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Inelastic-neutron-scattering measurements of the phonon dispersion relation in thorium at room.
temperature are reported. The measurements were made along the (0, 0, f), (0, g, Q, ($, g, g), and

(0, g, 1) symmetry directions. The dispersion curves are dominated by nearest-neighbor interactions but
indicate a residual long-range interaction to at least seventh nearest neighbors. A seventh-nearest-neighbor
force-constant model was fitted to the data and used to obtain a frequency distribution function and
the temperature dependence of the Debye temperature. The transverse modes along the (0, g, g)
direction appear to show structure indicative of strong electron-phonon interaction effects.

I. INTRODUCTION

Metallic thorium has a conduction band formed
from the Scf and Vs atomic states, while the 5f
shells are empty but are believed to lie not too far
above the Fermi level. 1'~ The band-structure cal-
culations of Gupta and Loucks~ show that the 6d and
Vs levels hybridize to form a conduction band simi-
lar to that of a transition metal. Thorium is a
superconductor and thus might be expected to have
a large electron-phonon interaction. The present
experiment was motivated by an interest in deter-
mining the possible effects of any lom-lying unfilled
fbands on the phonon spectrum and possible effects
due to the electron-phonon interaction. These
measurements are the first inelastic-neutron-scat-
tering measurements to be reported on an element
in the actinide series, due to the unavailability
hitherto of laxge single crystals.

II. MEASURKMKNTS AND RESULTS

The crystal used for these measurements mas
approximately 1 cm in diameter and 2. 0 cm long.
It was grown using a variation of the strain-anneal-
ing technique. A rod of polycrystalline thorium
mas sealed into a tantalum capsule under purified
argon and heated to 1450 'C. The temperature mas
lowered to 1300 'C and raised again to 1450 'C
rather quickly. This temperature cycle mas re-
peated three times and the specimen mas then an-
nealed at 1320 C for 48 h and slowly cooled. A
typical analysis of the thorium used in the prepara-
tion showed the following impurities: oxygen 80
ppm, carbon 55 ppm, and nitrogen 30 ppm. The
neutron measurements mere done using the triple-
axis spectrometer at the Ames Laboratory Re-
search Reactox in the constant-Q mode of operation
with fixed incident energy. Incident wavelengths
of 2.09 and 1.49 A were used for the measure-
ments, the former for measurement of the lomer-

frequency phonons and for branches where greater
instrumental resolution mas necessary. All mea-
surements were made at room temperature. Tho-
rium has a coherent scattering cross section of
12.1 b, but the measurements are made more dif-
ficult by the extremely large atomic mass and by
a thermal absorption cross section of 7. 5 b which
together act to reduce the intensities of the one-
phonon peaks.

The measurements mere made along the three
principal symmetry directions of the reciprocal
lattice, namely, the (0, 0, 1'), (O, L, K), and (L, i:, t:)
directions. In addition, measurements mere made
along the (0, f, 1) direction, which although not a
symmetry axis nevertheless has the property that
the dynamical matrix factorizes for q along this
direction so that a Fourier analysis of v yields
linear combinations of the interatomic force con-
stants. The frequencies were estimated in the
usual manner, namely, by fitting the observed neu-
tron groups and the background to a series of
Gaussian peaks and taking the phonon frequency to
be the centroid of the corresponding neutron gx'oup

minus the background. Errors in the phonon fre-
quencies were estimated to be 0. 015 THz, except
for those cases where the statistical errors were
greatex' than this. Fox' these phonons the 88&&~ated
error is given as the statistical error. Table I lists
the measured phonon frequencies and errors. The
experimental dispersion curves are shown $n Fig.
1, together with a seventh-nearest-neighbor force-
constant model fit which is discussed in Sec. III.
It should be noted that experimental results are
displayed for the II branch only along (0, r„, 1),
since the II branch is simply its mirror image
about 8'. The fitted curves are constrained to f1t
the room-temperature elastic constants for thorium
as measured by Armstrong et al. 4 It may be seen
that the initial slopes of the dispersion curves ob-
tained from these elastic constants are compatible
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TABLE I. Normal-mode frequencies (in THz) for the
symmetry branches in thorium at room temperature.

