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Measurements are reported on the low-temperature (1-16 K) magnetic susceptibilities and specific
heats of the hexagonal compounds Dy(OH), and Ho(OH), . Dy(OH), is shown to be highly anisotropic
below 4 K, with the magnetic moment strongly constrained to lie along the c axis. At 3.48 K, the
spin system undergoes a phase transition to a ferromagnetic ordered state; this transition is dominated

by the long-range magnetic dipole&pole interactions. The effective H~tTiittonian of the spin system is
shown to be accurately represented by an Ising Hamiltonian, a scalar form which is particularly
tractable to theoretical analysis. Above 4 K, the susceptibility and the specific-heat behavior are
strongly influenced by the presence of low-lying energy levels and it is shown that the specific-heat
behavior predicted on the basis of spectroscopically observed states agrees accurately with the
experimental results. Ho(OH), is very similar to Dy(OH), . Below 4 K the spins align parallel to the c
axis. At 2.54 K, Ho(OH), undergoes a transition to a ferromagnetic ordered state under the dominance
of magnetic dipoleMipole interactions. Above 4 K the susceptibility and specific heat are strongly
influenced by the presence of low-lying excited states, and again this behavior is accurately accounted
for on the basis of the spectroscopically observed states.

I. INTRODUCTION

In an earlier report on the magnetic properties
of the rare-earth hydroxides' it was pointed out that
several of the compounds in this series —notably Qd,
Tb, Dy and Ho (hydroxide)-exhibit magnetic effects
which might make them of importance to the basic
understanding of ordering phenomena in insulators.
In a recent paper Tb(OH)~ was shown to be an ex-
ample of a nearly ideal Ising system with a ferro-
magnetic transition at 3. V K, and an accurate solu-
tionfor the near-neighbor interactions was deduced.
Similarly, an accurate solution has been obtained
for Gd(OH)~,

' which was shown to order antiferro-
magnetically at 0. 9 K under the influence of a
dominant nearest-neighbor exchange interaction.

It is clearly of interest to make a similar study
of the remaining two strongly magnetic compounds
in the series: Dy(OH}~ and Ho(OH)~. In this paper
we present the results of specific-heat, magnetic-
moment, and susceptibility measurements on these
two compounds. Our measurements at liquid-he-
lium temperatures (1—4 K) shaw Dy(OH), and Ho(OH),
to be strongly anisotropic, Ising-like magnetic sys-
tems with phase transitions in this temperature re-
gion. In these respects the two compounds are
strikingly similar to one another and to Tb(OH)~.
At higher temperatures the behavior in Dy(OH)z and
Ho(OH), is strongly modified by the presence of low-
lying excited states.

There is excellent agreement between the specif-
ic heat and susceptibility measurements as to the
ordering temperatures —3.48 K in Dy(OH}, and 2. 54
K in Ho(OH)~-and strong indications from the sus-
ceptibility measurements that the transition is fer-
romagnetic in both cases. Analysis of the low-tem-

perature specific heat in Dy(OH)~, and the magnetic
internal energy of Ho(OH)~, yielded values for the
Weiss e of 4. 4 and 4. 2 K, respectively. Compari-
son of these values with the theoretical dipolar con-
tributions to 6 leads to the conclusion that the net
nondlpolar interactions are antiferromagnetic in
character and that the dipolar interactions there-
fore play a very important, if not dominant, role
in the ferromagnetic ordering.

Estimates of the wave functions and energy level
schemes in these two compounds are available from
the spectroscopic work reported by Scott on
Dy(OH)~ and Y(OH), : Ho. Comparison of the ex-
perimental values for the saturation magnetization
and anisotropy with the values calculated from these
spectroscopic results yielded excellent agreement.
Analysis of the Schottky specific heat above 4 K in
terms of these spectroscopic energy levels shows
that the observed behavior is accurately accounted
for.

There is thus presented a fairly complete de-
scription of the low-temperature bulk property ef-
fects in Dy(OH)~ and Ho(OH)q and an accurate cor-
relation of this description with the spectroscopic
energy level scheme.

II. EXPERIMENTAL METHODS

The experiments done in the course of this work
consisted primarily in measurements of three quan-
tities: magnetic moments, magnetic susceptibility,
and specific heat. The methods used in these mea-
surements are described briefly in this section.
The apparatuses used were the same ones used in
the references given below and the reader is re-
ferred to those references for complete details.
There is also to be found in Refs. 3 and 5 extensive
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TABLE I. Summary of physical properties (Refs. 5 and 12).
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Crystal group
Lattice constants

a
Density
R ' ground term
R ' nuclear isotopes
Isotopic spin
Isotope abundance
Hyperfine constant A/g„

Dyiei
5
2

19%
3.93x10 3

Dy(OH) 3

3.56 A,

6. 26 A.

5.86 g/cm
9f, Hi5]2

6

Dyi63
5
2

25%
5.46 x10

D 162

0
56%

Ho(OH) 3

3.53 A.

6.24 A

6. 02 g/cm3
10f ~Is

Ho
7
T

100%
3.05x10 ~

data on crystal structure, density, lattice param-
eters, etc. of the hydroxide series. For conve-
nience, some of this data is summarized in Table I.

A. Magnetization

Measurements of the magnetization M in fields
up to 14 kOe from 1-4 K were made using a Foner-
type magnetometer, details of which have been given
elsewhere. The samples were small (- 1 mg),
needle- shaped single crystals. The high sensitivity
(- 2x 10 ~ emu) of the apparatus enabled us to mea-
sure even these small samples to a relative accu-
racy of 0. 1%. Takingintoconsideration the calibra-
tion procedure and the mass of the sample, the ab-
solute accuracy of the magnetization results was
about 1%. Particular care was taken to ensure that
the field was closely aligned with the appropriate
crystal axis. For measurements parallel to the
c axis, where the moment is high, the alignment
was accurate to about 3 . Perpendicular to the
c axis the moment is far smaller and the field
alignment, closer than 0.2', virtually eliminated
errors due to anisotropy.

B. Susceptibility

The zero-field susceptibility X at liquid-hydrogen
temperatures was measured using the technique of
McKim and Wolf which relates X to the change in
mutual inductance when a sample is removed from
a concentric coil pair. The samples were bundles
of aligned single crystals with weights of the order
of 10 mg. The relative accuracy for these mea-
surements was estimated at about 0. 1% and the ab-
solute accuracy about 0. 5%.

