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The recent development of cryogenic tunnel-diode oscillators has been used to improve and extend the
high-frequency-relaxation (HFR) method for measuring the magnetic specific heat C „.The method,
originally due to Casimir and du Pre, uses purely magnetic measurements to determine C ~ directly,
without the usual correction for the generally much larger lattice contribution to the total heat
capacity, and it thus allows accurate estimates of C „over wide ranges of temperature. At
temperatures that are high compared with the onset of magnetic ordering, C~ can be fitted to a series
expansion of the form C „/R = C ./T' + C;/T' + ",where R =Nks and N is the number of
magnetic spins, and in suitable cases this can be related to microscopic spin-spin interaction parameters.
Additional information can also be obtained from the field dependence of C „, which can be related to
the temperature dependence of the isothermal susceptibility. The central experimental requirement for
this method is an accurate determination of the field and temperature dependence of the diA'erential

susceptibility in the MHz frequency range, and a fairly detailed discussion of a suitable system is given.
Examples of materials for which this technique has been used succesfully include rare-earth halides,
hydroxides, and garnets, but many other materials should satisfy the conditions under which this
method can be applied. A review of these conditions is given and the criteria for choosing suitable
measuring fields, frequencies, and temperatures are summarized.

r. INTRODUCTION

One of the most important quantities character-
izing a magnetic system and its microscopic in-
teractions is the magnetic specific heat C~, In
particular, for a paramagnetic system at temper-
atures much higher than the ordering temperature,
the magnetic specific heat can often be expressed
as a simple series expansion in 1/T, ~ 4

C„/R = C~/T + C~/T + ~ ~ ~

whose eoeffieients C3, Cs, . .. canbe rel.ated
directly to the traces of different powers of the in-
teraction Hamiltonian describing the system. An
analysis of such an expansion can give usefuL in-
formation about the microscopic spin-spin inter-
actions, and in suitable. cases it may be possible
to combine the specific heat results with suscep-
tibility data to obtain a rather complete description
of the various near neighbor exchange interactions.
Examples of such analyses are given elsewhere. s'7

To obtain reliable experimental estimates of the
coefficients C, C3, . . . , one requires accurate
measurements of C~ over a wide range of temper-
atures. This is difficult with the usual calori-
metric methods since they do not measure C~ di-
rectly, but instead measure the total specific heat,
from which an estimated lattice contribution Cl.
must be subtracted to obtain C„. Since C~ is gen-
erally much larger than C„, even a small uncer-
tainty in either the total or C~ can result in a con-
siderable error in C~. This error becomes larger
as T increases since Cs falls off (roughly as 1/T )
while CI, increases (roughly as T ). Thus C„ is
most difficult to determine in just those regions in

which Eg. (1) should be most applicable.
In this paper we shall review a powerful but

strangely neglected technique which avoids the
problem of the lattice contribution and determines
C„directly in terms of purely magnetic measure-
ments. The basic method was first proposed by
Casimir and du Prh~ (CdP) in 1938 and was used
extensively for a number of years, mainly by
Gorter and his co-workers. '3 However, with the
electronic techniques available at that time use of
the method was difficult and not very precise, and
apart from some very-low-temperature applica-
tions' ' 5 it has lain practically forgotten during the
past twenty or so years. However, the recent
development of the tunnel-diode oscillators for use
at low temperatures'~~3 coupled with the eonven-
ienee and accuracy of electronic frequency counters
and the stability of superconducting magnets, has
completely changed the experimental situation,
and the method should now prove useful for study-
i.ng a wide class of magnetic materials.

As we shall. see, the technique in its present
form is most suitable for materials which order at
10-20 K or below, but it may be possible to extend
the range in some special cases. Results already
obtained indicates'~3 that quite accurate measure-
ments of C„(+2%) can be obtained at temperatures
as high as 70 K where lattice contributions are
many orders of magnitude larger than C~, so that
standard calorimetric estimates of C„would be
completely impossible.

At the same time, the method suffers from some
intrinsic limitations which make it applicable only
under certain conditions; we shall discuss these
conditions in See. III. Specifically, we shall try
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to define a set of criteria which mill indicate
whether a particular system is suitable for study
by this method and what additional information may
be required before accurate measurements of C„
can be made.

The experimental technique and recent develop-
ments in the apparatus are discussed in Sec. IV,
and the analysis of the data is reviewed in Sec. V.
Section VI contains a summary of various results
which have been obtained so far and a. discussion
of the experimental errors, and the Sec. VII gives
a brief evaluation of the future potential. of the
method.

II. BASIS OF METHOD

A. CdP Theory

The differential susceptibility of a paramagnetic
system in a de field H parallel. to the measuring
field generally depends on both the measuring fre-
quency f and the strength of the dc field, and it.

has both in-phase and out-of-phase components

x(H f ) = x (H f ) —& x (» f) .
The behavior is simplified under tmo conditions,
first recognized by CdP, ' which may be expressed
as

I/& s~~L2 fv,

I/ass ~~2&f,

where 7'SL and 7sa are, respectively, the spin-
lattice and spin-spin relaxation times. 4 Under
these conditions the susceptibil, ity becomes inde-.
pendent of frequency, the out-of-phase component
vanishes and the in-phase component becomes
equal to the thermodynamically def ined adiabatic
susceptibility X'(H) —= Xs(H). This is related to the
corresponding isothermal susceptibility, xr(H)
= (eM/&H)r, by the thermodynamic relation

Xs (H) = Xr(H)(C„/C„)

where CH is the specific heat in constant field.
Using the thermodynamic relationship

r(sM/sr)'„
N II

X (H) t

one can eliminate C~ and obtain an expression for

~ z ~ &(s))()'»)', (x'(0) x ()() ()'
x (H) (, x'(H) x,(0)

(7)

where we have used the fact that X (0) = Xs (0)= Xr(0)
to introduce an extra factor x'(0)/xr(0) =-1 which
mill simplify the subsequent analysis.

From this expression we see how C„(H, T) can
be found directly from measurements of the rela-
tive field dependence of the differential suscep-

tibility measured under adiabatic conditions, pro-
vided that one also knows the static magnetization
M(H, T) in the field and temperature region in ques-
tion. Since M must be known mell enough to per-
mit estimates of the various derivatives, this may
be R nontrivial condition, but in most cases a suf-
ficiently accurate approximation for M can be
derived. We shall discuss this point further in
Sec. VC a.nd the Appendix.

It should be pointed out that the factor Xr(H)/
Xr(0) in Eq. (7) tends to I for small H, and it is
therefore often neglected. '~ However, inasmuch
as x (0)/x (H) also tends to 1 as H-O, this approx
imation may introduce a sizable error a,nd careful
examination of the two lom-field limits is required.
We shall consider some specific cases of this fac-
tor in the Appendix.

S. Field Dependence of Magnetic Specific Heat

The magnetic specific heat determined in the
presence of a. dc magnetic field H will generally be
a function of H. To extract the quantities most
directly related to the intrinsic interactions, it is
necessary to analyze this field dependence, and in
ya.rticular to extract the specific heat in zero field
C„(0,T).

From the definition

it follows that

8' ~ 87 8M

and using the Maxwell relation

8~ ~ 8&

me find

Integrating, me obtain

(12)

If, as we already suppose, we know M(H, T), the
last term in this expression ean readily be evalu-
ated". '

There are two common eases in mhich this cor-
rection becomes trivial. If M in the region of H
and T of interest is given to a sufficient approxima-
tion by either

M = xH/(r —e)

or by any function of H/T,

M =f(H/r),
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we see immediately that (8 H/ST')„vanishes, so
that C„becomes independent of H. Indeed it mas

for this reason CdP first expressed their anal-
ysis in terms of C„rather than C~, since this
quantity mould depend on H, even in the simplest
cases.

The vanishing of the field dependence of C„ in
these special cases has in the past led to the mis-
taken assumption that the Cdp method measures
in effect the zero-field magnetic specific heat,
which is directly related to the spin-spin interac-
tions. However, from Eq. (I2) we now see that
this is only an approximation and that some form
of extrapolation to zero field mill generally be
necessary. Ne shaB discuss this point further in
Secs. VD and VE.