with our measured points within experimental er-
ror except for the T,(0, L, f) branch, where the
measured frequency for the phonon at (0. 1, 0. 1, 0)
2g/a is about 20% greater than that expected from
the elastic constants. It may also be seen from
Fig. 1 that the transverse modes along (0, f, g} ex-
hibit pronounced structure in the sense that the
curvature of these branches becomes positive for
a certain region of wave-vector space. This be-
havior is discussed in Sec. IV in connection with
effects arising from the electron-phonon interac-
tion in thorium.

m. ANALYSIS

In order to determine the range of the interatom-
ic forces and to obtain a force-constant model
which would serve as a convenient interpolation
formula for the phonon frequencies throughout the
zone, a Fourier analysis was made of the squares
of the frequencies of the different branches along
the symmetry directions. %e shall refer to the
Fourier coefficients thus obtained as the interpla-
nar force constants for these branches, ' although
strictly speaking the coefficients for the (0, t', 1)
direction are not interplanar force constants but
simply linear combinations of interatomic force
constants. Figure 2 illustx'ates the variance ratio
or goodness of fit versus number of Fourier coef-
ficients for some of the branches analyzed in this
way. Table II lists the interplanar force constants
obtained for aII the branches by including as many
coefficients as were needed to obtain convergence.
Also listed are the interplanar force constants ob-
tained from the fitted seventh-nearest-neighbor
force-constant model. It may be noted both from
Fig. 2 and Table II that the transverse branches
did not requixe more Fouriex coefficients for con-
vergence than were contained in the seventh-near-
est-neighbor model, but the longitudinal branches
and the & branch along (0, t', 1} required at least one
more coefficient for convergence indicating that
these branches involve interactions beyond seventh
neighbors. Nevertheless, to restrict the number
of parameters we did not consider models involv-
ing more than seven neighbors. Following the
method of Squires, ~ we may relate the interplanar
force constants to the interatomic force constants
through a series of linear relations. The measured
elastic constants may also be expressed in terms
of linear combinations vf the interatomic force
constants. In addition, since a general tensor-
force-constant model extending out to seven neigh-
bors cannot be determined from the symmetry-
direction data and elastic constants alone, ~ the
fifth- and seventh-neighbor forces were restricted
to be axially symmetric' thus imposing four extra
linear constraints on the parameters. Thus the
total of 24 force-constant parameters were deter-
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FIG. 1. Phonon dispersion curves for thorium at room temperature along the principal symmetry directions. The
experimental errors lie vrithin the circles representing the measured points unless indicated by an error bar. The
smooth curves represent the seventh-nearest-neighbor force-constant model referred to in the text.

mined from 40 linear relations involving the inter-
planar force constants, elastic constants, and 6
axially symmetric conditions for the fifth and
seventh neighbors. The interatomic force con-
stants obtained by a linear least-squares analysis
are listed in Table III. Figure 1 shows that the fit
to the measured dispersion curves is quite good ex-
cept for the A branch along the (0, f, 1) direction.
The Fourier analysis for this branch (Fig. 2) in-
dicates that an extra coefficient involving at least
eighth-neighbor force constants is necessary to ob-
tain a good fit. However, we do not believe that
the over-all dispersion curves are sensitive to
these higher neighbor interactions. It may be
noted that the force constants imply dominant
nearest-neighbor interactions, these being more
than an order of magnitude larger than any further
neighbor interactions. The nearest-neighbor force
constants were tested for axial symmetry, and
were found to obey the axially symmetric condition
to within only 20%.

The above model was used to generate a fre-
(luency distribution function g(v) using the method
of Gilat and Raubenheimer. This is shown in Fig.
3. Also indicated are the positions of the critical
points obtained from the symmetry directions
alone. The frequency distribution function was
used to obtain a Debye temperature for thorium as
a function of temperature. This is shown in Fig.
4. It may be seen that above'90 K, 8~ stays re-
markably constant at a value of about 143 K.
There have been a number of measurements of the
specific heat of thorium. The analysis of Clusius
and Franzosini yields a 8& which levels off at
about 155 K at the higher temperatures. However,

this analysis was based on a value of 19x10 '
calmole 'K for the linear coefficient y of the
electronic specific heat. The low-temperature
data of Gordon et al. and of Smith and Wolcott,
on the other hand, yield a value for y of about 11.2
x10" calmole K which would reduce the value
for 8& obtained from the experimental specific
heat considerably at the higher temperatures. . The
high-temperature data of Wallace' yields an in-
creasing contribution to the specific heat which he
ascribes to thermal expansion effects and electron-
ic level population effects, although this excess
heat is based on a lattice specific heat obtained
from 8& of 155 K. We believe that the actual lat-
tice specific heat may be obtained more accurately
from our calculation since it is fitted to the phonon
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dispersion curves and together with the experimen-
tal low-temperature value for the electronic spe-
cific heat coefficient may be used to accurately
identify the excess contributions considered by
Wallace. Gordon et al. also obtain a eD at 0 K of
163.3 K which is, not surprisingly, higher than
ours since the latter are based on room-tempera-
ture phonon frequencies.

