, vo
decreases with temperature; so does E, . For
transparent materials, where co's of interest lie
inbetween these two energies, both of these changes
tend to increase n. In the extreme limits where ~
is such that either ~ -

&ow or ur -~„dn/d T becomes
very large and positive.

In the above discussion we have ignored contri-
butions to dn/dT from free carriers. " These are

generally negligible for pure materials, except for
those with very narrow gaps, and will therefore be
omitted henceforth. It should be noted, on the other
hand, that for impure materials, '2 free-carrier ef-
fects may become a dominant influence on the dis-
persion of dn/dT throughout much of the transpar-
ent regime.

4w)(, ((o) = (o'„((uo —(u') ', (2)

whereM &u»=4wNe~ p '=(ew —e )raw, where e* is the
transverse effective charge, and the other symbols
have their usual meanings. For crystals with more
than one infrared-active phonon, one of course re-
quires a sum of susceptibilities of the above form.

In the transparent region we need just the real
part of the dielectric function, e =n = I+4w()(, + )f,).
Employing the fact that (d~2, is inversely proportion-
al to the volume, "one obtains (for &u «uw)

where

c
1' 2d(u, 1

dT 2 X —
d7 1

(3a)

dn 1 2 de~ 2dhdo 1
BT, 2 ' BT dT I- / )

(Sb)

where (dn/dT), and (dn/dT), are the electronic and
lattice contributions to dn/dT, and a is the linear-
thermal-expansion coefficient. The above formula
will serve as a starting point for the calculations
of this paper.

II. TWO-OSCILLATOR MODEL FOR dntdT

As discussed above, we seek a formulation of
dn/dT based on variation with temperature of the
fundamental optical transitions in crystals, wh ch
for our purposes are the energy gap Ew (= h&u, ) and
fundamental phonon frequency coo, and their corre-
sponding optical oscillator strengths. " In the sim-
plest view, one obtains" the electronic susceptibil-
ity at frequency &u, neglecting damping effects, as

4wX, (~)=~'..(~', -~') ' (~&~,),
where v„ is the electronic plasma frequency. A
more detailed account of optical transitions, such
as given by Wemple and DiDomenico, 3 for example,
leads to X, of a very similar form, except that v,

N2 1s replaced by Mi2 c2M2P where c 1s approxi-
mately unity and is nearly independent of tempera-
ture and frequency under the conditions of interest
here; co~ is an average optical band gap, defined in
the Van Vechten sense'~ (see, also, Ref. 15). Sim-
ilarly, the lattice susceptibility of a. diatomic ma-
terial may be taken as
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It is useful to further reexpress d&o~/dT itself in
terms of thermal expansion and explicit tempera-
ture variation terms;

dT 8Vr & dT v
(4)

Following Yu and Cardona one may employ the Van
Vechten theory~~ to express (8&v /8V) r in terms of
the ionicity f in Phillip's scale'7; the result is

(5)

(6)

where G(111) is the reciprocal-lattice vector
2va '(1, 1, I), and 8B/8T is relateds to temperature
derivatives of the Debye-Wailer factor. In deriv-
ing the above expression, they assumed, among
other things, that the mean-square displacements
of the cation and anion were equal. One feature of
Eq. (6) is that &o~ (8&@~/8T)» is determined entirely
by thermal vibrations, while being independent of
the specific nature of the electronic structure of
the crystal. The justification and/or validity of
this conclusion is not apparent. As mentioned
previously, discrepancies to within 40%%up of experi-
mental values were found.

Semiconductors

In the present work, we carry out computations
of der~/dT for various semiconductors, employing
a full pseudopotential calculation, and utilizing
Debye-Wailer (D-W) factors obtained recently'

It should be noted, however, that the derivation of
Eg. (5) involves approximations which are appro-
priate only for covalent materials. We also note
that in semiconductors the (8&a~/aV) r term contrib-
utes' only a small fraction to the total change of the
band gap with temperature, d&u /dT; the dominant
term is (8&v, /8T}».