Frequency-dependent domain- relaxation effects
precluded the use of the mutual- inductance technique
near the ordering temperatures. For this tempera-
ture region-below 4. 2 K—y was calculated from the
low-field moments as measured with an inductance-
coil-ballistic- galvanometer setup. In these mea-
surements the sample was snatched quickly out of
a coil and the moment determined from the inte-
grated induced current on a ballistic galvanometer

in series with the coil. This method was accurate
to 4% at the lowest moments recorded-and very
well suited for this low-field work. Again, the
samples were accurately aligned needle- shaped
single crystals.

C. Specific Heat

Measurements of the specific heat C were car-
ried out with a heat-pulse calorimeter method,
using a cryostat equipped for both He' and He cool-
ing. ' The samples were large amounts (40-60 g) of
polycrystalline powder mixed with a small amount
of grease to promote thermal contact. The contri-
butions of the calorimeter and the grease to the
measured heat capacity were determined in a sepa-
rate measurement and subtracted. The uncertainty
in this contribution is the main source of error.
This error was estimated to be negligible below
5 K and rising to about 2% at 10 K.

The small temperature differentials needed to
accurately determine specific heat were measured
using calibrated germanium and carbon resistance
thermometers. For all of the magnetic measure-
ments, the temperatures were found from the vapor
pressure above the coolant after correction for hy-
drostatic head pressure.

III. Dy(OH)3 '. DATA AND ANALYSIS

In an axially symmetric crystalline field the 4f,
6H»& ground term of the free Dy ion is split into
eight Kramers doublets, each state being an eigen-
function of J, where z is along the symmetry axis.
If the symmetry is lowered further to the C» group
of the rare earth hydroxides, it can be shown very
generally that there will be admixing allowed only
between states which differ by 6 in J,.

The crystal field effects in Dy(OH)3 were the sub-
ject of an absorption spectroscopy study reported
by Scott. Scott found that at 4. 2 K the ground state
was a nearly pure doublet with J,= +~2 and that the
first excited state was a doublet with an energy of
15.6 cm '. However the number of absorption lines
was too sparse at 4. 2 K to permit a full determina-
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TABLE II. Summary of spectroscopic data (Ref. 4).

77 K

Dy(OH) 3

4. 2 K

Y(OH)3 .. Ho

77 K

Crystal
field
parameters

Ground
state

Low-lying
excited
states

B2= 209.4+ 6. 5 cm

B4—- -75.5+3.5 cm

Be = —40. 1 + 1.9 cm

B6 -—541.8+26. 5 cm

0.911++2)—0.151 + 2)+ 0.39 I+p)

—0. 41 +&2) —0.19 I + +2 I + 0.89 I + ~9 )
at 7.80 cm ~

+ 0.13 I + ~q~) —0.171+g)+ 0. 98 I+ ~q~ )
at 21.5 cm

+0.88I+&~) -0.47I+2) at 27 cm

+ 0. 98 I +73) —0. 101+$)-0.1517-)
2

at 54. 7 cm"~

o. 99 I +T) -0. 10 I + -,')
+0.13 I y 9)

first excited state
at 15.6 cm ~

B2 ——246. 0+3.4 cm

B4= —56.7+1.2 cm

Be= —39.8+0.3 cm

Be= 543. 6 + 3.3 cm

o- 93 I + 7) + o- 31 I + 1)+ 0.15 I + 5)

0.59I+6)+0.55I 0)+0.59I —6)
at 11.1 cm

0.71I+6)+0.71I -6) at 75 cm

tion of crystal field parameters or even to deter-
mine the energies of the other low-lying levels. In
similar measurements at 77 K, itwas found that the
ground state had become a somewhat less pure
J,= ++ doublet and the first excited state had low-
ered to an energy of 7. 8 cm '. With higher lying
states populated at 77 K, Scott was able to com-
plete a full crystal field determination which re-
vealed further low-lying states with energies of
21. 5, 27, and 54. 7 cm '. A summary of Scott's
crystal field results is included in Table II. This
data will be used extensively to correlate with and

explain the bulk property results described below.

sured, 1. 1 K, at which point the coercive field is
only 3 Oe.

The high anisotropy in the magnetic system is
evident from Fig. 1 MJ is orders of magnitudes
smaller than M„-note the enhanced scale for M J
at the right —and does not saturate in these fields.
The susceptibility estimated from Fig. 1 is

)t, = 5&& 10 e emu/cm'.

From the enormous difference between MI, and M J,
it is evident that the moments in Dy(OH)e are very
strongly constrained to lie along the c axis, marking

A. Experimental Results

1. JI/Iagnetic Measurements

The high-field magnetization of Dy(OH)e at liq-
uid-helium temperatures was measured on a needle-
shaped single crystal sample weighing 0. 8 mg and

having an aspect ratio of 20; 1. The magnetization
with the applied field parallel (Me) and perpendicu-
lar (M,) to the c axis is shown in Fig. 1. M„satu-
rates quickly with increasing field, and from the
data at 1.1 K we extract a value of

M „„=-1405+ 15 emu/cm

for the saturation magnetization, and anupper limit
of

g„& 1.5 & 10 ' emu/cm'

I 500

1000

M ( elllU }

500

l I

~ ~ I

S 10
H Leoe]

I50

—IOO

M
{elllU }~ cm3

for the high-field slope. The magnitude of this
saturation moment is quite large, comparable to
that of iron (M ~, = 1700 emu/cm ) and nickel (M, ,
= 500 emu/cm'). No hysteresis was found in the
M„-0 curves except at the lowest temperature mea-

FIG. 1. High field moment of Dy(OH)3 for a series of
temperatures in the liquid-helium range: 4. 2 K (+),
3.8 K (0), 2. 4 K (b,), 1.1 K (x). The values of MJ (lower
curves) are read from the expanded scale at the right,
making the actual anisotropy even greater than first ap-
pears in the figure.
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FIG. 2. Susceptibility of

