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Self-Consistent Psendopotential for Si

Joel A. Appelbaum and D. R. Hamann
Sell Laboratories, Murray Hill, New Jersey 07974

(Received 5 February 1973)

The possibility of self-consistency within the pseudopotential method is demonstrated for Si. A smooth
real-space model potential for Si'+ is shown to lead to a pseudopotential which is self-consistent with its
pseudocharge density in the Hartree-Fock-Slater sense, and gives an energy-band spectrum whose optical
gaps agree with experiment.

The successes empirically chosen pseudopo-
tentials have had in the calculation of the energy
bands and optical properties of a wide class of
solids have been amply documented. ~ Less firmly
established is the treatment of pseudocharge den-
sities calculated from these potentials as if they
were actual charge densities. The fundamental
difficulty in making this identification is the fact
that pseudo-wave-functions lack the oscillations
in the atom-core regions which are present in the
actual valence wave functions. Walter and Cohen
have recently shown that the total pseudocharge in
the region of the covalent bond in several semi-
conductors correlates well with the empirically
assigned bond charge. While this calculation
supports the physical significance of the pseudo-
charge (away from the cores), it raises another
question. Walter and Cohen use an empirical
pseudopotential whose Fourier components are set
equal to zero for reciprocal-lattice vectors larger
than (3, 1, 1). This cannot be synthesized into a
sensible coordinate-space ion potential. Corre-
spondingly, they take many more Fourier compo-
nents into account in synthesizing their charge den-
sities. This leaves open the possibility that the
pseudocharge density only "works" in combination
with a potential with which it cannot be self-con-
sistent. In this paper, we have investigated this
question and found that a sensible real-space model
potential for Si can give a self-consistent pseudo-
potential and pseudocharge, while simultaneously
fitting the experimentally determined band struc-

ture. This lends further support to the physical
significance of pseudocharge densities.

A smooth three-parameter model potential for
Si~ is constructed as follows: The ionic charge
is taken as

2
p= 4(a/ w)"' e

and the core potential V, as

(et+ v, r')e

where vq, v2, and e are adjustable parameters.
The ionic potential is shown in Fig. 1.

The total potential in the solid V~ is the sum of
three terms. A Hartree potential V~ is calculated
exactly from Poisson's equation. An exchange and
correlation potential V, , is calculated using Slat-
er's exchange approximation with a coefficient ad-
justed to agree with the Wigner interpolation for-
mula at the average valence-electron density of
Si. The third term is V, defined above. Both V~
and V„, are calculated using the pseudocharge
density.

Our aim is to determine a total pseudopotential
which has the property that the pseudocharge den-
sity it implies, when used as outlined above, gen-
erates an identical pseudopotential and at the same
time produces energy bands consistent with optical
data. We have three adjustable parameters vq,
v2, and cx to achieve both these objectives. Our
stratagem for determining the Si4' model potential
consisted of the following: The model potential
was related to the total pseudopotential through
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linear screening including a linearization of the
Slater exchange potential as previously discussed
by the authors. 4 The ion-potential parameters
were then adjusted to yield a pseudopotential which
generated an acceptable energy-band spectrum, I

calculated by methods similar to Brust. z That
spectrum, shown in Fig. 2, was generated without
truncating the pseudopotential Vr(5) at I Gl z = 11,
as is common practice, but by including terms
through 151z= 24, by which wave vector Vr has
decayed almost to zero. The pseudopotential co-
effici, nts are listed in Table I. These fall within
the family of curves presented by Martin7 which
give reasonable first-principles phonon dispersion
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FIG. 2. Energy bands of Si calculated from the poten-
tl.al components of Table I are shown plotted along 1" to
X and F to L. Main emphasis was placed on valence
bands and conduction to valence band gaps.

FIG. 1. Si '-ion potential is plotted vs radial distance
for the parameters vi =3.042, v2=-1.372, and 0( = 0.6102
which leads to the self-consistent pseudopotential tabu-
lated in Table I.

