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We-present here very detailed ac measurements of the convection heat flux J," and the induction electric
field E associated with the moving vortex lines in a low-x type-II superconductor (Pb-4. 56-at. %%uo In) . The
measurements were made using an original low-frequency current-modulation method based on a
second-sound technique. J," and E have been measured as functions of the applied magnetic field H, and the

applied electric current density and frequency v (300 ( v ( 1200 Hz) in the temperature range between 1.3
and 2.1'K. The great accuracy of this ac method allows us to observe some interesting details in the J,"(H,) and

~E(H, ) curves. In particular, J~(H, ) reverses its direction at low fields (H, H„), while E(H, ) remains in

the same direction in the whole of the mixed state. This reversal effect suggests that, due to the presence of
nonlocal effects in our low-~ alloy (K = 1.25), there are vortex lines of opposite sign in the superconductor.
Furthermore, we have observed that J,"(H,) vanishes only for fields larger than the upper critical field

H, ~(T) The transported entropy SD per unit length of flux line per flux quantum computed from these

measurements was found to be independent of the applied current density and frequency. In the high-field

region (H, - H, g experimental values of SD are in good agreement with the theoretical predictions of
Caroli and Maki in the dirty limit. The calorimetric entropy per vortex line was obtained theoretically from

the free-energy forms in the mixed state and compared with SD.

I. INTRODUCTION

In the last years, a number of theoretical and
experimental works have been reported on dynam-
ical properties of type-II superconductors in the
mixed state. '~ These transport properties are ac-
counted for in terms of a translation of the Abriko-
sov vortex structure: each vortex line possesses a
quantum of magnetic flux Po and an amount of en-
tropy SI,. An applied electric current density j, or
a transverse local temperature gradient V'T exerts
on a single vortex line, respectively, the Lorentz
force

o j& Xeh

or the thermal force

—S~VT,

where e„ is the unit vector along the vortex line.
When these forces exceed the pinning forces, the
vortex lines are driven into motion and there is
thus an induction electric field f and a convection
heat flux J2:

E= ny, v, xe„,
hJp = TtlSg)vt y

(&)

(4)

where n -=B/$0 is the vortex line density, B is the
magnetic induction, T is the temperature, and v~ is
the vortex line velocity that can be determined from
a phenomenological equation of movement for the
vortices. For example, in the presence of an elec-
tric current density of sufficient magnitude, steady-
state vortex motion of velocity v~ obtains, where
v~ is determined by equating the net force on a vor-

tex, f =fr -f~ (f~ being the Lorentz force and f~ the
pinning force), to a viscous drag force yves, :

vL, = fr. —f~ (5)

(here we have neglected the Hall effect). Equation
(5) leads to a power dissipated through viscous
flow: P = g e~. The major contribution to P comes
from Joule heating in the vortex core (one-half of P
comes from dissipation in the core and one-half
from dissipation arising from the return currents
outside the vortex core).

A theoretical justification of this vortex-motion
model has been obtained by Schmid, ' who has shown
that the time-dependent Ginzburg- Landau (TDGL)
equation implies that the order parameter moves
with a velocity v~ in the presence of an electric
field f. Furthermore, explicit solutions for trans-
port coefficients have been obtained in the high-field
region from the linearized TDGL equations, '~ or
by using a generalization of the linear-response
theory (LRT). ~' Recently, a TDGL calculation has
been extended to the lower magnetic fields by Hu

and Thompson, but no information is given in their
paper on the thermomagnetic coefficients. Between
the various transport effects in the vortex state,
the thermomagnetic ones are of particular interest
because they provide simultaneous information con-
cerning E and J2, and then invaluable information
concerning the transport coefficients can be ob-
tained, particularly the entropy transported per
vortex line.

In general, the simultaneous measurements of
J2" and f have been performed using classical dc
calorimetric methods. ' ' For example, in order
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to obtain the dc Ettingshausen effect, a dc electric
current is passed through a sample in the x direc-
tion (Fig. 1) and a dc magnetic field is applied in
the z direction. When the electric current exceeds
the critical current, vortices move in the -y direc-
tion. In a thermally isolated sample, the convec-
tion heat flux J» produces a temperature gradient
in the y direction such that there is no net heat flux
across the sample. J," and E can thus be computed
from measurements of the longitudinal electric
field and the transverse temperature gradient.

If the force f~ on the vortex line is time depen-
dent, the equation of movement for the vortices is
modified by the presence of inertial and elastic
forces. ' In this case the vortex-line velocity is
time dependent and can be nonuniform. However,
an important feature of the moving-vortex model
is that, even in the case of inhomogeneities through.
out the sample and nonuniform vz, E and J2 should
again be related to the same average. If f~ is al-
ternative, v~(t) must be periodic, and we can write
Eqs. (3) and (4) for every Fourier component of
E(t) and Jz(t). Then, the entropy per vortex line
can be obtained from the fundamental frequency
components of E and Jm.

Thus, a natural extension of the dc measure-
ments, and an original and very sensitive test of
the theory, can be obtained under ac conditions. I
wish to report in this paper the results of low-fre-
quency ac measurements of the heat flux and the
electric field associated with the moving vortex
lines in a low-K type-II superconductor.

