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A phenomenological dielectric approximation is proposed for studying the response of metal surfaces

to external charge distributions and is illustrated by detailed calculations using the Thomas-Fermi

model. The procedure is based on the replacement of the dielectric-response kernel in a constitutive

relation by its asymptotic expression in the bulk region. It represents an alternative to the classical

step-density approximation, where the nonuniform density profile near the surface is replaced by the

bulk electron density up to an abrupt termination. While the two procedures are equivalent for a local

solid, they are quite different in general because of the different nature of the quantitites being

approximated by bulk expressions. Detailed applications include the calculation of the image-potential

interaction and of the induced surface dipole for static point charges external to the metal surface, the

study of the corresponding quantities for charges embedded in the surface, and, finally, the calculation

of the effective polarizability of an adsorbed atom and of the image potential and induced surface

dipole for a polarizable ion. Comparison with self-consistent surface-model calculations indicates that for

charges external to the surface the results for the above-mentioned dielectric approximation are much

more realistic than those for the step-density approximation. However, for the case of embedded

charges far away from the surface the step-density approximation yields a more accurate result for the

surface dipole. A final section is devoted to the generalization of the step-density treatment to
time-dependent response problems, assuming specular reflection of electrons at the surface. Some

necessary general formulas are derived in a first part, which is then followed by a detailed study of the

image-potential interaction for point charges moving uniformly along various prescribed trajectories.

Explicit calculations for a local dielectric function indicate a strong dependence of the instantaneous
interaction on the past trajectory of the external charge, as- well as strong deviations from the

quasistatic image potential in some cases. These modifications arise from real and virtual excitation of
surface plasmons for particles moving outside the metal, and from both surface- and bulk-plasmon

excitation for particles moving inside the metal.

I. INTRODUCTION

The dielectric response of a metal surface to ex-
ternal perturbing charge distributions is of direct
interest for a number of phenomena. In particular,
the image-potential interaction between a static
point charge and a metal surface plays an important
role in the study of the Schottky effect, of the tun-
neling between two metal electrodes separated by
an insulating baxrier as weQ as in field-evapora-
tion, field-desorption, ' field-emission, and low-
energy-electron-scattex ing problems. It must
also be taken into account in the detailed interpre-
tation of chemisorption energies for atoms which
are partially ionized in the adsorbed state. 8 Pn the
other hand, an adsorbed ion and its induced screen-
ing charge constitute a dipole p normal to the sur-
face, which is responsible for the initial decrease
of the work function of the metal ' as a function of
adsorbate concentration, This change in the work
function 4 is given by

d4
dN

=-4~~p~ N-O

where N is the density of adsorbed atoms.
The modifications of the response arising when

the external point charge is replaced by a polariz-
able ion or atom may also be significant, as indi-
cated by measurements of the dielectric constant of
adsorbed layers. " Fox example, a large enhance-
ment of the polarizability of Xe atoms adsorbed on
a Pd surface has recently been found by studying
the work function as a function of coverage.

According to classical electrostatics the inter-
action energy 8' between a static point charge of
strength q and a perfect conductor is determined by
the potential of a hypothetical charge -q, placed at
the image point with respect to the sux face:

(1.2)

where I@OI is the distance of the charge from the
metal surface and g is the static dielectric constant
of the bounding medium. On the other hand, since
for an ideal conductor the screening charge induced
in the metal is located on the surface, the dipole
formed by the external and induced charges is given
by

and is directed normal to the surface.
The above expressions are valid only for dis-

tances I zo I large compared to the actual screening
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length A., (t, =o for a perfect conductor)'of the met-
al electron gas. For quantitative analyses it is
very important to know in what way the divergence
of (1.2) as one approaches the surface is removed
by the effect of finite screening. Also, because of
the long range of the image potential, it is impor-
tant to determine the asymptotic multipolar correc-
tions to the 1/(sol behavior. On the other hand,
for X, +0 the charge induced in the xnetal extends
over a surface layer of finite thickness, a feature
which may lead to deviations from the classical val-
ue (1.3) for the induced surface dipole.

In the case of moving external charges one ex-
pects the existence of dynamical corrections to the
image potential (1.2), in addition to the static cor-
rections considered above. Two kinds of dynamical
effects may arise. First, if the velocity v of the
external charge is comparable to velocities of me-
tallic electrons, the screening response of the
electrons is no longer adiabatic. This leads to
corrections to (1.2) which depend on the ratio v/u~,
where gz is the Fermi velocity. Second, a
sufficiently fast particle may excite surface-
and bulk-ylasmon oscillations in the electron
gas, ' which will manifest themselves through
additional corrections to the quasistatic image
potential. .

One of the objects of the present paper is to dis-
cuss results which are based on a simple phenome-
nological treatment of the response of metal sur-
faces to external charge distributions. This pro-
cedure, which will be referred to as a dielectric
approximation (DA), is an alternative to a well-
known procedure of a similar nature, which may be
called the classical step-density approximation
(SDA), The basic idea in both procedures is that in-
stead of treating the metal response in a completely
self-consistent way from first principles, one tries
to simplify the problem by describing a certain part
of it phenomenologically; the remaining part of the
problem is then treated in a self-consistent way,
Such procedures are useful not only for studying

. problems which may be too complicated to be han-
dled satisfactorily from first principles (such as re-
sponses to polarizable charge distributions or to
various dynamic perturbations), but also because
they provide a simple understanding of the basic as-
pects of the response of metal surfaces. A number
of self-consistent calculations of metal-surface re-
sponses have recently been carried out in the frame-
work of the uniform background model for the ions
(jellium model). Using various approximations,
Lang and Kohn and Hamann and Appelbaum' have
calculated the image potential, whereas Ying,
Smith, and Kohn~s have studied screening charges
and induced surface dipoles from such a point of
view. Comparison with these results w'ill enable us
to assess the reliability of the phenomenologieal

procedures in their detailed predictions. Before
introducing the DA it is useful to discuss briefly the
infinite-barrier model f'or a metal surface, as mell
as its quasiclassical version which is just the SDA
mentioned above.

In the infinite-barrier model for a jellium system
the bulk one-electron potential is assumed to be ter-
minated at the surface by an infinite-potential step,
which yrevents the electron distribution from ex-
tending into the vacuum. Such a model was first in-
troduced by Bardeen ~ for the study of work func-
tions. In particular, Bardeen calculated the non-
uniform electron density in the surface region,
where it drops continuously from its bulk value to
zero. He showed that the requirement of charge
neutrality in the metal is satisfied if the jellium dis-
continuity is placed at a distance u = Sv/8k~ (kz is
the Fermi wave number) below the surface. The re-
sponse of the infinite-barriex model to point
charges has recently been studied. in the random-
phase approximation (RPA) by Beck and Celli'8 and
by Newns~ and a number of related studies have al-
so appeared. 6 In this case the induced charge-
density fluctuation, like the unperturbed electron
density, vanishes at the infinite-potential step.
Beck and Celli have also analyzed the quasiclassi-
cal limit of the infinite-barrier model. In this lim-
it the unperturbed electron density is uniform right
up to the surface where it then drops abruptly from
its bulk value to zero. This is the SDA mentioned
earlier, which has been applied to a variety of stat-
ic- '3'2 ' and dynamic-response problems in re-
cent years. In particular, the induced charge den-
sity no longer vanishes at the surface in this case.
Beck and Celli find that the quasiclassical limit is
obtained by neglecting the quantum-mechanical in-
terference between incoming electrons and elec-
trons reflected from the infinite barrier. They al-
so point out that since in this approximation the
electron density does not vanish at the surface, it
describes a system whose true physical surface
lies above the effective surface of discontinuity.
The physical surface is defined by the infinite-po-
tential step where the electron density vanishes.
As discussed above, its position is chosen such
that charge neutrality is satisfied in the quantum-
mechanical treatment. Note that if one imposes
charge neutrality within the quasiclassical limit,
one is led to place the effective surface at the jel-
lium background edge. It is important to empha-
size the phenomenological nature of the quasiclassi-
cal SDA. Indeed, as discussed by Beck and Celli,
this approximation cannot be fully justified in terms
of a model for the surface since in general the in-
terference terms may not be neglected. On the oth-
er hand, since it allows for some loss of coherence
at the surface, one might expect it to be more real-
istic than the fuQy quantum-mechanical model of an
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infinite potential barrier. ' It is well known, how-
ever, that the detailed results for the SDA'8 dif-
fer quite strongly from those of the self-consistent
calculations of the image potential'4'" and of in-
duced surface dipoles. '6

Qn the contrary the DA, to which we now turn,
leads to much more satisfactory results both for
the image potential and for induced surface dipoles.
This procedure is of a similar phenomenological
nature as the quasiclassical SDA but it is not based
on the infinite-barrier model, nor does it use a uni-
form-density approximation. Instead of starting
directly from a density-response equation character-
izing the surface in infinite-barrier ' and self-
consistent' ' treatments, we consider the equiva-
lent nonlocal constitutive relation which relates the
displacement and electric fields inside the bounded
system. In this case the true surface is located at
a point outside the jellium background where the to-
tal electron density has dropped to a sufficiently
small value. In a spirit of neglecting the micro-
scopic variations which are specific to the surface
region, we replace the dielectric kernel in the con-
stitutive relation everywhere by its known asymp-
totic form in the bulk. This approximation paral-
lels closely the one of replacing the actual unper-
turbed electron-density profile by the average bulk
density, as done in the SDA for the infinite-barrier
model. The DA and SDA must therefore be placed
on similar footings and it is not possible, u priori,
to discriminate in favor of one of them. We note
that the two approximations are equivalent for sys-
tems described by a local dielectric constant, as
may be the case for dielectrics, or for metals in an
approximate high-f requency-response treatment.
For nonlocal systems the two approximations are
different and lead generally to quite different re-
sults. Just as in the SDA, we are led to introduce
an effective surface at which the electron density is
nonzero and such that the dielectric kernel has the
bulk form in the interior and the empty-space form
in the outside region. This effective surface must
therefore be chosen to lie below the physical sur-
face at which the electron density vanishes for a
true surface model. On the other hand, since the
region above it is assumed to be empty it cannot be
placed inside the jellium background.