TABLE I. Values of the pseudopotential form factors
Vz ( IG I ) for this calculation and those quoted by Cohen
and Heine. a

Pseudopotential V~(3) V&(8) Vz(11) Vz (16) VI (19) Vz (24)

Present
calculation

—0.1051 0.0246 0.0401 0.0349 0.0277 0.0171

Cohen and
Heinea

—0.1055 0.0201 0.0403 0.0 0.0 0.0

M. L. Cohen and V. Heine, in Ref. 1, p. 190.

where the coordinate g in this case is along the
body diagonal of the crystallographic unit cell for
Si and 0„ is the projection of the reciprocal-lattice
vector on the (111)plane. We will label G„by
pairs of integers denoting its components in the
orthogonal basis u~ = (I/v'2)(aq —az), uz= —,'(I/42)
&&(aq+az —2az), where a„, n= 1, 2, 3, are the crystal-
lographic unit vectors. This choice of represen-
tation was necessitated by the computer codes that
were used to calculate Vr (x) and p(x), which were
written to perform a self-consistent calculation of
the (111)surface of Si. z It has the added advantage
of giving a more pictorial representation of the
total real-space potential than would be achieved
by just exhibiting the pseudopotential coefficients
Vr(G). The input potential shown in Fig. 3 was
calculated by Fourier synthesizing the Vr(G) used
in the calculation of the energy bands. It should
be mentioned that the energy bands were also cal-
culated using the transfer-matrix technique di-
rectlyz 9 from the input potential ( V3 (z) }, obtain-
ing essentially the same results as are shown in
Fig. 2, and it was from the wave functions gener-
ated in this way that p0„(z) was calculated. The
charge density was calculated from an eight-point
sampling including the 1, X, L symmetry points
of the Brillouin zone. This scheme, used initially
by Kleinman and Phillips, has been shown to give
good convergence. '

Turning to a comparison of the input and output
potentials, we see there is remarkably close agree-
ment between the two potentials. The maximum
discrepancy is -0.01 a.u. in the V&f(z) potential,
which, if one Fourier analyzes this potential along

curves for Si. The pseudocharge density was then
calculated and used to generate both the Hartree
potential VH and the exchange and correlation pp-
tential V, , These terms together with V, form a
new total potential V~ which we compare with our
starting potential to determine how close to self-
consistency we have come.

The input and output potentials are shown in
Fig. 3. We have exhibited the bulk Si potentials
in what is known as a mixed or Laue representation,

V(x)=Z V (z)e'@
0
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the z direction, would lead to a discrepancy for
Vr (1, 1, 1) between its input and output value of
0.0035 a.u. or &0. 1 eV.

The consistency we have achieved between input
and output potentials has two important implica-
tions. The first is that one need not be content
with adjusting the first few pseudopotential param-
eters (assuming the rest zero) in what a priori
might appear a rather arbitrary fashion in order
to empirically fit the imyox'tant energy gaps in a
particular material. Bather, adjusting the few
physical parametex s characterizing the Si4'-ion
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FIG. 3. Input potentials (solid or dashed lines) and out-
put potentials (solid dots) are compared for (a) the Vpp(z)
and V2p(z) potentials and (b) the ImV22(z) and HeV~~(z).
The distance z is measured along the body diagonal,
vrhere 0 to 17 represents one-third the crystallographic
body diagonal. In part (a), only portions of Vpp(z) and
V2p(z) have been plotted since the potential has mirror
symmetry. Note the fact that the energy scales of (a)
for Vpp(z) and V2p(z) are different.

potential allows one to achieve both a good fit to
the energy gays and self-consistency. While our
emphasis on the efficacy of a model potential in
this context is hardly new, ~~ we believe the demon-
stration of self-consistency is strong argument in
its favor.

The second point we wish to make concerns the
role of linear-response theory in our starting the
self-consistency loop. Clearly it is remarkably
successful in achieving an excellent starting po-
tential. The same cannot be said for the charge
density. The charge density calculated by linear-
response theory is deficient in two important re-
spects. First, the allowed Fourier components of
the charge density differ from their linear-re-
sponse values: p(3) by -10% and the higher com-
ponent such as p(ll) by a factor of 2. Second, the
"forbidden" Fourier components of charge density,
such as paaz, are not unimportant. These forbid-
den components are a clear manifestation of the
nonlinear x"elationship between charge and poten-
tial, since there is essentially no V& potential.
It is common 3 to ascribe the presence of pa~
charge density to a bond-charge model where one
puts g-function charge distributions at the center
of the bonds between Si atoms. The main function
pazz fulfills, insofar as we can tell, is to ensure
that the regions where the charge density is small
remain positive definite. This is not in the region
where the bond charge is present [coming from
p(3)], on the contrary it is as far away as one can
get from the bond chaxge. Furthermore, it is just
these regions where linear-response theoxy leads
to a negative charge density.

