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The crystallographic and magnetic phase transitions observed in Tbp04 and TmAsO~ are described

phenomenologically. A symmetry-adapted spin Hamiltonian, involving various dipolar and quadrupolar
interactions, is constructed and treated in the molecular-6eld approxirriation. One or two phase
transitions are found according to the values of the interaction parameters, and it is shown that the

crystallographic distorsion in the paramagnetic distorted phase is monoclinic. The results are interpreted
in terms of the Pytte and Stevens model for rarer vanadates.

I. INTRODUCTION

Rare-earth vanadates, arsenates, and phos-
phates, which crystallize in the tetragonal zircon
structure, exhibit interesting crystallographic and
magnetic phase transitions. The crystallographic
distortions observed in DyV04, DyAs04,
TbV04, TbAs04, TmV04, and TmAs046 are be-
lieved to be Jahn-Teller induced. In DyV04, '
DyAs04, TbV04, and TbAs04, a second phase
transition is observed at a lower temperature and
corresponds to the onset of colinear antiferro-
magnetic ordering in the basal plane perpendicular
to the optical axis. Various theories of these
successive phase transitions have been proposed
recently.

The properties of TbP04 are somewhat dif-
ferent. " ' At TD= 3. 5'K, TbPO4 undergoes a
crystallographic distortion from tetragonal to
some lower symmetry, ' ' orthorhombic Or mono-
clinic. At T& =2. 2 'K, antiferromagnetism ap-
pears along a direction which is not in the basal
plane but well off the c axis in the (110) plane. ""
In this paper we shall give a phenomenological
description of these two successive phase transi-
tions, using the molecular-field approximation
(no sublattice structure will be introduced, since
we shall not study the influence of a magnetic field).
The use of this approximation is justified at least
for the crystallographic distorsion, since the
Jahn- Teller interactions are suspected to be of a
long range. We shall prove also that the distor-
sions observed in TbPO4 and TmAs04 are of the
same nature.

This paper is organized as follows: In Sec. II,
we discuss the symmetry of the dipolar and qua-
drupolar operators used to construct the spin
Hamiltonian describing TbP04. In Sec. III, we
use a quadrupolar Hamiltonian having the re-
stricted axial symmetry defined in Ref. 16 and we
investigate the possibility of an orthorhombic dis-
tortion of the lattice followed by a magnetic tran-
sition. In Sec. IV, we study the possibility of
successive orthorhombic and monoclinic distor-

TABLE I. Transformation properties of the dipolar and
quadrupolar operators in point group a~=42m; x is par-
allel to the twofold axis [110].

I 1 A1
12 A2
I'3 Bl
I'4 B2

I'5,E

(S")2+(S&)', (S')2

(S")' —(S')'
s" s~+s~ s"

s~ s +s' s~
—S S —S S"

]0) DyPO4, GdVO4

Tbvo4,. Tmvo4
DyVO4

TbP04, TmAso4

tions. Thetwo above situations, in fact, have to be
rejected and in Sec. V we suppose that the dis-
tortion below T~ is monoclinic. The two transi-
tions observed in TbP04 are reproduced and we
look for the possibility of three successive phase
transitions. In Sec. VI we discuss the properties
of TmAs04 and compare them to those of TmV04
and TbPO4. Finally, in Sec. VH the results are
interpreted in terms of the Pytte-Stevens model'

proposed for rare-earth vanadates.

II. DIPOLAR AND QUADRUPOLAR OPERATORS

The ion Tb ' in TbP04 has three low-lying crys-
talline-field levels well separated from the excited
states: a non-Kramers doublet I'5 and a singlet
I', (a= 1, 2, 3, or 4), the exact symmetry of which
is not known (in fact this symmetry is likely to be
I'& according to elementary crystal-field calcula-
tions-see Appendix A). In the following, we shall
neglect entirely the excited states, and construct
an effective S'= 1 spin Hamiltonian.