As in classical electrostatics, '7 the absence of a
precise prescription for the position of the effective
surface in the above approximations is related to
the fact that the jellium background does not enter
explicitly in the detailed description. Therefore
the validity of such treatments is restricted to per-
turbing charges whose distance from the surface is
large compared to the range of the electron-density
variation near the jellium edge.

In Sec. II we formulate our DA in detail and illus-
trate it by calculating the response to static point

charges in the Thomas-Fermi approximation. For
comparison we also give a parallel discussion of
the Thomas-Fermi theory in the SDA both in Sec.
II and in Sec. III, which is devoted to detailed appli-
cations. Since various aspects of the Thomas-Fer-
mi response of metal surfaces in the SDA have not
been emphasized before, ' ' we believe that the
present study provides a more complete discussion
for this case as well. In Sec. III we consider suc-
cessively the calculation of the image potential, of
the induced surface dipole, and of the correspond-
ing quantities for point charges embedded in a met-
al surface. As a further illustration we study the
response to polarizable charge distributionsas and
calculate various quantities of interest such as the
effective polarizability, the induced surface dipole,
and the image interaction for adsorbed ions.

In order to discuss the image-potential interac-
tion for oscillating or moving external charges it
is necessary to formulate the response of the metal
surface for the case of dynamic perturbations.
This generalization is discussed in the first part of
Sec. IV, using the SDA and assuming specular re-
flection of electrons at the surface. In this treat-
ment the instantaneous electrostatic potential and
induced charge density are expressed in terms of
a general dielectric function and depend, in addi-
tion, on the past trajectory of the external charge.
The first part of Sec. IV concludes with some use-
ful expressions for a surface dielectric function"
first introduced by Newns. ' In a second part the
general results are applied to the study of the dy-
namic image potential for charges moving uniformly
along various prescribed trajectories. A general
summary is given in Sec. V.

II. THOMAS-FERMI RESPONSE TO STATIC CHARGE

DISTRIBUTIONS

A. Formulation of Procedures

We consider a bounded electron gas occupying the
half-space z &0 and assume, for simplicity, that the
half-space z &D is unoccupied. The extension of the
following discussion to the case of a bounding medi-
um having a dielectric constant q &1 is trivial. The
response of the metal surface to a static external
charge density n.„(r) is obtained by solving Max-
well's equations in the whole space. The bounded
electron gas is described by a nonlocal constitutive
relation giving the displacement fieM D(r) as a func-
tion of the total electric fieM E(r). Equivalently,
one may characterize it by a density-response equa-
tion determining the induced charge-density fluctua-
tion 5n{r) in terms of the electrostatic potential
V(r). Depending on whether one introduces D(r) or
5n(r) one has to solve either

V.D(r) =4vn, ~(r),
or Poisson's equation
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Vz V(r) = —4z[5n(r)+ n,~(r)],
with

E(r) = —VV(r) .

(2.2)

(2.3)

Because of translational invariance parallel to the
surface z = 0 it is convenient to define Fourier com-
ponents f(z, k„) of the charge density and of the field
components by

k2
5n(r) = ——' V(r) z &0

4~
(2. 8)

where X, = k, is the Thomas-Fermi screening
length defined by

k, = Gn'noea/e p, (2. 6)

and 4& is the Fermi energy for the homogeneous
electron gas. Substitution in (2.2) and Fourier
transformation then yields a closed equation for
V(z, k„)= V(z):

d'V(z) —~ V(z)= —4',~(z, k„), z &0 (2.7)

where

~ = (k'+ka)'~' (2. 8)

The boundary conditions which follow from (2.2) are
that V(z) and dV(z)/dz must be continuous in all
space. The complete solution is then obtained by
matching the bounded solution of (2.7) and its deriv-
ative, to the corresponding expressions in the vac-
uum region (which may be obtained by letting k, -0).

On the other hand, in formulating the new DA we
postulate the existence of an explicit form for the
density-response equation between 5n(z, k„) and

(2.4)
%I

where p=—(x, y) and k„ is a two-dimensional wave
vector parallel to the surface. Since the problem
is separable with respect to components of the
fields parallel and perpendicular to the surface we
introduce the vector notations F(z, k„)= [F„(z),F,(z}]
and EN(z) = Eg(z) kg/k~~ We shall discuss the con-
stitutive relations which are obtained in the phenom-
enological SDA and DA introduced in Sec. I. While
a general discussion is deferred to Sec. IV, we re-
strict ourselves here to a linearized Thomas-Fer-
mi treatment in view of the applications and be-
cause the differences between the two approxima-
tions are conveniently illustrated in this case.

In the SDA the true unperturbed electron density
profile no(r) for an infinite-barrier model is re-
placed by an abrupt step at an effective surface,
which terminates a bulk electron gas of constant av-
erage density no. The linearized Thomas-Fermi
density-response equation is then of the same form
as for a homogeneous bulk system:

V(z, k„) as derived, for example, in self-consistent
or infinite-barrier treatments. We then assume
that this equation has been transformed into an
equivalent constitutive relation of the form

D(z, k„)= 8(-z)E(z, k„)

+ 8(z) J dz'z(z, z', k„)E(z', k„), (2, 9)

which together with (2. 1) and (2. 3) determines
V(z, k„) and 5n(z& k~~) The surface z=0 which is in-
troduced in this expression is assumed to be placed
a sufficient distance away from the jellium edge,
such that the electron density in the region z &0 is
negligible. The inhomogeneous kernel e(z, z', k„)
is characteristic of the surface model and reduces
asymptotically to the Fourier transform z(z —z', k„)
of the bulk dielectric function for z and z' sufficient-
ly far away from the surface. Our DA then amounts
to introduce an effective sharp surface such that in-
side this surface the kernel z(z, z', k„) is replaced
everywhere by its bulk expression a(z —z', k„),
whereas outside of it it takes the empty-space form
5(z —z'). As discussed in Sec. I, this effective sur-
face is defined in a similar way as an effective sur-
face in the SDA for the infinite-barrier model. As-
suming now for convenience that the true surface is
shifted towards the region z &0 such that our effec-
tive surface coincides with z = 0, we thus approxi-
mate (2.9) by

D(z, k„)= 8( —z)E(z, k„)

+ 8(z) j dz'c(z —z', k„)E(z', k„) . (2. 10)

We note that the screening charge obtained by
solving (2. 1}and (2. 10) will generally include a sur-
face charge contribution of a similar nature as the
charge fluctuations which are found in elementary
electrostatics~ or in local studies of dynamic prob-
lems. This is not surprising in view of the phe-
nomenological nature of all these treatments. We
also note that a dynamic version of the present DA
has recently been applied by the author in a study
of surface plasmons.

It is clear that in the framework of a density-ma-
trix formulation and for a given model of the sur-
face the actual derivation of a constitutive relation
of the form (2.9) will be even more involved than
the derivation of the corresponding density-re-
sponse equation. However, such a derivation would
not be very helpful as far as the justification of the
DA, Eq. (2. 10), is concerned. Indeed, from the
fact that the SDA cannot be viewed as a true approx-
imation in the quantum treatment of an infinite-bar-
rier model' one is led to suspect that, similarly,
the DA cannot be fully justified in terms of a de-
tailed model for the surface.