The measurements are performed using an origi-
nal ac calorimetric method based on a second-
sound technique: The sample is completely im-
mersed in a superfluid helium (He n) bath; an ac
electric current, j,„e'"', is applied in the x direc-
tion and a dc magnetic field is applied in the z di-
rection (Fig. 1). The ac heat flux associated with

the moving vortices is partially transmitted towards
the He ll and creates a second-sound wave that is
measured with a resonant method. Essentially, the
heat flux rather than V T is measured. Simulta-
neously, the ac-induction electric field is measured
using the standard ac techniques.

This ac method presents some advantages over
the dc one, beyond the obvious merits of modula-
tion. In the dc experiments, the Joule heating in-
troduces a temperature distribution along the sam-
ple (parabolic in the ideal case), which is superim-
posed on the VT to be measured. This circum-
stance limits one to small longitudinal velocities
(v~ ~10 cm/sec). In our case it is possible to
reach the linear part of the I-V characteristics
(viscous flux flow) without appreciably increasing
the mean slab temperature (not more than 50 m 'K).
Furthermore the even components (dc, 2&v, . .. ) of
the Joule effect are well separated from the ther-
momagnetic effects at ~.

The essential features of this ac calorimetric
technique appear in Sec. II of this paper. In Sec.
III the sample parameters are given. Section Dt
contains the results of the measurements. The
entropy transported per vortex line is computed and
compared with the theoretical predictions in Sec. V.
Section VI summarizes the results.

II. EXPERIMENTAL DETAILS

Measurements of the convection heat flux J~ as-
sociated with the moving vortex lines were made
using an original method based on a second-sound
technique. A complete description of this ac tech-
nique, including calculations, test measurements,
and a discussion of their advantages over conven-
tional steady-state methods, has been reported in
previous papers. " ' A brief outline of the essen-
tial features will be given here.

A. Experimental Method

Second Sound
wave

e iut

The measurements are performed in rectangular
samples completely immersed in a superfluid-heli-
um bath. The vortex lines are created by a dc
magnetic field applied in the z direction, and are
driven into motion by an ac electric current,
j„e'"', applied in the x direction (Fig. 1).

In the general case, the various transport cur-
rent flows in the xy plane have been calculated by
Maki' [Eqs. (31) in Maki's paper]. Our experimen-
tal conditions impose VT=O, j»=0, and for the
Pb-In alloy used here, the Hall effect can be ne-
glected. It follows that the total heat flux J" and
the electric field E, given in Eqs. (31) of Maki's
paper, ' reduce to

FIG. 1. Sample geometry.

E,= —Bv~„)

where J", is the heat current in the normal state.

(5)

(&)
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It must be noticed that the second term in Eq. (6)
is far greater than the first term (i.e. , the normal
Ettingshausen effect) by a factor 10'-10, and
therefore J» can be neglected.

Moreover, as the exciting current is alternating,
v~„(f) is periodic (the vortices are depinned only in
the current crest) and we can write Eqs. (6) and

(7) for each one of the Fourier components of E,(f)
and Z„"(f). The fundamental-frequency components
of the total heat Qux and the electric field become

Jva((u) = Jen„((o) = nSv Tv~„(n) ),
E,(co) = —Bvt,„(u)),

(6 ')
(7')

1

I+2R /(by/SC) ' (6}

where K is the thermal conductivity of the sample.
We must notice here that expression (8) is obtained
using the complementary condition: svz, „/Sy =0,
i.e. , the sample is homogeneous and the electric
skin depth 5~ is much greater than by. In our
case, 5~»byp if 5~&by.

B. Apparatus

The measurements were made in the apparatus
shown in Fig. 2. The sample was mounted in a
holder constructed of epoxy. It was designed to

and the entropy transported per unit length of the
vortex line can be directly computed from measure-
ments of E,(v) and J„"(&u). It must be noted here
that, as the Joule effect in the sample is propor-
tional to v~, it presents only even components (dc,
2&u, . . . ) and it is well separated from the thermo-
magnetic effect at frequency ro.

As the sample is immersed in a He ri bath, the
heat flux 8a(&o) given by Eq. (6 ') is partially trans-
mitted towards the He iI and excites a second-sound
wave at frequency +, which is amplified in a reso-
nant pipe terminated at one end by the sample and
at the other by a carbon bolometer. The amplitude
and phase of Za(&u) with respect to the phase of the
current j„(&u) are deduced from the second-sound
bolometric signal S(H,)„at the resonance, using
the relation established in a previous paper":

&cry
s(ll. ) =

I

—) ( ))"2 aJ,"(H-, )
0

where (dV/dT)r is the bolometer sensibility, H,
is the external magnetic field, cg is the resonance
frequency for the mode m, Z is the characteristic
impedance of the He u, Q is the quality factor of
the second-sound cavity, and e is a complex factor
depending, in particular, on the thermal skin depth
5~ and on the Kapitza resistance A». At the low
frequencies used in our measurements (&o & 8000
rad/sec), 5r & by (the transversal dimension of our
samples) and cv can be approximated by"

Second sound receiv

~Second sound pipe

/kXXXXX%[j

Second sound wave —~

Savnple supportJ
hol

solenoid Q
e le

1x

Steel—
post

Super conducting

steeple

FIG. 2. Side view of apparatus.

provide maximum support against the mechanical
vibrations produced by the ac current and freedom
from strains produced by differences in thermal
expansion. The holder is rigidly mounted in the
center of a pair of Helmholtz coils that produce a
magnetic field parallel to the broad face of the
sample. In order to ensure the maximum surface
contact between the sample and the He n bath we
made, between the Helmholtz coils and in the sam-
ple support two symmetrical broad holes located
opposite the broad faces of the sample. One of
these holes serves as an entrance to the second-
sound cavity that is situated on top of the sample.
The cavity helps to maintain the sample rigidly
joined to the support.

