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P. Hansen
Philips Forschungslaboratorium Hamburg GmbH, 2 Hamburg 54, Germany

(Received 19 July 1972)

The contribution to the magnetostriction constants X,oo and X», of trivalent ruthenium ions on
octahedral sites in yttrium iron garnet has been calculated in terms of the single-ion model. This leads
to simple expressions of the temperature dependence of these quantities which is determined by the
exchange field and the ratio of the trigonal field to the spin-orbit coupling. Using these atomic
parameters which could be derived from the corresponding anisotropy data a satisfactory fit of the
theory to experimental data could be achieved. The measurements of X,oo and X», have been carried
out on single crystals of the composition Y3Fe, „Ru 0» by means of the resonant method in the
temperature range of 4.2-500 K. The contribution of the Ru'+ ions turns out to be positive for both
X l00 alld

I. INTRODUCTION

Transition-metal ions such as Fea', Co ', Rus',
and Ir ' in ferrites and garnets with an orbitally
degenerate ground state in the cubic crystalline
field generally give rise to pronounced effects in
the anisotropy' ' and magnetostriction. " ' The
anisotropy contributions can be interpreted in
terms of the single-ion model'6'~ which takes into
account the dependence on the direction of mag-
netization of the lowest energy levels which deter-
mine the magnetic behavior of these ions. This
dependence is determined by the interactions which
lift the degeneracy of the cubic ground state and
the magnitude of the effect is mainly due to the
relative magnitude of these interactions. The con-
tribution to the magnetostriction is caused in addi-
tion by that increment of crystal field which de-
pends on strain because it produces a strain de-
pendence of the lowest energy levels. This in-
volves the free energy to be a function of the direc-
tion of magnetization and the strain tensor. Up
till now, the single-ion model. has been applied to
magnetostrictive effects" '3 and a qualitative
agreement between theory and experiment could be
achieved only for Co '. '

For ruthenium in ferrites and garnets the dom-
inant interactions are the local crystalline field,
the spin-orbit coupling, and the exchange coupling
which are responsible for the anisotropic behavior.
Here the exchange interaction is the smallest term
in contrast to Co '. In the case of low-spin Ru '
in yttrium iron garnet (YIG) and gadolinium iron
garnet (GdIG) the single-ion model accounts quan-
titatively for the observed anisotropy contributions
using a level structure which is determined by
these interactions. This quantitative agreement
is believed to be mainly due to three reasons.
First, no electron-transfer mechanism has been
observed which would give rise to a reduction of
the resistivity or the presence of field-induced ef-

fects as they have been observed for Fe "' or
Co~'. 4 Second, a very simple energy-level struc-
ture of low-spin Ru ions is present showing three
mell-separated magnetic doublets. Third, the Rue'

ions occupy (approximately} only octahedral sites
in YIG and GdIG.

Owing to these facts the Ru~' ions appear to be
very promising concerniag the study of their con-
tribution ~X&00 and &A.ll& to magnetostriction be-
cause the total temperature dependence of 4A&00
and ~X»& is expected to be essentially determined
by the exchange field and the ratio of the local
trigonal field to the spin-orbit coupling which are
known from the corresponding anisotropy measure-
ments.

In Sec. II we therefore calculate the temperature
dependence of the contributions to the magnetostric-
tion constants in terms of the single-ion model.
In Sec. III the results are applied to ruthenium-
doped YIG of the composition YSFe, Ru„0,3 and
the atomic parameters necessary to fit the experi-
mental data are discussed. The measurements
were carried out by means of the resonance tech-
nique at 9.25 GHz for x=0, 0. 003, 0.009, and
0. 021 in the temperature range of 4. 2-500 K.

II. THEORY

The magnetostriction of cubic materials is usu-
ally described by the phenomenological expression
of the magnetoelastic energy

&me = bo(eii+ eaa+ &ss)+ &i(ni&ii+ &a&II+ o'sess)

+ 2&s(&i&seim+ na&s&as+ o'i&a+is)+

bp~ + p and cp are the Dlagnetoelastlc constantsq
the direction cosines of the magnetization with re-
spect to the cubic axis, and the components of the
strain tensor, respectively (p, q= l, 2, 3, where
j., 2, and 3 refer to the cubic axis x, y, and g, re-
spectively) Neglecti. ng higher-order terms in Eq.
(l}and introducing the functions
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F&,(a)=
8ee~,