Dy(OH)~ in the neighborhood
of Tc=3.48 K. It can be
seen from the enlarged in-
sert that there is no clear
breaking indicating Tc and
that X is still varying below
3.48 K.
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this as one of the most anisotropic systems known.
The low-field magnetization of a single crystal

of Dy(OH)~, measured by the ballistic-galvanom-
eter technique, was vanishingly small for fields
perpendicular to the c axis in agreement with the
magnetometer results given above. With the field
along the c axis the response was quite large and
allowed an accurate determination of M„ in fields
as small as 10 Oe. The zero-field susceptibility
was derived from these measurements by means of
a prescription given by Belov and Goryaga and also
Kouvel and Fisher. If the quantity H/M is ex-
panded in powers of M, assuming a Brillouin func-
tional dependence, then as M goes to zero H/M,
the inverse susceptibility, varies as M . X

' is found

by extrapolating the graph of H/M vs M~to M2= 0,
and the result of this process for Dy(OH)s is shown
in Fig. 2. X

' decreases rapidly as the tempera-
ture decreases, until about 3. 5 K, below which

y
' assumes a roughly constant value. This be-

havior is characteristic of a ferromagnet near its
phase transition: y

' decreases with decreasing
temperature down to Tc, the Curie temperature,
below which it is constant and equal to the demag-
netizing factor. The enlarged inset in Fig. 2 shows
that y

' attains a constant value very gradually, with
no detectable break defining a Curie temperature.

To extract a value of T~, it is assumed that as
T approaches T~ from above, the susceptibility
varies as

If one defines the quantity

dx '/dT

then, as T approaches Tc, T~(T) should approach
the linear function (T —Tc)/y The Cur. ie point is
identified as T for which T*=0. Figure 3 shows
the graph of T~ obtained by numerical differentia-
tion of the y data, from which the Curie tempera-
ture was found to be

T~= 3.48+0. 02 K

by a short extrapolation. This result agrees pre-
cisely with the value found from the specific-heat
data described later in this section.

The curves of H/M vs M contain a well-defined,
abrupt break in the slope for T «3. 5 K. This
"kink" is generally identified with the spontaneous
magnetization M„, and the plot of M„vs T is
given in Fig. 4. A surprising feature of this curve
is the low value of - 930 emu/cm which M~ ap-
proaches at low temperatures, compared to the
saturation moment of 1405 emu/cm .

This low value of M„, corresponding to 15% of
the spins reversed from the ferromagnetic state
at T = 0, may be a result of the nonellipsoidal shape
of the single crystals: The rough ends of the crys-
tals very likely give rise to high local demagnetiz-
ing fields, locking some small domains near the
end in a state of magnetization reversed from the
bulk.

Such end effects may also be responsible for
the fact that y

' does not attain a constant value
down to 3. 3 K (Fig. 2), in spite of the fact that
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T (K) FIG. 3. T —T near the
ordering temperature in
Dy(OH)3. From the enlarged
insert it can be seen that
there is very little error
resulting from the extrapo-
lation to T&=3.48 K.

5.4 5.8
T(K)

4.0 4.2

both the T~ analysis and the specific heat behavior
unambiguously identify T& as 3.48 K. This smear-
ing out" of the ordering behavior could well be due
to the variation in the local environment of the
spins near the ends of the sample. It is, in fact,
for this reason that we have not pursued the analy-
sis of X to determine the y of Eq. (1): Any con-
clusion about the details of critical phenomena
which is deduced from experiments on nonellip-
soidal samples is, at this point, quite unjustifi-
able.

The susceptibility of a single- crystal needle
parallel to the e axis was measured in the liquid-
hydrogen-temperature range (14-20 K) using the
ac inductance technique. The X

' Tcurve (F-ig. 5)
appears to be a reasonably straight line, sugges-
tive of Curie-Weiss-law behavior:

x '= (r e)/x . -
But the low-temperature Curie constant of Dy(OH),
is X= 0. 156 emu/g (Sec. IIIB 1) and the slope of the
curve clearly deviates from this value of I/X,
shown as the dotted line in the figure. This is not
unexpected, since the low-lying excited states be-
come populated at these temperatures and the exact
analytical expression for y will be a complicated
function of excited-state levels, eigenfunctions, and
interaction constants.

2. Specifi Heut

The specific heat of Dy(OH)~ between 0. 6 and
16 K is plotted in Fig. 6 as the dimensionless quan-
tity C/R, where R is the gas constant. The promi-
nent spike at about 3. 5 K is the familiar X anomaly
of the ferromagnetic phase transition noted in the
susceptibility results. This peak is very well de-
fined and allows accurate determination of T& as

Tc—- 3.48 + 0. 01 K .

B. Analysis

1. Magnetic Measurements

Below 4. 2 K the first excited state at 15.6 cm '
is virtually unoccupied and the ground doublet can
be regarded as totally isolated. In a large applied
field the saturation magnetization of such a doublet
is

Msat=Ngzks (sg I
~a

I sg) (4)

where N (= 1.60X 10")is the number of spina per
cm', gz (= g is the Dy

' ground term Landh factor,
ps is the Bohr magneton and (s, I J, I s, & is the ex-
pectation value of J, in the ground doublet. Scott's~
ground-state wave function is

and the value of M„, calculated from Eq. (4) is
M, ,= 1412 emu/cm, in good agreement with the
experimental value of 1405+ 15 emu/cm . From
this result we also calculate the Curie constant

X=M„~/Nk (5)

This value agrees exactly with T& as obtained from
X measurements. Above T~ the specific heat rises
to a broad maximum at 12 K; in this range the mag-
netic contribution to C/R should be a decreasing
function of temperature, and the behavior dominated
by lattice and Schottky contributions. Below the X

anomaly C/R decreases monotonically and, down to
the lowest temperature measured, there is little
indication of a significant hyperfine contribution.
These individual contributions to C/R will be con-
sidered further in Sec. IG B2.
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IN/4y - Oy(OH)3
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( emu)
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~M~~ - Ho(OH)3

FIG. 4. Spontaneous
magnetization of Dy(OH)3
and Ho(OH)3 along & axis.
The T 0 intercept will
clearly fall far below the
measured saturation mag
netization M~q.
crepancy is probably due to
reversed domains near the
ends of the sample.