We choose the x axis along the [110]direction,
that is parallel to a twofold axis, and the z axis
along the [001]direction, in agreement with Ref.
17. Since the moments are found in the (110)
plane, we need to know the form of the dipolar
operators S" and S', and of the quadrupolar opera-
tors (S'), (S") —(S"), and S'S'+S'S". The trans-
formation properties of these operators under the
operations of the point group D~= 42m are shown
in Table I (we show also the transformation prop-
erties of the spin states IM) for S = 1, and classi-
fy some isomorphic compounds according to the
symmetry of their Jahn-Teller distortions or

2004



2005SITIONS IASE TRANR~ OF PH-FIELD THEOOLECULAR-F

i

M

I

0.5.-

Thermal varia-FIG, 1.
e rameter Ppa

in to Hami oni
K and vari-for L=2.2()s

ous values o

T(4K)3

S.s)

r
sls ~~

(Zs
$g

gas gos

l-Ss
or

'=r, +r, +r,Since (Fs) =

il th bfid 0+ an

termined by use of oators is determi of o
relations or by corn

r

spin $=1:

2

restricted axial sym-
th tu t

t of the Blumends to tha
ation wi-fi 1d m

x s (Sy)s d b'
the orthorhombic distor i

(»f s
(S')'= es

Ps
(S")'- (S")'= Ps

q,)
f('s )(S"S'+S'S"=i

1 informatione erimentacause of the lack of exp

gs
$—the effective p'place e

g s= 1/v'2;g's= 1, gas=

as=&

Q( K)

2
PP 0 P=0

su posep
TbP

ed inthorhom i

da netic ordering, we c
quadrupolar am'

-Z L((P(P(,X= —4 Q]-

with

Q» = (S»)'

'., =1/K2.

III. RESTRICTED AXIAL QUADRUPOLAR

that the dis-
2L

I

T( K)

b, T) plane forr Hamil-m in the (b„r~ ~ g
a tricriti"' '"

h d'hdl
tonian, — . ' C is
=-2.02'K and T~= . ' . e

d transitions.first-or er



2006 J EAN SIVA RDI E RE

2 sinh2PLP
e ~ + 2 cosh2PLP

with P= 1/KT and

P Mx P Mx

(b)

L =L(0)= Q Lo .
p5-

If the transition in P is second order, the transi-
tion temperature TI, is given by

4P~L = 2+e-'J'~

If ~ is very large as in TmVO4, ' kTP= 2L; if
~ = 0, k T~ = +zL. With Tp = 3. 5 'K ' and 6
=2. 2 K, ' we find L= 2. 2 K.

We have performed a Landau type of develop-
ment of the free energy P in order to find the in-
fluence of 6, on the order of the transition:

p = —(1/p)ln(e ~ +2cosh2pLP)+LP

= go+A(a, T) P + B(a, T)P + ~ ~ ~ .

pl

IIL P Mx
1 ---'-

p.5-

T ('K)

](P, Mx

T( K)

A tricritical point C is found for A(h, T) = B(n., T)
= 0, or Pb, = - ln 4 and PL = -,'. The thermal varia-
tion of P for L = 2. 2 K and various values of 4
is represented in Fig. 1. For —L &6&6„ the
transition is first order. For b, & -L, there is no
transition.

The phase diagram in the (T, h) plane is shown
in Fig. 2. It is easy to see that the application
of a magnetic field H, hinders and eventually sup-
presses the orthorhombic distortion, which on

the contrary is induced even at high temperatures
by the application of a field H„. The second ef-
fect should be much easier to observe in TbPO4
than in TmVO4 or TmAs04, where 6 is large.

4
T( K)

FIG. 4. Thermal variation of the parameters P and

M„according to Hamiltonian (6), 6=2.2'K and L =2. 2'K.
(a) J"=6 K; (b) J"=3'K; (c) J"=2.2'K; and (d) J"=2'K.

