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The de Haas-van Alphen elect in molybdenum has been studied in detail using large impulsive

magnetic fields. Digital data recording, fast Fourier-frequency analysis by computer, and dynamic
calibration of the entire apparatus have been used to obtain the de Haas-van Alphen frequencies to a
high degree of accuracy. Several new frequency branches associated with the electron-jack piece of the
Fermi surface are reported. Frequency branches exhibiting high angular accuracy and resolution are
reported for all branches that have previously been detected by other de Haas-van Alphen investigators.
A quantitative description of all sheets of the Fermi surface is presented, along with comparisons with
other Fermi-surface radii obtained by use of the radio-frequency-size-efFect (RFSE) technique. The
Mueller inversion technique for obt~~»ng Fermi-surface radii from the de Haas-van Alphen area data
was used whenever possible. The de Haas-van Alphen results presented are consistent with an estimate
of 2.5% of the I H dimension for the size of the gap between the jack and the octahedral
Fermi-surface pieces. Thus the question about the size of this gap as raised by discrepancies greater
than the combined experimental errors existing in current RFSE data is resolved. The spin-orbit
pmuneter is not found to be anomalously higher than that for tungsten.

I. INTRODUCTION

The Fermi surface (FS) and the electronic struc-
ture of molybdenum have been the subjects of sev-
eral extensive investigations over the past fern
years. Most of the results have been interpreted
in terms of revisions of a model for the chromium-
group metals (Cr, Mo, W) first proposed by
Lomer, ' who used the energy bands for Fe as
calculated by Wood. 2 The initial model was later
corrected for the particular case of molybdenum. 3

Theoretical augmented-plane-wave (APW) calcu-
lations for Mo done by Loucks exhibit qualitative
agreement with the Lomer model, but the quanti-
tative results are subject to numerical errors due
to an incorrect size for the unit cell used in deter-
mining the potential applied in the calculation. ~

Onthe experimental side, studies have been made
of the magnetoresista„cey s-s anomalous ski„effect
magnetoacoustic effect, ' '" cyclotron resonance,
and the de Haas-van Alphen (dHvA) effect. ~3 '~

The recent radio-frequency-size-effect (RFSE)
measurements of Boiko, Gasparov, and Gverdtsiteli'
and Cleveland and Stanford' provide many caliper
dimensions of the FS but the data presented in these
two investigations differ by 6%, a discrepancy which
is greater than the combined experimental errors
claimed by the investigators. The RFSE data are
most helpful in defining the shapes of the larger FS
pieces, but are hardto obtain and interpret for the
ellipsoids and lenses, where the RFSE signals lie
close together in magnetic field value, and are dif-
ficult to separate and follow as a function of angle.
The separation or gap between the jack and the octa-
hedral FS pieces was estimated by Boiko et al. as
2. 5% of the FH dimension, while Cleveland and

Stanford's estimate for the gap was 7%. The larg-
er gap was explained by choosing a value of the
spin-orbit parameter for Mo larger than that pre-
dicted by Mattheiss'9 for W. The effects of spin-
orbit coupling should be more pronounced in W,
where the gap is 5%, than in Mo.

This investigation of Mo was undertaken to pro-
vide complete and accurate data concerning the
extremal areas associated with each of the pieces
of the FS using the pulsed-field dHvh technique.
The data were used to obtain the FS radii and thus
clarify the discrepancy existing in the current RFSE
data, and to resolve the question about the size of
the gap between the jack and the octahedron caused
by the spin-orbit interaction.

II. EXPERIMENTAI. PROCEDURE

The impulsive-field apparatus and data reduction
techniques used were essentially the same as those
reported by Girvan et al. 20 The experimental de-
tails are given in a previous report, a so only an
improvement in the frequency-analysis method will
be discussed in this paper.

The single-crystal samples used in this investi-
gation were spark cut from the same single-crystal
rod of Mo from which Cleveland obtained samples
for his RFSE esperiment. ~ The rod, purchased
from Westinghouse Lamp Division, has a residual
resistance ratio (R,M „/R4~ K)of 5000 as deter-
mined by use of the eddy-current-decay method. ~3

Tmo samples for this investigation were cut in the
form of long thin square bars —one with a (100)
crystallographic axis parallel to the length of the bar
and the other with a(110)direction as the long axis.
These samples mere electropolished to a diameter
of 0. 5 mm and alength of 5 mm, using a 6% solution
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of perchloric acid in methanol cooled with a mixture
of dry ice and acetone.

A sample was mounted in a pickup coil housed in
the drive wheel of the sample holder. The drive-
wheel assembly was detached from the drive-shaft
assembly and mounted in a jig capable of keeping
the plane of rotation of the drive wheel parallel to
a Polaroid x-ray camera used for checking the ori-
entation of the sample. The x-ray beam, entering
a small hole in the wheel parallel to its axle, strack
the tip of the sample which slightly protruded out of
the end of the pickup coil. The Laue back-reflection
diff raction pattern obtained permitted determination
of the plane of rotation of the sample to within 1
of a chosen crystallographic direction.

To obtain all of the frequency data possible from
the sample, one would like to have some way of
being able to discriminate against some frequencies
while enhancing others. Then a higher-amplitude
signal from a given set of frequencies would enable
a more accurate determination of the frequencies
involved. One data run for each orientation plane
with a given sample was made at a temperature of
4. 2 K using a peak field of 90 kG. This mode of
operation enhanced the amplitudes of frequencies
arising from the lenses and the ellipsoids. A sec-
ond data run for each plane and sample was made
at 1.2 K using a peak field of 170 kG. At this tem-
perature and higher field the frequencies associated
with the larger and/or higher-effective-mass orbits
arising from the electron jack and the hole octahe-
dron were brought out.