IH. APPLICATION TO SPECIAL SYSTEMS

It can be seen from the discussion in Sec. II that
the relaxation method for measuring specific heats
is only applicable under certain conditions. These
conditions are related directly or indirectly to
other properties, and for any particular system it
is therefore necessary to establish whether the
method can be used at all and if so, over what

ranges of frequency, temperature and field useful
measurements can be made.

A. Measuring Frequency

Appropriate frequency ranges are determined by
the two inequalities given in Eqs. (3) and (4), and

to determine whether some particular frequency
will be satisfactory we must estimate rs Land ass.
However, me may immediately note that since v»
is usuaBy a rapidly decreasing function with in-
creasing temperature ' while ass is essentially
temperature independent z~zs the highest frequency
consistent with Eq. (4) will generally allow mea-
surements over the widest temperature rarge.

To estimate v'~L in any particular case me ca,n

follow one of tmo approaches. If the system is
reasonably wel. l understood from the point of view
of its crystal field and lattice interactions, a rough
theoretical estimate of the various mechanisms
contributing to ~~'L can be madez~ and this may often
be adequate for determining the temperature limit
below which a given frequency will satisfy Eq. (3).

Alternately, one can proceed empirically mea-
suring y in a fixed field as a function of tempera-
ture, starting at some l,om temperature where the
inequality is certainly met, and increasing the
temperature until there is evidence that the spins
and the lattice are no longer isolated from one
another. This change manifests itself by a marked
increase in the apparent adiabatic susceptibility,
cor responding to the fact that C~ is replaced by
C~+ CI as soon as the spins are able to stay in
thermal equilibrium with the lattice. Since C~ is

generally much larger than C„, this results in a
marked reduction of )( (0)/)( (H) which can readily
be observed.

The spin-spin relaxation time is more difficult
to estimate, but fortunately it is usually so short
that it rarely provides an effective upper limit to
the frequencies which can be used. In rare cases
such as those of highly anisotropic systems in
which spin-spin relaxation may be anomalously
slow, m~ a check of Eq. (4) can be made by compar-
ing the absolute value of the zero-fieM suscepti-
bility measured at high frequency with lom-fre-
quency measurements, or with theoretical estimates
of the susceptibility. In the event that 7'88 is not
much larger than 2wf, there will be a significant
reduction in the observed high-frequency suscep-
tibility, and indeed if 2vf happens to be much
larger than ~» no magnetic susceptibility mill be
measured at all.

A second check for the adequacy of Eq. (4) is
provided by the final analysis for C„, since 7» is
generally a rapidly varying function of H (Ref. 27),
and unless III» 2vf throughout, this will manifest
itself as an anomalous field dependence of )( (0)/
x'(&).

The upper frequency limit is usually set by ex-
perimental considerations, and with our present
apparatus the limit turned out to be about 100 MHz.
In many cases considerably lower frequencies
may be quite adequate to satisfy the lower CdP,
limit [Eq. (3)], and in practice we have generally
used various frequencies between 1 and 5 MHz.
Of course much lower frequencies can al.so be
used, but the range of temperatures over which
the adiabatic conditions apply then becomes much
smaller.

A fina, l check of the relaxation conditions should
be made in all eases by comparing specific-heat
values determined at tmo different frequencies,
using if possible frequencies differing by a factor
of 2 or more. This procedure also has the ad-
vantage of verifying that adequate dielectric cor-
rections have been made (see Sec. VB).

B. Temperature Range

The temperature ranges over which useful spe-
cific-heat measurements ean be made is deter-
mined by two quite unrelated conditions. The first
is linked directly to the particular frequency mhich
has been chosen, as discussed above. In practice
it turns out that a measuring frequency of, say,
50 MHz sets a limit in the range of 10-20 K for
systems mith strong orbit-lattice coupling, and
a factor of 10 higher for systems which have no
orbital angular momentum 9 '3

The second condition reflects the fact that a de-
tailed final analysis can only be made if both the
specific heat and magnetization can be represented



218 A. T. SKJELTORP AND W. P. WOLF

in terms of simple expressions which can be char-
acterized by only a few parameters. In particular
we require a fairly accurate approximation for
M(H, T), and this is generally available only for
T» T„where T, is the ordering temperature.
Under this condition the expansion of C~ [given in
Eq. (I)] is generally also valid'0 and the final re-
sult can be analyzed very simply.

For temperatures close to T, accurate analytic
expressions for M(H, T) are generally not avail-
able, but in some cases it may be possible to ex-
tract the various derivatives required in Eq. (7)
from empirical magnetostatic data. It should then
be possible to determine C„also in this range.
However, in most cases the condition T-2T, is
probably a more realistic statement of the lower-
temperature limit.

C. Magnetic Field Range

The magnetic field required to produce a signifi-
cant change in X depends on the size of the spe-
cific heat and the magnetic properties, as indicated
by Eq. (7). A rough estimate of the field required
to reduce y to half its zero-field value can be ob-
tained by approximating M(H, T) by Curie's law,
~/T, " and this gives

In some cases a field much smaller than H'can
give a measurable change'in y, and with the pres-
ent apparatus we have been able to use fields as
small as 5H and still measure the change in X

to better than 3%.
There are several reasons for using fields as

small as possible. First it simplifies the problem
of finding an adequate approximation for M(K, T),
as we shall discuss in more detail in Secs. IIID
and VC. Secondly, it reduces the correction which

must be made to find Cs(0, T) from the measured
C„(H, T) and if this can in fact be negligibly small,
a considerable simplification in the analysis re-
sults. We shall discuss this further in Sec. VD.
Thirdly, the ability to use relatively smaller fields
extends the range of material. s which can be studied
by this method.

Some typical values of H are shown in Table I,
which summarizes the materials which have been
studied so far. ' ' '~ '8 One can see that while
there is a very rough correlation between the

I
values of H . and the ordering temperatures, there
are also some large deviations which make T, a
poor measure of the actual H [cf. the values for
Gd(OH)~ and Tb(OH), ]. In practice, the maximum
field available in any given apparatus cannot easily
be changed, and a material with a relatively large
specific heat can only be studied if correspondingly
smaller changes in y' can be measured with suffi-
cient accuracy.

All these considerations point to the desirability
of designing an apparatus as stable and as sensi-
tive as possible and it is in this respect that the
new tunnel-diode oscillators have resulted in a
significant advance over earlier vacuum-tube os-
cillators. We shall discuss the design and per-
formance of our particular tunnel-diode oscilla-
tors in Sec. IVB.

D. Magnetostatic Approximations

As we have seen in Eq. (7), it is necessary to
eetimate values of the magnetostatic quantities
(BM/BT)», (BM/BH)r = )ir(H), and (BM/BH)z, ,s,o
= yr(0) before one can evaluate C„ from a measure
ment of )t' (0)/){ (H). There is of course no exact
expression for M as a function of H and T from
which these derivatives can be calculated in gen-
eral, and for each case an appropriate approxima-

TABLE I. Magnetic systems investigated by HFR method.

Material

CeC13
CeBre
GdC13
Gd(OH),
Tb(OH)3
DAG~
CES'
NES'

Tc
(K)

0.1
~0.1

2.2
0.9
3.7
2.5
0.03

&0.1

Method~

FD
FD
FD
BD
BD
BD
FD

FD, BD

Frequency
(MHz)

8.5-22
8.5-22
12-37
4.5
2—4

0.8—2.1
10-55

0.4M6

Temp.
(K)

1.2-4. 2
1.2M. 2
20. 7, 77

5-70
5-16
5-'12

1.1M.2
1.5M. 2

~t b

(kG)

0.95
1.3-1.4

5.8
5.7-6.9

3-2
3.9-4.3

2-20
0.3

m(a, T)
app c

D
D
D
D
D
e
g
A

Ref.

32
33
23

6
7, 34
35

36" 37"
38"

Refers to the type of tunnel diode oscillator, using
either a forward-biased diode (FD) or backward-biased
diode (BD).

Effective field estimated from Eq. (15).
Approximation for M(H, T) denoted by the cases dis-

cussed in Appendix.
Dysprosium aluminum garnet.

'Using a perturbation calculation exact in the field and
correct to second order in the interactions (Ref. 35).

fCerium ethyl sulfate.
~Magnetization estimated for the two lowest Ces'

doublets.
Includes also investigation of relaxation processes.

