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For impurities that couple to the lattice through an interaction containing both linear and quadratic

terms, mirror symmetry, at and above T = 0, of the resulting absorption and emission spectra about

the zero-phonon line is highly dependent on the strength of the quadratic interaction parameter. Exact
symmetry at all temperatures occurs only for the linear interaction. Overlap of the linear-plus-

quadratic interaction spectra, although always in the vicinity of the zero-phonon line, is exactly
coincident with the zero-phonon line at T = 0. Values of the linear and quadratic interaction

parameters can be determined from the shapes of experimental broad-band spectra, the spacings of "hot
lines, " and the intensities of the zero-phonon lines.

I. INTRODUCTION

The vibrational interaction between an impurity
ion and the host lattice in which it is embedded
produces phonon-assisted transitions that accompa-
ny the purely electronic (zero-phonon) transitions
within the impurity. The most widely used approx-
imation to this interaction has been the linear inter-
action, ' wherein the vibrational frequencies of the
ground and excited states are equal. The semi-
classical approximation, ' which treats the initial
state quantum mechanically and the final state
classically, has been successful in fitting broad
unstructured absorption and emission bands. The
quantum-mechanical treatment' ' of the linear
interaction illustrates the vibronic structure that
occurs on the zero-phonon sides of the bands found
in many impurity-related spectra. This vibronic
structure contains a wealth of information concern-
ing the nature of the vibronic interaction.

The linear interaction produces an emission
spectrum that is the mirror image of the absorp-
tion spectrum, as rotated about the zero-phonon
line; their intersection coincides with the zero-
phonon line. This mirror symmetry thus provides,
especially for T well above T=O, a means for
identifying zero-phonon lines from phonon-assisted
lines.

For an impurity at a site of inversion symmetry,
the quadratic-vibrational-interaction term can be
important for certain modes of vibration. ' The
symmetry of absorption and emission spectra that
result is treated in detail elsewhere. In essence,
the spectra show near-mirror symmetry for T
near zero, but are virtually identical at higher
temperatures.

Using the convolution approach of Ritter' to the
linear interaction, Mostoller et al. successfully
fitted the T= 0 absorption spectrum of the X, color
center in NaCl. The quadratic interaction was

included to first order in their prediction of the
T = 0 emission spectrum. Effects of the quadratic
interaction on the band shape have been report-
ed, ' and have been included in comparisons of
the theory with experimental results.

In the present paper, the concern is the extent
to which mirror symmetry occurs between the
T +0 absorption and emission band shapes that
result from the general interaction. The basic
complication is that the absorption and emission
band shapes due to a single vibrational mode arede-
pendent on three parameters: the linear inter-
action parameter (or Huang-Rhys factor), the
quadratic interaction parameter, and the temper-
ature. The procedure is to review the theory of
band shapes, present representative examples of
absorption and emission spectra at and above T = 0,
compare these band shapes to those in the limiting
cases of the linear and quadratic interactions, and
provide methods for estimating the values of the
linear and quadratic interaction parameters from
experimental spectra.

II. THEORETICAL BAND SHAPES

The complete quantum-mechanical derivation of
the absorption and emission band shapes was pre-
sented earlier. Basically, the absorption or emis-
sion intensity I as a function of energy E and tem-
perature T is the sum over the initial and final
vibrational levels of the product of the square of
the matrix element for the electric dipole transi-
tion and the thermal population factor. For absorp-
tion,

I (E, T)= 2(+„ieri+~z) B«5(E—E|f+E«) (l)
&tf

The subscripts g and 5 denote the ground and ex-
cited electronic states and + are the wave functions
for these states. The thermal population factor
for the ith vibrational level of the ground state is
B„, and the 5 function locates the energy of the
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f, (E, T)=K, c», (1 —e )Z (x»l x, ) e
f,f

x f({E—E» —,
' [R(1 —- 2S) —1]Ii(u, —(Rf i) h(u, ), -

(3)
where C,»= (@,I erl &f&») and C», =((I!»IerI (I!,).