All of the results reported here were obtained
with the aid of the high-speed digital recording
equipment developed by Panousis. 2'

The frequency-analysis program ' used the fast
Fourier subroutine RHARM from the IBM scientific
subroutine package. This analysis is 10-60 times
faster than the filter-periodogram technique de-
scribed by Panousis 4 with comparable frequency

accuracy and resolution. Figure 1 shows a fast
Fourier-frequency analysis of dHvA data taken
at 28. 9' from [010] in the (001) plane. The graph
is a composite of several small-range frequency
scans, since the program works best on frequency
scans of one octave or less. The frequency results
shown were obtained with about 45 sec of CPU time,
while the time used to obtain very similar filter-
periodogram frequency results for the data set was
around 35 min of CPU time on an IBM 360/65 com-
puter The .peaks labeled Pl, P2, P3 are plotted as
pointslabeled P for frequencies at 28. 9' from
[010] in the (001) plane as shown in Fig. 2, a
semilogarithmic plot of all of the data obtained in
the (001) and (110)planes. Peaks labeled with sub-
scripts in Fig. 1 [such as (P1)3] are second harmon-
ics, and peaks with two frequencies (such as y+ v)
are sums and differences of the appropriate funda-
mental terms. Only frequencies identified as funda-
mental were plotted in Fig. 2. The 27 peaks iden-
tified in Fig. 1 illustrate the power of the analysis
program to extract many frequencies with high ac-
curacy and resolution from a single data set.

The amplifiers in the apparatus were capable of
passing time frequencies in only a certain given
range (-5-100 kHz), and the dHvA digital equipment
was capable of taking data at equal time intervals of
4 psec minimum (i. e. , only two points per cycle
were obtained for a 125 kHz signal). Since dHvA
oscillations are periodic in 1/H rather than in real
time, for a given pair of data points there are mini-
mum and maximum values for possible dHvA fre-
quencies contained in the data, as given by the relation

A(1/H)
+t

~g +1HvA

where At and A(1/H) are computed from this pair of
points, the time frequency Ft is one of the amplifier
frequency limits and the corresponding dHvA fre-
quency limit is I'~,„.The upper amplifier limjt
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FIG. 3. Linear plot of low-frequency dHvA data for
field directions in the (001) and (110) planes.
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smoothly varying in value and amplitude as afunc-
tion of angle of observation. (iii) Sets of frequen-
cies which can be identified as second or third
harmonics or sums and differences of other re-
ported frequencies are omitted.

FIG. 2. Variations of the fundamental dHvA frequencies
in molybdenum for field directions in the (001) and (110)
planes. The geometric axes for the rod-shaped samples
are 4, [110]and 0, [001].

assures the taking of data at a rate of more than two

points per cycle. The best analysis is obtained
when data is analyzed for a given dHvA frequency
using only those data points which lie within the time
frequency limitations given above. A time constant
of 40 @sec was found appropriate to correct for the
time delay introduced by the finite inductance of the
"noninductive" standard resistor, for eddy-current
effects, and for other effects, including electronics,
capable of introducing a time delay. ~' This correc-
tion produced dHvA frequencies that were the same
for both rising-field and falling-field data. Corre-
sponding frequencies from each of the four data sets
obtained at a given angle were averaged together to
produce a single value which could be plotted on
graphs of the data.

The pulse solenoid was calibrated using the dHvA
effect itself to make a dynamic calibration of the
entire apparatus. The [111]frequency of the v oscil-
lation in tungsten, determined by O' Sullivan and
Schirber~s to be 98. 8+ 0. 2 MG with the aid of NMR

~ measurements of quasistatic fields, was used as
the frequency standard.

The experimental data which are presented in
Sec. III were subjected to the following criteria:
(i) The frequency presented should be the average
of corresponding frequencies found in the four data
sets taken at that angle. (ii) The frequency should
be a member of a set of frequencies which are

III. FREQUENCY RESULTS
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FIG. 4. Linear plot of medium-frequency dHvA data
for field directions in the (001) and (110) planes.

The angular dependence of the fundamental dHvA

frequencies corresponding to extremal cross-sec-
tional areas of the FS of Mo are shownin Figs. 2-7.
In all of these figures the symbol 6 is used to
represent data taken with the [110]sample while the

symbol ois used for the [001] sample. The labels
for the frequency branches are those used by Girvan
et al. ,

~0 except for the P used for lens frequencies,
which do not exist in W. A drawing of a model FS
for W, whose FS is similar to that for Mo, is shown

in Fig. 8. Differences between the Fermi surface
of Mo and W are discussed in Sec. IVA. Thenomen-
clature for the various FS pieces is due to Sparlin
and Marcus. ' F,N, H, P, and 4 are standard labels
for symmetry points in the Brillouin zone for Mo.