(2)

we can relate the magnetostriction constants X,00

and X,» to these function FR, (a) evaluated in cer-
tain crystallographic directions of the magnetiza-
tion by

2 [FRR(010) —FRR(001)]
100 8(C

—Fip(110)
111

44

where C„, C,z, and C44 are the elastic constants.
We further make use of the relations

100 = 3 bi/(Cii CIR) 2

1
&111= —.bR/C44

(4)

Z P e fff/ /f(er-

To obtain the contribution of the Ru ' ions to the
magnetostriction constants we need to consider
the free energy of these ions which is given by

ff

/RF= — P lnZ,
1

where k~ is Boltzman's constant, T is the temper-
ature, N is the number of Ru ' ions per cm, n is
the number of magnetically inequivalent sites, and

Z, is the partition function at such a site. Further-
more, a statistical distribution of the ions on these
sites has been assumed. Following Slonczewski'
we expand Z; according to Chester':

Zf = Zfp+g Zfs) (8)
m=1

where the first terms are given by

energy separation. Then the sixfold degeneracy
of the T@, state is removed by the single-ion
Hamiltonian

X= V, (r) —$L ~ S+gtisS H„~+ 6V(r, 7) (8)

V, (r) is the local trigonal field. The second term
represents the spin-orbit coupling, where X has
been replaced by the one-electron spin-orbit cou-
pling parameter $ which is simply related to X by
A. = —( for a ta~ configuration. The third term is
the exchange energy which is treated in the mole-
cular-field approximation and 5V(r, e ) represents
the increment of the crystal-field energy depending
on e~, . In garnets where we have a negative tri-
gonal field the first three terms of Eq. (8) lead to
a level structure of a low-spin ta configuration
according to Fig. 1. For t v/$1 ~0. 4 [v is the one-
electron trigonal field parameter and is defined as
a matrix element of V, (r) with the wave functions
given in Eqs. (12)] the energies can be explicitly
expressed by"

E 1 /R(i) = Es 6 2 g fiffH22242 [(1—2C s) COS y,

+cf sin'y ]'"
E 1 /R(i) = Ep+ 0 g PffH4g2h «»yf 2

0

E,/R(i)=E + Rg/ff)H„~[(l —2c,) cos y,
4 R ]1/R

Ep = 5(R+ 2 v/5)

E,=--'. ~&-.'.-'. ./&~[2 (-'. —./~)']'"],
and with wave functions

4 ', (i) = a, (i)(+ c,t,'+c,t j) e "f /'

—b, (i)(+c,t, + c,t,') e"f",
Zfi= — Q W// e

k~T

Wf&1& W&&& e-&fJ /~/~
Zfp kaT )~ E]y -E

(7)

~0
/4R t 1 /P.

+ a, (i) (+c,t, + c,t', ) e"f /'

O'R(i) = b, (i)(+ c,t,'+ c,t, ) e "f /' (10)

E»1 are eigenvalues of the unperturbed Hamiltonian
and the matrix elements W&~' and W~&' are in gen-
eral due to different perturbations of comparable
order of magnitude. The summation in Eqs. (7)
carries over all energy levels. To calculate these
expressions we have to know the energy levels and
the corresponding wave functions.

The ground state of the Ru" ions on octahedral
sites in YIG is a low-spin t2 configuration due to
the large cubic crystal field as shown in Fig. 1.
This configuration is sixfold degenerated and trans-
forms like the cubic representation T@,. In the
following we will. neglect all effects which arise
from interactions with higher energy levels as-
sociated with the t e~ configuration since their
influence is expected to be small due to the large

where

1 R
—v/]

]2 ' (-' — /2)']' "] '

c,+c =I

1 (1 —2c.') cosy,
2 [(1 —2cs)secs y, ~ c'. ninny, ]'c)'

(11)a, (i)+ bR(i) =1

R(.)
1 (1 —2cs) cosyf
2: [(1 —2c.) cosy, ~ c'siny, ]' ')

a R(i) + b R(i) = 1

Here the t; are linear combinations of the d func-
tions, which are quantized along the trigonal axis
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and are defined by

f,'=&-', I
-2, +-.'&+&-.' ll, +-', &,

f, =&-, I2, +-, &-&-,
I

—1, +-'.),
f', =Io, +-,'& .