We shall now introduce various dipolar inter-
actions in the Hamiltonian (1) to see whether a
dipolar phase transition may follow the ortho-
rhombic distortion. . If the dipolar interaction

—Z Jg')S*, SJ
fj

is added to the Hamiltonian (1), the molecular-
field equations for the order parameters P and

M, = (S') are

3J ('K)

PQO

MxOO

I
/

/
i

Ag

P-Q

M„=O

4LP sinhPR
R Z()

4 J'M sinhPR
Mg

with

R =4[L P (J'+) M, ]

I.
0

PgO

Mx= O

Zo= e-~~+ 2coshPR.

(Zo is the molecular-field partition function. ) As
in the case of TmVO4, ' ordering in P or M, is
found according to the value of J'/L.

We thus now consider the Hamiltonian
F&G. 3. Phase diagram in the (J", T) plane for Hamil-

tonian (6); b, =2. 2'K and L=2. 2'K. A and B are tricrit-
ical points. The dashed line indicates first-order transi-
tions. The dotted line corresponds to A=L=O. Then
T~„=3 S(S +I)J"=—J".

3C= —hag) —ZL;)P; P) —Z J()S;S). (6)

(We do not need to introduce dipolar interactions
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along y since we shall study only domains with
P) 0. ) This Hamiltonian has already been studied
by Chen and Levy in the case when 6=0. Ac-
cording to the ratio J'/I. , a single transition in
M„= (Sf) and P, or two successive phase transi-
tions are found (see Fig. 3). Thermal variations
of P and M„are shown in Fig. 4 for various val-
ues of J". Figure 5 shows the thermal variation
of the single-ion energy levels of the system in the
case of two successive second-order phase transi-
tions.

Although two phase transitions are found at T~
= 3. 5 'K and T„„=2. 2 'K for L = 2. 2 K and J"
= 1.8 'K, these results do not describe correctly
the behavior of TbPO4, since in this compound the
magnetization appears along some direction of
the xz plane" and not along the x axis. (The mag-
netic ordering in TbPO4 is antiferromagnetic but,
as long as no magnetic field is applied, the sign
of the dipolar interaction is unimportant. )

We have finally added the interactions (5) to the
Hamiltonian (6) and looked for ordering in the
three order parameters P, M„, and M, . We
found no solution with M„c0 muf M, W 0, in agree-
ment with the discussion of Chen and Levy who
examined the case b, = 0 and J"=J'. In the sec-
ond case, as noted above, there is only one phase
transition in M, : at any temperature, P=O.

Consequently our hypothesis of a Hamiltonian
with a restricted axial symmetry, that is of an
orthorhombic distortion below T~, leads to the

or

P' = (SfS~(+S(Sq )e0,

P"= (S', Sf +S', S', )e 0.

For instance when P' is different from zero, y is
a principal axis of the quadrupoles, but the prin-

conclusion that the magnetization may appear only
along x, in contradiction with the neutron-dif-
fraction experimental results. "' We are then
forced to give up this hypothesis, and in Sec. IV
we examine the possibility of a monoclinic dis-
tortion, the Hamiltonian having the fully axial
symmetry. Another possibility would be to intro-
duce excited electronic levels but, according to
Refs. 12 and 14, their influence is unlikely to
modify the above results: Although the entropy
variation between 0 and 20'K is AS= Rln4, '
there are numerous excited levels above 40 K
which contribute to this entropy variation, so
that the value of M is not the proof that a second
excited singlet should be introduced. Anyway,
the following sections will show that this introduc-
tion is not necessary.

IV. FULLY AXJAL QUADRUPOLAR HAMILTONIAN

A monoclinic distortion is described by the or-
der parameters

P= ((Sf) —(Sf) ) v0

E( K) FIG. 5. Thermal varia-
tion of the single-ion energy
levels according to Hamil-
tonian (6) for E=L =2. 2 K
and J"=2'K.