The only correction applied to all of the data was
that for angle calibration. ~' Although the approxi-
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FIG. 6. Linear plot of low- and medium-frequency dHvA
data for fieM directions in the (111)plane. Note the
break in scale for E (MG).

mate symmetry direction of the sample for a certain
sample-holder angle setting was known and used to
determine the angular interval over which the data
were taken, the final choice of the symmetrydirec-
tion was made from the symmetry of the plotted
frequency information about some particular angle.
In Pigs. 2-5 a symmetrydirectionwas chosen for
the corrected data taken over anapproximately 60'
range with a given sample and plane of orientation.
A density of data as a function of angle greater than
one set of frequencies per approximate 2' interval
indicates the data mere folded about the chosen sym-
metry direction. dHvA frequencies measured at a
given symmetry direction should be identical, no

matter which plane of orientation containing that

gh &&hQ

FIG. 7. Linear plot of high-frequency dHvA for field
directions in the (ill} plane.

direction is chosen or which sample is being used.
These frequencies, listed in Table I along mith val-
ues determined by other experimentalists, can be
compared for a given symmetry direction. Any
discrepancies found are the result of misalignment
of the sample in the plane of rotation, or the preci-
sion with which a given frequency can be determined
(usually better than —,'$0, except for around 1% for low
frequencies).

Figures 3- 5 are linear plots for the (001) and
(110) planes of most of the data appearing in Fig. 2,
a semilogarithmic plot. The precision with which
the samples mere oriented can be seen from sever-
al aspects of these data. The folded data show very
little scatter as a function of angle near the [110]
and [001) symmetry directions. The scatter in the
folded data at [010] in the (001) plane is a function
entirely of the choice of a symmetry direction at
[110], since all of the information reported in the
plane came from the [110]sample. The scatter in
the data appearing near [111]in the (1TO) plane,
where the data came from both samples, is a mea-
sure of the ability (a) to place each of fhe two sam-
ples in the (110) plane, (b) to apply the same angle
correction for a given dial reading on the sample
holder, and (c) to pick a symmetry direction for the
folded data at 0' and 90 . Once these three things
have been done, there are no additional variables
to be adjusted to make the data from these two sam-
ples to better ovexlap.

In Fig. 2 the frequency branches labeled P arise
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FIG. 8. Drawing of a model FS for tungsten, whose
FS is similar to that for molybdenum. Some extremal
orbits expected to give rise to a dHvA effectare shownas
black lines. The Brillouin zone is indicated by white
lines. Differences between the FS of molybdenum and
tungsten are discussed in Sec. IV A. Figure reproduced
from Ref. 20.

from orbits around the 6 electron lenses situated at
each of the symmetry points 4 in the Brillouin zone.
The p branches arise from the orbits associated
with the 12 ellipsoids situated at the symmetry
~ints N. The single frequency branch v comes
from orbits around the 6 equivalent octahedra lo-
cated at the points H.

The rest of the orbits can be identified with the
electron jack at F in the center of the zone, as
shown in Fig. 8. The frequency branches m and o
correspond to orbits around the balls and necks,
respectively. The 7. frequency branch arises from
a central orbit around foux balls of the jack. The
co frequency branch, due to a noncentral orbit con-
taining part of two adjacent balls and the body be-
tween them, is shown in the (110) plane in Figs. 2
and 5 and should also appear in the (001) plane at
[110]and exhibit some angular dependence. AI-
though this frequency branch probably existed in the
raw data, it could not be sorted out from the pattern
of second and third harmonics arising from data in
the 25-40-MG range, and was therefore omitted.
The two data points between V1 and V3, which
look as if they could be pax't of the g frequency
branch, actually belong to the end of the cv frequency
branch, as determined by comparison of their am-
plitudes with those of nearby data points in the two
branches. The unlabeled frequency branch which

appears at angles between the $ and y frequency
branches can be explained as arising from a non-
central orbit probably encompassing the body and
one ball of the jack as an intermediate between the
g frequencies coming from orbits around the body
of the jack, and the y frequencies coming from an
orbit encompassing two of the balls and the body
between them.

Data for the (ill) plane are showninlinear plots
in Figs. 6 and V. Note the break in the frequency
scale in Fig. 6. The right half of this figure is
missing some data because data were taken over a
shorter angular range at high field for this plane.
The angular scale shown with tick marks every 19'
was that used in determining a symmetry direction
fox' three frequency branches chosen for use ln in-
version of ellipsoid and octahedron data (see Sec. IV).
It is obvious that these data do not have the sym-
metry which they should, and therefore, the data
have not been folded about the symmetry direction.
However, this plane is extremely sensitive to small
misalignments of the sample. If the sample is only
1' out of the (ill) plane, the four frequencies which
should all cross at 25. 1 MG at exactly [110]will not
cross there, but will be shifted. The new crossing
point for those frequency branches lying entirely
between 24 and 2V MG in this plane can be greater
than 10 from [110]. These three frequency
branches in the data exhibit the most deviation from
the expected symmetry pattern. Notice also the 2'
uncertainty in the exact position for the [110]direc-
tion. A second attempt to orient the sample in this
plane resulted in data almost identical to that pre-
sented here. It is estimated that an alignment er-
ror of less than I' can account for the symmetry
problems shown by this plane, and this fact is used
along with the successful overlay of the data in the
other two orientation planes to determine the un-
certainty of the plane of orientation of a sample
with respect to the magnetic field as 1' or less.