The numbers in the ket I mz„ms) are the quantum

numbers of the z component of the orbital and spin
momentum, respectively. yf and Df are the angles
between the direction of magnetization and the
quantization axis in the x„yf, zf frame, where the
quantization axis z, coincides with one of the four
[111]directions.

Now BV(r, Y) and K,„~ have to be treated as a
perturbation, where X„~is Ã,„~ less its submatrix
in the doublet manifold. Then the matrix elements
W&,

' occurring in Eqs. (7) can be calculated. How-

I

ever, with respect to the magnetostriction con-
stants we need the quantities F,z. From Eqs. (2)
and (5)-(7) we obtain

Br»F ks TN p 1 BZ,
n f, Z, e~„

where &F~, is the contribution due to the Ru ions.
In the following we want to consider only matrix

elements between the four energy levels E;/z and
E,(z, because v/$ &0 for Ru ' in YIG. E&(z only
becomes important for positive values of v/(.
This case applies for Ir ' ions andwill notbe con-
sidered here.

Further we want to restrict these calculations
only to terms of first order in BBV(r, e )/Be~.
Then we have to consider three terms which give
rise to magnetostriction which can be expressed by

(14)

e-Bt(f ) /IBBT

hi(i)-&'(())&i(l(i)-E;(()], ' ')'

where c.c. means complex conjugate and W33 -=W33(f)—
(16)

Zf = 2 exp — ' cosh

( E, -E, (E',(f)-E',(f)-
+exp — ' ' cosh

AT 2kB T

To evaluate these sums constants Wp,
"will be de-

fined according to the relations

(16)

«il
' ' lf~&=-«2I ' '

lfs&='%aW~,"
cpa Cpa

where according to Eq. (3), pq equals to 12 or 32
and g,a= —2 and res, =1. Here BV((r, Y) represents
the crystal field in the x„y„zf frame. The con-
stants Wp(," are not independent. From the trans-
formation properties of BV, (r, Y) we find

Wia W1a = —Wia =- W1z =W,z
(1)

where z, (& [111], zz &([iil], z~(& [111], and z~(& [111].
Here z, denotes the unit vector along the z, axis.

The still relatively complicated relations for
(1/Z, )BZ«/Be~, suggest the introduction of the fol-
lowing abbreviations:

4 =E, -E.= .' 5('. + v/(—+ [2-+ (-', —v/kP]'"),
. = 2 gus&.,~(cosy&(f)

+ fc4+ [(1—2c,')' —c.'] cos'y, )'")

($& 1 tanh[(h«& —4&(&)/2ksT]+4&(&/lE,
2 1 —(~&'&/~ )'

With these quantities Eqs. (14) can be written in
the form

'Qg f W~& cosh ' —4g~, W~, 'a, (i)b, (i)c,c cos, sinh
+pa B B B
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('g(f) g(f )
+ W 'e i 's cosh'Pa 2k~ T

1 &Z&~ 4W,."ggsH, a, (i)b, (i)c siny, e e+ "s cosh[(h, ' —b, ")/2ksT]
Z f Epq 6(k+T Zf

g(f)+S(f) cos2g +' + &+ +& &
g(f)+ y& &

g(f)Hc,gp~' a, (i)b.(f)

1 ttZ„&„W~~"(gp~H, ) a, (i)b, (i)[a,(i}—b, (i)]c,c' sin y, cosb, z &~ r 6P' —bP'
i pq + - B f

(16)

where

( i

bV, (r, 7)
i ) ( i

6V, (r, e)
i )

B&p,
' ~

Be&,

2WO& a( i
ttbV»(r & ) )Wp Q Wp + Q Qts( I

t3/
Bepa

These relations can be simplified considerably,
because for temperatures below the Curie temper-
ature of most of the garnets we have ksT/&& ~ 0. 3
and (&,"'/&&) «1,"assuming $ of the order of
1000 cm '. ks T/&& ~ 0. 3 implies that in good ap-
proximation Z, can be replaced by

(f) (f )

Zf0= 2e + & cosh-E.P r

where the first coefficients are given by

(g(f) g(f)
Q30' = —2t}~,c,c tanh~ ' cos(),

2k~ T

Qfg =0(1)

(19)

(20)

Qi0
Q)