~ Neodymium ethyl sulfate.
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tion must be made. This may either be based on
prior knowledge of the system (ESH, optical spec-
tra, etc ).or an empirical study of its magneto-
static properties.

For both approaches it is generally convenient
to expand the magnetization of a paramagnetic
crystal. in odd pomers of H:

where the g's are functions of temperature and the
interactions. 39 Differentiating and substituting in

Eq. (7) we then obtain

g (H ~)
& tZ.=() (so() .i/sT)aH'"'~

g„",0 (2n+ 1)~„„H"

X (0) ).'. .(Rn+()~„.,tP )'
X'(H)

(17)
To find C„(0,T) one must next invert the expres-
sion in Eq. (16) to obtain an expression for H in
terms of M:

f), =1/u, ,

f)s =

h, = 3~/a', —a,/a', ,

and using this in Eq. (12) one then finds

C„(o,r)=C„(H, T')+rQ d „m ",
n=O

2

4)+8 2 2 s~R ( I))+1)

%'e shall consider a number of specific approxi-
mations for the g's in the Appendix and me shall
relate some of these to specific systems in later
sections. Homever, in considering any particular
system, explicit attention must always be given to
the field and temperature ranges in mhich measure-
ments are to be made, and this often leads to a.
feedback control of the fields and temperatures
mhich may in fact be used. As always, the prob-
lem is that the number of characteristic param-
eters which can be determined is quite limited, and
only severely truncated expressions for M can
generally be used. In practice this tends to re-
strict the whole method to relatively "high" tem-
peratures and "lom" fieMs, but with care these
limitatinrl~ can be partially overcome.

E. Anisotropy Effects

%e have so far ignored possible anisotropy ef-
fects, and this is equivalent to considering only
single crystals mith fields applied along a prin-
cipal. axis. In other cases the discussion mill be
more complicated, and in particular the experi-
mental. ly appealing case of a pomder of anisotropic
crystallites requires very careful treatment.
Under most circumstances the individual crystal-
lites have to be treated as separate thermodynamic
systems and each grain mi)1 then have its omn spin
temperature and correspondingly its omn adiabatic
susceptibility. In principle, the different contribu-
tions can be averaged, ~ but in practice thisproce-
dure mill be satisfactory only in special cases.

We must conclude, therefore, that an additional
requirement for the application of the present
method is that either the anisotropy is negligibly
small as in the case of a cubic material, or that
single crystals are available.

IU. EXPERIMENTAL METHOD

A. General Considerations

As me have seen, the central experimental prob-
lem is the measurement of the field dependence of
the adiabatic susceptibility, and for the maximum
temperature range this calls for a technique for
measuring X in the MHz region, This can be done
in various mays, but perhaps the simplest and
most sensitive is to use a tunnel-diode oscillator
operating inside the cryostat. The basic operation
of this method ha, s been described in some detail
by Clover and Wolf, ' mho also give references to
earlier work on related experiments. We shall
therefore restrict ourselves here to a very brief
outline of the technique and a discussion of recent
developments,

Basically, the method consists of measuring the
frequency change 4f when a sample is moved into
the tank coil of a freely running oscillator. If
the sample introduces no additional losses (as will
be the case if y =0 and there are no eddy cur-
rents) and the frequency change is small, then bf
mill be the sum of tmo contributions

~f=&f~+~fn .
Here 4f„=2wFf g is the magnetic shift which is
directly proportional to the required susceptibility
where F is the filling fa,ctor of the coil, and &fn
is a diel.ectric shift which arises fxom the change
in stray capacitance when the sample is moved
relative to the oscillator.

The dielectric shift increases quite .rapidly at
higher frequencies and it is therefore desirable
to reduce it as much as possible by suitable design
of the oscillator and sample holder. We shaU.
discuss this problem in Sec. 1VG, but we can al-
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TABLE lI. Typical components used in tunnel-diode oscillators.

BD'
BD
BD
BD
FD"
FD
FD
FD

2. 1'

4.5I
2.3'
1.5'
1.2'
1.0'

1.2
1.2
0. 7
0, 2
1.2
1.2
1.2
1.2

Type oscillator coil
Length Diam

Diode (cm) (cm)

110
60
40

500
14
10

6
4

L~
(pH)

80'
40'

7f
14'

1.3~

0. 6~

O. 12j
0. 09~

b

(pF)

2500
470-2000
470
100-300
300-1500

10
0

10

b

(pF)

470
100

3000
470

1000
390
300
100

b

(pF)

20
20
20
20
15
15
15

0

Frequency
f(MHE)

0.4
l.6-0.7

2. 6
4.5-2
8.5M

18
50

100

Number of turns.
Low-loss (polystyrene) capacitors.
Note that the components may differ from their nomi-

nal values, so that the calculated frequencies do not
necessarily agree with the measured frequencies listed.

BD =backward-biased tunnel diode BD-5.
'Hand-wound copper wire 30-34 AWG.

Estimated L~(pH) ~ 9.9 x10" (d2/l)g, where d = diam,
l =length of coil (in cm), and n is the number of turns.

'Band-wound copper wire 40 AWG.
"FD= forward-biased tunnel diode 1N3712.
LRC Electronics metal-on-glass coils.

~Nominal L~ values.

ready note here that the residual correction for
4f n will constitute the largest uncertainty in the
determination of g . It is therefore most desirable
to maximize the magnetic shift, and in practice
this entails making a special oscillator coil for
each sample so as to get the filling factor F as
close to 1 as possible.

The large filling factor and dielectric correction
generally tend to make &f quite sensitive to sample
position relative to the oscillator, and a rather
reproducible sample transport is therefore re-
quired. We shall describe our particular mech-
anism in Sec. IV E, but we can note that since we
really only require the relative field dependence
of )t, i. e. , X (0)/)( (H), we can obtain this by mov-
ing the sample only at the beginning and end of each
field sweep (see Sec. IVC). However, this in turn
requires a stable system with respect to tempera-
ture, field fluctuations, and oscillator frequency,
and we therefore have to pay special attention to
these factors in the design.

B. Oscillator Design

Tunnel-diode oscillators (TDO} have frequently
been used for low-temperature applications.
Originally the so-called back diodes 1D}were
used as the active element primarily because of
their low operating levels and consequently small
power dissipation. '6" Subsequent applications
have included low-temperature thermometry'
and determination of magnetic transitions. So-
called forward-biased tunnel diodes (FD) can also
be used for similar applications, since these offer
a wider frequency range than the BD and it is also
easier to build FD oscillators to operate over a
large temperature range. ~' The potential disad-
vmtage of FD is that it dissipates more power, but

for many applications this is immaterial. Thus in
our original apparatus for measuring high-fre-
quency susceptibilities, ' we chose to use a FD and
were able to achieve frequencies between 1 and
1PP MHz from helium temperatures up to room
temperature. On the other hand, for some applica-
tions such a large rarge of temperatures and fre-
quency is not necessary, and it then becomes pos-
sible to choose between the two kinds of diodes on
the basis of stability of the corresponding oscil-
lators. Such a comparison has shown that the
original BD oscillators are in fact significantly
more stable, and for all applications below 10
MHz we have therefore used only oscillators of
this type. The BD oscillators al.so have the minor
advantage that lower frequencies (- 0. 4 MHz) can
be obtained more easily, but they have the disad-
vantage that they will oscillate only below about
200 K. However, for most of the specific-heat ex-
periments which have been made so far this was
immaterial and the better stability was overriding,

In Table II we give a list of typical. combinations
of circuit elements which have been used success-
ful. ly for the BD and FD oscillators. The circuit
diagram for our particular BD oscillator is shown
in Fig. 1, and it can be seen that it is only slightly
different from the circuit which was used pre-
viously. ' The range of values shown for the var-
ious components reflects not only the different fre-
quencies used, but also the widely different sizes
of the oscillator coils made to conform to the dif-
ferent samples available. The smallest coils used
were about 2 mm in diameter, and with these fill-
ing factors of the order of 0. 01 could be obtain. ned
even with samples as small as 2 mg in mass.