IV. DISCUSSION OF THE RESULTS

A. General Considerations

The experimental information about the FS of a
metal obtained through the detection of the dHvA
frequencies is in terms of extremal cross-sectional
areas Ao(E~) of the FS normal to the applied mag-
netic field. The frequency I' for these dHvA oscil-
lations is given by the usual Onsager-Lifshitz-
Kosevich equation

The FS information that one would really like to see
would be the specification of the radius vector to
any point that lies on the surface. Such information
would constitute a complete geometric description
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of the FS.
A quick qualitative comparison of the FS's of W

and Mo canbe made throughthe use of Figs. 8 and 9.
Figure 8 isadrawingof amodel FS for W. Figure 9
displays the Mo data from Fig. 2 as solid lines and
the W data of Girvan et al. ~0 as dashed lines. The
band structures for these metals are similar, so
qualitatively similar FS's are to be expected, ex-
cept that W does not have lenses. The octa-
hedra of both metals compare rather closely in

size. The electron jack of Mo is quite a bit larger
in body, ball, and neck dimensions than the one in
W (note the logarithmic scale in Fig. 9). The
lenses in Mo make a small contribution to the vol-
ume of the total electron FS pieces. The hole el-
lipsoids are much larger in Mo than in W, which
is to be expected if the hole volume is to exactly
compensate for the increased electron-jack volume
and the volume due to the lenses. Remember that
for each of these compensated metals the volumes
of the electron FS pieces must equal the volumes of
the hole FS pieces.

There are at least three ways of relating FS di-
mensions to the dHvA data: (i) An accurate band-
structure calculation for Mo could be done from
which FS radiicould be obtained. The intersection
of a plane with these radii could be integrated to de-
termine the extremal areas one would expect to see
in a dHvA experiment. The calculated areas could
be compared withthe experimental dataandconclu-

FIG. 9. Comparison of the dHvA frequencies of molyb-
denum and tungsten. The solid lines indicate molybdenum
data from this study. The dashed lines indicate tungsten
data from Ref. 20.

sions drawn about the accuracy of the band- structure
calculation and about how consistent the data really
are. (ii) The FS areas could be converted into FS
radii by some inversion technique. The hole ellip-
soids atNand the hole octahedron atHsatisfy the
requirements needed to invert the dHvA data to ob-
tain FS radii by using computer programs 'imple-
menting the Mueller inversion scheme. 8 (iii) Sim-
ple or complex geometrical models could be de-
vised at the appropriate symmetry point and used
to predict experimental extremal cross-sectional
areas. Sometimes the models can be revised until
the desired accuracy of fit to the data is obtained.

An accurateI band- structure calculation and pre-
dictions of the dHvA frequencies as a function of
magnetic field direction were not available at the
time this work was carried out. The numerical
results of the APW calculations of Loucks4 are
questionable (see Sec. I). A new calculation by
Iverson and Hodges, ' presented in the article im-
mediately following, is still not as accurate as the
dHvA data from experiment, but this is true of all
band calculations to date.

The inversion-scheme programs ' will be used
for the octahedra and the ellipsoids, but cannot be
used on the lenses and jack. The difficulties en-
countered in applying the inversion scheme and the
criteria for picking the number of coefficients to
use in the expansion will be discussed shortly.

The eleven parameters of the fairly complex geo-
metrical model for the W jack (see Ref. 20) were
adjusted in an attempt to fit the Mo data. A pro-
gram used to generate this model was obtained from
Girvan. While a few of the parameters
could be successfully chosen to fit data coming from
the body of the jack, no complete set was found that
would come within even 5% of all the data points
available at high-symmetry directions. The choos-
ing of the parameters was done by hand, since the
equation is highly nonlinear and the data are com-
pared to integrals of the equation. This is not to
say that a better set of eleven parameters does not
exist, but the likelihood of easily finding this better
set is considered small. Therefore, we shall at-
tempt to use only very simple geometrical models
to determine the dimensions of the jack and compare
these with the results of other experiments.

A printing error exists in Appendix B of Ref. 27
containing the inversion programs. The Kubic har-
monic expansion coefficients, necessary for use with
the 0„-group inversion programs, have the leading
two columns of each page missing. These columns
should contain "sign" information about several of
the numbers in the table. The first coefficient in
the table also has the digit "1"dropped, which is
necessary to obtain any results at all fromprograms
using this information. A partial list of these co-
efficients in Ref. 30 was used in detecting this er-
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ror and the complete list of correct values was
later obtained from the program authors. One pa-
rameter, the cone angle, must be set at or near
90' rather than at 0, which one might try as a
first guess, since no "usual" value is quoted to
guide the user of the programs.

The symmetry at N is such that eight frequency
branches for the ellipsoids are obtained from data
taken in only the (001) and (110)planes. The num-
ber of expansion coefficients uniquely determined by
the data supplied to the inversion program is re-
lated not only to the number of data points, but also
to the angular position at which the points are taken.
Choosing to take data only in planes of high symme-
try does place a limit on the number of coefficients
which should be used for inversion. A general feel-
ing for this limit develops as attempts are made to
determine an increasingly larger number of coef-
ficients. For the octahedron at H, the full cubic
symmetry O„applied. Here data taken in only the
(001) and (110) planes cannot yield unique coeffi-
cients whose l value is greater than 18 (11 terms)
(see Ref. 30). Including additional data from the
(111)plane should increase this number of terms
somewhat. The number of coefficients used in the
final fit for each surface was determined by the
lesser of the maximum number obtainable and the
point at which addition of more coefficients would
yield no further reduction in the standard deviation
of the data from that predicted by the inversion
scheme.

B. Hole Octahedron at 0
The data relating to the octahedron, labeled v in

Fig. 2, from all three planes were used with the
inversion scheme for the O„symmetry group to
obtain the FS radii for this piece of the total sur-
face. The symmetry directions chosen for the
(111)plane are those which are shown in Fig. 6.

As indicated in Sec. IV A, l = 18 with 11 coef-
ficients is the highest unique fit for data from only
the (001) and (110)planes.