IV. DISCUSSION

We have compared the dispersion curves for tho-
rium with those of other fcc metals in order to ex-
amine the role the electronic structure plays in de-
termining the vibrational spectra of metals. Lead
is the closest metal to thorium in the Periodic
Table with the fcc structure, and like thorium it
has four electrons outside the core. The ratio of
the core radius to nearest-neighbor distance is
roughly the same for the two metals. The disper-
sion curves for lead, however, show much more
pronounced structure and sharper anomalies 4 than
those of thorium. The real-space counterpart of
this behavior is that the force constants in lead
drop off very slowly with increasing neighbor dis-
tance. Thus, for example, the second-neighbor
force constants in lead are about a third as large
as the first-neighbor force constants. In thorium,
on the other hand, the first-neighbor force con-
stants are over ten times as large as any other
force constants, although from the second neighbor
onwards they too drop off very slowly. It is this
dominant first-neighbor interaction which makes
the dispersion curves of thorium look simpler than
those of many other fcc metals. The only other fcc
metals with such dominant first-neighbor interac-
tions are the noble metals and nickel. In these
metals the large first-neighbor interactions are due
to the spatial extent of the d-electron wave func-
tions around each atom. Although as mentioned
above the energy bands of thorium near the Fermi
level do have d-like character, the number of occu-
pied d-like states is relatively small compared to
those in the noble metals or nickel. ' However
since there are a large number of d-like states
just above the Fermi level in thorium, the virtual
excitations induced by the electron-phonon interac-
tion cause the electrons to spend part of their time
in spatially extended d-electron-like states thus
contributing to the large nearest-neighbor interac-
tion. It should be noted that lead does not have any
d-like states close to the Fermi level, and thus
does not show this effect. In order to see mathe-
matically how this "virtual hard core" comes about,
we may examine a typical term in the microscopic
expression for the electronic contribution to the
dynamical matrix, "

kkk' k
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TABLE III. Interatomic force constants for thorium
at room temperature (units in 104 dyn/cm). ~

~iiOQi

~iiO0's

p)10

~200Qfi

~200

~2ii0(,'i

~2iiC2

p211

p211

~220

~2200's

p220

~si0

~si0C2

~sio0|s

pl)0

Q 222i
$22

~S2iQi

~S2iQ2

OS2i

p221

p221

p221

1.181+0.025

-0.218+0.049

1.176+ 0.037

-0.090+0.044

-0.093+0.025

-0.035 +0.028

0. 015 +0.015

0.060 +0.017

-0.072+0. 011

-0.013+0.013

0.096+0, 022

0.054+0. 039

-0.041+0.025

—0.008 +0.010

—0.003 + 0.014

-0.013+0.012

-0.034+0.011

-0.061+0.018

0.013+0.012

0.043+ 0.012

-0.02160.006

0.009+0.002

0, 013 + 0.002

0.026+0.005

'The notation is the same as in Ref. 6.

where 22(k) and E» are, respectively, the occupa-
tion number and energies of the Bloch states k, and