The Thomas-Fermi dielectric function is t'(k)
= 1+k, k~, so that
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2

z(z k~~) = 5(z)+ 2k' e (2, 11)
II

and from the Fourier transform of (2.1}and (2. 3),
combined with (2. 10) and (2. 11), we obtain the fol-
lowing integrodiff erential equation:

y 00

II( ) kzE ( )
' Skll d I %II' 4 I E ( I)

y 40

+ dz' sgn(z' —z)e "'""' E,(z')
!«0

+ 4zik„n,~(z, k~~), z &0 . (2. 12)

We may simplify the right-hand side of this equa-
tion by means of integrations by parts, using (2.3),
and rewrite it in terms of the potential

n„,(z, k„)=q5(z —z,) .
We consider both the case where the charge is ex-
ternal to the metal surface (zo &0) and where it is
embedded in the surface (zo &0). Furthermore, for
the purpose of later discussion we present explicit
expressions for the potential V(z, k„) as well as for
the induced bulk and surface screening charges.
The bulk density fluctuation 5n(z, k„) is defined
through Poisson's equation (2. 2):

d Vz k
dz'

-q5(z —zo), z&0 (2.13)

and from Gauss's theorem the surface charge fluc-
tuation o(k„) is

V(z) = (i/k„}E„(z) . (2. 13) !tdV(zp kI) dV(z kg)dz, .o- dz .0'
The final form of (2, 12) is then

PV(z) 2 L 2 + -As
d z

—a V(z)= ——,k, V(0 )e I' —4zn.„(z, k„),

z &0 (2. 14)
which depends parametrically on the value of the po-
tential just inside the metal, and shows explicitly
the difference between the DA and the SDA as char-
acterized by (2.V).

Consistently with the use of a constitutive rela-
tion and of Eq. (2. 1), one has to require that
D, (z, k„) rather than dV(z)/dz be continuous at the
surface (z= 0) if no external surface charges are
present. This is also found to be necessary in the
simple phenomenological treatment of surface plas-
mons based on a local high-frequency approximation
for the dielectric constant. 29

B. Static Point-Charge Perturbations

In the case of a static point charge of strength q
placed at z = z0 on the z axis we have

V(z kI) = V( (z k~~) + Vo(z, k(()

where the direct term

(2. 1V)

Vo(z, k„) = Pnrq
—e '" '0'8(z)8(zo)).~ )

+—e ~~~" '0 8(-z)8(-zo), (2. 18)
k„

is the potential of an external charge in homoge. -
neous infinite media and V, (z, k„) is the induced po-
tential which is due to the presence of the inter-
face:

(2. 16)

Here 0' and 0 denote points just outside and just
inside the metal surface.

In the SDA a straightforward solution of (2. V), by
the method of variation of constants, and the match-
ing of V(z, k„) and dV(z, k„)/dz to the vacuum so-
lutions at z = 0 yield the explicit expressions

kll -fg(g+g )V, (z, k„)= " e ""'0'8(zo)+2e~~~'Oe "8(-zo}, z&0
II

(2. 19a)

The bulk density fluctuation is given by

2e oe~" 8(zo) — "e~""o 8(-zo) z&0.0. —k
k„ 0 (2. 19b)

8n(z k)= —qk — " e ' ' o'+e ' '0' 8(z ) + e""'Oe 8(-z ) 8(z}
1 a —k 1

2a n+k„ e+k„ 0 (2. 20)

and the surface charge obviously vanishes in this
case. In these expressions we have combined the
results for charges embedded in the metal and for
charges external to it, 8(z) being the unit step func-

tion, 8(z) =1 for z&0, 8(z) =0 for z&0. The char-
acteristic features of the above expressions at long
wavelengths are the rapid decay of the induced po-
tential and of the induced density fluctuation inside
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the metal, and the slow decay of the induced po-
tential in the vacuum region. Note that the second
term in (2. 20) for an embedded charge is just the
fluctuation which would be induced in a homoge-
neous electron gas.

Turning to the DA, we find that the potential in-
side the metal as obtained by solving (2. 14) is of
the form (2. 17), where Vp(z, k „) is given by (2.18)
and

V, (z, k„)=ae '+ —,
' V(0', k„)e "', z». (2.21)

Here V(0', k(() may be readily expressed in terms
of the arbitrary constant a. We also require the
explicit form of D, (z, k(() in the metal region, which
is obtained from (2. 10) and (2. 11)by substituting
E,(z, k„) as given by (2. 3), (2. 1V), (2. 18), and
(2. 21). After some straightforward calculations
we get

+2' —e ~I" 'o'—0
k„

In the vacuum region we have

k o
II +-kll II II

, e- 'oe ~" sgnz —zp 8 zp, z&0. 2. 222'(G +kll g

V( k )=bep"'+ e p"'4'p'8(-z ) z&02' (2.23)

and by matching V(z, k(() and D,(z, k„) at z = 0 we determine the constants a and b. The final results are

where

e-1gP g I 2e kll+
V&(z, k„)=2'zq e ((~-—(e ~~+e ((') 8(zp) +

II

2 ~, h' ~, 1 t 3 kz
V, (z, k„) =2mq —e 'p 1 ——e~(('8(zp)+

I
1-—-g

II II

(e-"+e-"qe(-zo)}, z ()

II

(2. 24a)

(2. 24b)

1 3k
b = — 7+- ~+—

2 2 k„k„
1 3 k

e& n-(()()sp
2 2 kl k„k„

The density fluctuations (2. 15) and (2. 16) are then given by

5n(z k )=-qk —e ' P'- —e-I"P'P' 8(z )+ eP"'Pe ~'8(-zp) 8(z)
1 1

II k„~

q e- '« e((gp 3 k n
&(k(() = —

I (c(+3k„)—+ a —3k„8(zp) +
2 cz ( " b, 2 k„k„1+—+——8(- z())

(2. 25)

(2. 26)

(2. 2V)

(2. 28)

As seen from (2. 24a), the potential inside the met-
al has now additional slowly decaying components
at long wavelengths. This indicates that the
screening is less efficient in the DA than in the
BDA. Another difference lies in the fact that for
an embedded charge the potential (2. 24a) and the
induced screening charge (2. 2V) contain a term
which is independent of the distance )zp) in the
limit kll 0 This term arises from the last term
in (2.26), which in turn is due to the first term in
the second bracket of (2.22). Finally, we note
that in the limit X, = k,'- 0 and for a charge ex-
ternal to the surface the induced potentials (2.19b)
and (2. 24b) reduce to the vacuum potentials of a
charge -q placed at —zp. This is precisely the

potential of the classical image charge in a perfect
conductor.

III. DETAILED APPLICATIONS

In our discussion of point charges we are mainly
interestedinthe electrostatic potential V(r) = V(z, p)
and in the surface dipole p = (0, 0,p) constituted by
the external charge and the induced screening
charge. Using (2. 4), we have

p(; p) pf dp„ez(k„p=)k (z(z((), (3.(),
0

where Jp(z) is the Bessel function of the first kind,
and we note that Jp(0) = 1. In particular, the inter-
action energy 8' between the charge q placed at
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r = (0, 0, zo) and the metal surface is given by

W= dkgk„V)(zo, k„) .
0

(8. 2)

q 8 &

41sgl Sl', lsgl' Sk,'ls, P
' ) '

(3.8)

For a charge external to the surface this repre-
sents the so-called image potential interaction.
Using the charge neutrality condition

An important difference between these two expres-
sions is the absence of a term of O(k, 'lzol ') in W~,.

We now observe tha.t (3.V) and (S.8) may be re-
written in the form

f, dz[5s(z, k„=0)+5(zg{k„=0)]= -q, (8. 3)
(s.9)

which may be cheeked explicitly from (2. 20) and
(2. 2V) and (2.28), the induced surface dipole is
given by

Inn(z, k„=0)
)P=q g0 — dg

0

(3.4)

This quantity measures the distance between the
external charge and the center of mass of the bulk
screening charge averaged over x hnd y. We shall
now discuss successively the image potential, the
surface dipole and the corresponding quantities for
charges embedded near the surface. Finally we
shall analyze some properties in the case where
the external point charge is replaced by a yolar-
izable atom or ion adsorbed on the surface.

A. Image Potential

Using (2.19b) and (2, 24b) the explicit expressions
for the interaction energy (3.2) for a charge outside
the surface are

q2k
W = — '

' dke &'0'"(z —v'I+za ), (3.5)
2 0

in the SDA, and

Wd = — + o(k~
~
zo

~
) .

g0
(S.10)

1
dz z5n(z, k„=0) . (3.11)

Substitution of (2. 20), (2.2V), and (2.28) then yields

This shows that to lowest order in the asymptotic
corrections the elassieal image potential is un-
changed in the DA. Qn the other hand, the classi-
cal image potential remains also valid in the SDA
if instead of measuring distances from the electron
density step one now measures them from a new ef-
fective surface which is shifted by a screening
length, X,= k,~, towards the interior of the metal.
In order to clarify the meaning of the new effective
surface we calculate the position of the center of
mass of the screening charge. Since this center of
mass lies on the g axis it is given by

F40

z, = dz z dp[5 (z, p)+~(p)5(z)],
4 0M

e
~ d ~-2kqla0lxk

dR 2 . gz = 0, for the SDA,

go=0 for the DA,

(3.12)

(S.13)

in the DA. The image potential (3.5) has been de-
rived previously by Newnszo and an equivalent ex-
pression has been given by Sidyakin. ' One may
easily verify that both (S.5) and (3.8) lead to a fi-
nite result in the limit g0-0 and that they coincide
with the classical expression {1.2) for an ideal con-
ductor (A,,= 0). This shows that the finite screening
effect removes the I/I zol divergence of the classi-
cal image potential. Because of the long range of
the image potential it is of interest to examine the
asymptotic corrections to the classical expression
for 2A', lg0l » 1, i.e. , for distances large compared
to the screening length. In this limit we obtain
from (S.5) and {8.8)

q2
W' —

4l l

1
y l ~ f l

(S.V)

where (3.13) is a direct consequence of the fact that
the average over p of the bulk density (2.2V) van-
ishes for all g. This shows that the effective refer-
ence surfaces in the pseudoclassical image poten-
tials (3,9) and (3.10) lie at the centers of mass of
the induced density fluctuation. Furthermore, the
fact that (8.9) and (3.10) contain no terms propor-
tional to the inverse square of the distance to the
center of mass means that an expansion of the im-
age potential into a multiyole series includes no di-
pole contributions. Finally we mention the work of
Lang and Kohn for a self-consistent surface mod-
el. ' These authors have shown that in this case the
classical image yotential is also valid in first ap-
proximation if the distance of the external charge
from the surface is interpreted as being the dis-
tance of this charge from the center of mass of the
induced charge density. This is in complete agree-
ment with the present conclusions.