Several practical precautions were followed in
the construction of the oscillators. The oscillator
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Amplifier

~6048

HP 5245l

Couhter

as ~ + 20

i.4 V

i 50pcH
rf choke

P.kQ:: ipgF Room temp. Low temp.

aA

80-5
I

I i
iL ~~Cs i
i I

i

FIG. 1. Backvrard tunnel-diode oscil-
lator used for susceptibility measure-
ments.

Bias circuit Tank circuit

circuit elements were mounted rigidly on a hoMer
(Sec. IV F) using GE varnish No. 7031, and an
eutectic Cd/Bi solder (nonsuperconducting down to
T = 0. 8 K) was used for all soldering. The dc
leads from the bias circuit at room temperature to
the oscillator were fixed at several points to the
steel tube support for the low-temperature probe
(Sec. IVF) so as to reduce microphonic noise.
Because the frequency of a TDO is a function of the
bias current, special care was also taken in the
construction of the bias circuit, The batteries
used for biasing were Duracell 1.4-V mercury
cells which proved to have very stable voltage-
versus-time characteristics. In addition, preci-
sion metal-film resistors were used in the bias
circuit to ensure low voltage drift. The bias was
adjusted in the beginning of an experiment and
never changed thereafter. ~

C. Frequency Stability and Sensitivity

The short-term stability (minutes) in the fre-
quency f of the TDO using the BD was about 10 'f
and the long-term drift (-', h) about 10 ~f. These
figures were about a factor of 10 better than those
which normally couM be obtained using the FD.
In order to measure frequencies to this accuracy
it was convenient to use a Hewlett-Packard 5245I
with 10-sec gate time to obtain a frequency resolu-
tion of Q. 1 Hz.

In addition to the intrinsic stability of the oscil-
lator there were also occasional larger frequency
jumps, -10 Sf, after the sample had been moved
relative to the coil, The origin of these jumps
couM not be determined, but they could be elimi-
nated almost completely in measurements of the
field dependence of bf using a field-sweep method.
For the sample fixed in the coil, the field was in-
creased stepwise and the frequency recorded after
each increment of the field. Reducing the fieM
through the same steps with the sample out of the
coil, the frequency was again recorded and the fre-
quency shift was found as the difference between
the corresponding frequency readings. This tech-
nique a1so avoided uncertainties in the reposition-
ing of the sample in the coil, as only relative mea-

surements of Af were needed. During the course
of such a sweep, spurious frequency jumps
(-10 'f or less) were sometimes observed, pre-
sumably due to some mechanical disturbance in the
cryostat. Such shifts could be detected quite
readily by a routine check of one of the earlier fre-
quency readings at the end of a field sweep; but
usually the agreement was within + 10 ~f and it
seemed reasonable to assume that the intervening
measurements mould also be consistent to this
accuracy.

It goes without saying that care was taken not to
disturb any part of the apparatus (whether ob-
viously connected to the TDO or not) while a field-
sweep sexies of measurements was in pxogress,
and indeed spurious frequency changes could oc-
casionally be produced by such changes as turning
large values on the apparatus, changing certain
electrical contacts in other parts of the apparatus
and operating noisy electrical equipment too close
to the apparatus. Also, care was taken to allow
the temperature of the oscillator return to equili-
brium after each movement of the sample; especial-
ly one involving the replacement of the sample,
which inevitably raised the temperature by a small
amount (-0, 1 K).

With care a limiting frequency stability -10 6f
could thus be achieved, and using this we can de-
rive a rough estimate of the sensitivity of the best
present set up for measuring C„. If we require
an accuracy of 1% in hf„(0)/Af„(H) and we apply
fields such that 4f (0)/Af„(H) -10, ' we find that
we must have 2')t 0) ~ 10 ~, Taking a typical
filling factor E= 0. 5, this implies a susceptibility
)( (0)—0.003 emu/cm~. This may be compared,
for example, with the susceptibility of a relatively
dilute salt such as manganous ammonium sulfate
which at 10 K is 0. 002 emu/cm . It is thus evident
that the present system is quite adequate for mea-
suring typical paramagnetic salts over a reason-
able range of temperatures. However, it is al-
ways desirable to improve the sensitivity and ac-
curacy, and with this in view we have recently
used a double oscillator which we shall describe
in Sec. IVD.
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expected to mirror that of TDO1 in the absence of
a sample. The ratio of the two frequencies f, /fz
should then be independent of both H and T and
thus provide a much more stable base from which
the effect of the sample might be determined. In
practice the previously quoted frequency variations
due to temperature and field variations could read-
ily be reduced by a factor of 10-100using this
arrangement.

To monitor the frequency we found it convenient
to use the HP 5245L counter operating in its ex-
ternal mode with TDO2 supplying the reference
frequency fm, so that the ratio f, /f~ could be read
directly. With a 10-sec gate time this provided a
resolution + (f,/f z) &&10 7 which corresponds to
+0. 1 Hz for a typical frequency fr= 1 MHz. This
is the same resolution obtained using only one
oscillator as described in Sec. IVC.

E. Sample Transport

l Sample

~Supercondueting magnet

mO 2 l
l
l~~l

l M~elRI J

FIG. 2. Simplified diagram of the susceptibility ap-
paratus and the electrical circuit.

Although the simple TDO described above proved
to be quite stable under equilibrium conditions, it
did have the undesirable characteristic of changing
its frequency somewhat whenever either the field
or the temperature were changed. The effects
were generally smal. l {typically 5-10 kHz for tem-
perature variation between 4 and 50 K and 0. 5-1
kHz for fields between 0 and 20 kOe) and in prin-
ciple the frequency variation due to the background
mould have no effect on the measured frequency
shifts 4f, as these were recorded with the sample
in and out of the coil at the same field and tem-
peratures. However, in practice, it would have
been much more convenient if the frequency varia. -
tions could be eliminated empirically as in this
case possible small frequency drifts after resett-
ing of field or temperature wouM be avoided. %'ith
this in mind, we constructed a double-oscillator
system, ~ consisting of two TDO's made as similar
as possible, one of them (TDO1) serving to mea-
sure Sf as in the previously described system, the
other (TDO2) providing a reference frequency fz
whose fieM and temperature dependence might be

As mentioned previously, it is not desirable to
move the sample relative to the oscillator more
often than necessary, since there is always a pos-
sibility of a spurious frequency shift whenever the
apparatus is disturbed in any way. Nevertheless,
it is generally necessary to move the sample some
time during each field sweep, so that the frequency
with the coil empty can be measured, and for this
purpose a smoothly acting and reproducible sample
transport is required. The mechanism used in our
apparatus is shown schematically in Fig. 2, but
many other forms could probably be used equally
sucessful, ly.

The important features are a smooth sample
motion over a distance of about 2 cm, reproducible
to better than about 0.02 cm at the lower end of
the travel. In our device the motion could be pro-
duced either manually or by means of a dc motor
which was controlled using adjustable stops fast-
ened to the sample rod hitting one microswitch
when the sample was in the upper position and
another- when the sample was in the lower position.
In practice we found the manual operation a little
more reproducible. It is not clear whether this
was due to deficiencies in the end-stop mechanism
or to small electrical disturbances to the oscillator
caused by operation of the motor. No serious at-
tempt was made to improve the transport since this
wa, s not a limiting factor in our total system, but
it is not hard to see how more sophisticated de-
vices could be made.

The actual reproducibility in any particular
case depended on the filling factor E and on the
final position of the sample inside the coil, and
care was always taken to find the effective center
of the coil. For samples with a small filling fac-
tor the adjustment was less critical, but of course
the frequency shift was then also less. The re-
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FIG. 3. Details of the low-temperature probe in Fig.
2. The letters refer to various components of the probe
which are explained in the text.

placement reproducibility is thus best expressed
as a percentage of the frequency shift, 5(hf )/bf,
and for our system this turned out to lie between
about 10 3 and 5&10 ~. This gives a measure of the
accuracy with which for example the temperature
dependence of X couM be measured, in contrast
to the field dependence, which was limited pri-
marily by the long term stability of the oscillator,
as discussed in Sec. IVC.