The second-sound rectangular cavity is made in
Epibond and its section is s = 12' 6 mm. The other
end of the resonance pipe is closed by a carbon
bolometer. It is made by painting a thin coat of
Aquadag-Paralac over an Epibond cork. The dis-
tance L of the bolometer to the sample is adjusted
to obtain the resonance frequency desired. In order
to evacuate the dc heat flux, the cavity is joined to
the He n bath by two holes (1x 6 mm provided at
L/2. The cavity is designed so that it slips very
easily over the sample support at room tempera-
ture but, because of the fact that the dilatation
coefficient of the epoxy is greater than that of Epi-
bond, the cavity grips the sample support at fairly
low temperatures. The whole apparatus was im-
mersed in a He ii bath and was held tightly by two
steel posts. The alternating current was brought
down through a coaxial line that was attached to a
support post. The voltage leads were mounted in
such a way as to minimize inductive pickup' and
were attached to the outer support post.

The second-sound bolometric signal at the reso-
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nance S(H, )„ is recorded directly in the complex
plane. "'" The measuring circuits are shown
schematically in Fig. 3. The alternating current
was supplied to the superconducting sample through
an isolation and impedance adaptation transformer,
by a McIntosh model-2'75 amplifier. The McIntosh
amplifier is driven by the reference-output signal
from a PAR model HR-8 phase-sensitive detector
which measures the second-sound signal in phase
with the transport current. Simultaneously, a
second HR-8 detector, operated by the reference-
output signal from the other HR-8, is used to mea-
sure the second-sound signal out of phase with the
transport current. The in-phase and out-of-phase
components of S(H, ) are then fed into an XY re-
cording. Measurements of S(H,)„were made as
functions of the magnetic field at various tempera-
tures and electric current densities.

The measurements of the resistive voltage in and
out of phase with the applied current were made as
a function of the field using a classical ac meth-

10~1S

III. SAMPLE PARAMETERS

The samples used are single crystals of Pb-
4. 66-at. /0 In carefully spark cut from alloy cylin-
ders. The single crystal was grown by the Bridg-
mann method and the inhomogeneity is less than 4%
along 10 cm of the crystal length. This alloy was
chosen because it is known to possess relatively
low critical currents when properly treated, and
because several detailed studies of its magnetic
and thermal properties are available from previous
work of other experimenters. ' ~

The shape of the resulting samples was that of a
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FIG. 3. Schematic block diagram of experiment. A,
power amplifier 75W (Macintosh); 8, second-sound bolom-
eter; C, second-sound cavity; F, 2w filter; L, lock-in
amplifier (HR-8); P, bolometer polarization; R, X-Y
recording; S, superconducting sample; T, transformer.

rectangular slab with rounded edges; typical dimen-
sions of the slab are Ex=25 mm, hz=7 mm, 0. 2
—hy ~1 mm. This geometry gives a nonzero de-
magnetization factor D but the shape approximates
an elliptical right cylinder with a high degree of
ellipticity. Thus, the values of D can be approxi-
mated by the expressions for these quantities in
the case of elliptical right cylinders.

The relevant parameters of our samples and
those quantities appearing in the calculation of S~
using the Schmid-Caroli-Maki (SCM) theory' 8 are
listed in Table I. The generalized Ginzburg- Lan-
dau parameters Kg, »2, and»(T, ) were derived
from measurements of the magnetization as a func-
tion of the external magnetic field at constant tem-
perature. »(T, ) is also determined from the nor-
mal-state resistivity p„and the Gorkov-Goodman
equation. 4 These values are in excellent agree-
ment with the results obtained in lead-indium alloys
by other experimenters. '

The ratio $0/I was calculated from Gorkov's
relation"

»(l) = », /x(A),

where Kp is the Ginzburg-Landau parameter in the
pure limit, l is the average electronic mean free
path in the normal state, $0 is the coherence length,
and

x(a)= '
7g(3) „0 (2n+1) (2n+I+A) '

Here l'(3) = l. 202 and A=0. 882($0/I). The value
of Kp = 0. 24 was used in these calculations. We note
that the value of $0/I in Table I seems to indicate
that our sample is not in the dirty limit. However,
the experimental temperature dependence of K, is
in good agreement with the theoretical predictions
of Helfand and Werthamer, Maki, and Eilen-
berger'0 in the case of $o/I -~. Furthermore, it
is apparent that the value of K1 in Table I is very
different from the dirty-limit value [t&~(0)/» = 1.2]
predicted by Eilenberger and others. Their results
must be modified to account for the non-BCS be-
havior of real superconductors. ' In this case,
Ky(0)/» = 1.47 for dirty-Pb superconductors, and
the experimental value of », (0)/» is in excellent
agreement with this value. These considerations
allow us to claim that our Pb-In alloy is sufficiently
"dirty" for the valid application of the dirty-limit
result for S~ of the SCM theory.