2-

4-
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cipal axis in the xz plane are not the x and z axis.
In fact, if I P I is different from zero, P' or P"
is different from zero, and the corresponding do-
mains differ in the sign of P. Moreover if IP (

is different from zero, there are two types of
domains, differing in the sign of P . The domains
P' ~& 0 (or P"&&0) are analogous to magnetic anti-
phase domains.

We now evaluate the angle 8 between s and z',
one of the principal axes in the xz plane. Consid-
ering the components S", S", and S' of the spin
as the components X, Y, and Z of a classical vec-
tor, we have

05-

(a)

T ('K)

Q=Z,
P=X —Y

2=X +Y +Z,
whence

X = -', (P + 2 —Q),

X —Z = —,
' (P+2 —3Q),

2XZ =P' ~

(7)

(7a)

Q B

0,5 -50

b)

We also have

2X'Z' = cos28(2XZ) —sin28(X —Z ) = 0,

so that

2P I

tan2H P+2 —3Q
' (6)

T(4K)

FIG. 7. Results for Hamiltonian (9) for 6=2.2'K;
L = 0 and L' = 3.1'K. (a) Thermal variation of P, P',
and Q; (b) thermal variation of 8 and Q'= ((S~.) —(S„.) ).

Let us now consider the Hamiltonian

&=n +Q) -Q L)yP(Py —Q L'g~P( P

( K)
3-

Mon oc linic

( P40; Pg0 )

Quadratic

(P= P'=0 ~

Orthorhornbic

(Py0, P=0)

T ('K )

FIG. 6. Phase diagram in the (L', T) plane for Ham-
iltonian (9); K=2. 2 K and L =2.2'K. The point sym-
metries of the quadratic orthorhombic and monoclinic
phases are 42~, 2„2~ 2», and 2„, respectively.

and look for ordering in the parameters P and
P", for given values of 4=2. 2'K and L=2.2'K.
In fact, because of the similarity between the
operators S" and S"S'+S'S" (see Appendix 8), the
phase diagram in the (I, , T) plane is identical to
that of Fig. 3: We find either a single (first- or
second-order) transition in P and P', or a sec-
ond-order transition in P followed, at a lower
temperature TI„by a first- or second-order tran-
sition in P' (see Fig. 6). Consequently we have
found here a situation where the orientation of the
principal axes of the quadrupoles is temperature
dependent (see Ref. 16 for a discussion of this
point), the dependence being continuous (see Fig.
7). In the case of a single transition just below
T~, one has IP( « IP'( and Q=c", so that tan2H
= 2H is proportionnal to P'.

In TbPO4 there is only one crystallographic
phase transition. We have two experimental in-
formations: TD= 3. 5 'K and the saturation value
8O of 8. "' (We suspect indeed that dipolar or-
dering will take place along z' and not modify very
much the orientation of the quadrupoles since T&
«Tn. ) Consequently, we may choose the values
of the interactions L and L' to reproduce TI, and
Hp Choosing, for instance, Hp = 40' and T~.
=3.5'K, we find L=O, L'=3. 1 K. An external
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10

M onoclinic
magnetic

5-

C..'

Monoclinic
par amagnetic

I I

Tp'

pararragnetic

&0 T('K j

FIG. 8. Phase diagram in the (J, T) plane for Hamil-
tonian (10); b =2.2'K and L' =3.1'K. A and Baretricrit-
tical points. The dashed lines indicate first-order tran-
sitions.

magnetic field H, would hinder or eventually sup-
press the monoclinic distortion, while a field I„
would on the contrary induce the distortion; H,
and H, would also select some crystallographic
domains.