,
Using the radii deter-

mined from an l = 18 fit involving data from all
three planes as a standard, the radii obtained for
higher values of l were compared. None of the
radii changed by more than a 2/o as the l value was
increased. From the number of peaks and valleys
in the curve for i=24 it was assumed that the fit
was probably sensitive to large changes in radii
(surfaces of high curvature) only if those changes
occur over angular intervals of approximately 10'
or more.

The cross sections of the octahedron pieces of
the FS for the (001), (110), (111), and (112) planes
are shown in Figs. 10 and 11 for the l = 24 fit in-
volving 19 coefficients, which are listed in Ref. 21.
The E= 24 fit was chosen as the cutoff point where
using additional coefficients would not further re-
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FIG. 10. Cross section of the hole octahedron FS at
II for the (110) plane. The RFSE data of Boiko et al.
(Ref. 17) have been plotted directly, while the RFSE data
of Cleveland and Stanford (Ref. 18) have been multiplied
by 1.05 before plotting.

duce the standard deviation of the input data from
that predicted by the inversion scheme. In the
(110) plane in Fig. 10, the RFSE caliper dimen-
sions of Boiko et al. ~~ were plotted directly, while
the dimensions obtained by Cleveland and Cleve-
land and Stanford' were multiplied by 1.05 before
plotting. In the (110) plane, the RFSE calipers for
this piece of the FS are also the FS radii, except
for angles near 50, where the calipers would not
be able to measure the slight dimple in the surface
near these angles, and would, therefore, yield
larger values than those of a plot of radii. At the
[001]direction the RFSE measurement is probably
more accurate than the radii indicated by the in-
version scheme, since the surface has high curva-
ture near this direction.

Radii obtained from inversion of the dHvA data
for the octahedron are tabulated for major sym-
metry direction in Table II. The volume calculated
using the inversion coefficients in a suitable pro-
gram from Ref. 27 was found to be 0.90 A 3. This
compares with 0.90 A ' obtained by Boiko et al ."
and 0. 95 k ' estimated by Sparlin and Marcus. "

The octahedron radii found in the present ex-
periment and the corresponding RFSE data of
Boiko et al. agree to within the errors of the ex-
periments. The plots of octahedron radii obtained
from the present experiment are probably accurate
to + 1%, except near the [001]direction, where the
errors are probably closer to + 2%%uq.

The RFSE octahedron dimensions reported by
Cleveland and Stanford'8 for the (110) plane were
integrated by computer and yielded an area of
0. 98+0.02 A . When these dimensions were in-
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TABLE II. Radii for the hole octahedra in units of
2m/a.

Direction

(100)
(U.o)

&112&

Inversion
scheme

1adll

0.407
0.304
0.244
0.252

Boiko et aE.

0.395
0.30
0.255
0.27

Others
C levelalld and

Ranfordb

0.376
0.290
0.238
0.253

'See Ref, 17. 'See Ref. 18.
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creased by 1.05, the resulting area matched the

1.083+ 0.01-A ~ cross-sectional area for this di-
rection obtained in the present experiment. From
the manner in which these HFSE dimensions, plot-
ted in Fig. 10 aftex being multiplied by 1.05, com-
pare with this study and with the RFSE calipers of
Boiko et al. , it would appear that the work of
Cleveland and Stanford was subject to a systematic
error of 5%. In Ref. 18 they are aware that their
results do not agree with those of other investiga-
tors and have considered in detail the sources of
error in their experiment (an RFSE investigation
employing extensive frequency studies). Their
investigation was thorough and does not contain
obvious weaknesses. Using samples cut from the
same single-crystal rod, experimental data are
presented which disagree with their work, but we
must conclude as they did concerning their work
that "the reasons for the disagreement are at pres-
ent unknown. "'8

C. Hole Ellipsoids at N

t, l lo]
I50 (c)

750

O. l 0.2 0.3
~ till]

0 4

FIG. 11. Cross sections of the hole octahedron FS at
H for the (001), (111), and (112) planes.

All of the data labeled p in Fig. 2 come from
the hole ellipsoids at ¹ These frequency
branches, four from the (001) plane and four from
the (110)plane, were used as input in the inver-
sion scheme for the V„(D»)symmetry group along
with the two frequency branches from the (111)
plane which are the most insensitive to small er-
rors in sample orientation. These latter two were
the branches connecting the 31.7-MG frequency at
the (112) directions with either the 36.4- or 25. 0-
MG frequencies at the [110]direction as shown in
Fig. 6 with the choice of symmetry directions as
indicated on that figure.

There are 12 symmetry points N in the Brillouin
zone, and generally six frequency contributions to
the dHvA effect for an arbitrary magnetic field
direction from a FS piece appropriately situated
at equivalent pairs of these points, but one must
concentrate on a single point N in order to obtain
results from the inversion scheme. The problem
can be viewed as one in which an ellipsoid with
axes c, 5, and c along three coordinate directions



DETERMINATION OF THE FERMI SURFACE OF MOLYBDENUM. . .

0.20—

].
0.00—

-0.20—

-0.40-G40
I

-0.20
I }

0.00
RA D I I (A )

I I

0.20 0.40

FIG. 12. Cross sections of the hole ellipsoid FS at
N for the planes containing the three sendm~es. These
directions are NI', NH, and NP.

k„,k„,and )t, is placed with point N at (0,0,0) and
the four frequency branches from the (001) plane
are thought to come from four separate planes of
observation on the single ellipsoid, and similarly
for any other experimental plane of observation.
As a check on the data, assignments made, com-
puted dHvA data generated from a perfect ellipsoid
were fed into the inversion scheme and checked
with the areas calculated by the inversion scheme.
The appropriate choice of spherical mapping co-
efficients3' could also be determined from these
ideal data.