(&) 2 . (f) (f)
Qf~ =-2gP,~H &- sin'Yf tanh

2k T cos25f

tributes to the magnetostriction. Vfe therefore
obtain

1 ttZ„2W,'."a,(i)b, (i) p (,)
Z f0 Bcp,

'

k~T

Then, making use of the fact that (b."')~ «4~, we
can expand these relations in powers of &~". %'ith

these approximations, especially for the expres-
sion (1/Z&)(8Z;q/Se~, ), only the second term con- Q(3) Q

(3) 0

1 c,g~cosDf
2 c a.(i)b.(f)

/
/

/
/

/ tpgeg
/

/
/y

/y
/rd,/~ t2g eg

, t29e9

& 100q-25000 cm-"
2

i t2a I Tzg

Eg

Egl
~ -1000-1500cm "

Et
-3(X} m-&

3 Ci~ —Cip I& '&k&T]

1 N W,ZG E, 3tanh[E, (1+e}'+/AT)
111 (1+e)' '

where

tanh[E, (1 —e)' i~/ke T]
e)1 /2

gp,H. [2c4+ (1 —2c.')']' "
2~3

The two lowest orders of the expansion (19) rep-
resented by the coefficients (20) turn out to be a
good approximation for the case of Rus' in YIG.
Then &X»0 and &X„, can be expressed explicitly
by simple relations. From Eqs. (3}, (13), (16),
(19), and (20) we obtain

free ion cubic field trigonal field exchange
+ spin- orbit coupling

coupling

c, —(1-2c,)
2c 4+ (1 —2c'.)' (22)

FIG. 1. Energy levels of Ru +with a low-spin d con-
figuration in YIG. The primed representations are of the
double trigonal group. The energy differences are not to
scale.

W2(c,c )
[2c4+(1-2c,')']'" '

For Ru" in YIG the exchange energy gp~H, is of
the order 500 cm ' ' and this should give rise to
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a slow temperature variation of L&,00 for T& 300 K
as there 0, remains approximately constant for
YIG. Above room temperature, however, the tem-
perature dependence of the exchange field becomes
important and will be dominant near the Curie tem-
perature. The equation for b,X,» however, predicts
a stronger temperature dependence.

m. EXPERIMENTS AND DISCUSSION

TABLE I. Composition of the measured single-crystal
spheres.

Material Composition

Y3Fe&~u„0~2

0.001

0
0.003
0.009
0.021

Z(cm~)

0
1.27x 10 9

3.80X 10 '
8.86 x 10

Single crystals of the composition Y3Fe~ „Ru„Of/
have been investigated. They were grown from a
PbO-PbFa-BaO~ flux at about 1100 'C. r9'ao Very
pure starting materials were used, i. e. , especial-
ly the content of rare-earth impurities was of the
order of 1 ppm. Effects on the magnetostriction
due to the presence of other impurities such as
Ca ', Si ', Pba', Fe ', or F, ' which are of the
same magnitude for all crystals, can be neglected.
The distribution of the ruthenium ions was found

to be inhomogeneous. The concentration in the
crystals varied at most by a factor of 2 on a dis-
tance of about 1 cm. This was the highest value
found in a crystal among all batches. Therefore,
it was necessary to determine the ruthenium con-
tent in the same single-crystal spheres where the
magnetic measurements have been performed.
This was possible by atomic-absorption measure-
ments on the homogenized specimens after finishing
the magnetostriction measurements. The accuracy
in the determination of the concentration was in-
creased with increasing Ru content. The results
are summarized in Table I. The magnitude of the
inhomogeneity in the single-crystal spheres could
not be detected. However, this is not believed to
be very important for the magnetic measurements
since for these small concentrations no interaction
between the ruthenium ions will occur. Measure-
ments were performed on spheres of 0.7 mm in
diameter applying the resonance method at 9.25 GHz

according to Smith and Jones. ' The spheres
were oriented in the (110)plane with an accuracy
of 0.5'. The temperature dependence has been
studied in the range of 4. 2-500K. A compressional
uniaxial stress T in the [110]direction has been ap-
plied which causes a shift 5H„[hkl] in the field for
resonance H„[hkl] in the [kkl] direction The ap.-

plied stress was between 10 and 10 dyn cm . To
calculate 7 the effective area of the spheres was
taken as —,'gR, where B is the radius. Then the
measured values of X&00 and Xfgf of pure YIG are in
good agreement with those obtained by other meth-
ods. ' From the shifts in the [001) and [110]
directions the magnetostriction constants were de-
duced from the relations