III. ELECTRONIC CONTRIBUTION TO dn/dT

Inspection of Eq. (3) reveals that (dn/dT), re-
quires knowledge of the thermal-expansion coeffi-
cient a and the proportional change in band gap
with temperature, &u»'de~/dT. The coefficient a
is rather accurately known for most crystals, so
that just the evaluation of (8&v, /8T)» becomes the
central problem in evaluating (dn/dT), . Yu and
Cardona evaluated this quantity employing an ap-
proximate relation following from the Yu-Brooks
formalism; ~ was assumed' to correspond to the
gap at the X point of the Brillouin zone, which can
be expressed, approximately, in closed form in
terms of pseudopotentia1 form factors. By screen-
ing the latter with appropriate Debye-Wailer fac-
tors, they obtained

from a rigid-ion lattice-dynamical calculation. ~

The latter D-W factors are believed to be more
systematic and reliable than those available from
fragmentary experimental data. In our computa-
tion, we identify the average gap as that at k
= 2@a '

(&, k, 0}, as suggested by recent theoretical
and experimental works. ~' The pseudo potential
method of calculating d&u»/dT has been described
previously by Tsay et al. ~ and Mitra et al. , ~~ to
which the interested reader is referred. Our cal-
culated values of d&o, /dT, and the corresponding
predicted values of dn/dT, are listed in Table I,
as are those obtained by Yu and Cardona. ' The
over-all agreement between theory and experiment
is reasonably good, considering the simplicity of
the theoretical model and the uncertainty in the ex-
perimentally measured values. This uncertainty
stems in part from the lack of careful character-
ization of many of the measured samples. As an
example of the scatter in the data, n 'dn/dT for
Ge was reported as 6.Sx10 '/'K by Cardona et
al. ,

m~ but as 1.0x10 '/'K by Lukes. ' Sufficient
reliable data does not exist to decide on the merits
of the present calculations, as opposed to the ap-
proximate version of Ref. 8; however, we believe
our method to be more accurate for the reasons
pointed out above.

Ionic Crystals

We have explored the possibility of a Yu-Brooks
calculation of d&o, /dT for alkali halides, in a man-
ner similar to that described above for semicon-
ductors. However, the results we have obtained
appear to predict values about an order of magni-
tude greater than those implied by available ex-
perimental data of dn/dT at &o» &uo for these crys-
tals, implying that Yu-Brooks theory may not be
adequate for these crystals. For example, we
carried out for NaCl and MgO the identical calcu-
lation as described above for semiconductors, ex-
cept that an average of the four principal optical
transitions identified in Ref. 26 were employed
(I'„-I'„Z~-Z„L,-L3, X,-X~); values of the
pseudopotential form factors were taken from Ref.
26, and D-W factors as computed by Namjoshi. ~v

The results for &u, 'd&o~/dT were —3. 1 and —6. 3
x10 /'K for NaCl and MgO, respectively, about
a factor of 10 and 2 too large. Actually, Radkow-
sky2' also obtained values of the explicit tempera-
ture term (8&v, /8T)» an order of magnitude too
large. His method involved calculations of elec-
tronic and hole energy level broadenings due to
virtual phonon absorption and emission.

We here discuss a variety of alternative ways by
which d&o~/dT may be obtained for ionic crystals.
It turns out that the term (8&v,/8V)r in ionic crys-
tals tends to dominate the contribution to d&u»/dT.
In fact it appears that one might obtain a qualita-
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TABLE I. n 'dn/dT of crystals with diamond and ZB structures.

Crystal
n'

(10-'/'K)

—dE~

(eP) (10~ eV/'K)

——(10-'/ K)
1 dn

ndT
Calc. Calc.