A precise comparison of the results for the image



RESPONSE OF METAL SURFACES TO STATIC AND MOVING 1353

—08-
Al
O

0.6

O.I

0.2-

~&«
~I«Ia ~ ~+ear «'~e~ ~~ ~~

I

0.2
I

0.4
I

0.8
I I

0. 0.6 1.0
kga

FIG. 1. Image attraction energy W versus distance
a =—) zp ) from surface. Classical result, assuming k~

(dotted curve); dielectric approximation Thomas-
Fermi result |full curve); step-density approximation
Thomas-Fermi result (dashed curve); Gomer-Swanson
formula (dashed-dotted curve) .

W=W +W

1
~ 40

dk k Vo(z = 0 k )o(k ~)

«Q

(S.16)

(3.17)

must be recalled that the Thomas-Fermi approxi-
mation becomes inaccurate in the range of distances
l za I

& k, ~, where the short-wavelength behavior of
s(k) plays an important role.

It is interesting to reinterpret the image potential
in the DA in order to separate the contributions of
surface and bulk screening charges, respectively.
The image interaction energy may be written in the
general form

W= ,' f-"dz fdp Vo(z, p) 6p(z, p), (3.15)

where Vo(z, p) is the vacuum potential of the exter-
nal charge and 6p(z, p) denotesthe sumof theinduced
bulk and surface charge fluctuations 6n(z, p) and
a(p). Thus by using the definition (2.4) of Fourier
transforms we obtain for the case of an external
charge placed on the z axis

potential obtained in various treatments of the jel-
lium model is difficult because of the differences in
the models for the surface and in the approxima-
tions used. However, if the jellium discontinuity is
used as a common reference to fix the distance
) zp) one finds that the effective surface for the
classical image potential is outside the jellium for
the self-consistent results'4'5 while, according to
(3.9) and (3.10), it is inside the jellium for the SDA
and at the jellium edge for the DA. In this regard
the DA is thus muchmore satisfactorythanthe SDA,
especially since for the DA one might actually place
the effective surface slightly outside the jellium
backgrounc (see Sec. 1). We also note that in the
quantum-mechanical treatment of the infinite-bar-
rier model ' the effective classical surface is
placed even further below the jellium edge than in
the SDA.

At short distances the integrals in (S.5) and (S.6)
must be computed numerically, although we note
that (3. 5) maybe expressedinterms of several tab-
ulated functions u The results as a function of
k, ) zp) are plotted in Fig. 1 and are compared to the
classical expression (1.2), as well as to the phe-
nomenological interaction

g2

4(lzol+k ') ' (3.14)

introduced by Gomer and Swanson ' for the inter-
pretation of field desorption data. It follows that
at short distances the difference between Wd, and
W,da is rather small compared to the differences
with the classical expression. As expected, W,da

agrees better with (3.14) than W~. However, it

W = —
~

dz
I

dk„k„VO(z, k„)5n(z, k„), (3.18)
gp «Q

where Vp(z, k~, ) is givenbythesecondterm in (2.18).
In the case of the SDA, where the screening charge
includes only bulk charge, one may easily verify
from (2. 18) and (2. 20) that (3.18) reduces to the ex-
plicit expression (S.5). Turning to the DA, we ob-
tain from (2.27) and (2. 28)

q'k, l" 3+2 [z-(1+x')'I']
2 l 3+ 2x[7x+ (1+x')1"]

(3.19)

2 .~

"3+ 2x[7z+ (1+x')'"]
(3.20)

The sum of these two contributions coincides with
(S.6). The asymptotic expressions for 2k, I zol » l

are

q2 2 34
4I I 3k lz I 9k I I ) '

(3.21)

a @2k's 1 5
da 6 k2)z )2 3ks)z )

3

(3.22)
This shows that in the DA the classical image-po-
tential term arises from an induced surface charge,
just like in the classical electrostatic treatment. ~
Furthermore, the absence of a dipole term of
O(lzol ) in the asymptotic expression of W~, is seen
to be due to an exact cancellation of terms of this
order between surface and bulk charge contributions.
Finally, the actual corrections to the classical image
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potential may be interpreted as due to deviations of
the induced surface charge from its uniform value,
and to variations of the induced bulk charge about
its zero average value.

B. Surface Dipole.

According to (3.4), (3.12), and (3.13), the sur-
face dipoles constituted by the external charge
placed at z0 and the induced charge fluctuations are
given by

P.„=-q(isoi+u, '),
p~= —e I soI,

(3.23)

(3.24)

where the first expression is similar to one obtained
by Newns. ' The minus sign indicates that the in-
duced dipole points out of the surface for q &0 and
towards the inside for q &0. Thus we find that in
the Thomas-Fermi treatment for the DA the clas-
sical expression (1.3) for the induced surface di-
pole remains unchanged.

On the other hand, self-consistent calculations
by Ying, Smith, and Kohn'6 have shown that the in-
duced surface dipole vanishes in the Thomas-Fer-
mi approximation when the external charge is
moved through the surface region. In this case the
center of mass of the screening charge remains lo-
cated at the position of the external charge, which
is also the reason why such a calculation does not
allow one to recover the classical image potential.
In later work ' Kohn and co-workers have shown
that by including the first gradient correction to
the linearized Thomas-Fermi equation in a self-
consistent scheme, one is able to obtain a surface
dipole which varies with Iz0), as well as to recover
the image potential.

The effect of the gradient of the density fluctua-
tion in the self-consistent response equation is

I

similar to that of an effective surface of disconti-
nuity for the electrons, in that it keeps the center
of mass of the induced charge away from the po-
sition of the external charge. ~ In this sense the
results for the SDA and the DA in the Thomas-
Fermi case are more general than those of a self-

. consistent Thomas-Fermi treatment, since in the
latter the c.m. of the induced charge is not delo-
calized with respect to the external charge. In
particular, this suggests that it is appropriate to
regard the corrections to the classical dipole (1.3),
rather than the total dipoles themselves, as the
analog of the self-consistent dipoles calculated by
Kohn et al. 6 Such a comparison shows that the
present DA is superior to the SDA since it leads to
a vanishing correction to the classical surface di-
pole in the Thomas-Fermi approximation.

As pointed out by Newns, there is some evi-
dence for the existence of a correction to the clas-
sical dipole (1.3), based on work function changes

C. Charges Embedded in Metal Surface

The interaction energy of the embedded charge
(zo &0) with the metal surface is obtained from
(2. 19a), (2. 24a), and (3,2), We find

2 00

W~z= z dkii —(e —)'zo }'s~as
2k, 0 e (3.25)

in the SDA and

k„14k +Sk -2@k„-40.
2 „0 II

Q L 14k2II+sks2+2Qkll

x (e- p+ zs zzp }ze--znzp s ~zp (3 26)

in the DA. At large distances these expressions
take the form

( 1/3

W, o, = 1-~ + ~ ~ ~ e ~z'o, (3. 27)
4z0 ( k,z0

which verifies that in the classical limit of a per-
fect conductor the interaction vanishes for both
approximations. Two characteristic features are
the repulsive nature of the interaction and the fact
that W,~, is much more localized than R~, . It is
also instructive to study the induced surface dipole,
although for an embedded charge this dipole is not
directly connected to a measurable quantity. By
substituting (2. 20) and (2. 2V) in (3.4), we obtain
successively

q (3.29)

2 q
p 3k, (3. 30)

We note that these dipoles vanish in the classical
limit, as expected. In comparing the results for
the case where the charge is external to the sur-
face and where it is embedded in it, we observe

as a result of adsorption of Cs atoms on tungsten
at low coverage. However, these considerations
rely on field emission data by Sidorski, Pelley,
and Gomer, ~ where there are some problems re-
lated to the determination of the coverage values.
More recent data by Lee, Blott, and Hopkins' lead
to the value IP I

= 2. 06 eA for Cs on W(110) and
earlier data by Schmidt and Gomer give I p I ~1.64e
A for K on W(110}. These values are based on
the assumption that the charge of the adsorbed ion
is just minus one unit of electron charge, lq) =e.
We observe that these results agree to better than
209o with Eq. (3.24) if we take for I apl the ionic
radii, z' Jtc,+ = 1.69 A and 8„+= 1.33 A, which seems
to be a reasonable choice for the case of adsorption
on a closely packed crystal face.
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that terms of the same form as those which have
disappeared in (3.8) and (3.24), as compared to
(S.7) and (3.23), appear now in the corresponding
expressions when the charge is inside the metal.