O.I6-

O.I2-

0.08.

0.04-

I I

I

I

I

I

I

I

I

I 1

! 1

I

I
I' 1

I 1

1

1

1

0
-20 -!6

I I ( I I (

-t2 -8 -4 0 4 8

FIG. 1. I ' (proportional to absorption and emission
intensity) vs ( (proportional to photon energy) at T=8
for 8=0.72 and $=4.5. The dashed line is the over-all
emission band shape. Contributions to the over-all band

shape for the f= 0, 1, 2, and 3 envelopes are shown by
the solid lines. The dot-dash line is the absorption band

shape.

i-f transition. Applying the adiabatic and Born-
Oppenheimer approximations, we have

&~.(I erl ~»f) &=e.
l
erl ea &x.(l x»/)

where ft) are the purely electronic wave functions
and the y are the purely vibrational wave functions.
The ground- and excited-state potential energies
for the vibrational motion are parabolic in the
normal coordinate that specifies the interaction
between the impurity ion and the lattice. The
minima of the ground- and excited-state potential
energy curves are separated by the energy E,
and the normal coordinate qo. The excited state
is characterized by a vibrational frequency ~,
that is a factor of R (the quadratic interaction
parameter, which is related to a similar measure
D of the quadratic interaction used by Pekarek and
Markham'» by R = D+ 1) times that of the ground
state ~,. Defining 8=Its&, /k and the Huang-Rhys
factor S= &o,qg2If, the band shapes for absorption
and emission become

f.(E, r) =K.c,', (1 —e-"')Z(x., l x, )'e-'"'
l, f

x 5{E—Eo —~ [R(1 —2S) —1]I1&u, (Rf i) Ifu-, j—
(,2)

is customary, K, C„, and C„are considered to
be constants. It is further assumed, for conve-
nience, that Z, is constant, although it does, in
fact, have an E' dependence. Also, any Jahn- Tel-
ler effects are ignored. The matrix element has
been available for some time. ' It may be written

2"i'!!"'if i)'&x.;I x

1-R2
x r

) ( l(f l —2 ) I ]-'-
@~0

The general interaction occurs for R t 1 and
S+0, whereas the linear interaction is character-
ized by R = 1, and the quadratic interaction by S = 0.

III. CALCULATIONS AND DISCUSSION

Representative absorption and emission spectra
were calculated from Eqs. (2) and (2) using the
matrix elements given by Eq. (4). The calculations
included contributions from i, f «26, which amply
illustrate the features of the spectra, . The comput-
er print-out consisted of a series of spikes for
each value of i in absorption and f in emission,
any one series having a smooth envelope. As in
previous papers, ' these envelopes were summed
to give the over-all absorption and emission band
shapes. This method of construction of the band
shape is shown in Fig. 1. The ordinate of each.
of the figures is I'(E, 7) =1K 'C, which is pro-
portional to the absorption or emission intensity.
Each abscissa is g =Rf iand is propo-rtional to the
photon energy. The values of R, S, and T/6 char-
acterize each spectrum. Values of T/6= 0, 1, and
3 correspond very roughly to liquid-helium, liquid-
nitrogen, and room temperatures, if 6 = 100 K,
although actual values of 6 can vary appreciably.

Typical absorption and emission spectra re-
sulting from the linear interaction (R = 1) are shown
in Fig. 2. For all temperatures, the spectra. a,re
exact mirror images as rotated about the zero-
phonon line. If normalized to the same peak in-
tensity, experimental absorption and emission
spectra from such a system will have equal half-
widths, and will always overlap at the zero-phonon
line. The T= 0 spectra peak at i,f=S- -,'. The
broadening of the absorption and emission bands
with increasing temperature is nearly symmetric
on both sides of their respective peaks, and the
peaks are still located at i,f=S——,'. For large
values of the Huang-Rhys factor (S & 20, say), the
absorption and emission bands are smooth and
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while the peak of the emission band shifts to lower
energy. As shown earlier, the T = 0 absorption
band peaks near