(This work) (Ref. 8)

GaAs
GaSb
InAs
InSb
InP
GaP
ZnS
ZnSe.
ZnTe
CdTe
C
Si

Ge

10.9
14.4
12.3
15.7
9.6
9.1
5. 2

5. 9
7. 3
7.2
5. 7

12.0

16.0

5. 7
6. 3
5.4
5. 1
4. 9
5.7
6. 7
7. 7
8.4
4. 5
1.1
4. 2

6. 0

5.2
4. 1
4. 6
3.7
5.2
5. 8

7. 9
7.4
5. 8
5.4

13.6
4. 8

4. 3

3.76
3.8
3 ~ 55
3.46
4
3.25
5
5.4
6.3
4. 2

3, 0

3. 5

5. 8
7. 7
6. 3
8. 0
6. 2

4. 2
4. 3
5. 1
8. 3
6. 1

5. 1

6. 8

5. 4
9. 3
6. 7

15.0
3. 6
2.2

1.1
3.7

6. 1

5. 72~(5-20 pm)
8. 20 (5-20 pm)

8 ~ ~

11.9' (-3 pm)
2. 7~ (5-20 p,m)
3 7
3. 3r

2. 0'

4. 4h (10.6 p,m)
0. 5
3. 9'
4. 7' (-5 pm)
6. 9~

10.0 ( 5 pm)

ZnTe from S. I. Novikova and K. Kh. Abrikosov, Sov. Phys. Solid State 5, 1558 (1964);
others from American Institute of Physics Handbook, 2nd ed. (McGraw-Hill, New York,
1963).

Reference 14.
'The wavelengths to which the experimental data correspond are indicated in the parentheses.
~Reference 12.
'A. N. Piphtin and D. A. Yaskov, Sov. Phys. Solid State 9, 107 (1967).
~Reference 5.
American Institute of Physics Handbook, 2nd ed. (McGraw-Hill, New York, 1963).
"J. E. Keifer and A. Yariv, Appl. Phys. Letters 15, 21 (1969).
P. T. Narasimham, Proc. Roy. Soc. (London) B 68, 315 (1955).

jReference 24.
"F. Lukes, Czech. J. Phys. B10, 317 (1960).
Reference 25.

tive estimate of d&u, /dT to begin with, generally to
within 30%, by neglecting the explicit temperature
term (B&u~/B T)„entirely. Unfortunately, as indi-
cated previously, the expression in terms of
ionicity [Eq. (5)] is not adequate for quantitative
prediction of the (B&u~/BVr) term in ionic crystals,

One body of data which supplies information
about d&o~/dT is the temperature dependence of the
reflectance peaks in the spectra of alkali halides,
as measured recently by Rubloff, ~9 for example.
d~, /dT deduced in this fashion is of the same or
der of magnitude as that deduced from experimen-
tal values of dn/dT but may differ by about 20% or
more, as indicated in Table II. This is not unex-
pected, as an appropriate weighting of all transi-
tions needs to be performed to accurately obtain

d&o~ /dT; the exciton structurem in the spectra of
alkali halides further complicates such a procedure.

An alternative method of calculating (dn/dT), in
alkali halides abandons the formulation in terms of
d&o, /d T, but relates dn/dT instead directly to
dn/dP, where P is the pressure. What we have
meant so far by dn/dT is the temperature deriva-
tive of n at constant pressure (more exactlv atmo-

spheric pressure), which should more appropri-
ately be written (Bn/BT)~. In the regime ~0 «ra
«co~, one obtains

(7)

On the other hand, by assuming the existence of an
equation of state, one has

= (s —1) —3n —
( ') (- —), (s)

where K is the isothermal compressibility. If one
assumes for the moment that (B~,/BT)» is negli-
gible compared with the other terms above, then

= —3BO.

where B=K"' is the bulk modulus.
Data on (Bn/BP)r are available for some alkali

halides. Table IG lists experimental values of
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TABLE II. Temperature coefficients of or~ of some ionic crystals.