The three principal cross sections for the el-
lipsoid pieces situated at symmetry points N are
shown in Fig. 12 with different plotting symbols
for each of the cross sections. The solid curves
are plots of perfect ellipses having major and mi-
nor axes identical to those obtained from the in-
version scheme for the E= 16 fit involving 45 coef-
ficients. These 45 coefficients along with the two
spherical mapping parameters are listed in Ref. 21.
The /= 16 fit was the highest-order fit that could be
obtained and was chosen because the standard de-
viation of the input data from that predicted by the

inversion scheme was lower than that of any other
fit obtained for a lower / value.

Values for the three semiaxes of the ellipsoids
at N as found with the inversion scheme are listed
in Table III. Since it is impossible to decide upon
the assignment of semiaxes to the NH and NF di-
rections from the dHvA data, it is assumed that
the shortest semiaxis is along NH, which is con-
sistent with the FS calculations for Mo by Loucks. 4

The volume calculated using the inversion coef-
ficients in a suitable program from Ref. 27 was
found to be 0.514 A s for 6 hole ellipsoids. This
compares with 0.61 A 3 obtained by Boiko et cl. '~

and 0. Vl A ' obtained by Sparlin and Marcus. 's

The column labeled "estimated from three areas"
in Table III contains semiaxes as calculated from
the frequencies (and corresponding areas) which
exhibit the condition that dF/de = 0 at (110) or (100)
directions. These three frequencies correspond
to-the extremal cross sections mal, mba, one for a
perfect ellipsoid at ¹ The semiaxes a, 5, and e
calculated in this manner can only be as good as
the approximation that the actual surface is a per-
fect ellipsoid. As can be seen from Fig. 12, the
largest cross section has some places which are
flatter than the perfect ellipse with same semi-
axes, so semiaxes estimated in this manner would
be expected to differ from those determined by the
inversion scheme. The inversion scheme radii
for this surface should be accurate to about 1%.

D. Electmn Lenses at 6

Data related to the electron lenses at symmetry
point 6 along 1H in the Brillouin zone cannot be
inverted by Mueller s inversion scheme, since
this point does not possess inversion symmetry.
The physical significance of this fact is that dHvA
experiments cannot provide enough information
about this surface to specify a unique surface con-
sistent with the required C&„symmetry. If an
additional condition is imposed that the surface has
a mirror plane whose normal is parallel to I'II,
the point has now been given the D4~ symmetry,
which satisfies inversion theorem requirements,
and enables use of the Mueller inversion scheme
or use of a geometrical model with the additional
symmetry. However, when this additional re-

TABLE III. Values in A for the semiaxes of the hole ellipsoids at N

Direction

Inversion Estimated
scheme from three

radii areas

Other Investigations
Cleveland and Sparlin and

Stanfordb Marcus~

0.365
0.325
0.216

0.358
0.310
0.223

0.38
0. 29
0.22

0.35
0.32
0.20

0.39+0.01
0.30+0.01
0.23+ 0, 01

See Ref. 17. 'see Ref. cSee Ref. 15.
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FIG. 13. Cross sections of the electron lens FS at b,
assuming a higher D4I, symmetry. For the nearly circular
cross section, the plane has normal direction I'H, and 0'
and 90' are parallel to (100) directions.

quirement is imposed to obtain a unique fit to the
data, the surface obtained is only a possible sub-
stitute for the actual surface. It is possible, but
rather unlikely, that the real FS exhibits this mir-
ror symmetry.

The condition of fourfold symmetry in a plane
whose normal is parallel to FH for the point 6 and
the almost zero slope of the lowest frequency
branch of the experimental data for the (001) plane
(see Fig. 3) can be combined to suggest that the
lenses are very nearly circular with radius r in a
cross section whose normal is parallel to FH. The
dHvA data about the lens's cross section having a
dimension d along FK as one axis and the lens's
radius r as the other axis are not sufficient to spec-
ify the distance e between the center of the plane
of the circular cross section and the center of the
FH dimension. It can be shown by simple geomet-
rical arguments that two different cross sections
with identical values for r and cross-sectional
areas, but differing in values of 0. and d, should
be distinguishable because of differing caliper di-
mensions for the same angle of observation.

This effect is probably only noticeable as a 4-5%
difference in caliper dimensions, unless the lenses
are highly asymmetrical. In other words, the
RFSE might be able to distinguish between symmet-
rical and asymmetrical models which could both
agree with the dHvA results. However, unless the
RFSE data are very accurate, probably better than
1%, the amount of asymmetry along the I'H direc-
tion could not be determined quantitatively. Such
accuracy cannot be expected from RFSE orbits
yielding small caliper dimensions, since these
resonances are detected at low magnetic field
strengths where ar,r is low and the RFSE line
shapes are broad. Another result of the geometri-

cal arguments is that while the distance e can vary
quite widely, the FH dimension for the lens re-
mains reasonably constant, as does the volume of
the FS.

For the above reasons, the five frequency
branches for the (001)and (110)planes shown in
Fig. 3 were used as input to the inversion scheme
for the D4„symmetry group. As with the ellipsoids
discussed in Sec. IV C, one lens was picked and
placed at the origin of an inversion k space and all
of the data were used as if they had been takenfrom
five different planes of observation. The program
was checked with perfect ellipsoids of revolution
and the spherical mapping parameter was also de-
termined from these ideal data.