Xroo = —3 (M~/&)dH„[001]

4 M, 1 Kq
9 r 3 M ll [110])

(23)

M„K&, and K& are the saturation magnetization
and the first and second anisotropy constant, re-
spectively. The linear relationship between
5H„[kkl] and v could be verified in all cases. M,
has been measured with a vibrating sample mag-
netometer; however, no measurable deviations
from the values of pure YIG occurred as has to be
expected for such small substitutions. Thus, X,oo

and X,«could be calculated from Eqs. (23). For
0 —x—0.02 they were found to increase linearly
with the ruthenium content as shown in Fig. 2 for
T= 295 K in agreement with the values found by
Krishnan ef al. " (closed symbols). Deviations
from this linearity have been observed for
x &0. 02. ' The temperature dependence of X&00

and X», is shown in Figs. 3(a) and 3(b) for samples
Nos. 1-4. For sample No. 4 the measurements
could only be carried out down to 200 'K because
the anisotropy and the linewidth became too large
for lower temperatures.

Both X&pp and X», are shifted to positive values
with increasing ruthenium content. The contribu-
tion of the Ru ' ions to A,,oo turns out to be essen-
tially constant over a wide range of temperatures
while that to

Pffft

decreases with temperature. This
was expected from the relations (21). The mag-
nitude of &X«z at 4. 2 K is larger then that of

&Agpo, This indicates that the two-constant theory
assumed in (1) and (23) will not strictly apply in
this temperature range. Here the higher-order
constants b~, b4, and bs may become important,
similar to the description of the anisotropy. '

This gives rise to a higher inaccuracy for the low-
temperature values. However, we will not take
into account this effect due to higher-order terms
because at the present state, only X&oo and Xffg

evaluated from Eqs. (23) are available. Further-
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we use the values C»- C&z=1. 61&10' erg cm
and C44= 0. 76&10' erg cm 3 for pure YIG at
296 K. The one-electron spin-orbit coupling
constant is expected to have a value between 700
and 1200 cm '; the value 800 cm ' has been used.
This choice is not important since the temperature
dependence of 4A~, is not very sensitive in this
range of ( values. With these data the temperature
dependence of 4k~, is completely determined by
v/$ and gH„and these quantities are known from
the anisotropy to be of the order —1 and 10' Oe,
respectively. ' The remaining parameters W»
and W33 can now be deduced from the fit of the ex-
perimental values at 4. 2K. The best fit was ob-
tained with v/$ = —1, gH, =1.2&&107 Oe, W„=2100
cm ', and W»=3100 cm

The broken line in Figs. 4(a) and 4(b) represents
the approximate theory according to Eqs. (21) and
the solid line represents the results of the exact
theory (without the approximations 6,"' «6& and
&~ » ksT). Equations (21) are seen to be a good
approximation. Only small deviations occur in the
whole temperature range. The values W,z= 3100
cm ' and W» = 2100 cm ' refer to the exact theory
while those from the fit of Eqs. (21) are about 5%
smaller. In both cases a temperature-independent
exchange field has been assumed (curves 1 and 2).
This is approximately correct up to room temper-
ature. However, for higher temperatures this
assumption is no longer justified due to the tem-
perature variation of H, . Especially the tempera-
ture dependence of 4A.,00 then is expected to be
mainly governed by that of K, and, therefore,
should reflect essentially the temperature depen-
dence of the magnetization of the tetrahedral
sublattice. Thus, we have introduced a varia-
tion of K, with T which is obtained from the fit
of the saturation magnetization of YIG. ' ' This
leads to the theoretical curves 3 and 4 in Figs.
4(a) and 4(b).

Now a satisfactory fit to the experimental data
in the whole temperature range is obtained and
thus a consistent description of the anisotropy and
magnetostriction by means of the single-ion model
is possible using one set of atomic parameters.
But there are some discrepancies between theory
and experiment especially for 4A.», . In this case
the accuracy of the measurements become less
good at low temperatures due to the large aniso-
tropy where the [110] direction is the hard di-

rection. Slightly higher values of 4X&&& would
lead to a much better fit of the temperature de-
pendence.