In order to calculate the parameter o. given by
Eq. (8), it is necessary to know the thermal con-
ductivity K of the sample and the thermal-contact
resistance (Kapitza resistance) R» between the
sample and the He u.

The thermal conductivity of Pb-In alloys is at
this time very well known. In our case K has been
estimated from the results of Lindenfeld, ' Fox
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TABLE I. Sample parameters.

Composition

Pb-4. 56-at. % In

a g
T~ b c d e f R»(2. 2oK)
('K) K K Kg(0) K2(0) $0/p (cm K/W)

7. 1 1.27 1.25 1.8 1.9 5

~ Critical temperature.
K determined from measurements of the upper critical field H~2 at T = 4. 2 K.
Kg determined from measurements of the normal-state resistivity.
K& at T = 0, determined from measurements of H~2 and H~ (the thermodynam-

ical critical field), as K~(T) =H~2(T)/4 2 H~(T).
K2 at T=0, determined from measurements of (dM/dH)+~2.
fgl calculated from Gorkov's relation.

~Kapitza resistance at T = 2. 2 K, estimated from the results of Challis and
Sherlock (Ref. 32) and Cheek (Ref. 33).

eg al. , Gied et al. ,
~' and Gupta and adolf. Since

these authors did not measure at 4. 56-at. %-In al-
loy, their values of K are plotted as a function of
In concentration and extrapolated to 4. 56-at. %-ln
concentration.

The Kapitza resistance of type-II superconductors
has not been studied using an ac heat current. How-
ever, the measurements-of Challis and Sherlock~
in Pb show that no significant difference in magni-
tude can be detected between the ac and dc mea-
surements. Furthermore, some dc measurements
performed by Cheeke" on 2- and 20-at. % In in Pb
show that R» in Pb-In alloys is comparable to R»
obtained in lead. Since R» has not been definitely
established, values of Rr(T) have been estimated
from the results of both Cheeke" and Challis and
Sherlock. The value of R» at T=2.2'K is in-
cluded in Table I. Values of R» at other tempera-
tures are estimated using the temperature-depen-
dent law of R» in Pb given in Ref. 32.

IV. EXPERIMENTAL RESULTS
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suits, I would like to emphasize that the general
behavior of J'a„and E, in Figs. 4(a) and 4(b) is
analogous to that obtained by previous authors,
using dc methods, in other type-II superconduc-
tors. '9 As is expected from the vortex-motion
model, J~„appears only above a certain value H*,
when the first longitudinal voltage is just observed.
This is because below H*, flux motion does not oc-
cur since here the pinning force is larger than the
Lorentz force. As the external field increases,
J~„passes through a maximum and vanishes at
about the upper critical field H,~.

Typical curves for the heat flux J~~„and the elec-
tric field E„, plotted versus the external magnetic
field, are presented in Figs. 4-7. The measure-
ments are performed at a constant temperature
and with the electric current density and frequency
held constant. All these experimental results are
derived from measurements of the fundamental-
frequency components of Ja„(t) and E,(t). More-
over, all heat-flux curves in Figs. 4-7 are half the
difference of the two heat fluxes obtained for oppo-
site directions of the applied magnetic field. This
averaging procedure eliminated possible spurious
heat flux at the frequency ~ due to the Joule effect.
which did not reverse its sign upon reversal of the
magnetic field. (For example, a, spurious effect
at the frequency w can be created by the possible
presence of the 2' component of the electric cur-
rent that, crossing with the (d component, creates
a Joule effect at ra. )

Before a more detailed discussion of these re-

C4

E

E

3
~ OJ

Hc

b)

Q5 He&Hc2

FIG. 4. (a) Amplitude and phase of the fundamental
component of the longitudinal electric field versus the
reduced external magnetic field H,/H~2(T); p(E„) rep-
resents the phase of E„((d) with respect to the phase of
the current j~„(co); l E~(v) l and II'(EQ are deduced from
measurements of the resistive voltage in and out of
phase, with respect to the phase of the current; H~~ —= H~~
x (1-D) is the "true" lower critical field. (b) Amplitude
and phase of the fundamental component of the transverse
heat flux versus reduced external field; p(J2ap represents
the phase of J2"„(u) with respect to the phase of the applied
current. The measurements in (a) and (b) were per-
formed at T=1.5'K and with jr~=166 A/cm, and
= 2028 rad/sec.
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T= 1.5'K
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FIG. 5. Field dependence, in the critical region
(H~RH0~), of the fundamental component of the transverse
heat flux, for two current densities.
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FIG. 7. Field dependence of the amplitude of the
fundamental component of the transverse heat flux, in
the low-field region. The two symmetric curves are
obtained by inversion of the external magnetic field.
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FIG. 6. Field dependence of the phase of the funda-
mental component of the transverse heat flux, with re-
spect to the phase of the fundamental component of the
longitudinal electric fieM. The frequencies co~ and (d2 of
the applied current correspond to the frequencies of the
two first resonant modes of the second-sound cavity.