Dipolar interactions may be added to Hamiltonian
(9). In Sec. V we study the resulting Hamiltonian
in the special case L = 0, and finally the full Hamil-
tonian (Lx0). Before going to Sec. V, we indicate
a situation where three successive phase transi-
tions are found. In Ref. 16 the following Hamilto-
nian was considered:

K= —4Q Q( —Z K()QgQ) —Z Le P(P).
i ff if

For 6& 0, the following possibility was recognized
for a range of values of K and L: a first-order
transition in Q followed by a first-order transi-
tion in P. If the interactions

perimentally that the magnetic interactions in
TbPO4 are fairly well represented by a Heisen-
berg Hamiltonian. ' No interactions have been
introduced between the y components of the spins
and we did not look for magnetic ordering along
y. If J,f = 0, the spin density below TI, is rep-
resented by an ellipsoid whose principal axes are
x', y, and z', and which is elongated mainly along
z' so that, when Jif 0, we expect dipolar order-
ing to take place along or near z'.

The order parameters for the system are P',
M„and M, . The phase diagram in the (J, T)
plane is represented in Fig. 8 for 4=2. 2'K and
L' = 3.1 'K. When J is small, a monoclinic dis-
tortion is followed at a lower temperature by a
magnetic ordering in M, and M„. Along the line
CB, the only transition is first order: The angle
8 varies abruptly from zero to some finite value
at the critical temperature. Beyond I3, a second-
order transition in M, is followed at a lower tem-
perature by a second-order monoclinic distortion
which drives a rotation of the moments off the z
axis. These results agree with the Landau theory.
Magnetic ordering is described here by the two

P Mg Mxi

(a)

0.5

Q JX $ÃSX

or

—Q Lo P(P~

P, MgM)t

1

(b)

are added to K, a third transition in the parame-
ter M, (or P') is found.

V. TWO-PHASE TRANSITIONS IN TbPO4

We study the Hamiltonian

05-

K= —& Z Q( —Z LgqPqP(

—Q Jg~ ($)$~+$)Sg ). (10)

We have taken J",f = J,f = J,f since it is known ex-

T( K)

FIG. 9. Thermal variation of the parameters P', I„,
and M» according to Hamiltonian (10); b, =2. 2'K, L'

(a) J=6'K (b) J =1.5'K.
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parameters S" and 8', which transform according
to two different representations of the paramag-
netic group, whence a single first-order transi-
tion or two successive second-order transitions.

For J= 1.5 'K, the quadrupolar transition in P',
at T~. = 3. 5 'K, is followed by a second- order di-
polar transition in M„, at T„=2. 2 'K (see Fig.
9), in agreement with the experimental results.
The thermal variation of the energy levels is
shown in Fig. 10. The phase diagram of Fig. 8
shows that the magnetic transition might be of
first order. '4 The fact that the moments order
along some direction of the xz plane and not along
the x axis as found in Sec. III is a natural conse-
quence of the monoclinic distortion of the crystal
above the Neel temperature. This distortion must
be very weak since it has not been detected by x-
ray and neutron experiments, but is sufficient to
create a strong anisotropy along z'. This anisot-
ropy favors a spin-flip mechanism for metamag-
netism, as shown by the ratio of critical fields
along the two directions [100] and [001]."

The occurrence of a crystallographic phase tran-
sition in TbPO4 has been discovered only through
a very careful measurement of the specific heat. '
Following the suggestion of Sec. IV one might
reasonably ask whether there are in fact one or
two crystallographic phase transitions, followed,
of course, by a magnetic phase transition. Conse-
quently we consider the general Hamiltonian

3C= —6 QQ; -ZL()P, P)
ij

2 I

T( K)

FIG. 10. Thermal variation of the single-ion energy
levels according to Hamiltonian (10); 4= 2. 2 'K, L' =3.1'K,
and J=1.5'K.

—2 I-IgPIPg —Z J(, (SfS,"+S',S,') (ll)
iJ

and we look for ordering in the parameters P, P',
M„and M„and possibly for three successive
phase transitions in P, P', and M. We find, how-
ever, that, once the orthorhombic distortion is
established, there is a competition between a
monoclinic distortion and magnetic ordering along
x, so that there are never more than two transi-
tions: two crystallographic distortions (Sec. IV),
an orthorhombic distortion followed by an or-
dering in M„(Sec. III), or finally a monoclinic
distortion. (ordering in P and P') followed by an
ordering in M„and M, (Sec. V), which seems to
be the experimental situation. The following dia-
gram summarizes the possible sequences of phase
transitions in TbPO& '.