The differences in the form of the interactions
(S.27) and (3.28) and of the induced dipoles (S.29)
and (S.30) may be interpreted as follows.

In the SDA the induced potential and charge (2. 19a)
and (2. 20) are nonzero only because the surface
lies at a finite distance from the embedded charge
(I. Therefore we identify the interaction (S. 27) and
the dipole (3.29) as typical finite-size effects. Qn
the other hand, the contributions (S.28) and (3.30)
arise from terms in (2. 24a) and (2. 27) which do
not vary with the distance zp in the limit k() 0.
One might therefore interpret them as describing
true surface effects, as opposed to finite-size ef-
fects.

We observe that for an embedded charge far away
from the surface the induced surface dipole vanish-
es in the SDA, as it does in the self-consistent
Thomas-Fermi treatment of Kohn and co-workers. '6

Thus in this limit the SDA yields a more accurate
result for the surface dipole than the DA. However,
at very small distances, where both (3.29) and

(3.30) are inaccurate, the DA gives a slightly bet-
ter result. Unfortunately it is not possible to make
a more detailed comparison of the above treatments
with self-consistent calculations since, as empha-
sized before, they cannot be fully justified in terms
of a true surface model. Finally, we note that the
significance of the above results for charges em-
bedded in the surface is probably rather question-
able because of the role of nonlinear screening ef-
fects in this case.

D. Polarizable Charge Distributions

We now turn to some aspects of the response of
metal surfaces to real ions or atoms located out-
side the metal. In the case of an ion, the point-
charge interaction energy and induced surface di-
pole will be modified if one allows for the finite
polarizability of the ion. Furthermore, it is known

experimentally ' that the polarizability of an ad-
sorbed ion or atom may be strongly enhanced rela-
tive to its free-space value. In the following we
study these effects in the framework of a Thomas-
Fermi treatment, using the DA of Sec. II. A sim-
ilar analysis for the SDA has recently been given
by Antoniewicz~s and we shall briefly review his
results for comparison.

In order to calculate the effective polarizability
a of an adsorbed atom we assume the presence of
a uniform electric field Ep normal to the surface,
which induces a point dipole of the same direction
on the atom. First we recall the expression for o.
in classical electrostatics. The dipole moment p.

which is induced on the atom is given by

g = (0 0 p) p = (xo(Ep+E~) (3.31)

where ao is the polarizability of the free atom and

E, is the field at the ion position »0 (zo& 0) due to
the image dipole induced in the metal:

E,= E,'-=»/(21 zol)'. (3.32)

In this approximation, the effective polarizability
of the atom is thus

P, Qp

Ep 1 —ao/41 zo I
~

(S.33)

3 —2+x —(1+x')'I']
3+ 2x [7x+ (1+x')'I' ]

(3.38)

in the DA. The field of the image dipole at the
position of the ion is defined by

E ( 0) (BP'(z, P=O)
~z S~Cp

(s. 39)

and for a dipole normal to the surface the dipole-
image dipole interaction U is given by

~-=~""'=—~'/(2l zol )' . (3.34)

In (3.31) we have neglected the effects associated
with the charge density induced by the external field
in the absence of the adsorbed atom. Since the
corresponding induced field may be represented by
the image field of an external charge placed a large
distance away from the surface it is negligible
compared to the field of the image of the point di-
pole induced on the atom. If the perturbing system
is an ion, the point-charge image force acts as an
external field which polarizes the ion and thus
leads to a charge-dipole interaction and to an addi-
tional contribution to the induced surface dipoles.
Since, in particular, the denominator of (3.33) is
singular as one approaches the surface it is of in-
terest to study the modifications of these results
due to a finite electron screening length.

Following Antoniewicz, ~8 we observe that the in-
duced potential V&(z, p) created by a dipole (0, 0, p, )
at zp& 0 may be obtained from the superposition of
potentials of the form (2. 24b) and (2. 19b) of two
point charges q and -q placed at zp and zp+4zp,
respectively. Indeed, this represents the induced
potential for a dipole if we take the limit q- ~,

0 while keeping the dipole moment p= -q4zp
finite. In this way we get

V, (z, p) = —pk, fo dx Jo(k,px) x fe ""'o'",

z&0 (3. 38)

[ (1 pp jz]z (3.38)
in the SDA, and

V', (», p) = —y, k,'g dxZO(k, px) xg(x)e"""o'",
z&0 (3.37)
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(s. 4o)

and is normal to the surface. The dimensionless
quantity y is then given by

y= y, „=4(k.
l
z, l

)'f dxx' f(x)e""e,

(3.41}y=y„=4(k, lz, l') g dxx'g(x)e~. d,
in the SDA and DA, respectively. Using (3.31),
(3.39), and (3.32) the effective polarizability is
found to be

0.1

Qp

1 —yno/4~zo('
(3.42)

3 6
ysdk k ) )

+kg)
)

P +' ~ ~ (S.43)

The quantity y, which describes the finite screening
effect, is equal to one in the classical case and is
plotted numerically in Fig. 2 as a function of k, I zpl .
The curve for y,~ has been taken from the work of
Antoniewicz. ~8 An important effect of a finite
screening length in the present case is to remove
the divergence for zp 0 in the denominator of the
classical expression for the effective polarizability.
The asymptotic forms for y are

0.01

0.2 0.4 0.6 0.8 1.0 1.2

kga

FIG. 2. Parameter y determining the effective polariz-
ability of an ion, and point-charge image field E acting

on the ion [in units of (charge) && kE], versus distance g

) 8p ) from the surface. Dielectric approximation
Thomas-Fermi results (full curves); step-density ap-
proximation Thomas-Fermi results (dashed curves);
classical values: y~=1 and E~ (dotted curve).

16
k~l zpl ~ (3.44)

and we note that, just like the lowest corrections
to the image potential, this quantity may be inter-
preted as an effective shift of the image plane~s in
the classical expression (3.33). The order of mag-
nitude of the enhancement factor in n depends
critically on the distance of the atom from the sur-
face. In the case of an adsorbed ion this distance
might be identified with the ionic radius, in which
case the classical correction (y= 1) to n amounts
typically to 15% for a Cs' ion.

We now consider the effect of the polarizability
of an ion of charge q on its interaction with a metal
surface. In this case the field E of the induced
image charge acts to polarize the ion, just like an
applied external field. According to (2. 19b), (2. 24b),
and (3.1) E is given by

E=E,d, (z=zo, p=-o)=qk, f dxxf(x)e ~'z",

(s. 45)

E=E~(z=za, p=o)=-qk, j dxxg(x)e "(((",

(3.46)
whose asymptotic expressions are

2. (*„o)-(@,
~(&~ ( -~«(+a, (,0(, + .

)
(s.4v)

q, 6 32
(2lz I) '

kgl z I 3k Iz I

(s.46}

Wz= --,uE,1 2 (3.49)

which, in the first approximation, is simply to be
added to the point-charge interactions (S. 5) and
(3. 6). In the classical case,

W, =- W,
""=- nq'/2(2lz, l)' .

Finally, a rather more significant effect is the
influence of the polarizability on the induced sur-
face dipole for an adsorbed ion. In first approxi-
mation the surface dipole for a polarizable ion is
given by a point-charge contribution of the form
(3.23) or (3.24) plus twice the effective point dipole
due to the field of the image charge:

P e, = —q(lzol +k, )+2nE, d (zo, o), (S. 50)

pe. = - ql zo
I

+ 2nE„(z„O) . (S. 51)

The factor 2 comes from the effect of the image
point dipole. By putting numbers in these expres-
sions we find that the finite polarizability reduces
the induced surface dipole by as much as 20% to
30% for alkali ions. ~4 This effect reduces appre-

In Fig. 2 we have plotted the image charge fields
(S.45) and (3.46}for small I zol and compared them
with the classical result. Equation (S.45) coincides
with the result of Antoniewicz, who expressed the
integral in terms of tabulated functions but did not
plot it numerically. This leads to an effective in-
duced charge-dipole interaction energy
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ciably the agreement between experimental and
theoretical values for induced surface dipoles
which was discussed earlier using Eq. (3.24).
Finally, on the basis of our previous discussion for
point charges we expect the results of the DA to be
more accurate than those of the SDA for the present
case.

IV. RESPONSE TO TIME-DEPENDENT CHARGE
DISTRIBUTIONS

A. Formulation

In this section we consider the response of metal
surfaces to time-dependent external charge distri-
butions, using a rather general description interms
of the dielectric function z(k, up) of a homogeneous
electron gas. Such a treatment could be applied to
study dynamical corrections to the various effects
which have been analyzed in Sec. III, as well as to
discuss static responses more accurately. How-
ever, since in most cases such studies will require
extensive numerical calculations we restrict our-
selves here to the simplest illustrative examples.