F. Cryostat and Temperature Control

In the first version of our apparatus ' the sample
and oscillator were immersed directly in the ay-
propriate cryogenic fluid (He, HE, or NE) and the
temperature was controlled and measured by the
vapor pressure. This arrangement was not satis-
factory for several reasons. First, it allowed
measurements only over three restricted temper-
ature ranges; second, it made accurate tempera-
ture control difficult; and third, and most impor-
tant, bubbles from the cryogenic fluid tended to
disturb the oscillator.

To remove these difficulties, a variable-tem-

perature cryostat was constructed and this is
shown schematically in Fig. 2, together with ex-
perimental arrangement of the electrical circuits.
In this system the sample was attached to a vari-
able-temperature probe which was surrounded by
helium gas at about 0. 1-1 torr inside a double-
wall steel Dewar and this in turn was immersed
in liquid helium. By adjusting the residual gas
pressure in the vacuum space of the Dewar, a
variable heat leak from the sample could be pro-
duced and this could be balanced by means of an
electrical heater on the probe.

Details of the probe are shown schematically in
Fig. 3. The moving parts consisted of a long
phenolic sample rod to which was attached a copper
cylinder (a) with an extension piece (b) carrying the
Teflon sample holder (d). The copper cylinder
(a) was made to sl.ide smoothly inside a fixed cop-
per tube (c), the upper end of which carried the
heater and the temperature sensors. The sample
holder (d) could move in and out of a thin walled
phenolic coil former (e) which carried the coils of
both the main oscillator (TDO1) and the dummy

oscillator (TDO2). The coil former was surrounded
by a copper heat shield (f) which was thermally
anchored to (c). The circuit elements of both
TDO1 and TDO2 were mounted on phenolic holder

(g) which fitted outside (f). The whole probe was
enclosed in a copper tube (h).

Two sensors were used to control the tempera-
ture in the range from about 1.5-100 K. For
temperatures below about 30 K an Allen Bradley
~&0-W 100-~ carbon resistor was used, while
above 30 K a coil of about 5000 turns of 44 gauge
enameled copper wire wound noninductively on a
1-cm copper tube (c in Fig. 3) was used4E (room
temperature resistance about 1700 0). A standard
ac bridge and feedback circuit were used to con-
trol the temperature in the usual way.

Although both the sensors used were quite sensi-
tive to temperature changes and also virtually free
from significant magnetoresistive effects, they
were not entirely reproducible when cycled between
room temperature and liquid helium. A separate
semiconducting thermometer~ was therefore used
to measure the actual temperature and for this
purpose a simple dc four-wire pontentiometer
system was used. 7 Since the semiconductor showed
the usual rather large magnetoresistance, all tem-
perature measurements were made in zero field.

The estimated accuracy of the temperature
measurements was about 5 mK at 1.5 K rising to
0. 1 K at 100 K, while the temperature stability
during a field sweep was estimated to vary from
about 2 mK at 1'. 5 K and to about 0.05 K at 100 K.

Magnetic fields parallel to the axis of the mea-
suring coil were produced by a superconducting
coil, which gave a maximum field of 25 kOe. The
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FIG. 4. Details of sample
configuration in oscillator coil
to reduce dielectric shifts, as
explained in text.

inhomogeneity of the field was less than 0. 1% over
a length of 2 cm, which was quite sufficient for
the relatively small. samples used in the present
experiments. Special care was taken to use a well-
regulated power supply, so that it was possible to
make measurements without having to activate the
persistent-mode smitch. This proved to be useful
in maintaining a constant temperature for an ex-
tended period, and also for speeding the rate at
which measurements in different fields could be
made.

G. Dielectric Compensation

As mentioned previously, one of the biggest ex-
perimental problems was the nonmagnetic ("di-
electric" ) frequency shift 4fo,

GG which arose from
changes in capacitative coupling when the sample
was moved relative to the oscillator. To reduce
this effect a special design of sample holder was
used, and this is shown in Fig. 4. In this arrange-
ment an attempt was made to compensate the:
capacitative change produced by pulling the mag-
netic sample out of the coil by replacing it with a
dielectrically similar section of sample holder
containing a diamagnetic sample. In practice it
proved possiMe in this way to reduce the dielectric
shift by a factor of about 10, but for the most ac-
curate measurements it mas still necessary to
estimate the residual hfdf experimentally. We
shall discuss various ways of doing this in Sec.
VB.

Dielectric effects mere also minimized in other
mays by avoiding the use of unnecessarily high
oscillator frequencies (Sec. IVA), and positioning
the TDO circuit elements as far as possible from
any of the moving parts in the sample transport.

V. ANALYSIS OF EXPERIMENTAL RESULTS

A. General Procedure

In this section we shall go through a step-by-step
procedure for processing the raw data in the form

of 4f -vs If m-easurements to obtain the final result
C„(0,T). To facilitate this discussion we have
drawn a schematic flow chart (Fig. 5). It can be
seen that there are several points during the course
of the analysis at which an evaluation of the best
experimental conditions (f, H, and T) becomes
possible, and it may become desirable to take ad-
ditional data which will then permit a simpler anal-
ysis. Under the optimum conditions the whole anal-
ysis does in fact become quite straightforward and
accurate results can be obtained without difficu1ty.
But even in a more general case it is frequently
possible to extract very reliable values of C„,
provided care is taken at several crucial steps. In
the past these have sometimes been overlooked,
and it is our aim to emphasize here some of the
complications which may occur.

The first step is to choose appropriate frequency
and temperature ranges, and the criteria which
govern these have been discussed in some detail
in Secs. IIIA and IDB, At the stage of the final
analysis it is generally only necessary to verify
that the relaxation conditions [Eqs. (3) and (4)]
have been satisfied, and this is usually quite evident
from the over-all consistency and smoothness of
the final results. In particular the breakdown of
the spin-lattice relaxation condition shows up as a
marked kink in the final C„results and we shall il-
lustrate this effect in Sec. IV, in which we shall
present some of the experimental results which
have been obtained.
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FIG. 5. Flow chart indicating the various steps from
measurements of the raw data df(H) vs H to the final re-
sult C~(0, T}. Details are explained in the text.
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The next and frequently most difficult step is the
determination of the dielectric correction &f~
For this there are at least four different proce-
dures, and we shall discuss these in Sec. V B. In
three of these one can estimate 4f n prior to the
main analysis, so that one can proceed immediate-
ly to estimate bf„ from the experimentally mea-
sured bf. Unfortunately, none of these three meth-
ods is applicable in most of the cases of practical
interest, and we generally have to use the fourth
method which involves an iterative determination
«&fn

Another part of the analysis which generally re-
quires iterative handling is the choice of the maxi-
mum dc field, insofar as this is not already limited
by the available magnet. As may be seen from the
feedback loops indicated in Fig. 5, the maximum
H depends on several factors, one of which is the
availability of an adequate approximation for
M(H, T). We shall discuss this further in Sec. VC
and we shall consider some specific approximations
in the Appendix. The choice of H also affects the
final combination of the different factors in the de-
termination of C„(H, T) and C„(0,T), and in Sec.
VD we shall discuss the two main cases which can
arise. We shall see that the most reliable over-
all analysis does not necessarily correspond to the
case for which the raw data 4f (H) can be determined
most accurately; again, a compromise must be
made.

As a result of these considerations it is difficult
to give a generally valid assessment of the ac-
curacy with which the magnetic specific heat can
be measured by the present method, and it is prob-
ably most realistic to consider the error estimates
in some specific examples. We shall discuss
some of these briefly in Sec. VI, where we shall
also give references to several publications in
which further detail. s of both the analysis and its
accuracy can be found.

B. Dielectric Correction

The dielectric shift Sf' is a small effect (1-100
Hz at 1 MHz), but it is very important since the
magnetic shifts are also generally small (™"100-
5000 Hz). Four methods have been useda'~3 for
estimating hf~ and all are worth considering in
specific cases.

(i) In principle it ought to be possible to improve
the dielectric compensation to a point where the
residual dielectric shift is negligible. This may
be practical when the magnetic effects are rela-
tively l.arge, or if some way could be found to cut
down the effect of the stray capacity. However,
with our present set up and the small samples which
we have been using, one of the other methods
must be preferred.