„=[4SR/(1+R)'] exp[ —2(l —R)/(1+R)],

which, for R = 1, reduces to S, the usual linear
interaction result. ' The T = 0 emission band peaks
near

„=[-4S/(1+R) ) exp[- 2(l —R)/(1+R)],

so that Rf,
peak ~pe&

From the T=0 absorption spectrum, the ratio
of the intensity of the one-phonon-assisted line to
the intensity of the zero-phonon line I /I =4S/

2 Cr 40
(1+R) can be used to estimate the value of the
Huang-Rhys factor provided the value of R is known.

FIG. 2. I' (proportional to absorption and emission
intensity) vs f (proportional to photon energy) at T=O,
6, and 36 for the linear interaction, R = 1, with $=4.5.
The dashed lines are the over-all emission band shapes,
and the solid lines are the over-all absorption band shap-
es. There is exact mirror symmetry of the spectra about
the common zero-phonon line.

Gaussian shaped and thereby well described by the
semiclassical approximation, which is not appli-
cable to structured and asymmetric band shapes.
The symmetry and shape of the spectra that re-
sult from the quadratic interaction are described
briefly in Sec. I and in a previous paper.

For systems having both linear and quadratic
interaction terms, mirror symmetry of the spectra
is broken. The absorption and emission spectra
have different peak intensities, peak energies, and
half-widths. At T= 0, the spectra always overlap
at the zero-phonon line that is the low-energy cut-
off for absorption and the high-energy cutoff for
emission [see Fig. 3(a), for example].

Experimental absorption and emission spectra
may be normalized by equating their intensities at
the zero-phonon line cutoff. %'ith this normaliza-
tion, the peak intensity for emission is less than
that for absorption if R & 1, and greater for R & 1
[Figs. 3(a), 4(a), 5(a), and 6(a)]. The separation
in energy of the peak of the band and the zero-pho-
non line for emission is greater than that for ab-
sorption if A&1, and less if R &1. The half-width
for emission is greater than that for absorption if
R&1, and less if R&1. This method presupposes
the identification of the zero-phonon line, and ac-
cordingly may have limited application.

The value of R is roughly given by g, „/g,
= —R (see below) and I, „/I, =R. With increas-
ing R (Figs. 2, 5, and 6) the peaks of both the
absorption and emission bands shift to higher en-
ergy. With increasing S (Figs. 1, 3, and 4), the
peak of the absorption band shifts to higher energy,
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FIG. 3. I' (proportional to absorption and emission
intensity) vs f (proportional to photon energy) for R =0.72
and S=2.0: (a) at T =0, (b) at T= 6, and (c) at T =36.
The solid line is the absorption band and the dashed line
is the emission band. Because R&1, the peak absorption
intensity is greater than the peak emission intensity, the
absorption half-width is less than that for emission, and
the separation of the absorption peak from the zero-
phonon line is less than that for emission. The opposite
holds for R&1 {see Fig. 5).
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spectrum develops structure (so-called "hot lines" ),
while the other side of the band retains its smooth
nature. Each band broadens and decreases in peak
intensity. Broadening occurs predominantly on
the zero-phonon side of the band. The hot lines
in emission, originating from the population of
levels other than f=O, are shown in Fig. 1. The
peak at the highest energy for each f envelope is
primarily responsible for each of these hot lines.
A similar situation occurs in absorption, and pro-
vides a precise means for determining R. The
energy difference between adjacent hot lines in
emission is just R times that for absorption,
bleak(h t /4fh t = R. For example, from Fig. 1,

[2. 88 —2. 16]/[- 2 —(- 3)]= 0. 72.

The intensity of the T=O zero-phonon line is
[2 v R/(1+R)] exp[-2$/(1+R)]. For 4S» 1 (typi-
cally, S&2, although, in fact, S can vary from 0
to 100), the intensity of the zero-phonon line in-
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FIG. 4. I' (proportional to absorption and emission

intensity) vs f (proportional to photon energy) for R = 0.72
and S=S: (a) at T=O, (b) at T=e, and (c) at T=36. The
solid line is the absorption band; the dashed line is the
emission band. The intersection of the spectra for T &0
is not necessarily coincident with the zero-phonon line.
The spacings of the absorption and emission "hot lines"
can be used to determine precisely the value of R.