00
I

2
T(K)

to be 0. 92 emu/cm' or 0. 158 emu/g.
The theoretical value expected for M, is identi-

cally zero, due to the vanishing of the matrix ele-
ments of t„within the ground doublet. The small
value of M, found experimentally is probably due
to the admixing of excited states into the ground
doublet via the Zeeman Hamiltonian —the familiar
Van Vleck susceptibility. Without a knowledge of
the excited-state wave functions at 4. 2 K, it is not
possible to check this quantitatively.

l50

l40—

2. Specific Heat

The four major sources contributing to the total
specific heat of Dy(OH), between 0. 6 and 16 K will
be considered in detail in this section.

a. HyPerfise sPecific heat. The decrease in
C/R with decreasing temperature near 0.6 K is
evidence that the main hyperfine contribution C„,
is at still lower temperatures. The analytical
treatment of C„, for these "high temperatures" is
analogous to the familiar high temperature series
expansion method for magnetic iona. In systems
with a doubly degenerate ground state and an axi-
ally symmetric crystalline field, the lowest multi-

10
pole hyperfine interaction term is

Xb~ =AS/, +B(S„I,+ S„I„) (6)

l20—

-I

g '(emu)

l00— C

R

80—

l4
I

l6
I

I8 20

FIG. 5. g —T for Dy(OH)3 along the c axis in the
liquid-hydrogen temperature range. The dashed curve
has a slope equal to 1/1= 6.4, the inverse low-tempera-
ture Curie constant. The deviation of the experimental
values from this slope is due primarily to the low-lying
excited states.

I

IO
I

12
I

14 16
I I I

0 2 4 6 8
T(K)

FIG. 6. Specific heat of Dy(OH)3. The prominent peak
sharply defines the Curie temperature at 3.4S + 0. 01 K.
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C
R

0.5

c~
R

FIG. 7. Contributions to
the specific heat of Dy(OH)3.
Cz is the lattice specific
heat, taken to be equal to
the total specific heat of
La(OH)3. Cz is an estimate
to the magnetic specific
heat given by the lowest
order dipolar contribution.
C& is the Schottky estimate
and C-CI, (the data points)
are the experimental results
less the lattice estimates.

I

lO
Tfw)

l2 l6

and the lowest-order specific-heat term is

C„~/R = (1/T ) i~S(S+ 1)I(I+ 1) (A + 2B ) . (7)

Here I is the nuclear spin and S= &. The constants
A and B may be found from the relation"

A/g „=B/g, = const, (8)

which relation is independent of the particular
crystalline field within a given ground term. The
constants for Dy

' isotopes have been found from
measurements on dysprosium ethylsulf ate, and

averaging over the isotopes using the natura).
abundances (Table I) we find

C„i/R = 0. 002/T

for the hyperfine specific heat. This term is very
small —less than the error limits on C—over the
entire range of temperatures investigated.

h Lattice. specific heat. An estimate of the lat-
tice specific heat of all the rare-earth hydroxides
is obtained from a measurementof thetotal specific
heat of La(OH)~. La(OH)3 is a diamagnetic com-
pound, isostructural with the rest of the rare-earth
hydroxides and has no low-lying excited states.
Measurements of CL, for several rare-earth hydrox-
ide compounds' in which the lattice specific heat
is easily isolated showed that CJ. agreed to about
1(@with the total C of La(OH)~. The total specific
heat of La(OH)3, which is shown in Fig. 7, will
therefore be used as the estimate of Cs in Dy(OH), .

Magnetic sPecific heat. The magnetic specif-
ic heat above T~ may be expressed' as a power
series in 1/T:

C„g ~C

R „2 T"

This series has a radius of convergence of 1/T

= 1/Tc and the singularity at Tc corresponds to the
ferromagnetic anomaly. The coefficients C„are
functions of the interaction constants and in simple
systems very accurate experimental results can
often be coupled with theoretical expressions for
C„ to provide solutions for the interaction constants.
In Dy(OH)„ the uncertainties in the lattice specific
heat and the excited state population make it im-
possible to separate out C„with the required ac-
curacy to permit a determination of interaction con-
stants.

At temperatures well above T~, only the first
term, C2/T', contributes significantly to the sum
in Eq. (7). An estimate of the magnitude of C2 in
Dy(OH), can be obtained from the theoretical value
calculated assuming only dipolar interactions opera-
tive and only the ground doublet occupied:

+2 22' gll ~ 6 tg II + + + 9gnZ fo

(1o)
where 4 is the Boltzmann constant, r and z are
spatial distances between sites, and the sums are
over all neighbors of a reference site. A computer
sum yielded the value C2"= 7. 7 K inDy(OH)3. Since
the diyolar interaction will be shown to be dominant
in Dy(OH), (Sec. III C), it can be assumed that the
true value of C~ will not be significantly larger than
C2", but fortuitous cancellations with nondipolar
terms can result in a value of D2 which is much
smaller than Cs '. in Tb(OH)~, Cs was found to be
about 0. 1 C2 ~. The graph of C2' /T is shown in
Fig. 7 as C„/R.

d. Schotthy specific heat. The Schottky specific
heat, due to the populating of excited states with
increasing temperature, can be calculated exactly
from the partition function if the energy levels are
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S»(T) C»
I T

where C„ is the magnetic specific heat. S„was
calculated by numerical integration of the above
equation using

(12)C~= C —CJ. —C~ —Chg

where C is the total experimental specific heat,
and the values of Cl. , Cs, and Ch& are those given
above. The graph of S„(T) is shown in Fig. 8. In-

sofar as the assumed values of Cl. , C~, and C„,
are accurate, S»/R at high temperatures should ap-
proach the value 0. 693= ln2, the high-temperature
limit of a spin- & system. In fact, S»/ff very close-
ly approaches this value. The agreement here is
particularly impressive in view of the large dif-
ference between S„and the total entropy S~, which
is obtained using C instead of C„ in Eq. (11) and

which is also shown in Fig. 8. As this large dif-
ference is primarily due to the Schottky specific
heat, we have further assurance that the assumed
energy level scheme is quite accurate.

known. In his spectroscopic investigation of Dy(OH),
at 77 K, Scott found that the low-lying excited
states occur at energies of 7. 8, 21. 5, 27. 0, and

54. 7 cm '. At 4 K Scott was able to identify only
the position of the first excited state, which had
shifted to 15.6 cm '. We have found that our spe-
cific-heatdatacanbe accurately accounted for by
assuming that only this first excited state has
shifted and the positions of the other states remain
at 21. 5, 27. 0, and 54. 7 cm '.