Crystal

LiF
NaCl
NaF
Kcl
KBr
KI
AgCl
CsI
CsBr
CsCl
Rbc1

1.38
1.5
1.3
1.45
1.52
1.64
2. 0
1.74
1.66
1.61
1, 47

——"(10-'/ K)dT

1.27
3.65
1.6
3.6
4. 0
5. 0
6. 1

10.0
6. 3

3~ (10-'/'K)

11.7
13.2
10.8
11,8
12.9
12 ~ 8
9. 0

14 7
14.7

10.5

s (10 /'K)
Mg dT

Average of propor-
tional shift of
strong peaks

1.9
1.3

2. 1
2. 5
0. 6

~ (10-'/ K)
Mg dT

From fitting Expt.
data of dn/dT

3. 6

2. 3
2. 4
1 ~ 5
1.8

1.6
0. 43

—1.5
1.2

(Sn/S T)~ and values of (Sn/S T)~ calculated from Eq.
(9), using experimental values of B, o., and
(Sn/SP)r. The agreement is seen to be excellent
in the case of LiF, NaF, NaCl, and KCl and prob-
ably within experimental error for KBr and KI.
The experimental value listed for MgO has been
obtained by extrapolating data given in Ref. 31 for
X =0.405 to 0. 59 p,m, where the pressure data was
taken.

IV. LATTICE CONTRIBUTION TO dn/dT

The lattice contribution (dn/dT), involves the
temperature derivatives of the two fundamental
lattice parameters, roo and e~. A variety of theo-

TABLE III. dn/dT of ionic crystals calculated from
experimental values of (en/BP)~.

Crystal
ga

(10 dyn/cm')

en
9P T

(] 0 ' cm /dyn)

—(1o-'/ K)
dn

dT
Calc. Expt. b

LiF
NaF
NaCl
NaBr
Kcl
KBr
KI
MgQ
Rbci
RbBr

0. 67
0.465
0. 24
0. 2

0. 174
0. 148
0, 117
1.693
0 ~ 156
0. 130

—0. 198
0. 272
1 17c
1 57
1 82c

2. 44
3. 85

—0. 158
2. 24'
3. O'

—1.5
—1, 36
—3. 7
—3. 96
—3. 42
—4. 66
—5, 75

0. 86
—3. 78
—4. 2

—1 ~ 27
—1.6
—3. 65

—3. 6
—4. 0
—5. 0

1.51

C. Kittel, Introduction to Solid State Physics, 4th ed.
(Wiley, New York, 1971).

"For sources of experimental data of dn/dT, see Table
IV.

'Appeared in J. Fontanella, C. Andeen, and D. Schuele,
Phys. Rev. B 6, 582 (1972), as private communication
from K. Vedam to the authors.

K. Vedam and E. D. D. Schmidt, Phys. Rev. 146,
548 (1966).

'K. Vedam and E. D. D. Schmidt, J. Mater. Sci. 1,
310 (1966).

retical and experimental results exist which enable
one to determine these quantities for a number of
crystals.

Semiconductors

For most semiconductors, the lattice terms are
negligible except in a very narrow frequency region
near coo. This situation is a consequence of small
values of e* [or, equivalently, (eo —e„)], and rela-
tively small values of der, /dT and o. . Indeed, mea-
surementssa of dn/dT in InP, GaAs, and GaSb dem-
onstrate that dn/dT is nearly independent of fre-
quency from 5 to 20 p,m. A spectral dependence
observed in InSb was attributed to free carriers.
We therefore present only a brief discussion of the
lattice terms in semiconductors.

Experimental data on ~o d&u, /d T is available for
some semiconductors. Typical values are —1.0
x10 '/'K for' ZnTe, —2. 3x10 '/'K for" GaP, and
—2. 7x10 /'K for diamond. It does not appear
that an adequate theoretical treatment of d&u, /dT
for semiconductors has yet been given.

The value of de"/dT can be estimated from
Szigeti's theory for the effective charge, as has
been done by Jones et a/. It is found that
(e") 'de"/dT is of the same order of magnitude as
~, 'd&u, /dT, although it is not certain how accurate
this prescription is for diamond and ZB crystals.
Independent experimental evidence for de*/dT does
not appear to be available.