However, there are still some other sources of
error which may give rise to some changes in the
values of the parameters used. As mentioned
above we neglect the higher-order anisotropy and
magnetostriction constants. Then, the strain in
Eqs. (23) has been calculated using an effective
area & mR, where the factor 3 is only approxima-
tive. A change of this factor would directly affect
W&z and W33. Then, we have assumed all ruthenium
ions to be exclusively in the trivalent state and to
occupy only octahedral sites. Further effects of
canting ' or the presence of anisotropic exchange
have been negI. ected.

IV. CONCLUSION

A strong change of the magnetostriction constants
of yttrium iron garnet were caused by small
amounts of Ru ' ions. The contributions 4X&oo and

4' f f were positive. Below 200 K, 4Xf QQ turns out
to be approximately constant while 4A», strongly
varies with T in the whole temperature range.
This behavior could be well explained in terms of
the single-ion model. The temperature variation
of 4A.,M and 4X&&, is determined by the two lowest
energy levels in good approximation. Below room
temperature the higher levels effect the final re-
sult less than 10%. Thus, simple expressions for
4Ajoo and 4A», could be derived for this case. The
temperature dependence can essentially be de-
scribed by two atomic parameters, i. e. , the ex-
change field and the ratio of the trigonal field to
the spin-orbit coupling. The knowledge of these
parameters from the anisotropy contribution of
Ru' leads to a satisfactory fit of the experimental
data. Thus, a consistent explanation of the mag-
netic behavior with respect to anisotropy and mag-
netostriction has been achieved. Similar results
are expected for other ions with a tz' configuration
such as Ir~' (5d ) in ga:mete.
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The low-temperature ordered states of Gd+++ ions in gadolinium trichloride and hydroxide lattices,
Dy+++ ions in dysprosium ethyl sulfate and hydroxide lattices, and Tb+++, Ho+++, Nd+++, and
Er+++ ions in their respective hydroxide lattices are investigated taking into account both the

dipole-dipole and exchange interactions. The method used is essentially that of Luttinger and Tisza for

dipole-dipole interaction, later generalized by Niemeyer to include exchange interaction. A linear

dependence of the energy eigenvalues upon the exchange-interaction constants is found. For GdC13 and

Gd(OH)3 which are the only cases where the values of the exchange-interaction constants are

experimentally known, ferromagnetic and antiferromagnetic orderings, respectively, corresponding to the

lowest energy are predicted in agreement with the experimental observations. For Nd(OH};, where a

ferromagnetic low-temperature ordering is predicted by the dipole-dipole interaction, an antiferromagnetic

ordering may prevail if antiferromagnetic exchange interactions of suitable values are considered. This is

in accordance with the observation of Wolf, Meissner, and Catanese, For the remaining cases, a limit

for the next-nearest-neighbor exchange constant is obtained which will yield the ferromagnetic ordered

states as observed experimentally.

I. INTRODUCTION

Recently many papers have appeared dealing with
the prediction of ordered states at O'K, taking into
account the magnetic dipole-dipole interaction be-
tween the constituent iona. '" An exception is the
work of ¹emeyer, which not only takes into ac-
count the dipole-dipole interaction but also in-
cludes the exchange interaction in his calculation
for the case of cerium magnesium nitrate crystals.
The method used for such calculations is essential-
ly that developed by Luttinger and Tisza in 1946, 5

based on classical considerations. ¹emeyer, on
the other hand, has presented a quantum-mechan-
ical treatment which yields the same prescrip-
tion as the classical method. He also shows that
the exchange interaction between nearest neighbors

can be simultaneously taken into account. The
present payer deals with the investigation of the
low-temperature ordered states of Gd ' iona in
GdC1~ and Gd(OH)~lattices, Dy iona indysyrosium
ethyl sulfate (DyES) and Dy(OH)~ lattices, Tb"'
iona in Tb(OH)~ lattice, Ho'" ions in Ho(OH)~ lat-
tice, Nd' ions in Nd(OH)s lattice, and Er' ions
in Er(OH)~ lattice, under the effect of both mag-
netic dipole-dipole and exchange interactions. The
rare-earth ions in al.l these crystals lie on lattices
which are similar to hexagonal close-packed ex-
cept that the c/a ratio is much smaller. The
motivation fox this investigation is provided by the
finding that the dipole-dipole interaction alone does
not predict the observed antiferromagnetic low-
temyerature ordering of Nd(OH)3 and Gd(OH)~. 3'
The exchange interaction may then play an impor-