Figure 7 shows a plot of the Schottky specific
heat corresponding to the level scheme described
above. Also shown in the plot are (C —Cz)/It, the
experimental result less the lattice estimate. Above
10 K the contribution from C„ is small enough to
allow a comparison of the theoretical Schottky esti-
mate with C —CL, . The close agreement of C~ with
C —Cz, is an indication of the accuracy of the as-
sumed energy level scheme.

Further verification for the above energy level
scheme is provided by a check of the magnetic en-
tropy, S„, which is given by

g„= 2Mee, /Np. a, (15)

which gives g„= 19.0~ 0. 2. The matrix elements of
J„and J, in the ground states are identically zero,
so that g~= 0. 0.

It is to be expected from the very small hydrox-
ide lattice constants that the predominant interac-
tions in Dy(OH), will be the dipole-dipole and the
bilinear exchange. Both of these interactions are
bilinear in the full Hamiltonian, and within the
ground doublet only the J, terms have nonzero ma-
trix elements. This reduces the spin Hamiltonian
to

+s ~g elf g4 Sgg + Kgy Sg( Sgy ~

&tP

This simple form is the familiar Ising Hamiltonian.
It must be stressed that since the matrix elements
of J„are not completely negligible within the

2.0

X
X

I.5—

S
R

I.O—
X

X
X

X
xx 1n2

effective spin-&, p, ~ is the Bohr magneton, and

g ff is the effective g value. The sums i and j are
over all spins; n and P are sums over the spatial
coordinates x, y, and z. The value for g,«may be
calculated from

(14)

where gz(=ps is the Dy Lande factor and a is x,
y, or z. Using the 4. 2 K wave function of Table
II to calculate the matrix elementof J, inthe ground
state, we find that the effective g value parallel to
the c axis is g, = 19.1. This agrees with the value
calculated from the saturation magnetization:

C. Discussion

g. Spin Hamiltonian

In treating magnetic systems which have an iso-
lated ground doublet, it is convenient to utilize the
formalism of the effective spin-& Hamiltonian.
For Dy(OH)s the most general form of the spin
Hamiltonian is

0.5—

0
O

0
f0 00

0 2

0
0

0
0
0

0

00000 0 00

SM

R

p p v

4 6 e Ip l2 l4 IS
T (K)

Ks= ~g„~ p»H S'; —ZK;)S,'~Sos

fzeB

where K;& are the interaction constants, S' is the

FIG. 8. Experimental curve of entropy in Dy(OH)3.
Sz is the magnetic entropy and Sz is the total entropy.
S~/R at high temperatures closely approaches ln2, shown
by the solid line in the figure.
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10 and T =~ is equivalent to —,'e. " This energy change
can be calculated by an integration of the specific
heat

5(K)
U„(T)= J C„(T')dT'. (18)

0.1 0.2 0.3
Cg
R

0.4

FIG. 9. Ground state splitting b, of Dy(OH)3 determined
from the analysis of the low-temperature specific heat
using Eq. (17).

ground doublet, there will be further non-Ising
terms in the spin Hamiltonian; but these matrix
elements are small and they are related to inter-
actions which are themselves generally second or-
der; for example, biquadratic exchange, virtual-
phonon coupling, and anisotropic exchange.

2. Interaction Constants

It is sometimes possible to determine the vari-
ous interaction constants, Ei&, from the bulk prop-
erties at high temperatures: both the high-tempera-
ture magnetic specific heat, and the susceptibility
are well defined functions of the K's (Ref. 14) and,
e. g. , in Tb(OH)~ and Gd(OH)& the K's have been so
determined. But in Dy(OH)z the presence of the

low-lying excited states renders such an analysis
unfeasible.

One measure of the strength of the interactions,
the Curie-Weiss constant e, can be obtained from
the specific heat at low temperatures, where Schott-
ky effects are negligible. In the limit of zero tem-
perature the specific heat of an Ising system varies
as"

The plot of U„, obtained by numerical integration
of C„, is shown in Fig. 10. The curve shows a
good deal of "meandering" above 6-8 K. This pre-
sumably results from the rough estimates of Cz,
and C~, and is more severe for the U„ integral
than for the faster converging entropy integral
[Eq. (11)]. Keeping in mind the fact that the U„
integral should be very accurate up to 6 K where
the magnetic effects still dominate C/R, we have
estimated the value of U„(~)—U„(0) to be 2. 2
+ 0. 2 K, giving a value for the Weiss constant of
4. 4+ 0. 4 K. The calculation can be regarded as
giving agreement, however roughly, with the value
e= 4. 4+ 0. 2 K obtained from the low-temperature
specific heat. Still a third estimate of e is avail-
able from Scott, who calculated the T = 0 value of
& from shifts in the spectroscopic transition ener-
gy to excited manifolds. Scott's value of e = 4. 9
+ 0. 4 K is in agreement with the low-temperature
specific heat results.

The theoretical expression for 8, given the
Hamiltonian of Eq. (16), is

e=Z z SC, +Z ,' g'p,'[(8z' —r')/r']„-
i i

where Ri is the nondipolar interaction constant of
ith neighbors and the sum i is over all neighbors.
Using the known lattice constants and g values, the
dipolar contribution —the second term —in 8 was
found to be

e =6. 14 K,

the positive sign indicating that the net interaction

C/R= (~/T) e (17)

and at T=O, 4=28.
Dy(OH)z is, as shown above, approximately Ising-

like below 4 K. When the low temperature specific
heat less the hyperfine contribution was fitted to the
above equation, the variation of Ll with C„near
T=O was found to be as shown in Fig. 9. The curve
changes slope steadily but as C„approaches 0 at
low temperatures we can easily read an accurate
value for 4(T= 0) of 8. 8+ 0. 4 K. This leads im-
mediately to

e = 4. 4+ 0. 2 K.