At the low frequencies used in our experiments
(ur & 8000 rad/sec), a reasonable approximation of
the dynamic equation of motion for the vortex is
given by Eq. (5). Using Eqs. (8)-(5), the theo-
retical phase of Jz„(v) and of E,(&o) with respect to
the phase of the current, j,~in~t, can easily be
estimated. E„ is in phase with j,„(&o) and is in op-
posite phase with the Lorentz force, whereas jz"„(~)
is in opposite phase with j„(+)and thus is in phase
with the Lorentz force. Except at low fields, the
phase behaviors of Jf„(&o) and E,(&g), shown in Fig.
4, are in agreement with this phenomenological
approach.

We note from Fig. 4(b) that Jz„(&o) has nonzero
values above the upper critical field H,~, which is
determined from measurements of the magnetiza-
tion curve. This effect is detailed in Fig. 5, where
we show that the transversal heat flow vanishes at
about a certain value H**(T)&H,2(T). H** is in-

dependent of the frequency and density of the applied
current. The appearance of a small heat flow
above H~ had been noticed first by Fiory and
Serin. These authors found that the Ettingshausen
coefficient of pure niobium changed its sign at H~,
attaining a small value above H~. Later, an anal-
ogous effect was observed by Huebener and Seher"
in the Nernst coefficient. These results in a pure
superconductor are accounted for in terms of a
contribution of the normal heat flow J", to the total
heat flow J" given by Eq. (8). This explanation
cannot be applied in our case, because J", is a
negligible effect in dirty superconductors. Fur-
thermore, the striking feature of the data in Fig. 5
is the decreasing of the heat flow above H~ when

H, increases, while J", should be proportional to
H~.

Moreover, in order to test the role of the surface
superconductivity on the heat flux that we observe
below H~, we have made some measurements in
the same alloy, but coating the sample with a layer
of normal material (gold). In this manner the sur-
face sheath is destroyed. There are some difficul-
ties in making a quantitative comparison between
both experimental situations, because other prop-
erties of the sample, particularly the Kapitza re-
sistance, are also modified by the presence of the
Au layer. However, and in spite of some varia-
tions of both J"„and H**, we observe that J"„still
exists below H,~ when the surface superconductivity
is destroyed. Consequently, the effect shown in
Fig. 5 must be considered as a new experimental
feature which shows that in the critical region
(H, &H~), the thermomagnetic effects in type-II
superconductors cannot be explained in terms of a
simple vortex moving model.

Note from Fig. 4(b) that at low fields the phase
of Jz„(u&), with respect to the phase of j„(u&), ro-
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tates to give a small peak at opposite phase to the
Lorentz force. At the same time the phase behav-
ior of E,(v) is slightly different, its in-phase com-
ponent remains positive, and we observe a positive
peak in the —,'v component (- 5 pV/cm). This effect
is independent of the density and frequency of the
current.

The st: iking but well-established feature of this
heat-flux behavior is that, at low fields when the
current just begins to depin the vortices, the phase
of Zm"„(&o) with respect to the phase of E,(&o) changes
sign. This effect, noted in a previous paper, '~ is
detailed in Fig. 6, where the phase of Jm"„(v) with
respect to the phase of E,(v) is plotted versus the
external field. The amplitude of J&~ in this field
range is shown in Fig. 7. The two curves of J2„
are obtained for opposite directions of the applied
magnetic field. Since the data in Fig. 7 contain
only the heat flux which reversed its sign upon re-
versal of the magnetic field, any contribution of the
Joule effect to the heat flux is eliminated.

A sign reversal between J2" and f still has not
been observed using dc techniques, 3~ and is diffi-
cult to explain by the classical models of vortex
motion. We have performed preliminary analogous
measurements in a high-a Pb-In alloy (x =7) and
the reversal effect is not observed. This suggests
that the possible presence of nonlocal effects in the
low-~ alloy, where the reversal effect is observed,
must drastically modify the magnetic flux distribu-
tion into the sample, and thus the flux flow can be
modified.

In fact, it is well known that the appearance of a
nonlocal relation between electric current and mag-
netic field leads to a change in the sign of the field
penetrating into the superconductor. ~ Recent cal-
culations' show that there is still a sign reversal
of the magnetic field in type-II superconductors
with a Ginzburg-Landau parameter, g —1.6. A
model of an isolated vortex line, when the nonlocal
relation between current and vector potential are
taken into account, has been suggested by Jacobs.
Recently, Dichtel, ' using an approximation of the
BCS kernel, has given an analytic expression of the
magnetic field of a single flux line at T=O for low-~
type-II superconductors. This calculation has been
extended to the whole temperature range by Brand. ~
According to these models for an isolated vortex
line, close to the axis of the vortex the local mag-
netic field h and the superfluid velocity v, are the
sign of the applied magnetic field, whereas far from
from the axis, h and v, would be the opposite sign.
In the vortex lattice, field reversal is expected to
occur only for a large lattice constant. In our mea-
surements we observe a reversal-heat-flux effect
for magnetic inductions B=1000 G, thus for an ir.-
tervortex distance d= [2$o/B&3]'+=1500 A. As
in the Pb-In alloy used here the penetration depth