Mg

Paramagnetic
undistorted phase~

/ P P.' Mg
P, P', M„g

VI. CRYSTALLOGRAPHIC DISTORTION IN TmAsO

The ground-state level of the Tm ' ion in TmVO4
is a I'5 doublet, and the first excited level is a
singlet at 53. 8 cm, which is consistent with the
result g, = 0 for the ground state. The crystallo-
graphic transition temperature is T~=2. 1 K so
that clearly the singlet plays no role in this tran-
sition, in agreement with the specific-heat mea-
surements. Consequently the distortion of the
lattice is orthorhombic or, more exactly, the
monoclinic component of this distortion is negli-
gible, since (I",IS"S*+S'S'l I',) = 0.

On the contrary, in TmAs04 there is a low-ly-
ing excited singlet at about 14 cm ' above the
ground-state doublet, ' and in fact g, is large for
the ground state. (The exact symmetry af the
singlet is not known, but does not affect the form
of the dipolar and quadrupolar operators deter-
mined for TbPO4 in Sec. lI. ) Moreover, TD is
much larger than in TmVO4. TD= 6. 1 'K. TmAs04
cannot be represented by the doublet I'z alone;
possible couplings between the doublet and the sin-
glet cannot be neglected. Such an interaction has
been inferred from the specific-heat measure-
ments: Indeed the position of the singlet has
been shown to be altered by the Jahn- Teller dis-
torsion. This result implies that the distortion
is in fact monoclinic, as in TbPO4. Dipolar in-
teractions must be weaker than the threshold value,
so thatnofurther magnetic transition is observed.

VII. GEOMETRICAL INTERPRETATION OF ABOVE RESULTS
IN PYTTE AND STEVENS MODELS

We shall now interpret our results in terms of
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the Pytte-Stevens model proposed for rare-earth
vanadates. According to this model, in the high-
temperature phase of DyVO4 and TbV04, the mo-
ments may occupy four equivalent positions in the
basal plane. Lowering the temperature reduces
the number of these positions from four to two,
which drives an orthorhombic distortion, then
from two to one, which drives magnetic ordering
in the basal plane. No monoclinic distortion is
possible since the moments always lie in the plane.
The same model applies to the arsenates TbAs04
and DyAs04.

Similarly in TbPO», TmVO„and TmAs04, we

may postulate the existence of eight equivalent
positions [(+x, 0, + z) and (0, ax, +z)j as dis-
cussed in Appendix C. Their number may be re-
duced from eight to four in the xz plane (TmVO4),
then from four to two + (x, 0, z), and finally from
two to one. The successive symmetries are then
42m x1';2„2„2,x1'; 2„X1'; 2,'. The number of
equivalent positions may also be reduced in one

step from eight to two (TbPO4, TmAsO~) or one,
or from four to one.

In the eight-position model, the total entropy
variation is AS=Rln8. We must then consider at
least eight crystalline field levels of Tb ' or Tm '
to reproduce b8. In particular, we might use the
whole crystal-field band defined by Trammel
(in the present case I', +I'z+I'z+I'4+2I', ). If an
effective spin S' = 1 is used to describe the system,
that is, if only the three lowest levels (I', +I', ) of

the crystal-field band are considered, the exact
entropy variation cannot of course be reproduced
and it is not surprising that the maximum number
of successive phase transitions is not found.

In DyVO» and TbV04 on the contrary, the whole
crystal-field band (four levels) was considered,
and it was possible to describe the maximum num-

ber (two) of successive phase transitions. The
case of DyAs04 might be somewhat similar to
that of TbPO4, and it is discussed in Appendix D.