V&.~ is an effective electron-phonon matrix element
between states k, k'. It may be seen from this ex-
pression that if one of the states k, k is d-like, the
contribution E 0 (q) is symmetric with regard to
whether it is occupied and the excited state is free-
electron-like or whether the d-like state is the ex-
cited state and the occupied state is free-electron-
like. Thus a band of unoccupied d-like states just
above the Fermi level will provide the same kind
of large near-neighbor interactions as a band of
similar states just below the Fermi level. In tho-
rium, moreover, recent energy-band calculations
have estimated the 5f bands to be roughly 0.4 Ry
above the Fermi level. Although these are much
further away from the Fermi level than the d bands,
the 5f wave functions will be even more spread out
and so could contribute somewhat to enhancing the
nearest-neighbor interaction.
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We now turn to a discussion of the anomalous
behavior of the T& and T2 branches along the
(0, g, f) direction. If we regard the positions of
the anomalies as being the wave vectors at which
the dip from a smooth curve is a maximum then
these occur at (2))/a)(0, 0.V, O. 7) for the T, branch
and (2v/a)(0, 0.5, 0. 5) for the T2 branch. Our mea-
surements also do not preclude an anomaly at
(2v/a) (0, 0.7, 0.7) for the I branch along (0, f, f),
since the phonoris in this region were hard to mea-
sure accurately and also the dispersion curve is
changing sharply in this region. The anomalies
are too broad to be ascribed to the Kohn effect,
namely, the logarithmic singularities in the deriv-
ative of the dispersion curve as the wave vector
passes through an external diameter of the Fermi
surface. Such anomalies generally manifest them-
selves in materials with strong electron-phonon
coupling, as in lead'4 and in these too the effect is
rather small. On the other hand, it has been rec-
ognized for some time now that large peaks in the
generalized susceptibility function )((Q) of the met-

I50

I40hC

e
g~j I 50—
C)

I20—

I IO—

I ) I

0 20 40 60 80 IOO I20 I40 I60
TEMPERATURE (K)

FIG. 4. Calculated Debye temperature for thorium
vs temperature.

?„0
FREQ (TH2)

FIG. 3. Phonon density-of-states function g(v) calcu-
lated from the seventh-nearest-neighbor force-constant
model. Critical points obtained from the symmetry points
in the zone are indicated.
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al (rather than abrupt changes in the derivative)
also produce local depressions in the dispersion
curves in the vicinity of the wave vectors (Q —H)
where @„is the value of Q at which }f(@)peaks and
H is the reciprocal-lattice vector required to trans-
late Q back into the first zone. The diagonal ele-
ments of the dielectric function e(Q, Q) are deter-
mined by }f(Q), and thus pronounced structure in
}f(t$}will lead, in general, to structure in the
phonon dispersion curves. The general expression
for }((Q) is given by

x(Q) = ~"
It should be noted that even the transverse modes
will be affected for q=Q (i.e. , H=O) if Q occurs
in the first zone if the metal is non-free-electron-
like, since if the states are not plane-wave states,
the electron-phonon matrix element can still couple
states k and 4+ q via a transverse phonon. "

Our results indicate that the dominant peaks in
}f(Q) for thorium probably occur along the (0, t:, t;)
direction. From Eq. (2) it may be seen that these
peaks would be likely to occur for a Q which con-
nects two nested regions of the Fermi surface. '
The Fermi-surface calculations of Gupta and
Loucks' indicate that along the (0, f, t;) direction,
the opposite faces of the rounded cube-type hole
surface are nested, and so are diametrically op-
posite flat portions of the so-called lung electron
surfaces. However the g vectors corresponding
to these separations in their calculations are
(2w/a} (0, 0.43, 0.43) and (2w/a) (0, 0. 82, 0. 82), re-
spectively, which do not agree with the positions
of the observed anomalies. It should be borne in

mind that the calculations although qualitatively
correct are in quantitative disagreement with some
of the de Haas-van Alphen periods as measured by
Boyle and Gold, ~9 and the peaks in }f(Q) may well
be very sensitive to the details of the band struc-
ture. Without detailed calculation of the electron-
phonon matrix elements, it is not possible to pre-
dict which peak in }((@)will give rise to structure
in a particular branch of the dispersion curve. It
is also somewhat disturbing that the nested region
along the (0, 0, l) axis also present in their Fermi-
surface calculations does not seem to give rise to
any structure in the (0, 0, f) dispersion curves.

V. SUMMARY

Our measurements indicate that the dispersion
curves in thorium at room temperature are domi-
nated by a large non-axially-symmetric nearest-
neighbor interaction, which is probably due to vir-
tual excitations involving the d and possibly the f
levels close to the Fermi level. There is also a
residual long-range interaction extending to at
least seven nearest-neighbor shells. The anoma-
lous behavior of the T& and T& branches along
(0, g, l') has been ascribed to structure in the gen-
eralized susceptibility function }((@)along this di-
rection, although the positions of the anomalies
cannot be quantitatively accounted for by the calcu-
lated band structure.

It would be interesting to confirm the peaks we
have determined in g(v} by means of superconduct-
ing tunneling measurements on thorium. To date,
no experimental results on the phonon density of
states by this method are available for comparison
with our results.
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