First we mention very briefly the extension of
the treatment for the DA of Sec. II to the case
where the external charge distribution n„,(F, t) is
time dependent. If one neglects retardation effects,
the response is still defined by equations of the
form of (2. 1), (2. 3), and (2. 10). However, since
the fields are now time dependent one introduces
Fourier components f(z, k„, &g) which oscillate as
e '"', instead of (2.4), and one replaces the inte-
gral kernel in (2. 10) by e(z, k„, e), the Fourier
transform of z(k, &u}. In this case, however, the
solution cannot be developed more explicitly with-
out specifying the detailed form of a(k, +). This

, approach will therefore not be discussed further.
The remainder of this subsection deals with a

dynamic generalization of the quasiclassical SDA.
The method which we employ is a simple extension
of the one introduced by Ritchie and Marusak 5 in
the study of surface plasmons for specular reflec-
tion. One of its advantages is that all the quanti-
ties of interest are expressed explicitly in terms
of z(k, &u). For a, Thomas-Fermi dielectric func-
tion our analysis reduces to the one of Sec. II in
the SDA. In addition, our final expressions, which
are valid for moving charges, contain as special
cases some results for a fixed oscillating charge
derived previously by Newns and by Peuckert,
using quite different methods. As a byproduct we
also obtain explicit expressions for a "surface di-
electric function" first introduced by Newns.

In the framework of a classical SDA treatment

of the dynamical response one may construct ap-
proximations for the constitutive relation for a
bounded system by making simple assumptions
about the reflection properties of the surface. In
particular, one knows that the assumption of spec-
ular reflection of electrons at the surface is equiv-
alent to defining the displacement field in the metal
half -space through the constitutive relation

D(z, k„, ~) = f"«'z(z —z', k„, ur}E'(z', k„, ru),

z &0 (4. 1)

where E'(z, k„, ~) is a symmetric field which is de-
fined in terms of the true electric field in the metal
region:

E'(z, k„, ~)=-E'(z)

(E„(z) E„(-z)=e(z)( "( +e( z) "
) .
(4. 2)

Since (4. 1) is equivalent to the constitutive relation
for a fictitious infinite medium in which the electric
field is symmetric about z =0, the net electric cur-
rent across this plane of the medium is zero at any
time. As a consequence the current vanishes also
at the surface of the true semi-infinite electron gas
described by (4. 1}and bounded by vacuum. This
becomes completely clear by noting the following
features. Firstly, electrons are not allowed to
cross the real surface. Secondly, in order to es-
tablish a symmetric field of the form (4. 2) one has
to place a charge sheet at z = 0 which then acts to
screen out charge fluctuations in such a way that
electrons are moving independently in the two halves
of the fictitious medium. This phenomenological
argument demonstrates that (4. 1}corresponds to
specular reflection in a classical picture.

Before discussing the dynamical response in de-
tail it is useful to make the connection between a
treatment based on (4. 1}and the Thomas-Fermi
response treatment in the SDA for the static case.
Using (4. 2), we rewrite (4. 1) in the form of Eq.
(2. 9) with

~(z, z ', k„, &u) = e(z —z', k„, (o)

+ e(z+z', k„, (o), (4. 3)

where the plus sign enters the constitutive relation
between the parallel components, and the minus sign
that corresponding to the z components of the fields.
By combining (2. 9), using (2. 11), (4. 3), and (2. 13),
with the Fourier transform of Maxwell's equations
(2. 1) and (2. 3) we get the following equation for the
potential in the region z & 0:

' "'-k'V(z k)= 4', (z k-)+ k„«'(z""" '+e" '""') &(z', k„)z
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dz' (eall"-" sgn(z'-z)+e"ll'"* ')
Jo

dV(z' k)
dz' (4. 4)

q(t) = qe '"o', (4. 6)

we shall let the strength of the charge be an im-
plicit function of time as well. A symmetric field
of the form (4. 2) may be generated by a fictitious
dynamic charge sheet of density p, (z, y, t)6(z), sup-
plemented by symmetrically placed external charges
if such charges are present in the real metal half-
space. The associated screened potential V (z, klan QP)

in the fictitious infinite medium described by (4. 1}
is then obtained from Maxwell's equations (fore- ~)
using as sources p, (z, y, t)b(z) snd, eventually, two
symmetrically located charges at zo(t) and -zo(t).
The true electrostatic potential in the metal half-
space, which coincides with V'(z, k„, &o) for z&0, is
then given by

This equation reduces exactly to the form (2.7) by
means of integrations by parts. In addition, one
may verify that in this case the matching conditions
D,(0', k„)= D, (0, k„) and E,(0', k„)= E,(0, k„) are
consequences of one another. This establishes the
complete equivalence between the linearized Thom-
as-Fermi equation in the SDA and the constitutive
relations (4. 1) and (4. 2) expressedwiththe Thomas-
Fermi dielectric function (2. 11}. We note that
without an explicit proof of the connection of (4. 1)
to an actual density response equation, the meaning
of this relation would be somewhat unclear in the
static case. Indeed, in a classical treatment the
concept of reflection at the surface is meaningful
only if the electron trajectories are specified as
functions of time in the first place. Such a descrip-
tion is of course embodied in a time-dependent
treatment.

In the dynamical treatment we restrict ourselves
to point charge perturbations, and more specifical. -
ly to charges moving along the z axis with a pre-
scribed time dependence zo(t). Furthermore, in
order to incorporate in our discussion the special
case of a fixed oscillating charge

Beck and Celli for static charges and by Ritchie
and Marusak ~ in the absence of external charges.
On the other hand, the solution of Poisson's equa-
tion for the vacuum region is

V(z, k„, (o) = ae'll'+ —dt'e'"' q(t')
II ~a

x8(-z (t'))e '*'0" ", z&0. (4. 8)

The fictitious surface charge p, (k„, &o) andthe con-
stant a are determined by matching V(z, k„,~}and
D, (z, kll Ql) at the interface z=0.

From (4. 1 and 4. 2) and (4.6) we obtain

D (z~ kll (d ) = —2i p~(kll (g ) dk&
e 00

+ 2 dt'e'"' q(t')8(zo(t'))
a 40

k ~fA~
x dk, ', cosk,zo(t', z &0 ~4 9

+ es

00 I

mes t

dt'e'"'q(t') —8(-z, (t')) e'll 'o"'
klI

)(k„) dkg

l(g k~g k (g

28( (tt)) ( dk
cos k+o(t )

k c k, (g)
(4.11)

and, for z &0, D, =E, = —dV/dz. The final solutions
of the matching conditions are

p, (k„,(o)=~ I dt'e'"'q(t') 8( —z, (t'))e""o" '
~f40

~Qp
( t III ) Pe( lit ~) g Z I

I

a
+4 dt'e'"'q(t')8(z, (t'))

where
~k

" dk

z „.„k'z(k, (o)

Incidentally, the equation

(4. 12)

+ a Qgg
cosk,zo(t'), z & 0 (4. 6)*kzc k, a&

where

k~= kg+k (4.7)

This expression generalizes the ones obtained by

(4. 13)
is the condition for the existence of solutions Co

the homogeneous parts of the matching equations
and determines the dispersion relation for surface
plasmons in the present model. This formula is
well known and was first derived by Ritchie and
Marusak and by Wagner.
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The total electrostatic potential at (r, f) = (z—, p, f)
in the presence of a moving charge q(t) at (0, 0,
z()(t)) is then

V(z, p, t) =
(

2 d(oe '"'
27r

CO

X JI dktkpCTQ(k~p) V(Z ktt 4)) (4 14)
0

The instantaneous interaction energy between the
charge q(t) and the metal surface is given by

w=-'q(f) v,(.(f), p=o, f),
where V,{z,p, f) denotes the total electrostatic po-
tential minus the potential which the charge q(t)
would create if the medium where it is placed
would have infinite extent. This homogeneous
medium potential is given by the second term in
(4.8) for the case where the charge is in vacuum,
and by that contribution in the second term of (4.6)
which arises from the term 2e"' ~'0 ' ' of the
cosine for the case of a charge inside the metal.
For a charge whose trajectory lies outside the
metal, the combination of (4. 11) and (4.8} yields

W='"'' d
-t-'

dk=
4 i

u)e 1l

+mOO ~o

(rut (f t}S2t(a2( t)+t()(t ) 3

1+ 'E &(k~y (d}

z, (f) & O (4. 16)

~k dk,
(k (t)) = 2

Ot .a(O
tw

(4. 17)

z()(t) &0 . (4. 18)

Finally, the bulk screening charge density 5n(z,
kt QP) may be easily written down explicitly, using
the definition

d'V(z, k„,~}

df;e'"~q t 5 -so t
aO2

z&O (4.18)

On the other hand, for a charge whose motion is
confined to the interior of the metal the interaction
energy (4. 15) is given by

~ 00 OO r
q(f) I (2~ g 2( t)

W
(2 )2 d(oe '"' dk„k,J dk, 2 ( )

(O

p (k ~)+ df (
(2* (())t

which coincides essentially with an expression ob-
tained by Peuckert in a quite different way. The
present expression (4.20) is similar to a more
general one derived by Newns' in terms of a "sur-
face dielectric function, "which hex'e takes the
special form (4. 17). In particular, (4. 20) general-
izes the formula (8.5}which is valid in the
Thomas-Fermi theory for the SDA. Note that in
the case where the half-space is a dielectric med-
ium of dielectric constant O2 we obtain from (4.8),
(4. 11), ~d (4. 14)

V( t) =
2+ [Z Z (t)]2)1/2

&o- &

e, +1 (p2+ [z+z,{t)]'P"

z (f) &0 (4.21,)

and for the image interaction energy

W=- —', z, (f)&0 . (4. 22)4 a()+1 Iz() f I

These quasistatic expressions are well known in
ordinary electrostatics. ~~ Of course, the corre-
sponding expressions for a charge moving inside
the dielectric medium may also be recovered,
using (4. 6), (4. 14), and (4.18).