For emission,

I, /I, = 4&R/(1+R) .

In fact, the required value of R can be found ex-
actly from the ratio of these two ratios, or I, /I,el 41
=R.

The shape of the T = 0 spectrum persists, with
modifications, to higher temperatures. Because
the dominant transitions in absorption and emis-
sion are from i=0 and f=O, respectively, the peaks
of the over-all band shapes occur roughly as they
do at T= 0 (Fig. 1), and the statements above con-
cerning the breadths, peak intensities, and ener-
gies of the peaks are applicable generally for T & 0.
Due to contributions from i &0 in absorption and

f&0 in emission, the T &0 spectra no longer inter-
sect rigorously at the zero-phonon line [see Fig.
4(c)]; however, their intersection remains close
to the zero-phonon line.

As T increases, the zero-phonon side of each
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FIG. 5. I' (proportional to absorption and emission
intensity) vs & (proportional to photon energy) for R=1.3
and S=4.5: (a) at T=O, (b) at T=e, and (c) at T=36.
The solid line is the absorption band; the dashed line is
the emission band. The ratios of absorption to emission
peak intensities, half-widths, and separations of peaks
from the zero-phonon lines are reversed from those when
R &1 (see Fig. 3).
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In emission, as in absorption, the value of the
Huang-Rhys factor can be estimated from the in-
tensity of the experimentally observed zero-phonon
line; at T=O, the zero-phonon line intensity de-
creases with S as exp[- 2S/(1+8)]. Thus, the zero-
phonon line is not easily observed in systems
having a strong linear interaction as, for example,
in systems describable by the semiclassical ap-
proximation.

IV. CONCLUSIONS
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creases smoothly with increasing A ~&Figs.[
' 6!a)

2, and 5(a)). Thus, the strongly quadratic zero-
phonon line (R e 1, with 8 & 1) is more intense than

the weakly quadratic zero-phonon line (R = 1).
Once B is known, the value of S can be determined
from the T= 0 zero-phonon line intensity. For any
given impurity system, the zero-phonon lines in
absorption and emission are identical for T= 0.
At higher temperatures, they are still nearly iden-
tical for A=1.

0 t I 1 ]
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FIG. 6. I ' (proportional to absorption and emission
=0.45intensity) vs f (proportional to photon energy) for R=

and S= 4.5: {a) at T= 0, (b) at T= 8, and (c) at T= 38.
The solid line is the absorption band; the dashed line is
the emission band. The intensities of the zero-phonon
lines decrease exponentially with S.

The general impurity- lattice vibrational inter-
action, containing both linear and quadratic terms,
has only recently been applied to predict absorp-
tion spectra at temperatures other than T = 0, and
not at all to emission spectra. Specific examples
of such absorption and emission spectra are pre-
sented here, and compared to spectra from the
limiting cases of the linear interaction and the
quadratic interaction. The strength of the quadrat-
ic interaction parameter is shown to determine the
degree of mirror asymmetry of the spectra about
the zero-phonon line. Exact mirror symmetry
occurs only for the linear interaction. Although
the absorption and emission spectra always over-
la at the zero-phonon line for T= 0, the generalp

'linteraction spectra at T &0 do not necessary y
overlap at the zero-phonon line. The intersection
of the spectra, however, remains close to the zero-
phonon line. From experimental absorption and
emission spectra the value of the quadratic inter-
action parameter can be determined from the
shapes of the T=O bands, the intensities of the
zero- and first-phonon lines at T= 0, and the spac-
ings of the hot lines at T &0. Once the quadratic
interaction parameter is known, the Huang-Rhys
factor can be determined from the energies of the
peaks of the T = 0 bands, or from the intensity of
the -ero-phonon line at T=0.
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