The two principal cross sections for the lens
pieces situated at symmetry points 6, are shown
in Fig. 13, subject to the additional symmetry
requirement necessary for inversion of the data.
The results obtained from the inversion scheme

for the i=16 fit involving 25 coefficients, which
are listed along with the spherical mapping param-
eter GAMMA in Ref. 21, came from the highest-or-
der fit that could be obtained.

Values obtained with this fit for the radii of the
electron lenses at 6 for the approximately circular
cross section are 0. 162 A"' for a direction parallel
to (100), 0. 155 A ' for a direction parallel to (110),
and a total FH dimension of 0.222 A in the direc-
tion perpendicular to the circular cross section.
The volume calculated using the inversion coef-
ficients in a suitable program from Ref. 27 was
found to be 0.057 A 3 for 6 lenses. This compares
with a volume of 0. 060 A ' obtained by Leaver and
Myers. "

E. Electron Jack at I'

An accurate model for the electron-jack surface
is the most difficult to extract from the dHvA data
of extremal~ cross-sectional areas. The data can-
not be inverted by using the Mueller inversion
scheme because some radius vectors to points on
the surface are multivalued. There is no way to
accurately determine the position of the center of
the ball connected to the body portion of the jack.
In Sec. IVB it has been shown that the RFSE data
of Boiko et al. "agree quite closely with the radii
obtained from inversion of the octahedron dHvA
data. Their RFSE data will be used to supply some
valuable jack radii, but only at those angles where
there is good reason to believe that the caliper
dimensions obtained in the RFSE experiment are
actually radii. The claim made by Boiko et al. '~

that "upon rotation of the magnetic field relative to
the crystallographic directions in the (110) plane,
the lines of the experimental points from the ex-
tremal orbits of the electron 'jack' will give di-
rectly the section of this surface with the (110)
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plane" is not true for the entire jack cross section
in this plane. In particular, the line "i"of the
data of Boiko et al. ,

'~ shown as plotted points in
Fig. 14, can be coincident with the actual radius
vector only at the [001] direction. At any other
angular position for this line, the RFSE measures
caliper dimensions, and must be interpreted as
such. It is easy to fall into the trap of equating
caliper dimensions with radii for surfaces whose
curvature and symmetry does not allow such a
statement to be true. In general, for all but very
simple FS shapes extreme care should be exercised
when equating RFSE calipers with FS radii.

In the following paragraphs the rationale for the
particular (110) and (001) cross sections for the
electron jack as shown in Figs. 14 and 15 will be
presented. First some facts obtained directly
from the data should be noted. In Sec. IVD the
electron lenses were seen to be very nearly circu-
lar. Since the lenses lie in the neck portions of the
jack and the lens and neck cross sections are com-
parable in size, it seems reasonable to assume
that the necks are also very nearly circular. From
the value of 11.7 MG at the (100) directions for the
neck orbit labeled cr in Fig. 2, a radius of 0. 19 A '
for a circular neck cross section is obtained. For
the (130) plane, the ball orbit labeled v in Fig. 2
yields values of 31.63 MG at [001], 33.4 MG at
[110), and 35. 4 MG at [111]. The neck cross sec-

RADI I (I )
FIG. 14. (110) plane cross section for the electron-

jack FS at I'. The ' and o data points and their labels
are RFSE results of Boiko et al. (Ref. 17). The + data
point at 19' from [001]and the solid line construction are
described in the text.
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FIG. 15. (001) plane cross section for the electron-
jack FS at l. The O is a data point from Ref. 17. The
+ data points and the solid line construction are described
in the text.

tion is 32.4 MG at [110]. Assuming a rather spher-
ical shape for the ball, and a circular cross sec-
tion for the [001]direction, a radius of 0.310 A '
is obtained for the ball. The angles at which the
body orbit labeled ( in Fig. 2 disappears inthe (110)
plane can help to define the neck dimensions. At a
magnetic field direction of 19+—,

"from [110]the
neck interferes with the completion of the body or-
bit, and the orbit is no longer possible. This cor-
responds to the loss of RFSE signals at 21+2' from
a (100) direction reported by Cleveland and Stan-
ford, '8 and at 21+3' from a (100) direction report-
ted by Boiko et al. " Note that RFSE data are plot-
ted as caliper dimensions for given directions and
are obtained with fields applied perpendicular to the
given direction and to the plane of the sample. At
a magnetic field direction of 27 + 2' from [100],
the orbit around the body changes into an orbit
which encompasses all four balls. A loss of RFSE
signals at 29+2' from a (110) direction was re-
ported by Cleveland and Stanford, and at 24+ 3'
from a (110) direction by Boiko et al.

In Fig. 14 for the (110)plane the RFSE calipers
of Boiko et al. at [001]and [110]are assumed to be
radii, as well as those arising from the body of the
jack, labeled g. The radii are 1.16 A ' at [001]
and 0. 52 A ' at [110]. An additional data point +
for the body at 19 from [001]was extrapolated as
indicated by our data. This point also defines the
neck radius at 0. 19 A ' for a circular neck cross
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section. A completely spherical ball is shown
dashed in along with a straight line to connect the
neck to the ball, and a gently curved solid line is
drawn connecting the body data with the data point
at [110].