(ii) If the temperature dependence of the zero-

field susceptibility is known, y. (0, T), one can fit
measurements of the temperature dependence of the
total (zero-field) frequency shift to Eq. (21) to
extract hfdf .This assumes that Sf' is independent
of T, which should certainly be an excellent ap-
proximation. The difficulty with this method is
that it relies on accurate reproducibility of the
sample transport, and as explained in Sec. IVE,
this is a difficult problem experimentally. As in
the case of the first method, this method may be
satisfactory when the magnetic shifts are relative-
ly large or if the appropriate improvement in the
apparatus can be made. However, up to now we
have been able to use this method only to confirm
an independent determination of hfdf.

(iii) The magnetic contribution to the total hf
decreases with increasing H, and if H can be made
large enough (H»H'), 4f-Afar. This method is
excellent provided only that sufficiently large fields
are available. It does assume that &f~ itself is
independent of H, which should be a very good
approximation inasmuch as &fn arises from stray
capacities. In general, this method is most suit-
able for systems with small magnetic specific
heats for which sufficiently large fields can be
reached rel.atively easily.

(iv) For most systems it is unfortunately not
possible to reach sufficiently large fields to quench
Af„completely, and an estimate of hfdf must then
be made from a quantitative analysis of the field
dependence of hf (H) = Ef„(H)+4f~. Since the field
dependence of df~(H) is directly related to the
determination of C„(H, T), this amounts to treating
4fn as an additional parameter to be fitted in the
final analysis. We shall therefore defer discus-
sion of this method until Sec. VD, where we shall
treat the different cases for determining C„(H, T).

As in method (iii) we shall assume that &f~ is
independent of H, but in contrast to the method
(iii), it will now be very difficult to check this as-
sumption empirically, except insofar as a field
dependence of the effective

hfdf

might lead to ap-
parent inconsistencies in the over-all analysis.
It is therefore more than ever desirable to reduce

hfdf

as much as possible, and with this in mind
care should be taken to ensure the best dielectric
compensation possible in both the design and con-
struction of the apparatus.

Once 4f~ has been estimated we can immediately
convert the measured frequency shifts 4f (H) to
give the desired ratio of susceptibilities:

)( (o) &fu(0) &f (0) —&fg)

g (H) df~(H) hf (H) —bf~

To assess the influence of a small uncertainty
5(4fn) in 4f~ on the final C„, we must consider the
effect on [)('(0)/)( (H) —1] ' [see Eq. (7), taking
)(r(H)/yr(0) ~ 1], and using Eq. (22) this gives a
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relative error of 8(hfn)/hf„(H). A "typical
value''~a for this may be of the order of 50/5000
= Q. Q1 and we see that the uncertainty in the di-
electric correction can be a major factor in the
determination of C„. This again emphasizes the
importance of reducing mfa as much as possible
and using the best method for estimating its value.

C. Choice of N(H, T)

The choice of an appropriate approximation for
M(H, T) generally depends on previous knowledge
of the system being studied. In the absence of
complications from low-lying crystal field levels,
the leading term in M can generally be written as
a series expansion of the form

(23)

where -B,= 8, the usual Curie-Weiss tempera-
ture. 5 For 7» T„ it is customary to negl. ect al.l
terms beyond B„but for the present purpose this
introduces an approximation which may be quite
significant. This is because a simple Curie-Weiss
law satisfies the condtion (8 H/8T )„=0, while a
less truncated form does not. From Eq. (12) we
see therefore that the higher order terms Bz,
B3... are essential for understanding the field de-
pendence of C„(H, T). Conversely of course one
can use the observed field, dependence at different
temperatures to estimate values of B~, B3, and in,

practice this proves to be much more accurate
than an analysis of the more usual temperature
dependence of M.

However, even with the inclusion of an adequate
number of terms 8„, Eq, (23) may still not be
adequate for our present purpose. With only terms
linear in H, Eq. (23) gives yr(H)/yr(0) -=1, and as
we discussed in Sec. GA this may be a serious
error if y (0)/y (H) is also close to 1. The next
order term proportional to H may be written in
various approximate forms, of which the simplest
is derived from the usual, Brillouin function. We
shall discuss this and further refinements in the
Appendix.

In some cases even the inclusion of a term in H3
will not be sufficient and higher degree terms may
be required. Alternatively, one can always limit
the range of H used and this corresponds to one
of the feedback conditions indicated in Fig. 5.
This becomes particularly relevant at relatively
low temperatures where saturation effects might
become quite large.

Measurements at low temperatures may be quite
important since they allow a comparison between
results obtained by the present method with values
deduced from calorimetric measurements in a
region where the uncertainty due to the lattice con-

tribution is small. Such a comparison can provide
a very useful indepeodent check of the parameters
used in the linear term [Eq. (23)],and in particular
the value of 8 which is not determined by the field
dependence of C„.

D. Determination of C(H, T)

The procedure for determining C„(H, T) from
the measured values of 4f (0)/4f (H) depends to a
large extent on the appropriate form of the M(H, T)
relationship. We can distinguish two main cases,
which may be characterized by field dependence of
the empirical quantity

r(H, T)=H'/lX'(0)/X (H) —1] . (24)

In general (ease 1) this quantity is a function of
both II and 7, as indicated by the argument, and
to evaluate C„(H, T) one must substitute measured
values of g (0)/X (H) in Eq. (24), using one of the
three independent methods to estimate

hfdf.

The
resulting C„will generaUy be field dependent and
to extract the desired zero-field specific heat one
must find the appropriate extrapolation either the-
oretically, using Eq. (12), or empirically. We
shall discuss the field dependence further in Sec.
VE.

A much simpler analysis is possible if r(H, T) is
in fact field independent (case 2). This can be en-
sured by limiting the maximum field, as indicated
by the feedback line in Fig. 5. There are two
factors which must be satisfied for this case: (a)
the field dependence of C~ must be negligible and

(b) saturation effects must be small. The latter
condition does not imply that the saturation terms
are necessarily negligible relative to the linear
terms, since even in the limit H Q the difference
of y, (0)/X (H) from 1 may be significant. The
relative importance of the two factors can readily
be established from the form of M(H, T), and in
any practical case the limit of r(H, T) as H-0 can
also be found empirically.

In situations where r(H, T) can be predicted to be
effectively independent of H, so that r(H, T) = r(T),
one can find r(T) from a linear plot of y (0)/}( (H)
-1 as a function of H~, and in such a fit it is also
easy to include mfa as an adjustable parameter.
This then is the basis of the fourth and most gen-
erally applicable method of estimating the dielec-
tric shift. Great care must be exercised in using
this method since any unsuspected field dependence
in r(T) ean lead to serious systematic errors in
bfn and the subsequent analysis.

The choice between the two courses of procedure
will generally depend on a number of factors and
in particular on the accruacy with which small
changes in 4f can be detected if only relatively
small fields are used. The second case is clearly
to be preferred whenever it can be used, since it



HIGH —FREQUENCY-RELAXATION MEASUREMENTS OF ~ ~ ~ 227

30

hf(H, T)
(kHz)

A particularly simple expression for K, (T) can
be obtained when M is adequately represented by
Eq. (23), i. e. , for low fields. From Eq. (12) we
then find that

Kq(T) = —(X/R)(B2+ 3'/T+ ~ ~ ~ )

x(T —8+ BE/T+Bs/T +. . . ) ~, , (26)
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which, as noted before, is identically zero for the
molecular field case M=AH/(T —8). It is clear
from this expression that a measurement of the
field dependence of C~ at low fields and various
temperatures can give extremely useful informa-
tion on the form of the low-field M(H, T) variation.

The general form of Eq. (25) also shows that
the appropriate empirical extrapolation to zero
field is a plot of C„(H, T) as a function of Ha, and
this has been confirmed by the available results
(see Sec. VI).

0 I I

H(koe) I5 VI. TYPICAL RESULTS

FIG. 6. Field dependence of the total frequency shift
g(H) (f=4.5 ~z) for Gd(OH)3 at various temperatures.
Fields where 0.2-0.3 lo field dependence of C~ is expected
are indicated. The dielectric shift ~~ is found from
a least squares fit as explained in the text. The three
points marked as H' indicate the effective fields estimat-
ed from Eq. (15) where ~~ is roughly reduced to half
its zero-field value.

enables C~(0, T) to be found from measurements
at several different fieMs and a ready check of the
consistency is thus possible. However, there is
also some advantage in studying the field depen-
dence of C„, especially at low fields, and we shall
discuss this next.