A check on this result for e is available from the
fact that, for an Ising doublet, the change in mag-
netic internal energy (in units of R) between T= 0

Us&

8

0 2 4 6 8 IO I2 I4 !6
T(K)

FIG. 10. Change in internal energy as a function of
temperature for Dy(OH)3 and Ho(OH)3.
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there were sharp transitions from the ground Ie
manifold to levels of the Fs, F&, and F3 mani-
folds, providing sufficient data for a complete crys-
tal field analysis. The ground state was found to
be a true doublet, composed primarily of ~Z, =+7)
states. There were also found two low-lying ex-
cited singlets at energies of 11.1 and 75 cm '. The
lattice constants for Ho(OH)~ and Y(OH)3 are nearly
identical, and the crystal field levels identified in
Y(OH), : Ho are expected to be very close to the
levels in concentrated Ho(OH)~. Scott's spectro-
scopic results are summarized in Table II.

Scott also attempted EPR measurements on Ho
in Y(OH), but the linewidths were too large to allow
extraction of any useful information.

H [~os]

FIG. 11. c-axis magnetization of Ho(OH)3 at high
magnetic fields and for a range of temperatures: 4. 2 K (+),
3.0 K (0), 2.3 K {b,) and 1.1 K (x).

is ferromagnetic. This value, together with the
experimental result for e, leads to an expression
for the sum of the nondipolar interaction constants:

Q p K( ———1.8 + 0. 2 K.

The negative sign of this quantity indicates a net
antiferromagnetic contribution to e.

In view of the fact that the ordering is ferromag-
netic in Dy(OH)q and the net nondipolar interaction
is antiferromagnetic, we are led to conclude that
the dipolar interactions play a strong if not domi-
nant role in the ordering phenomena. However,
with only a net value for the nondipolar interac-
tions it is notpossible to further specify the im-
portance of the individual neighbor interactions in
this ordering. Also, in view of the complicating
effects of the excited states on the bulk properties,
further data on the individual interactions in
Dy(OH)~ must await further resonance or spectro-
scopic studies.

IV. Ho(OH)3 . DATA AND ANALYSIS

The C+ crystal field group of the hydroxide lat-
tice imposes the same symmetry restraints on the
ground term of Ho as on Dy '. there is admixing
only bebveen states differing by 6 in J„where z
is again along the c axis. Ho, however, is a non-
Kramers ion (ground term: 4f', 'Is) and has al-
lowed singlet states in the hydroxide crystal field;
thus the system could a priori be diamagnetic at
low temperatures, with only a ground state singlet
occupied.

In spectroscopic measurements on Ho(OH)„
Scott observed no fluorescence, and all but a few
of the absorption transitions appeared as very wide
bands. In the absorption spectrum of Ho in Y(OH)3

l40

I 20

0
~l

0
0 8

H [koe]
l2

FIG. 12. High-field magnetization of Ho(OH) 3 perpendic-
ular to the c axis for the temperatures: 4. 2 K (+), 3.0 K
(x), 2. 3 K (ct) and 1.1 K (0).

A. Experimental Results

L Magnetic Measurements

The high-field magnetization of Ho(OH)z parallel
to the c axis at liquid-helium temperatures is
shown in Fig. 11. The sample was a needle-shaped
crystal with an aspect ratio of about 16.

The general behavior of the M„curves resembles
that in Dy(OH), :At 4. 2 K the curve is not apprecia-
bly saturated until - 10 koe; with lower tempera-
ture the saturation occurs at lower fields until at
1. 1 K there is near-complete saturation at 500 Oe.
At this lowest temperature the saturation magnetiza-
tion of Ho(OH)~ can be accurately read off as

M „,= 1140+20 emu/cm'.

There is very little high field slope at 1. 1 K, the
upper limit on the slope being

y„( 2x 10 ' emu/cm'.

The magnetic moment with the field perpendicular
to the c axis (Fig. 12) is linear over the field range,
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TABLE III. Susceptibility of Ho(OH) 3.

T(K)

4. 2
3.0
2. 3
1.1

g(Expt. )
(emu/cm3)

0. 0115+.003
0.0115
0. 0115
0.0104

(cm-')

1.6
1.8
3.0
3.6

g(Theor. )
(emu/cm )

0. 0132
0. 0134
0. 0127
0. 0120

and at 10 kOe is an order of magnitude less than
M„(see Fig. 11). There is also a slight tempera-
ture dependence in the slope of M„ the susceptibil-
ity for the temperatures taken being given in Table
III.

The large difference between M„and M, marks
Ho(OH), as another very anisotropic system, the
magnetic moments being almost totally constrained
to lie along the c axis.

The low-field ballistic- galvanometer measure-
ments of M vs H in Ho(OH)z at 1-4 K provided data
for a Kouvel-Fisher analysis, similar to that de-
scribed for Dy(OH), in Sec. III. The zero-field
susceptibility parallel to the c axis obtained from
this analysis is plotted in Fig. 13 as X vs T. The
susceptibility behavior is qualitatively similar to
that found for Dy(OH)3: y

' decreases with decreas-
ing temperature until it assumes a roughly constant
value below 2. 5 K. We conclude that Ho(OH)~ near
this temperature has a transition to an ordered
state with the spins aligned along the c axis, and
the ordering is probably ferromagnetic. There is
no sharp break near 2. 5 K but a T* analysis, as
described earlier (Sec. III A), yielded a Curie tem-
perature of

Tc= 2. 54+ 0. 01 K.

The kink in the M vs Ho/M (Sec. IIIA) curves
yielded the plot of spontaneous magnetization as
shown in Fig. 4. The low-temperature asymptote
of this curve is -800 emu/cm . We thus have much
the same discrepancy between M„and M, in
Ho(OH), as in Dy(OH)~, in fact the discrepancy in
both cases is 30%. The relation between these ef-
fects and irregular sample shape is presumably the
same in Ho(OH)z as in Dy(OH), and is discussed in
Sec. III.

The low field susceptibility, using the McKim-
Wolf inductance technique, was also measured in
the liquid-hydrogen-temperature range (14-20 K)
and the results are plotted in Fig. 14. As in
Dy(OH)„ the effect of the excited states is to intro-
duce a deviation from the Curie-Weiss-law be-
havior. Once again, lack of precise energy levels
and wave function prevents an analysis of X at
these temperatures.

2 Specific Heat

The specific heat of Ho(OH), between 0.6 and
16 K was measured by the heat-pulse technique and
the behavior of C/R vs T is shown in Fig. 15. The
prominent spike is due to the magnetic phase transi-
tion and is sufficiently well defined to permit ac-
curate determination of the ordering temperature
as T~= 2. 54~0. 01 K. This value agrees precisely
with the susceptibility result, T~=2. 54 K, given
earlier.