At this point the x'eader may be wondering why
there is no Vr (222) forbidden potential when one
has significant pm charge components. This is
accounted for by the fact that the Hartree potential
produced by a comparatively rapidly varying charge
disturbance is quite small, coupled with a cancel-
lation of approximately half the Hartree potential
by the exchange and correlation potential.

In conclusion, while there have been a number
of a priori self-consistent calculations for Si,
this is the first to have demonstrated that it is
possible to construct a smooth and physically rea-
sonable real-space model potential for Si4' which
leads to self-consistent energy bands and charge
densities in the context of a yseudoyotential cal-
culation.

%e would like to acknowledge a number of useful
discussions with E. O. Kane, J. C. Phillips, and
J. A. Van Vechten.
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Magnetic Susceptibility of the Noble Metals around Their Melting Points

R. Dupree and C. J. Ford
Physics Department, University of Wanvick, Coventry, England

(Received 2 October 1972)

The magnetic susceptibilities of the noble metals have been accurately measured close to the melting
point in both liquid and solid states. In the liquid the susceptibilities are (in cgs volume units) Cu:
(—0.70+0.01))&10, Ag:(—2.05+0.01))(10, Au: (—2.74+0.01)X10, and in the solid Cu:
(—0.59+0.01))&10, Ag: (—1.84+0.01))&10, Au:( —2.63+0.01))&10 . The results obtained agree
well with the susceptibilities calculated recently by Borchi and de Gennaro if the effects of
electron-electron interactions are correctly taken into acount.

There is considerable uncertainty in the experi-
mental values for the magnetic susceptibility of the
liquid noble metals. For instance, different
authors obtain opposite sign changes in the suscep-
tibility for copper on melting. Knowledge of the
spin susceptibility is important in the interpreta-
tion of the Knight shifts in these metals. ' Fur-
thermore, Qorchi and de Gennaro have recently
calculated the electronic susceptibility of the no-
ble metals in both liquid and solid state using a
pseudopotential method. They predict that, even
in the liquid, there are considerable deviations
from free-electron behavior with the paramagnetic
term being enhanced and the diamagnetic term re-
duced. We have therefore made measurements by
the Faraday method of the magnetic susceptibility
of high-purity (99.999% or better) copper, silver,
and gold through their melting points. The values
obtained were highly reproducible and the samples
showed no sign of oxidation or contamination. '
The results are given in row 5 of Table I for the
liquid metals and in row 9 for the solid metals.
The values for the liquid-metal susceptibility are
all more paramagnetic and the changes on melting
smaller than the mean of the earlier measure-
ments. ' Thevalue for copper agrees with a recent
measurement of Collingse and that for silver is
within the spread of earlier measurements. The
only previous measurement for gold~ was made
rather long ago. Our values are compared with
those deduced theoretically in Table I. The effect
of the ions on the noninteracting electronic sus-
ceptibility has been taken from Borchi and
de Gennaro, who took into account the effects of

electron-electron (ee) interactions on the spin
susceptibility y~, using the calculation of Silver-
stein. However, recent calculations ' have
shown that Silverstein seriously underestimated
this effect on y~ and we have therefore used the
results of these calculations to obtain a theoretical
estimate of X~ [i.e. , g~= X~"" (1+b~) (y», /g~""),
where b~ takes into account the effect of the ions
and y~„/y&'" is the ratio of the susceptibility in-
cluding ee interactions to the noninteracting suscep-
tibility. ] The effects of ee interactions on the dia-
magnetic susceptibility have been included using the
calculation of Kanazawa and Matsudawa, ' although
the change in the total electronic susceptibility due
to this is small (less than 4% in all eases). The
theoretical electronic susceptibility X, is given in
row 3 for the liquid metals and row 7 for the solid
metals, and the free noninteracting value y,o is
given for comparison in row 2. It can be seen that
the effect of interactions is considerable. The ion-
core values X, (row l and 6 of the table) are those
used in Ref. k, where it was shown that values
calculated using modern free-atom wave functions
did not give consistent y, values for most metals.
The total theoretical susceptibilities are given for
the liquid in row 4 and in row 8 for the solid met-
als. For silver the agreement between theory and
experiment is very good in both liquid and solid
states and the agreement is also very good for
solid copper, although the theoretical change in
melting is a bit too large. For gold the apparent
agreement is poor; however, the ion-core suscep-
tibility of gold is the largest of any metal and any
error in this will dominate the susceptibility. If