is & = 500 A, and we have d/A=3.
It is possible now to explain the sign reversal

hbetween Jm and f in terms of the vortex-line mo-
tion, if we assume that, owing to the nonlocal ef-
fects, there are in the sample vortex lines of oppo-
site sign (with magnetic flux Joe„and —Joe„and re-
spective densities such that the total magnetic flux
is conserved). If the vortex line is reversed, the
Lorentz force [Eq. (1)] is reversed, and thus vz
changes sign. Then, the induction electric field
given by Eq. (3) keeps the same sign, but the con-
vection heat flux Ja given by Eq. (4) changes sign.
Moreover, owing to the sign-reversal effect, the
interaction forces between the vortex lines must be
drastically modified. In fact, the experimental ob-
servations obtained at low magnetic fields from
decoration techniques show the existence of mix-
tures of Shubnikov and Meissner phases in critical-' type-0 superconductors, which demonstrates the
existence of attractive forces between the vortices
beside the repelling forces. ~'~ The sign reversal
between Jz" and f at low fields would thus be ex-
plained assuming that the negative vortex lines
move before the normal vortices, 4' and that their
density decreases as the total vortex density in-
creases.

We would like to conclude this discussion with an
additional remark. The heat-flux- reversal effect ap-
pears when the transverse current just begins to depin
the vortices, i. e. , when the current starts to pene-
trate into the superconductor. Then, we cannot
exclude the presence of surface effects. However,
it should be emphasized that we can obtain a simple
picture of the reversal effect in terms of the mov-
ing-vortex-line model making the assumption that,
at low fields (H, &H„), there are opposite vortex
lines in the sample. To verify our conjecture,
further experiments would, however, be desirable
to test the z and high-temperature dependence of
the sign-reversal effect. On the theoretical side,
the theory of an isolated vortex line, when the non-
local relation between field and current is taken into
into account, should be extended to the vortex-lat-
tice case.

V. ENTROPY TRANSPORTED PER VORTEX LINE

A. Experimental Results

Figure 8 shows the entropy transportedper meter
of flux line per flux quantum as a function of the
magnetic field at T=1.38'K. The results at other
temperatures are similar. The values of S~ were
derived from the data of Zz"„(~) and E,(&u) using the
relation obtained from Eqs. (6) and (7),

P(& I J,"„((o) I

T I E„((o)I

Before discussing these results let us emphasize
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that (i) we have verified that Ss is independent of
the vortex velocity, i.e. , Zz"„(&o) is proportional to

E(&o) at a given field and temperature. To prove
this, Jz„(&o) and E„(&o)were measured as a function
of the current density. Figure 9 shows Z~„(&o) ver-
sus the vortex line velocity, and the expected lin-
earity is evident. Analogous results in the dc case
have been obtained previously by Otter and Solo-
mon. 9'46 (ii) We have found that Sn is almost inde-
pendent of the frequency & of the electric current,

' for &o & 8000 rad/sec (Fig. 10). To obtain Sn vs &o,

J~„(&o) and E,(&o) were measured at the frequencies
corresponding to the four first resonant modes of
the second-soundeavity. Since E,(&o) is almost
frequency independent, this result proves that our
low-frequency approximation to calculate the coef-
ficient a in Eq. (8) is a correct treatment.

At high fields, the general behavior of S~ vs field
shown in Fig. 8 is in agreement with that obtained
from dc measurements by previous authors in other
type-II superconductors. ' $~ starts at about H~
with a negative slope and depends linearly on H, .

FIG. 10. Entropy transported per vortex line versus
applied current frequency for different magnetic fields.

When H, decreases the negative slope of SD in-
creases very rapidly and we observe a maximum
around 1400 Oe, followed by a zero minimum at
low field. A similar low-field dip has been ob-
served by Otter and Solomon near H„ in a Nb-Mo
alloy. 7 These authors suggest that the low-field
dip is due to trapped vortices existing below H„.
In our ca,se, the low-field region of S~ (the dashed
part of the Sn curve in Fig. 8) corresponds to the
field region where the phase of Ja„(v), with respect
to the phase of E(&o), changes sign. If the reversal
effect of J~ is due to a changing sign of the local
magnetic field of the vortices, the heat flux in this
region should be the difference between two opposite
heat fluxes corresponding to the opposite vortices.
Then, Eq. (9) cannot be applied to compute the en-
tropy per vortex line in this low-field region.

B. Comparison with Theory

1. High-Field Region

In the high-field region (H, H„) explicit solutions
for the transport coefficients have been obtained
using two different theoretical approaches: (i) a
generalization of linear response theory (LRT) to
include the effects of dynamical fluctuations of the or-
der parameter, ' and (ii) methods which make use of
the TDGL equation. ' Such microscopic calculations
are based on the fact that, close to H, 2, the order pa-
rameter 6 is small and proportional to (H,2- H, )'~2.

Physical quantities will be expanded with respect to
6 up to its second order. Recently, Houghton and

Maki have shown the consistency of both TDGL
and LRT methods. In particular, these authors
give an explicit calculation of the Ettingshausen
coefficient in LRT, which is found to agree with the
earlier TDGL calculation.