Above T~ the specific heat is remarkably con-
stant up to about 14 K, at which point it begins to
increase slowly. Below T~, the specific heat de-

3.5

3.0— 0.3—

2.0—
-I

x'(

I.O—

0.2—

2A
I

2.5
T(K)

FIG. 13. Susceptibility
of Ho(OH)3 in the neighbor-
hood of T~= 2. 54 K. The
enlarged insert shows no
sharp change in behavior
at T~.

0
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FIG. 14. Susceptibility of Ho(OH)3 along the c axis in
the liquid-hydrogen temperature range. The dashed line
has the slope of 1/~= 9.6, the inverse low-temperature
Curie constant.

creases down to about 1 K and then increases
sharply, indicating a large hyperfine contribution.
The individual contributions to C/R will be con-
sidered in Sec. IVB.

8. Analysis

l. Magnetic Measurements

Below 4. 2 K there is a very slight population of
the excited states of Ho(OH)„ the spine being over
S in the ground doublet; at these temperatures
the effective spin- —, formalism is a good approxi-
mation. The wave function for the ground doublet
of Y(OH), : Ho found by Scott' is

I
s, ) = 0. 94

I
+ 7 ) + 0. 31

I
a 1 ) + 0. 15

I
+ 5).

The accuracy of this wave function as an approxi-
mation to the ground state of Ho(OH)~ can be esti-
mated by comparing the experimental value of the
saturation magnetization, M„&= 1140+20, with

M„, found using the above ground state in Eq. (4):

M~, = 1125 emu/cm

The excellent agreement of this value with the
experimental result (M„,= 1140+ 20) is not sur-
prising in view of the fact that the lattice param-
eters in Ho(OH)~ are, within experimental error,
identical to those in Y(OH), .'

As seen in Figs. 11 and 12, the magnetic mo-
ment perpendicular to the c axis is an order of
magnitude smaller than the parallel moment. In
fact, the matrix element of J„within the ground
doublet is identically zero, so that even the small
observed M~ cannot be due to the direct moment.
It must instead be due to the Van Vleck susceptibil-
ity which arises out of the mixing of the excited-

xe &r»/(E„-E ) pe s~&r,
r

where a is a spatial direction; g„, g„are sums
over all the states; g~ is the Landb factor, and

p& the Bohr magneton. For cases in which the
ground doublet is isolated and degenerate, Xv„re-
duces to the familiar temperature-independent
form. Scott has shown that below 2. 5 K in
Ho(OH), the ground doublet becomes increasingly
more split, due to the phase transition which will
be described below; Scott's values for the splitting,
4, are given in Table III, along with the value of

IIvv calculated from Eq. (20).
The wave functions and energy levele used in

this calculation are those given in Table II for
Y(OH), :Ho. The agreement between the experi-
mental and theoretical values is reasonably good,
although there is a small discrepancy of about 15%,
undoubtedly due to the lack of complete correspon-
dence between the crystal fields in Ho(OH), and
Y(OH)s. Ho. But the relative change in )(vv with
temperature (- 10%), which depends primarily on
the ground state splitting, is accurately predicted
by the theory.

2. Specific Heat

The total specific heat consists of four contribu-
tions, each of which is considered individually.

a. HyPerffne. The specific heat below 1 K is
seen to be rising sharply with decreasing tempera-
ture, indicating that the hyperfine specific heat is
contributing strongly. In order to accurately ac-

I M~hf
I ~

0 2 4
I I I I

6 8 IO I2
TtK)

I

l4 16

FIG. 15. Specific heat of Ho(OH)3. The prominent
spike defines the Curie temperature at 2. 54 K. The
dashed curve is the theoretical Ising hyperfine specific
heat [Eq. (21)].

state wave functions into the ground state via the
Zeeman Hamiltonian. The general expression for
this Van Vleck term is

II:.=»~'I ' ~ ~
I &y l~. I

~)
I- r v
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FIG. 16. Estimates of
the lattice (Cz,), Schottky
(Cs), and magnetic (C~)
contributions to the speci-
fic heat above T&. Also
shown is the sum of these
three (Cz+ Cz+ Cz) which
agrees accurately with the
experimental points, shown
as dots.
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count for this contribution we have taken advantage
of the Ising character of Ho(OH)z (see Sec. IV C)
and used the expression for the hyperfine specific
heat of an Ising system as given by Mattis and

Wolf N:

AI d AI&c =-——ahf — 2dT z ( 21)

where A is the interaction constant of Eq. (6) and

BI is the Ith-order Brillouin function. The value of
A for Ho(OH)3 was calculated from Eq. (8) using the
value of A/gfrom Table I. The behavior of the cal-
culated Ch, (T) is shown in Fig. 15. At the lowest
temperatures, Ch& fails to account for all of the
hyperfine bump, indicating that our estimate of

Chf is not entirely accurate. The remainder cannot
be accounted for by adjusting A. It is probably due
to the fact that Ho(OH), is Ising-like only to a first
approximation, and that non-Ising terms in the
Hamiltonian limit Eq. (21) to being a first approxi-
mation to C„f in Ho(OH), .

b. Lattice. The lattice specific heat will be ap-
proximated by the total specific heat of La(OH)z,
as explained in Sec. III.

c. Afagnetic and Schottky sPecific heats A.
large Schottky specific heat Cs in Ho(OH)3 was ex-
pected because of the low-lying energy levels.
There is also a magnetic contribution C„which at
high temperatures will vary as 1/T . Using the
levels for Ho in Y(OH)3 as a starting point, an
iteration was done varying the 1/T magneticspecif-
ic heat coefficient and the lowest excited energy
level until a good fit to the experimental data was
obtained. This fit is shown in Fig. 16 along with
the individual magnetic, Schottky, and lattice con-

tributions. C„here has the functional behavior
2. 9/T, C s corresponds to levels at 17.0 K and
105 K, and the lattice contribution is exactly that
of La(OH)~. While this fit is by no means unique,
the fact that the three contributions have such dif-
ferent temperature dependences means that it is
not possible to compensate for a large change in
one with changes in the other two. There is thus
some assurance that the exact solution is not very
different from that assumed above.