Ionic Crystals

In ionic crystals, n and &uo'd&u, /dT are typically
about an order of magnitude larger than the corre-
sponding values in semiconductors; also, eo —&„
is relatively large in these crystals. Consequently,
the dispersion of dn/dT owing to the lattice terms
turns out to be important over a fairly large fre-
quency range for most ionic crystals.
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TABLE IV. Observed and calculated values of dn/dT for ionic crystals.

Crystal
Q R

(10-5/o K)

1 den

c dT
(10"/ K)

dn

dT
(10-'/ K)

Calc. ' Expt. ~

X=3.
Calc. Expt.

dn
dT

(10-'/ K)
X=5.3 pm

Cale. Expt.
X=10.6

Calc. Expt. ld

LiF
LiC1
LiBr
NaF
NaCl
NaBr
NaI
KF
KC1
KI
KBr
Rbcl
RbBr
CsC1
CsI
CsBr
AgCl
AgBr
MgO

3.7
4. 3
4. 9
3. 6
4
4. 2

4. 5
3. 5
3.6
4. 26
4. 3
3.5
3.6

~4 7
4. 7
4. 7
3.0
3. 5
1.1

1.3
2. 1

~2. 5
1.25
2. 8

~3.2
2. 9

-2. 3
-2. 7

3.4
3.6
3.4
3. 8
3. 2

3, 4

9. 3
7. 3
0. 54

—3. 1
—4. 8

~ ~ ~

—4. 8
—5. 9
—10 2

4 ~ ~

—3. 0
—3 4
—6. 1

~ 0 ~

—6 ~ 3
~ ~ ~

—1.27

—1.6
—3.65

—3.6
—5. 0
—4. 0

—10, 0
—6. 3
—6, 1

1.51

—0. 37
—2. 6
—4. 4
—l. 5
—3.5
—4. 7
—5. 8
—0. 93
—3. 5
—5. 0
—3.9
—2. 9
—3. 35
—6. 0

—10.0
—6. 26
—5. 8
—6. 1

2. 0

—1.6
—3. 3

—3. 6
~ ~ ~

—9. 9
~ ~ ~

0.48
—2. 1
—4. 0
—1.3
—3.3
—4. 5
—5. 7
—0. 63
—3. 3
—4. 9
—3.8
—2. 8
—3.3
—5, 9

—10.0
—6. 2
—5. 5
—6. 0

2. 5

—3. 2

—3 ~ 6
~ ~ ~

—9. 9

9. 3
1.3

—1~ 5
—0.2
—1.98
—3. 8
—5. 2

1.4
—2. 75
—4. 6
—3.4
—2. 4
—3. 0
—5. 4
—9. 8
—5. 98
—3. 5
—5. 0

8. 7

—2. 0

—2. 8
~ ~ ~

0. 4
1.4

'Thermal-expansion data are taken from A. J. Moses, Handbook of Electronic Materials 1 (Plenum, New York, 1971),
and American Institute Physics Handbook, 2nd ed. (McGraw-Hill, New York, 1963).

The experimental data of &oo' d&uo/dT are from the following sources: LiF and MgO, J. R. Jasperse, A. Kahan, J.
N. Plendl, and S. S. Mitra, Phys. Rev. 146, 526 (1966);NaF, T. F. ChangandS. S. Mitra, Phys. Rev. B 5, 4994 (1972);
those having a "-"sign in the front are estimated from the Gruneisen approximation (see text); all others are from Ref.
31.