The comparison of (4. 16) and (4.22) shows that
the introduction of a surface dielectric function
establishes a close formal similarity between the
Fourier components in (4. 16) and the reduction
factor (e2 —I)/(Z2+1) of the image charge in the
case of a dielectric. On the other hand, with the
definition (4. 17) one may view (4. 13) as a special
case of a condition expxessing that the sum of the
surface dielectric functions of the media on both
sides of the interface is zero. This is the nonlocal
generalization of a similar condition for the bulk
dielectxic functions obtained in a local description.
These remarks emphasize the usefulness of the
concept of a surface dielectric function.

For the sake of completeness we shall display
some useful model expxessions for the surface
dielectric function (4. 17). A simple form for the
bulk dielectric function of an electron gas, which
interpolates between the high-frequency and static
Thomas-Fermi limits, is the hydrodynamic ex-
pression

3'" "'='-
( y2.t) P k (4. 28)

and substituting (4.6) and (4. 10)."
In the special case of a fixed oscillating charge

of the form (4.5) the image potential interaction
(4. 16) reduces to

2(f) dk 222) t()l & lit 0) (4 20)
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In the static limit, this expression takes the form

y2+y2 1/2 2

,(n„, o)
("' ), &',=g, (4.26)

It

which has been discussed by Newns. ' The sub-
stitution of (4. 26) in (4. 20) leads, in fact, directly
to the image interaction (3.5) for the SDA Thomas-
Fermi theory. On the other hand, we may obtain
the form of the static surface dielectxic function
in the Thomas-Fermi treatment of the DA by re-
writing (3.6) in the form of (4.20). The result is

p2 I~' y2 1/2

s,(k„, 0)= — 3+ —&++ ~p+ ~&
II It

(4. 2V)

8. Dynamic Corrections to the Image Potential

In this subsection we illustrate Eqs. (4. 16) and
(4. 18) for specific forms of the trajectory zo(f).
In particular, we discuss dynamical corrections
to the classical image potential (1.2}which result
from the finite velocity of the external charge q.
Whereas (4. 16) and (4. 18) are restricted to situa-
tions where the trajectory is confined to one side
of the metal surface, we shall later discuss an
important case where the trajectory actually
crosses the interface. Incidentally, since in our
treatment the time dependence of the external
charges is c Priori specified, we are ignoring any
recoil effects which may be important ai small
velocities and whose study requires a different
formalism. For simplicity we restrict the fol-
lowing discussion to the case of a local dielectric
function of the form

2

&(&, (o)-=&(~)=1—,, ".',
}z(to +N/2T )

(4. 28)

Since the SDA and DA are equivalent i,n this case,
one is describing a system where boih the unper-
turbed electron density and the dielectric response
kernel are replaced by bulk expressions. Indeed,
the constitutive relations of the form of (2. 10) and
(4. 1) and (4. 2) coincide for a local z(&o). Also,
since for a local system the screening charge may
only have the form of a surface charge, a phenom-
enological response treatment for this case is
meaningful only if one makes D, rather than E,
continuous at the surface. The continuity of D,

where P = v z/3 and r is a phenomenological re-
laxation time. Substitution of this expression in
(4. 1V) and evaluation of the integral yields

2 2

s,(u„,~)=, =,', , y'&0, ~- (4.24)
QP —P ~ tt(Op

where

2 2 1/2
y —ik„+

expresses that no external charges exist on the
surface, while the continuity of E, would mean that
neither induced nor extex nal surface charges are
present.

First we considex the case of a charge q moving
outside the metal surface. By substituting (4. 28)
and (4. 1V) in (4. 16) and carrying out the integra-
iions over k„and ~ we get, for v-

where &o, = ~~/W2 is the surface-plasmon frequency.
It is seen that (4. 29) satisfies causality require-
ments as a consequence of the fact that the zeros
of (4.28) lie in the lower half of the complex-fre-
quency plane. The dependence of the instantaneous
interaction energy on the past trajectory of the ex-
ternal charge is a consequence of the retardation
with which the surface experiences the effect of the
time-dependent perturbation. This leads to a re-
duction of the interaction for a uniformly moving
charge which is approaching the surface sufficient-
ly slowly. At this point we specialize further to
the case of a particle moving with a constant veloc-
ity v, for which (4. 29) may be easily evaluated.
%e shaD discuss successively three different situa-
tions.

Case (1). Particle moving uniformly from —~
towards the surface:

z,(f}=vt, fr[-, 0) .
In this case (4. 29) yields the exact result

q s, R~ Iz(t) t ). ,
2v v

where"

f(x) = Ci(x) sinx —si(x) coax,

(4. 30)

(4. 31)

(4. 32)

Ci(x) =- t dt,t

si(x) = -)t
(4. 33)

The interaction energy (4. 31) vanishes for large
velocities as a result of the fact that the electrons
cannot follow the motion of the external charge in
this case. At distances suchthat 2a&, v izo(t)I »1
the use of the asymptotic expression'" of f(x) leads
to

q' . v' 3v4

4 I zo I 2~2 I so I
2 2(g, I zo l

(4.34)
where ihe first term is the usual quasistatic image
potential. At short distances the dynamic effects
lead to a saturation of the interaction energy,
whereas the classical result (1.2) becomes singular
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in this case. Indeed, from (4. 31) and (4. 32) we
obtain for lzo(t) I

-0'
3

w(o') =
g

(4. 36}

In this regard the dynamic effect plays a role simi-
lar to that of finite static screening studied in
Secs. II and HI. This is not surprising since it
also corresponds to an imperfect screening mech-
anism, which is due in this case to the retarda-
tion of the response of the electron gas to the vari-
able external perturbation.

In general, the interaction energy (4. 29) includes
contributions due to the polarization of the electron
gas at the surface (which may be described in
terms of virtual excitations) as well as to the crea-
tion of real surface plasmons. These two contri-
butions may be separated by going back to Eq.
(4. 16) and performing the integration over t' before
those over v andi„, using (4. 30). 1n this way one
may verify that the interaction energy (4. 31) arises
purely from surface polarization, just like the
classical image potential itself. %e note that
asymptotic corrections similar to those which are
present in (4. 34) have been obtained previously by
Takimoto ' for a particle moving yarallel to the
surface at a constant velocity.

Case (2). particle created at the surface at t= 0
and moving away from it with constant initial ve-
locity. Since in this case

z,(f)=- vf, fc[o, ], (4. 36)

the integration over the past trajectory in (4. 29)
extends only from 0 to t, and we find

z~(t) = —v I f I, fe [-~, ~] (4.41)

and from (4. 29) we obtain

z'rz, j 2rz, i z, i

)28 8

ticularly striking since at large distances they are
of the same order of magnitude as the classical
interaction itself. Moreover, the interaction
(4. 39) alternates in sign as a function of Izo I.
Following the procedure indicated in case (1), one
may verify that while the first term in (4. 37) is
due to surface polarization, the last bvo terms
correspond to real surface-plasmon excitation. At
short distances the polarization effect tends to be
cancelled by the contribution of real surface plas-
mon excitation, as shown by (4.40).

In fact, the last two terms in (4.37) are directly
associated with the sudden creation of the charge
q with initial velocity v at the surface at t= 0. On
the one hand, the absence of such terms when the
the charge is created at infinity [case (1)] rules out
their connection with the motion itself, while, on
the other hand, the sudden creation of the charge
q near the surface is the only process available for
real surface ylasmon excitation at low velocities.
Finally, in the case of a fixed oscillating charge,
one may verify explicitly that similar terms do
arise @&hen the charge is switched on suddenly at
t=0, z=zo, while being absent when the switching
is performed adiabatically.

Case (3). Uniformly moving particle which is
elastically reflected at the surface.