An independent check on the validity of this solu-
tion is provided by a calculation of the magnetic
entropy by numerical integration of Eq. (11), again
using Eq. (12) for C„. S„(T)is shown in Fig. 17.
At 15 K, S„=0. 679. To extrapolate to S„(~)we
have added the high-temperature effect of the 1/T
term in Eq. (11) and find a value S„(~)= 0. 683.
This value is reassuringly close to the value ln2
= 0.693 expected for the exact solution of an iso-
lated ground doublet.

Below 3 K the specific heat is overwhelmingly
magnetic in origin and the calculations of mag-
netic entropy should be very accurate in this range.
At T& the magnetic entropy has a value of only
0. 48, implying a good deal of short-range order
in the system above Tc. This is in comparison
to Dy(OH)s and Tb(OH)s, both of which showed en-
tropy values of 0. 58 at T~. This high degree of
short-range order was verified by Scott, who esti-
mated the ground-state splittings in Ho(OH)s from
shifts in the absorption spectrum of the I4 mani-
fold: At 4. 2 K the ground-doublet splitting was
already 1.6 cm ', and it increased to 3.0 cm ' at
Tc (Table III).
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So it is expected that to first order the effective
spin Hamiltonian of Ho(OH), may be approximated
by Eq. (15), the Ising Hamiltonian. It should be
stressed that, in view of the large admixing within
the ground doublet, the Ising Hamiltonian is only
a first approximation, and a rather weak one com-
pared to Tb(OH}, and even Dy(OH)„. however, for
the sake of some calculations, it is a useful one.
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FIG. 17. Experimental values for the entropy of
Ho(OH)~. Sz is the magnetic entropy and S' is the total
entropy minus the hyperfine entropy. Sz/R at high tem-
peratures closely approaches ln2, shown by the solid
line in the figure.

g„= 15. 5 + 0. 2

calculated using Eq. (15) and the experimental
value of M„,.

While the ground-state eigenfunction is primarily
J,= + 7, there is considerable admixing of both the

1) and I + 5) states. Within this ground doublet
the matrix elements of operators of 8, and J„are
of a magnitude comparable to those of J,. How-

ever, the small size of the hydroxide lattice sug-
gests that the predominant interactions are prob-
ably the bilinear exchange and dipolar couplings.

C. Discussion

L Spin Hamiltonian

At 4 K, Ho(OH), has virtually all of the spins
occupying the ground doublet. It thus becomes pos-
sible to employ the effective spin- & formalism and

use the Hamiltonian of Eq. (13). The effective
g value, which is calculated from Eq. (14}using
the eigenf unction of Table II and g~ = 4, is

g,)= 15.3.
This is in good agreement with the experimental
value

2. Interaction Constants

In Ho(OH)z, as in Dy(OH)z, the presence of the
low-lying excited states precludes an accurate de-
termination of the interaction constants from the
analysis of bulk properties at high temperatures.
In Ho(OH), there is the additional complication of
a large hyperfine specific heat eliminating the pos-
sibility of determining 8 from a fit of Eq. (16) at
low temperatures.

A rough estimate of 9 is available from the cal-
culation of U„(~)- U„(0), as described in Sec. III.
The variation of U„(T), calculated by numerical
integration of Eq. (18), is shown in Fig. 10. The
value of U„(~}may be estimated more closely by
adding to U„at 10 K, the contribution from the
first-order specific-heat term. Using the estimate
of C2 = 2. 9 from Sec. IV B we get U„(~)/R = 2. 0 and

9=4.0~0. 4 K.
The dipolar contribution to 9, calculated from

Eq. (19), is 4. 4 K, which leaves a value of —0.4 K
for the nondipolar contribution.

We thus have much the same situation in Ho(OH)„
with regard to the interaction constants, as we had
in Dy(OH), . The experimental value for e is ferro-
magnetic in sign and smaller than the net dipolar
9; this leads to a net nondipolar contribution which
is negative, favoring antiferromagnetic ordering.
Since the actual ordering is ferromagnetic we con-
clude that the dipolar interaction plays a very large,
if not dominant, role in the ordering of Ho(OH), .

V. SUMMARY AND CONCLUSION

The result of the present study has been the
characterization of the magnetic effects in Dy(OH)z
and Ho(OH), through the measurement and analysis
of the magnetic susceptibility and specific heat at
low temperatures. The important numerical re-
sults are summarized in Table IV.

Dy(OH)3 has been shown to be highly anisotropic
below 4 K, with virtually zero component of mag-
netization perpendicular to the c axis. At 3.48 K
this compound undergoes a phase transition to a
ferromagnetic ordered state. The effective spin
Hamiltonian is, to a first approximation, Ising-
like in form; from a comparison of the experi-
mental Weiss 8 (=+ 4. 4 K) with the theoretical di-
polar e (= 6. 14 K) it was shown that the dominant
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Msat

~(T=1.1 K)

Tc

+Ovperf ine)

Dy(OH)5

1405 + 15 emu/cm

19.0+0.2

0.0

5 x 10 emu/cm

3.48+0. 01 K

0. 075 (Dy )

0. 104 (Dy )

Ho(OH)3

1140+20 emu/cm3

15.5+0. 2

0. 0

1.0 x10 emu/cm

2. 54 + 0. 01 K

0. 47 (Hol65)

(b/2 from specific heat) 4.4~0. 2 K

(b,/2 from spectroscopy) 4. 9~ 0. 6 K

TABLE IV. Summary of experimental results. excited states on the specific heat, but also for
much of the detailed behavior due to the ground
doublet.

Ho(QH)3 was found to be, in many respects, very
similar to Dy(OH)~. In particular the high anisot-
ropy, the ferromagnetic ordering (Tc = 2. 54 K),
the dominant dipolar interactions (8 = 4. 0 K, 0 "
= 4. 4 K), and the strong influence of low-lying ex-
cited states are all characteristic of Ho(OH), as
well. And once again using the spectroscopic re-
sults reported by Scott, good agreement between
the observed bulk properties and the underlying
energy level scheme was observed.

(from U~/R)

e (dipolar only)

e (nondipolar)

4.4 +0.4 K

6.14 K

-1.8z0. 2 K

4. 0+0.4 K

4. 4 K

—0 ~ 2+0. 4 K
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