For the dirty-limit situation, the heat current
due to the moving order parameter is given by '

FIG. 9. Transverse heat flux versus vortex line
velocity. vz, is obtained using Eq. (7').

J'g„——ME, Ln(T) (10)
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6 I10
T- 1.46'K

to calculate the quantity

SSn p, L,/(T/ T,)
SHe s s T, 1.16(2tPp —1)+D '

The temperature dependence of S' is shown in Fig.
12. The curve expresses results of Eq. (13). The
temperature dependence of v, (T) used in Eq. (13)
has been determined from our experimental results
and also from the results of both Farrell et aL. "
and Dubeck et al. " As one can see in Fig. 12, the
theory comes close to the experiment.

0.7 0.8

H8 /H02

0.9

2. Fields helot H, 2

FIG. 11. Field dependence of SD in the high-field re-
gion fH~&Hc2(T)]. The dashed curve is calculated from
Eq. (12).

y(R&( &+ p)
Ln —I P+@(~&(, )

where p is determined by

—»(TIT.) = g(-'+ p)- ~(-').
Here 0'(Z), 0'~"(Z), etc. , are the digamma function
and its higher-order derivatives. From Eqs. (3),
(4), and (10), the entropy carried by a single vor-
tex line is easily found:

Sn = —(Po/T)MLn(T) .
Cape and Zimmerman have earlier considered
the effects of the nonzero demagnetization factor D
upon the magnetization of ellipsoidal superconduc-
tors. Their result for the external field H, parallel
to a principal axis is expressed as

M = [H, —H,2(T)]/ {1.16[2K~(T)—1]+D] .

Combining this result with that of the SCM theory
[Eq. (11)], Sn can be expressed as

Below H,2(T), it is not possible to treat the ef-
fects of the energy gap as a perturbation. Thus,
the theoretical approaches previously indicated are
not applicable and actually there is no microscopic
theory of the transporteffects in this field region.
However, for H, «H, ~, the TDGL equation can be
linearized in the regions near, and far from, the
vortex core, and explicit features of the solution
can be obtained. Recently, Hu and Thompson,
using a set of approximate TDGL equations intro-
duced by Schmid, have obtained the field and
charge distributions around an isolated vortex line
moving in a transport current. In their work, Hu
and Thompson have calculated the initial slope of
the flux-flow resistance, but no information is
given on the thermomagnetic coefficients.

Many phenomenological theories, based on the
analogy between the mixed state in type-II super-
conductors and the similar one in superfluid heli-
um, have been proposed to account for the dissipa-
tive phenomena. ' These theories deal with the low-
field region (H, ~H„), where the distance d between
vortex lines is much larger than the coherence
distance $. These models assumed that each vor-
tex line carries an amount of entropy S~ corre-

Hca H
T 1.16[28-1]+D (12)

Pb-4.56 Qt. % IA

This expression of S~ has the usual validity range
of the Ginzburg-Landau theory. [H,a(T) —H, ]
«H,~(0). This is because the so-called anomalous
term does not contribute to the Ettingshausen ef-
fect. '

The field dependence of Sn at T/T, = 0. 2 is de-
tailed in Fig. 11. Also presented in the figure is
the theoretical curve using Eq. (12). The theo-
retical values of S~ were calculated using the data
of Table I and H~ =2150 0e and z2=1. 8 at T/T,
=0.2. In the high-field range (K, &0. 8H&), the
agreement between the experimental result and the
theoretical one is quite excellent.

In order to make a direct comparison with ex-
perimental data in the range H, -H,2, it is useful
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FIG. 12. Temperature dependence of the derivative
of the transport entropy (multiplied by T~/Po) with
respect to magnetic field near H~2. The curve is cal-
culated from Eq. (13) in terms of ~2(T) obtained from
magnetization measurements.
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sponding to the excitations which are trapped in its
core. S~ is expected to be smaller, or equal when
B-O (i.e. , when d»$), than S„ the equilibrium
entropy per vortex line. S, is associated with the
reversible creation or destruction of a vortex line
and includes all (local and nonlocal) excitations
associated with the vortex line. The equilibrium
entropy per vortex line can be defined by the rela-
tion

dT dBdS= c —+S—
where S(B, T) is the total entropy density and c the
specific heat. In terms of the free-energy density
(dF= —SdT+H, dB), S, can be expressed as

BF
BBBT

The equilibrium entropy per vortex line is conse-
quently a thermodynamic coefficient of the same
kind as the specific heat c and must exhibit a dis-
continuity at H,a(T) (second-order transition).
Theoretical expressions of S,(B, T) have been ob-
tained from the free-energy forms in high-w type-
II superconductors. ' Some of these expressions
of S& are still valid in low-v type-II superconductors
and can be applied to calculate S& in our Pb-In al-
loy. Close to H„, we have

S,(0, T)= —P

&2/0 H, (0) ln«, (T)
T, «,(T)

x (T/T, )- ' [1—ln«3(T)]«3(T)
21n«, T

(14)
and at H~(T) we have '