Experimental data of dn/dT at X = 3. 9, 5. 3, and 10.6 pm are obtained by interpolation and extrapolation from the fol-
lowing sources: NaF, H. W. Hohls, Ann. Physik 29, 433 (1937); NaCl, Amencan Institute of Physics Handbook, 2nd
ed. (McGraw-Hill, New York, 1963); KCl, Ref. 7; Csl; W. S. Rodney, J. Opt. Soc. Am. 45, 987 (1955).

l = 1 unless specified.
eCorresponds to dn/dT at frequencies in the "intermediate" region where both electronic and lattice dispersions have

negligible effect. For most ionic crystals, this corresponds to 3& & 0. 5 pm.
All expt. values of dn/dT in the intermediate frequency region are from American Institute of Physics Handbook,

2nd ed. (McGraw-Hill, New York, 1963) and references therein, except CsBr and LiF, which are from M. Brodsky and
E. Burstein, Bull. Am. Phys. Soc. 7, 214 (1962).

A reasonable amount of experimental data on
dion/dT is available for ionic crystals. 's' s' Alter-
natively, dion/dT may be deduced from the
Gruneisen expression37

u&n(T) =en(0) exp( —3y f adT) (10)

where y is the mode GrGneisen parameter for coo.
The above expression accounts only for volume-in-
duced changes, in the quasiharmonic approxima-
tion. Strictly speaking, Eq. (10) is applicable on-
ly when the anharmonic self-energy is negligible;
however, a propitious cancellation of anharmonic
contributions in &on(T) enables reasonably good pre-
dictions of dree/dT to be made for many ionic crys-
tals. For example, experimental values of
u&s d&un/d T for KBr and KI are —3.6 and —3.4
x10 /'K, respectively, while the corresponding
theoretical values computed from Eq. (10) are

—3.4 and —3.Ox 10 4/'K. When the cancellations
do not occur, or if more accurate values are re-
quired, one also needs to calculate self-energy
shifts due to anharmonicity s~ Such calculations re-
quire detailed knowledge of the phonon spectrum.

Theoretical treatments of de*/dT do not appear
to exist. Scant experimental data, employed in
conjunction with the Szigeti theory, yields values
of (e") 'des/dT -of 2.4, 2. 4, 1.9, and 5.7x10 /
'K for KI, RbCl, CsC1, and AgBr, respectively.
The corresponding values of —&uc'dean/d T are 3.4,
3.4, 3.2, and 7. 3x10 4/'K. This suggests that a
useful parametrisation is e*(T)a~ &on'(T), where
l = 1.5. Actually, the reliability of the experimen-
tally deduced values of des/dT is rather question-
able, and it is probably preferable for the time
being to fit l from the spectral dependence of dn/
dT, whenever possible. It turns out that values of
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FIG. 1. dn/dT of various ionic crystals as a function of wavelength; solid line is the calculated result and crosses
indicate experimental data. For NaCl, experimental data is from American Institute of Physics Handbook, 2nd ed.
(McGraw-Hill, New York, 1963); for KCl, from Ref. 5; for NaF, from H. W. Hohls, Ann. Physik 29, 433 (1937); and
for CsI, from W. S. Rodney, J. Opt. Soc. 45, 987 (1955). Calculated curves employ values indicated in text and Table
IV. Insert for KCl shows separate contributions: curve 1, electronic; curve 2, phonon; and curve 3, their total.

l = 0.5-1.5 are appropriate for those ionic crys-
tals where such a fit is possible. It is reasonable
to assume that other ionic crystals fall within the
same range, so that the above prescription allows
for, at the very least, an estimate of the contribu-
tion of the de*/dT terms.

In Table IV, we present a comparison of avail-
able experimental data and calculated results for
dn/dT. Values in the dispersionless regime, and
at the wavelengths of spectral interest for laser
applications, X=3.9, 5. 3, and 10.6 p, m, are listed.
—&u~'d&o~/dT was chosen as 1.5, 2. 4, and 3.5
x10"'/'K for potassium, sodium, and lithium salts,
respectively, as deduced from the patterns evi-
denced in Table II; when no data was available, this
value was approximated as 1.Ox 10 '/'K. The ex-
ponent l was fitted from the dispersion of (dn/dT),
when such was possible, and chosen as unity other-
wise. For the most part, the agreement between
theory and experiment is encouraging. A more de-
tailed comparison is presented in Fig. 1, which
illustrates the dispersion of dn/dT for NaC1, KC1,
NaF, and CsI; the insert indicates the electronic
and phonon contribution to dn/dT for KC1. In this
case, it is observed that phonon dispersion is in-
strumental in determining dn/dT even for wave-
lengths as small as 5 pm.