VIII. CONCLUSION

The crystallographic and magnetic phase transi-
tions observed in TbP04 have been described
phenomenologically. An axial symmetry-adapted
spin Hamiltonian, exhibiting Jahn- Teller and

magnetic interactions, has been constructed and
treated in the molecular-field approximation. It
has been found that if the paramagnetic distorted
phase, which is stable between TD and T„, is
orthorhombic, magnetic ordering appears neces-
sarily along the x or y axis. Magnetic ordering
takes place in fact off the c axis in the xz or yz
plane and this situation can be explained only if
the paramagnetic distorted phase is monoclinic,
which implies a softening of the elastic constants
cps and c«near TD.

An elementary crystal-field calculation (Ap-
pendix C) has shown that, even in the undistorted
paramagnetic phase, the Tb ' moments have eight
equivalent easy directions off the z axis. How-

ever, the possibility of three successive phase
transitions has been discarded. This result does
not contradict the Pytte-Stevens model, since
only the low-lying levels of the crystal-field band
have been considered.

The behavior of TmAs04 is very similar to that
of TbP04, except that magnetic interactions are
weaker, so that the onset of magnetic ordering is
not possible.
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APPENDIX A: CRYSTAL-FIELD PARAMETERS IN TbPO

AND TmAsO„

The crystal-field Hamiltonian for rare-earth
ions on a, site of symmetry D2 =42m is

3C, = nVzOz+tl(V404+ V404)+g(Vz08+ Vz0z).

The 0, operators are Stevens operators; the n,
P, and y coefficients depend on the rare-earth ion;
the V, coefficients are the crystal-field parame-
ters which can be determined experimentally from
the optical spectrum:

VP=~T&& &

The V, have been determined for Er ' diluted in
YVO», YAs04, and YP04. It is then possible
to get approximate crystal-field parameters for
other rare-earth ions if the average values (r')
are corrected by interpolating the values computed
for Kramers's ions by Freeman and Watson. If
these corrected parameters are used, crystal-
field levels can be computed which are in reason-
able agreement with the experimental spectrum,
at least for the low-lying levels of TbV04,
TbAsO», TmV04, and TmPO». The agreement
is not so good for TbP04 and TmAs04. For TbPQ»,
the calculated ground state is a I'5, but the three
first excited singlets are equidistant (the first ex-
cited singlet is a I'&); for TmAs04, the calculated
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TABLE III. Compatibility table for point groups 42m,
2„2„2», and 2~.

TABLE IV. Transformation properties in groups D2

=2„2~ 2» and C2=2~.

42m 2x p» I') A
l 2 B( S
I'3 B2 S
I'4 B3 S"

I'( A S
l2 B S", S

(S ) (S"); (S»)
S"S'+S' S"
S" S'+S' S"
S 8'+S'S"

I O)„
I o),
I 0)„
I o),

I 0)„; I o),

r4f

ground state is a singlet 1"3 followed closely by a
doublet I'5, whereas the doublet is the experimen-
tal ground state (the symmetry-adapted wave func-
tions are given in Table II).

In the case of TbPO& we tried to fit the five V,
parameters to the known part of the experimental
spectrum (we used the results of Ref. 13, which
disagree somewhat with those of Ref. 14). How-

ever, only the positions of the three first excited
singlets are known, and the matrix elements of
K, corresponding to the five V, parameters are of
the same order of magnitude, so that such a fit is
not possible.

APPENDIX B: SYMMETRY CONSIDERATIONS

We first consider a true spin S= 1 in the sym-
metry 42m. The representation 0

& of the rota-
tion group is reducible according to D, = r, +r, .
The compatibility relations for the sequence of
point groups 42m, 2„2„2„and 2„ is given in Table
III. Transformation properties of the operators
are given in Table IV.

p. O lg
(L

P 0

P. 1 5 and l2
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l( &( P=+1 P= 1

lo)„
O

i I2
i4
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JL 1
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)$ gX

Q2
I2if

2y { )
2+2y2z t 2x~

FIG. 11. (a) Energy levels of a spin I in the case of an orthorhombic distortion for the domains P& 0; (b) same as (a)
but for P& 0; (c) successive orthorhombic and monoclinic distortions; (d) the experimental situation in TbPO4.
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We look for a minimum of E(8, P). The term in