«, (T)«/ln«' 1 16(2« —1)+D

x [2(T/T~) [1—(T/T, P)-«[(T)], (15)

where «,'(T) = T,(1/«, )(d«, /dT) From the E.qs. (14)
and (15) we have computed S, in our Pb-In alloy.
Results of these calculations at T=1.38 K are
shown in Fig. 8. Similar results are obtained at
other temperatures. At intermediate field, S, has
been estimated using the same approaches as in
the case of high-x superconductor~. A compari-
son between S, and SD at low fields is very hazar-
dous because in our case we believe that, owing to
the reversal effect, S~ is not well established in
this field region. At intermediate fields, where S~
is well established, we observe that S~ &S,. It is
possible that the approaches used to estimate S, in
this field range are not valid in low-z supercon-

ductors. However, we have shown previously'"
that (sS, /eB, )s &0, and to the second order in

(B,—B~), (BS, BB,)s,z&0. These results are
valid whatever the value of «. We believe that in
the case of our Pb-In alloy, the previously indicated
result near H,~ is not affected by the next-order
terms in the expansion in powers of (B~ B,—) of
the free energy, and a minimum of S& must be
expected at intermediate fields. Thus, the uncer-
tainties in S, and S~ at intermediate fields are
much too small to account for the fact that S, & SD
observed in Fig. 8, and they must be considered
real. We must notice here that similar discrepan-
cies between S, and S~ have been observed pre-
viously by Solomon and Otter ' in high-z Pb-In
and Nb-Mo alloys.

I would like to conclude this comparison between
S, and S~ by emphasizing that their discrepancies
must be interpreted as simply a consequence of the
fact that phenomenological theories based on the
two-fluid model can only give a poor approximation
of the transport effects in type-II superconductors.
This is probably due to the fact that, while in He rr

the superfluid component is made of Bosons, in a
superconductor the superfluid is made of electron
pairs, which respond differently to perturbations
having different time-reversal symmetries. This
situation, owing to the internal structure of the
electron pairs, cannot be described consistently
by a two-fluid model. Moreover, the electric and
heat-current expressions obtained using the phe-
nomenological Ginzburg- Landau equations are in
disagreement with the results obtained using the
microscopic theories. "

VI. CONCLUSIONS

We have used an original low-frequency current-
modulation method to investigate the convection
heat flux J2" and the induction electric field f asso-
ciated with the moving vortex lines in a low-~ type-
II superconductor. Jz" and h have been measured
as functions of the applied magnetic field H„and
the frequency and amplitude of the applied electric
current, in the temperature range between 1.3 and
2. 1 'K.

The magnetic field dependence of Ja" and f shows
a general behavior similar to that obtained by pre-
vious authors, using dc methods, in other type-II
superconductors. However, the great accuracy of
this ac method (we can measure heat flux of less than
10 W/cm ) allows us to observe some interesting
details on the Ja(H, ) and the f(H, ) curves. In par-
ticular, the field dependence of S," shows a behavior
changing sign at low fields (H, & H„), while f(H, )
remains positive. As this effect is found to be in-
dependent of the applied current frequency (2000
& ~ & 8000 rad/sec), one is led, by a continuity
argument, to the conclusion that the effect must
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exist in the steady-state case. However, in the
field range for which the reversal effect occurs,
S~ is perhaps too small to make the observation
possible in the dc case (typically, J~„=10~ W/cm'
in this field range and with v~ =0.1 cm/sec, and

in an isolated sample, we would have V„T=5
x 10~ 'K/cm).

To explain this reversal effect in terms of the
vortex-line motion, we have suggested that, owing
to the existence of nonlocal effects in our low-z
type-II superconductor (z = 1.25), there are opposite
vortex lines in the sample at low fields. To verify
our conjecture further experiments would, how-

ever, be desirable to test the ~ and high-tempera-
ture dependence of the sign-reversal effect. On

the theoretical side, the theory of an isolated vor-
tex line, when the nonlocal relation between field
and current is taken into account, should be ex-
tended to the vortex-lattice case.

On the other hand, we have observed that Z„"(H,)
vanishes only for fields larger than H~(T). This
heat flux cannot be attributed to the normal Ettings-
hausen effect. Moreover, it is difficult to explain
this heat flux in terms of moving vortex lines, be-
cause in this field region the mean bulk magnetiza-
tion becomes negligible and the material is usually
regarded as normal. However, as is well known,
the dynamical properties of type- II superconduc-
tors in the vicinity of the transition point can be
strongly modified because of the thermodynamical

fluctuations of the order parameter. ' ' The occur-
rence of these critical fluctuation effects in the
Ettingshausen heat flux may provide an explanation
for the observed effect.

From these measurements the transport entropy
S~ per unit length per flux quantum has been com-
puted and compared to the existing theories. In
the high-field region (H, H~), Sv is in excellent
agreement with the theoretical predictions of Caroli
and Maki in the dirty limit. The calorimetric
entropy per vortex line, S„has been estimated
theoretically from the free-energy forms in the
mixed state. We found that in the intermediate
field region ( H„&H, &Hz), Sv&S, . This result
would show that phenomenological theories, based
on the two-fluid model, are not valid to explain the
thermomagnetic effects in type-II superconductors.
More meaningful comparison will not be possible
until the microscopic theory is extended to a larger
region of validity.
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