E. Field Dependence of C

As explained previously, C„will be independent
of field only under special circumstances, which
are generally equivalent to k~T very much larger
than the effect of either H or the spin-spin inter-
action (see Sec. IIB). For systems with relatively
strong interactions these conditions will usually
break down at low temperatures and we must then
expect a sizable field dependence.

To analyze this dependence, we note that the
leading term will be proportional to H and w4 '

write

C~(H, T)Ta/R= Cs(0, T)T /R+Ky(T)H +

(26)
where K, (T) is a function of T which can be calcu-
lated from Eq. (12) and the appropriate expression
for M(H, T). Equation (25) is, of course, only
valid asymptotically, but in most cases higher-
order terms will not be very important.

A summary of all the materials which have been
studied with our system so far is given in Table
I. Details of the measurements and analysis have
been given elsewhere "'~ "and we will here
give only a few examples to illustrate the kinds of
the results which were obtained.

A. Gd(OH)3

The results for Gd(OH)s are typical of the class
of materials in which orbital effects are negligible
and measurements over a wide range of temper-
atures is possible. Figure 6 illustrates the raw
data of bf (H) as a function of H, as obtained from
a small (18 mg) crystal at a frequency of about
4. 5 MHz. It can be seen that the field required to
reduce rf to half its initial value was about 6 kOe,
and since the maximum field available in our sys-
tem at the time of these measurements was only
15 kOe, the preferred method (iii) for finding bfn
could not be used. Also since the sample was
quite small, the first two methods could not be
used with high accuracy. We were therefore forced
to use method (iv), fitting hf n as part of the com-
plete analysis.

For this it was necessary to establish the field
limits over which r(T, H) would be essentially in-
dependent of H, and in Fig. 7 we illustrate the ob-
served field dependence of r(T, H) for three widely
differing temperatures. In this figure we have al-
ready used the finally iterated value of &f~ to cal-
culate r(T, H); however, a reasonable first esti-
mate of the field dependence could also be obtained
from the theoretical M(H, T) relation using low-
field susceptibility measurements to estimate 8
and Bm The fiel.d ranges over which r(T, H) is
constant to better than 0.2 or 0.3% are indicated
in Fig. 6, and at each temperature a fit of
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FIG. 7. FieM dependence of r(&, T) =H fX'(0)/X'(B)
—1) for Gd(OH)3 for the three fields sweeps in Fig. 6.
Only for the highest temperature (T = 68.34 K) do we
find r{H, T) =~(T) to within 0.2% over the whole field
range.

(&f(0)-&f )/(&f(If)-&f )-1=& /~(T)

could be made to find r(T) and dfs. No systematic
variation of af s was found, and an average over
all measurements was therefore used for the final
analysis, The corresponding values of r(T) plotted
as a function of 1/T are shown in Fig. 6.

It can be seen that r(T) is essentially independent
of T at high temperatures, as we might expect for
a simple system well above its ordering tempera-
ture [T,= 0. 94 K for Gd(OH)~] (Ref. 6). The cor
responding values of C„T~/R are shown in Fig. 9,
which also includes estimates obtained from
calorimetric measurementss corrected for the lat-
tice contribution. The agreement between the two
sets of data is quite good at the lowest tempera-
tures, confirming the parameters used to describe
M(H, T), but at higher temperatures the errors in
the calorimetric estimates become so large that
a meaningful comparison is impossible.

It is interesting to note the slight curvature of

the results when plotted as a function of 1/T, which
indicates that at least three terms in the series
expansion [Eq. (1)] are significant at temperatures
as high as 5 K in the present case. This corre-
sponds to T/T, =6, aregionin which one frequently
assumes that only one term (often de~oted by 5)
might be adequate. Under these conditions it is
clearly important to extrapolate CsT /R to find
the correct leadirg coefficients C&, Cs, etc. , and
unless measurements can be made over a suffi-
ciently wide temperature range (T» T,), this ex-
trapolation may well be in error. %'ith the present
method this presents no difficulty, but if we had to
rely solely on the calorimetric data the uncertainty
would be quite large.

In addition to the low-field measurements it was
also possible in this system to study the field de-
pendence of C„. With the available fields this could
be done only at the lowest temperatures and a de-
tailed investigation of the temperature dependence
was therefore not attempted, but the effect is
clearly illustrated by the results for T= 5. 5 K
shown in Fig. 1Q. This figure confirms the ex-
pected dependence on H at lowest fields, and a
comparison between the experimental values and
the calculated dotted line also checks the iteratively
fitted parameters Ba and B3.6

B. Tb(OH)3

Generally similar results have been obtained
for Tb(OH)3 which, however, differs from Gd(OH)3
in a number of significant features.

First, Tb ' is not an 8-state ion and rapid spin-
lattice relaxation would be expected at some fairly
low temperature which will then limit our method.
This temperature was estimated theoretically7'I
to be about 25 K, and this was clearly confirmed
by the final results, which showed a marked kink
in the apparent C„T2/R-vs-1/T curve. near 20 K,

IOO
I

20 I5
I

IO T(K)
I

48-

48-

FIG. 8. Temperature dependence
t « ~(T) =~'/fX'(o)/X'e) -1l «r
ad{OH)3 as determined from the
relative field dependence of the adi-
abatic suscepbbility. These re-
sults are used together with Eq.
(A17) to obtain the zero-field mag-
netic specific heat shown in Fig. 9.

~0
0
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T(K) metric and relaxation data in this region can there-
fore serve as a sensitive method for refining the
values of 8 and B&, or at least checking that real-
istic error limits have been assigned. The pa-
rameters can then be used with confidence at higher
temperatures and the principal errors will then
be due to uncertainties in measuring the frequency,
which can be estimated and improved if necessary.

VII. CONCLUSIONS

00 I

O. I

I

I/T(K )

FIG. 9. High-temperature magnetic specific heat for
Gd(OH) 3 from high-frequency susceptibility measurements
(~ ) and calorimetric measurements (+, x). There is good
agreement between the two sets of data in the region of
overlap, but owing to the relative error limits, only the
high-frequency data can be used to obtain the correct
asymptotic fit [Eq. (1)]. Using an iterative fitting proce-
dure one finds C2 —-4.09 +0.05 K and C3=-4.2 +0.7 K,
as indicated by line (a) (Ref. 6). Curve (b) represents a
5-parameter least-squares fit to the data, which indicates
that additional high-temperature expansion coefficients
(C4, ...) in fact are significant for temperatures as high
as T-5 K, where T/T~-6.

In this paper we have reviewed the high-fre-
quency-relaxation (HFR) method for measuring
magnetic specific heats. We have shown how re-
cent technical improvements, primarily the de-
velopments of tunnel-diode oscillators, frequency
counters, and superconducting magnets have ex-
tended the range of matrials which can be studied
with this method, and we have given a detailed
discussion of the conditions which must be satis-
fied for the method to be applicable.

These conditions may be summarized as follows:
(i) The measuring frequency f must satisfy the

two conditions

I/Tgz« 2m,f« I/vga

where ~&L and ass are the spin-lattice and spin-
spin relaxation times. This generally sets the
upper limit to the temperatures over which mea-
surements can be made.

(ii) To produce a. readily measurable effect, a

as indicated in Fig. 11.
The second difference between Tb(OH), and

Gd(OH)3 is the much higher ordering temperature
of Tb(OH)~ (T, =3.72 K), and we would therefore
expect marked deviations from a simple I/T2 law

for C~ over most of the accessible temperature
range. This is confirmed by the results shown in
Fig. 11, and it is evident that care must be taken
to extract the correct high-temperature asymptote
in this case.