For this situation we have

q'&. ay, lz, l &o, lz, i cos
8 2e( )

(o, lz, l
&~

. (o, lzoi
, (4.42)

where

((u, lzai i( . (o, lzo I

(4 37)
v j v

(4. 36)g(x) = —Ci(x) cosx —si(x) sinx .
Using the asymptotic expressions40 for f(x) and

g(x), we obtain, for roy 'izol »1,
q' & v'

W=- , , + ~ ~ ~
~4 I zo I, II, 2(g al zo I

2v 'I (o, l zg I

3 + ~ ~ ~ cos
co Izo I j V

2e en~ . (o, I zo I

while for Izol -0 we get

w(o')=o . (4. 4o)

In the pxesent case the dynamical effects are par-

whose limiting expressions are

q' ( v' . + "I
zol & 2+, lzol ]

4V8(f) i( 6V . ru, lz~ I

+ I
1- ~ p + ' sin p

(d, lzol & ~, lzol

w(o') =- —~

v, e-' Izo I » 1 (4.43)

(4.44)

Again, the first term in (4. 42) arises from sur-
face polarization and the second term corresponds
to surface-plasmon losses.

It is also of interest to study the interaction for
a charge q whose trajectory stays inside the metal
surface. Using the local approximation (4.26) and
performing successively the integrations over k«
and &o in (4. 18}, using (4. 10) and (4. 12), we get
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q~ /' ( +~sin(0((t t-')-(o, sin(o, (t-t'}
zo(t) +z 0(t')

(4. 45)
For the case

(4.46)
z,(t)=vt, t&[O, ],

which corresponds to a particle created at the
surface at t = 0 and accelerated suddenly to a con-
stant velocity v, we thus obtain

—ru
i

' 'icos ' +~fi' ' 'ico s

+~~i ' 'i sin ' ' -&o~ ' 'i sinf(diaz((l . 47gz6 M~z((l .

(diaz((

iv / vv/ v

(4.47}
As before, the origin of the various contributions
may be seen by substituting the trajectory equation
(4.46) directly in (4. 18) and (4. 10) and performing
the integrations over t first. This shows that the
first two terms in (4. 47) are associated with po-
larization of the surface and the remaining ones
with surface and bulk plasmon excitation. In fact,
the difference between (4. 47) and (4. 37) lies in the
terms describing the effect of virtual and real ex-
citation of bulk plasmons. These bulk plasmon
terms, which are associated with the presence of
the surface, correspond to the effect of the finite
size of the system on bulk plasmon excitation. A
similar finite-size effect is well known in the study
of energy losses due to bulk plasmon or phonon ex-
citation in fast-electron transmission through thin
films.

In practice, as well as for comparison with the
above results, it is useful to study the image-po-
tential interaction in cases where the particle
crosses the vacuum-metal interface. %e restrict
ourselves to the simplest situation, namely that of
a charge moving along the z axis with a uniform
velocity,

za(t} =vt, tc [-~, ~], (4.48)

and assume the electron gas to be described by the
local dielectric function (4. 28). Similar cases are
usually discussed in analyses of energy losses in
fast-electron transmission experiments, ' as well
as in studies of the emission of transition radia-
tion by charges moving across an interface.
Unfortunately the general formulas for W discussed
above are not applicable in the present case, since
in applying the boundary conditions at z = 0 we have
assumed explicitly that the particle trajectory is
confined to one side of the surface. Using the
Fourier transform (q/v} e(+/"" of the external
source charge density q5(z)5(y)(z —vt), it is

straightforward to calculate the components
V(z kI (0) of the electrostatic potential by solving
Maxwell's equations, neglecting retardation. The
result is

4mq~( P kill (0) v(k2 y 2/v2)

i.z( )(z( )+1

( (&) — a„g &i(s&/u)

(z((u) + 1
(4.49)

Note that with the Fourier representation for the
external charge density one avoids having to specify
the position of the trajectory with respect to the
surface when applying the boundary conditions.
As usual, we have imposed continuity of E„(z,k„, a&)

and of D,(z, k„, &o) at z =0. The interaction of the
charge q with the surface is determined by the ex-
ponentially decaying terms in (4. 49), and by using
(4. 14) and (4. 15) we get

q2 2
i

&IA„V(
W= — '

i dk„m q q 9(-t) —k„ve

+ „, , ', i
e(t) . (4. 50)

+ 2' g I sill
v V

sin ' 451
5 ) V

This expression is.to be compared with E(l. (4. 42}
for the case of a specularly reflected charge, which
shows that, as expected, the difference lies only in
the effect of bulk plasmons. The limiting forms of
(4. 51}when the particle is just outside or inside
the metal surface are

W(O-)=--q (4. 52a)

2
W(0') = —"(v'2 —1)q

4 e

For ur~v lzol »1, Wis givenby (4. 34) when the
charge is outside the surface, and by

(4. 52b)

q v v
i/

6v . &o(, lzol
2' Iz I i 4' Iz I ( co Iz I v

The remaining integrals may be expressed in terms
of known functions, ~ and with the definitions (4. 32)
and (4.38) we finally have

2(d~ I zp I

~ t 2copzp
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6s &u lz I
1

-KR(1—,~"
~

~ ~sin ' *' +0(lz, i )~, lzgl ) v

when it is embedded in the surface. The absence
of a long-range term of O(l zol ~) in (4. 53) is a
consequence of the combination of bulk and surface
plasmon effects in the polarization terms in (4. 51).

The above results show that the instantaneous
image-potential interaction for a moving point
charge depends quite sensitively on the nature of
the past trajectory of the charge. The dynamical
image force resulting from (4. 51) could be used to
calculate the surface energy loss experienced by a
fast electron transmitted through a metal-vacuum
interface. Indeed, this energy loss may be viewed
as the work done on the electron by the electric
field of the charge disturbance which is induced in
the metal surface, Thy cg,se of a charged particle
created at the surface with some initial velocity is
relevant to the photoelectric and field-emission
effects. In the above calculations we have ignored
the acceleration and deceleration of the external
charge by the image force which is acting on'it.
As is well known4~ this effect provides a, mechanism
for the emission of transition radiation when a
charge is moving uniformly across avacuum-metal
interface.

V. SUMMARY

In Secs. II and III we have analyzed the electro-
static response Of a metal surface to various ex-
ternal charge distributions. We have outlined a
simple dielectric approximation as an alternative
to the familiar quasiclassical step-density approx-
imation for this problem. Knee the two procedures
are quite similar in spirit one has the possibility
of selecting the one giving the most accurate re-
sults for each particular problem. In this sense
the DA and SDA may be regarded as complemen-
tary to one another. However, neither of these
appro~m@tions can be fully justiQed in terms of
a self-consistent first-principIes treatmeat of the
surface.

Applying our DA in a Thomas-Fermi treatment
we have obtained explicit resets for the image po-

tential interaction and for the surface dipole con-
stituted by the external charge and the induced
screening charge in the metal. We have calculated
similar quantities for the case of charges embedded
in the metal surface. Finally, we have studied the
enhancement of the polarizability of an atom or a
molecule placed a short distance outside a metal
surface and, furthermore, we have considered the
effect of the atomic polarizability on the image-
potential interaction and on the surface dipole as-
sociated with an adsorbed ion. In all cases we
have compared our detailed results with those ob-
tained by previous authors, using the quasiclassi-
cal SDA.

To the extent that a comparison of these results
with self-consistent calculations is meaningful, we
find that the DA yields much better results than
the SDA for point charges external to the surface.
However, this is not so in the case of pointcharges
embedded deep in the metal, at least as far as the
induced surface dipole is concerned.

In Sec. IV we have extended the response treat-
ment to dynamic situations and for a general de-
scription of a bulk electron gas in terms of the
dielectric function. We have given a detailed dis-
cussion in the framework of the SDA and for specu-
lar reflection of electrons at the surface. In this
case we have derived general expressions for the
image-potential interaction for charges moving
along prescribed trajectories. We have applied
the results to a detailed study of the dynamical
image potential for a uniformly moving charge.
We have considered trajectories both inside and
outside the metal surface, as well as trajectories
crossing the interface. Using a local dielectric
function we have found a strong dependence of the
instantaneous interaction on the past trajectory of
the moving charge. We have interpreted the vari-
ous contributions in the dynamical image interac-
tion in terms of polarization of the surface and of
surface and bulk plasmon creation. A study of
some applications of these results is under way.
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would recover this author's expression by subtracting in the
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q. Such an expression, of course, does not define the true
induced charge density.
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The Seebeck coefncient a for pure and V-doped Ti,O, single crystals has been measured between 54 and
500 K. A very strong peak in a near 75 K for TizO, is interpreted as arising from phonon-drag effects; this
peak is missing for the V-doped specimens. Between 150 and 350 K the variation of a, with temperature T
could be interpreted in terms of a standard model for mixed conduction in a semiconductor. For T & 350
K, a diminished rapidly with increasing T, which reflects the semiconductor-semimetal transition that has
been reported in the literature on the basis of conductivity studies. The effect of doping on thermoelectric
phenomena has been investigated in detail and is found closely to parallel the effects encountered in
conductivity measurements. An explanation is offered as to why V-doped Ti,O, exhibits p-type
characteristics. Values of relevant band parameters have been determined.

I. INTRODUCTION

There has been considerable interest in the elec-
trical properties af TizO»; most of this work,
which is largely confined to electrical conductivity

studies, is summarized in several review arti-
cles. Attention has been focused primarily on
the electrical transition @which occurs bebveen ap-
proximately 400 and 600 K, in vrhich range the ma-
terial changes from a semiconductor to a semi-