V4 is larger than the term in V~, so that if we
choose Vq & 0 (the sign of V~ is not determined by
the spectroscopic studies), E(8, P) is minimum
for po ——0(Tb, Er, Tm: P&0) or $0=45' (Dy, Ho:
P & 0). It is sufficient then to compute E(8, Po).
The minimum of E(8, po) is found for 8 = 90' in the
case of TbVO4, TbAs04, DyVO4, and DyAs04 and
for e =0' in the case of DyPO4, in agreement with
various magnetic measurements (Fig. 12). The
difference between vanadates and phosphates is due
to the difference in sign of Vz.

In the case of TbPO4, TmVO4, TmAs04, and
TmPO4, a minimum of E(8, Po) is found for 8 = 90',
but another minimum is found for eo-—35 . In fact,
g„andg, 0 in TmAs04, ' in TmVO4, g, =0 for the
ground state I'5 but this does not mean that the mo-
ments are along the c axis, since g, is not char-
acteristic of a whole crystal-field band. The rela-
tive values of the two minima should not be taken
too seriously, since we used only approximate val-
ues of the crystal-field parameters for this cal-
culation (see Appendix A). We think that the pos-
sibility of a monoclinic distortion in TbPO4 and
TmAs04 is a consequence of the existence of easy
directions for the moments in the paramagnetic
phase which are well off the c axis. Also, the val-
ue of 80 is in agreement with the neutron-diffrac-
tion results on TbPO4. " The similarity between
TbPO4 and TmAs04 (or TmVO, ) lies in the fact
that a Vz has the same sign in the two compounds.

The fact that the moments in TbPO4, TmVO4,
and TmAs04 are off the c axis could have been pre-
dicted from the consideration of the possible Tram-
mel's crystal-field bands: If the moments are in
the plane, as in TbVO4, the crystal-field band is
I f + I 5 + I 9 if they are along the c axis, the band
is I"t+I'2. The same remark applies to the three
Er ' compounds: If the moments are in the plane,
the band is I's+ I'~ as in DyVO4 and DyAs04, if
they are along the c axis, the band is made of a

doublet I'6 as in DyPO4. The observed spectrum
shows no well-defined band and the ground state is
I'z, so that the moments are off the c axis. This
is in agreement with the classical picture (see Fig.
13) confirmed by the experimental values of g„
and I, for the ground state, ~ which are of the same
order of magnitude.

APPENDIX D: DyAsO

According to the neutron-diffraction results, 22

the moments lie 22' off the x axis in the xy plane
and it is likely that their direction is fixed by the
crystal field and not by the exchange interactions.
Once more we may postulate the existence of eight
equivalent positions for the moments: (ax, +y, 0)
and (ay, + x, 0) with tan 22 =y/x. In DyAsO, the
following sequence of phase transitions is found:
The number of equivalent positions is reduced from
eight to four, then from four to one, so that we have
to describe ordering in (S*S'+S'S")and then in
((S")2—(S")~) and S" (x' being one of the principal axis
of the quadrupoles in the xy plane below the
second-ordering temperature). In Ref. 10 only
four levels of the crystal-field band were in-
troduced, as for the case of DyVO4. Distortions
along [100] and [110] are then competitive so
that three successive phase transitions, and
even the experimental situation, cannot be de-
scribed unless the whole crystal-field band is
introduced.

The above model, however, lies on the hypothesis
that the easy direction of the moments in the xy
plane are off the [100] or [110]axis. This is not
possible if the point symmetry of the rare-earth
site is 42m, since the classical energy of the mo-
ments is then a function of cos4$. However, it be-
comes possible if the point symmetry of the site is
only 4, the crystal-field parameter V4 being dif-
ferent from zero, or if this parameter V4 becomes
different from zero in the orthorhombic phase as a
morphic effect.
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