A spherical ball with circular neck and ball
cross sections at (100) directions was assumed
for the ball and neck drawn in Fig. 15 for the (001)
plane. The RFSE data point at [110]was included
and a slightly curved line was drawn to connect the
necks with this point. The body is slightly concave
at [110]in this plane, a fact which agrees with the
observation of two neck frequencies near 32.4 MG
at small angles away from [110]in the (001)plane,
as shown in Figs. 2 and 4. The area computed for
the model (001) plane is 2. 19 A~ which compares
very favorably with 2. 21 A~ for the dHvA exper-
imental area.

An area integration of the (110)plane as it has
been constructed thus far yields 1.45 A ~ to be
compared with the dHvA experimental value of
l. 51 A~. The value for this area can be improved
and the model corrected so that both a minimum
(neck) and maximum (ball) cross section is observ-
able at the [110]direction where the experimental
data shows values of 32. 4 and 33.4 MG by drawing
the additional (solid) lines for the ball. The new
area for the (110)plane is l. 49 L I. An integra-
tion to check the neck and ball cross sections at
[110]quantitatively is impossible to do accurately
without a complete analytical description of the
surface to be analyzed.

It is not possible to carry this simple geometri-
cal model further or make additional comparisons
with the experimental data since the integrations
of cross-sectional areas which do not contain the
center of symmetry for the figure and/or whose
normal is not a direction of high symmetry are
possible only with an analytical model suitable for
a computer. The assumption about fairly spher-
ical balls is also likely to break down somewhat as
one adjusts the model for a more accurate fit. As
mentioned in Sec. IV A, the analytical approach
was tried with no better results than those pre-
sented above.

V. CONCLUSIONS

The dHvA data for molybdenum which have been

presented are accurate to within 1% in frequency
or 1 in angle, whichever is the larger error, for
the magnetic field rotated in the (110), (001), and
(111)crystallographic planes. Two samples, cut
from the same single-crystal rod as the sample
used in the RFSE work of Cleveland and Stanford, '
were used to obtain the dHvA data. These data
were shown to be consistent in frequency and
angular determination at the appropriate major
symmetry directions for the above mentioned
planes. The data were inverted through the use of
the Mueller inversion theorem, s when possible,
to obtain FS radii, and a simple geometrical mod-
el was developed for the electron jack. The FS
radii for the (110)plane cross section for the hole
octahedron obtained from the dHvA data were
shown to be consistent with the RFSE caliper di-
mensions obtained by Boiko et' al. '~ for the same
plane. The geometrical model for the electron-
jack cross section is consistent with the RFSE
caliper dimension at [001]. Since the inversion-
radii data for the octahedron are most subject to
error at [001], the determination by Boiko ef al.
of the RFSE caliper dimensions, which are radii
at [001], is believed to be correct Thes.e RFSE
dimensions for the (100) direction are l. 16 A '
for the jack and 0. 79 A ' for the octahedron with
the I'H dimension as l. 999 A ', so the gap between
the jack and octahedral FS pieces is estimated as
2. 5% of the I'H dimension, thus resolving the dis-
crepancies existing in current RFSE data.

The model presented for the electron jack could
probably be improved by further calculations on a
complicated analytical model. An accurate FS
model based on band-structure calculations for
molybdenum would be more desirable, but such
calculations are not yet precise enough for agree-
ment with experiment. The recent energy band
calculations of Iverson and Hodges appear in the
following article. ~
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The nonrelativistic energy bands of bcc Mo are calculated by the renormab~el-atom method and the
Fermi surface is obtained using an interpolated band structure. The de H~van Alphen data for the
neck orbit of the electron jack and the electron lens are used to derive, for the crystal, a spinwrbit
paar, eter of 0.0075 Ry, approximately equal to the atomic spin-orbit parameter.

I. INTRODUCTION

The experimental data relating to the Fermi sur-
face (FS) of bcc Mo have been reviewed by Hoekstra
and Stanford in the preceding payer. ' The FS of Mo
has four sheets qualitatively similar to those of the
minority-spin electrons in iron: I, hole pockets
( ellipsoids" ) centered at the points N in the Bril-
louin zone; II, a hole octahedron centered at the
point JI; III, an electron "jack" centered at the point
I'; IV, electron lenses centered on the & symmetry
lines.

In the absence of spin-orbit coupling the octahe-
dron and jack would contact each other on the &-

symmetry line and each lens would contact a neck"
of the electron jack just off the & axis. The spin-
orbit interaction in Mo produces separations be-
tween these pairs of surfaces.

The separation between the octahedron and the
jack is of particular interest because reported ex-
perimental estimates of its value differ by more
than the reported experimental errors. The radio-
frequency-size-effect (RFSE) measurements of

Boiko et al. 3 give a separation of (2. 5 4 2)% of the
I'H dimension 2v/a while those of Cleveland and
Stanford ' give (7.5+2)%.5 The latter value is es-
timated to require a spin-orbit parameter of 0.03
Ry, which is 4 times the atomic spin-orbit param-
eter of 0.0074 Ry calculated by Herman and Skill-
man. s The de Haas-van Alphen (dHvA) data of
Hoekstra and Stanford~ are consistent with the
smaller value of the separation, that of Boiko eI, al. ,
but not consistent with that of Cleveland and Stan-
ford.

The rest of this paper discusses the interpolated
band structure of Mo, the resulting FS, and the val-
ue of the spin-orbit parameter obtained from a fit
to the experimental dHvA data. The results indi-
cate that the separation along the & axis between
the octahedron and the jack is only about l. 2% of
2% g,

II. BAND STRUCTURE

Previous nonrelativistic band-structure calcula-
tions for Mo have been reported by Loucks~ and
Petroff and Viswanathan. s W'e originally intended