C. Comparison with Calorimetric Data

3.5

3.0
C~(H)T)T

R

(K2)

2.5

2 4 6
I I I

10
I

H (kOe)
12 14

If one attempted to analyze the usual calorimetric
data for Tb(OH)3, which are also shown in Fig. 11,
this problem would be even worse since the uncer-
tainties due to the lattice correction completely
mask the asymptotic behavior above about 10 K for
these measurements. This example illustrates
very clearly the advantage of the high frequency
relaxation method, but it is perhaps worth repeat-
ing that the calorimetric method does offer the
very useful possibility of checking the various pa-
rameters used in the analysis. Even a relatively
small uncertainty in either 8 or B~ can produce a
marked change in C„at the lowest temperatures,
and this is demonstrated by the error bars shown
in Fig. 11. A comparison between the calori-

2.00 I I

100
H2(koe )

ISO
I

200

FIG. 10. Field dependence of C,q(H, T)T /R for Gd(OH)3

at T =5.527 K as calculated using Eq. (A17) from mea-
surements of X'(0)/X'(H). The dotted line has a slope
K& ———0. 0047 + 0.0010 (K/KOe)2 as determined fromtheory
using the calculated expansion coefficients in the suscep-
tibility (B2=2.05+0.10 K, Bs ———0.59+0.10 K3) given
in Ref. 6. The best fit to the low-field data given K~
=-0.0050+0. 0005 (K/KOe)2, as shown in the full line
in the figure, in excellent agreement with the calculated
value. The small discrepancies between calculated and
measured values at the highest fields are due to the lim-
ited expansions used for both the field and interaction
terms, as explained in Ref. 6.
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at high temperatures (r» T,) and low fields
(Zeeman energy«kar), in systems for which there
are no complications from crystal field effects.
In each case we shall give expressions for Cs(H, T)
and C„(0,T) in terms of the experimentally deter-
mined ratio y (0)/)| (H), corresponding to the gen-
eral expressions E(ls. (7) and (12).

where p is related to the previous representation
of the interactions by p=8/X. For arbitrary H
one must solve E(ls. (A10) and (All) iteratively,
but to order HB one can obtain a closed expres-
sion for M:

For a simple Curie-%eisa law

f(f = XH/(T - 8)

we find

{Al)

XH 1, TM= ( ——a~ B
( g)1),

o(g ~ = ~gg (gps/ka) [28 (S + 1)+1]

(A12)

C~(0, T)r' C„(H, T)T' X T8- ="R -R r-e
(A2)

{AS)

It is evident from Eq. (A2) that r(H, T) is indepen-
dent of H in this case, and in general this is the
only case for which C„(H, T) itself is not field de-
pendent.

A more accurate low-field expression can be
written in the form

yn-1

where —B, = 8, as mentioned previously. This
leads to

C HTT A. T
(1 —y )'r(H, r) (A6)

C~(0, T)T C~(H, T)ra 1 X ii s H
R H 2 H (T-y)

where

y=-Z B„/T" '
f1=1

y'= „y =P {n-1)B„/r",
tl=2

2 eo

y" = y, = -Q n(n —l)B„/T""
n-2

To take account of large fieMs one can start with
the usual BriBouin function

M = Ba.(gpaH/kaT) (A10)

and one can include the effect of spin-spin interac-
tions to first order by replacing H by

Substituting this in Eq, (7) one gets

C„(H, T)T' X ( T &~'
(8 )T-e)

7"I~+&s &8 2'(
p 8 s) ~ (A(4(

where we have assumed ~a, [T/(T- 8)3]Ha «1 and
8/T«1. Using E(I. (12) we also get

C„(0,T)r'/R=C„{H, r)r'/R . (Als)

In principle, one could extend these expressions to
higher powers in H, but in practice it is genera1ly
more important to consider higher orders of the
interaction effects.

The last term in Eg. (A14) shows that the effect
of magnetic saturation can be important even for
small H, depending only on the relative size of
ea. , r{H, T), T, and 8.

Y 8 (T 8)4 (A16)

This expression must be used with care since the
two terms are correct to quite different orders
in the interactions, but if H is kept small. , Eq.
(A16) can in fact provide a very useful improve-
ment over the linear approximation of E(I. (A4).

U»ng E(I. ('I), we now obtain

C~(H T)T X T
( sp ( )R R T-y

The simultaneous inclusion of higher order in-
teraction and Zeeman terms is quite difficult and
requires information about the specific form of the
interaction Hamiltonian. The general methods
are well known '" and specific applications to
simple Ising systems have been given elsewhere. '35

Here we ahaB only consider a phenomenological
approximation which combines the correct treat-
ment of the interactions in the term linear in H,
as in E(I. (A4), with the mean-field approximation
for the term in H as given in E(l. (A12). We
therefore write
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Tx( }+a,.r(e, r}, },)
where me have made the same apprvxxm &sons as
for Eq. (A14). Using Eq. (12) we also get

(A17)

t:„(0,T)Ts f:„(ff,T)Ts 1 X iI, H'
(T-y)' '

(A18)
Although these expressions are clearly limited in

their accuracy, they have been found to be adequate
for a wide variety of materials (see Table I), pro-
vided only that care is taken not to exceed the ap-
propriate maximum field or to go too close to the
ordering temperature. As a general rule the cor-
rections introduced by the paramagnetic saturation
terms may be quite erroneous whenever higher
than first order interaction terms cannot be ne-
glected, i. e. , for temperatures where Bs/T- e.
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Magnetomechanical Ratios and Spin and Orbital Moments for Ni-Cn Alloys
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Magnetomechanical ratios (g') have been measured for eight different Ni-Cu alloys in the range
0-30.68-at. % copper. Values of g' decrease linearly with increasing Cu composition to about 24-at. %
Cu and then drop off more rapidly. The results have been combined with saturation magnetization
measurements from the literature to obtain values of the orbital and the spin contribution to the
average moments. Based upon a short-range-order magnetic model the local electronic orbital moment is

found to be ~ 0.05 p, H for all combinations of nearest and second-nearest neighbors.

I. INTRODUCTION

We have previously measured magnetomechani-
cal ratios' for the binary alloys of Fe, Co, and Ni.
This previous work has shown that the g' value for
a particular binary alloy cannot be predicted by an
analysis which considers the g' values of the con-
stituent atoms to be the same as those measured
for the pure metals.

Recently, ferromagnetic-resonance experiments
have been conducted on a group of Ni-Cu alloys.
These experiments indicated that all of these al-
loys have the same g factor (2.19+0.03) as that
for pure nickel. This g-factor constancy is con-
trary to our g' findings where simple additivity
for binary alloys is not sufficient to determine ef-
fective g' values.

The Ni-Cu alloy system forms a continuous se-
ries of solid solutions and all of the alloys have the
face- centered- cubic-structure characteristic of
pure Cu or pure Ni. In addition, this alloy system
has long been considered as the prototype for. a
simple rigid-band model. Because of both the
structural and assumed theoretical simplicity,
many investigations of the magnetic properties of
these alloys have appeared in the literature. It
was therefore thought that it would be of value to
extend our g' investigations to include alloys of
this system.

The present investigation has shown that g'
values are steadily reduced with an increase in
dissolved copper. These g' changes, however, are
small and would have been unobserved in the res-
onance experiments in Ref. 2.

II. EXPERIMENTAL

Our method of measuring g' by means of the
Einstein-de Haas effect has been previously de-
scribed. Using these techniques we have deter-
mined room-temperature g' values for pure nickel
and for eight different Ni-Cu alloys in the range
0-30.68-at. % Cu. Higher copper concentrations
could not be used, since cooling was not available
to reduce the temperature below the Curie points
of these alloys.

The samples used were cylinders 1.5 cm in
diameter and 32 cm long. These cylinders were
accurately ground so as to fit into a magnetizing
winding which formed an integral part of a delicate
torsional pendulum. The experimental technique
involves measuring the angular acceleration in-
duced by reversing the magnetization of the sample.
Nickel, of course, has an unusually large magneto-
strictive coefficient. Although magnetostrictive
forces are independent of the magnetization direc-
tion, it is possible to obtain stress changes upon
reversal if any permanent sample magnetization
exists. Our samples were therefore annealed for
4 h, in an inert atmosphere at 750'C in order to
remove both internal stress and permanent mag-
netization, and hence to eliminate the possibility
of obtaining extraneous pendulum accelerations.
A semiquantitative spectroscopic analysis was
also made for these samples. This analysis indi-
cated the major impurities to be Si and Fe which
were present, at most, to a few tenths of 1%.

The results of the g' experiments are given in
Table I, where the error range is the average de-