V. DISCUSSION

We have presented a simplified two-oscillator
model of dn/dT in the transparent regime of di-
atomic cubic crystals. In addition to the usual
parameters appearing in the expression for the re-
fractive index, the only parameters required to
evaluate dn/dT as a function of frequency are the
thermal-expansion coefficient n and the tempera-
ture derivatives of the lattice mode coo, the effec-
tive band gap ~~, and the effective transverse
charge e*. Values of e are readily available for
almost all crystals of interest. Theoretical and/
or experimental values of dtd~ /dT and dupo/dT are
available for many crystals; de~/dT is less well
known, but may be estimated from the limited
available data. In our presentation we have dis-
tinguished between electronic and lattice contribu-
tions, and between thermal-expansion and explicit
temperature contributions to dn/d T

For the case of semiconductors the electronic
contribution (dn/d T), dominates throughout the
transparent regime, except for a narrow region of
frequencies near cd() . The electronic contribution,
in turn, is dominated by the (S&u~/ST)„ term, as
opposed to those resulting from thermal-expansion
effects. Our calculation of d&u, /dT for various ZB-
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and diamond-type semiconductors, employing a
temperature-dependent-pseudopotential formalism,
is found to yield values in good agreement with ex-
periment.

In the case of ionic crystals both (dn/dT), as
well as (dn/dT), are important in the transparent
regime, although (dn/dT), is generally much
larger throughout this regime. The electronic
contribution stems primarily from the thermal-ex-
pansion terms. Theoretical attempts to calculate
d&u~/dT appear inadequate for these crystals; how-
ever, experimental data on temperature depen-
dence of ref lectivity peaks, and relations between
dn/dP and dn/d T provide alternative methods of
obtaining information on the electronic contribu-
tion. As for (dn/dT), , the terms involving a, d&oo/

dT and de"/dT may all be important, depending on
the particular crystal and the frequency of interest.
d&u, /dT values are available experimentally, as
well as from a quasiharmonic theoretical treat-
ment; de~/dT determined from experiment, as
well as from fitting the spectral dependence of dn/
dT, indicates that e~(T)~~&et(T), where 1=0.5-1.5.
Although a reliable comparison is hindered by the
sparsity and uncertainty of available data, the
present model does appear to predict results in
reasonable agreement with experiment.

The typical magnitude and sign of dn/dT of crys-
tals in the visible region may easily be understood

on the basis of the above results. For semiconduc-
tors, where the d&u~/dT term is much larger than
the thermal-expansion term, dn/d T is positive,
and of the order of ~~~d~~/dT-10 . For highly
ionic crystals, thermal-expansion terms dominate
the electronic contribution, and dn/dT takes on
large negative values of the order of -3~10 '. The
value of dn/dT increases towards positive values as
co- (do, were lattice dispersion effects become large.

The present simplified model does not account
for higher-order phonon terms, which make a
small, but highly temperature-dependent contribu-
tion to dn/dT. In crystals that are not infrared
active these are the only lattice contributions, and
may become important at very high temperatures.
In addition, free-carrier effects may become im-
portant, even in relatively pure materials, at suf-
ficiently high temperatures. All such effects are
outside the purview of the present approach.

In conclusion, we believe the present approach
has successfully identified the major physical
mechanisms affecting dn/dT, and provides a theo-
retical prescription for predicting dn/dT over a
wide range of frequencies, for many semiconduc-
tors and ionic crystals. Only a small number of
physically meaningful parameters are employed.
Nore detailed measurements in the future on well-
characterized samples will enable a more meang--
ful comparison between theory and experiments.
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