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The effects of temperature and pressure on the static dielectric constant and lattice parame-
ter of KTaQ3 have been measured. Combined with literature data, the present results allow
a determination of the pressure and temperature dependence of the soft-ferroelectric-mode
frequency &f over a wide temperature range (0-500 K). The isobaric anharmonic self-energy
shift of co& is separated into its pure-volume (thermal-strain) and pure-temperature contribu-
tions. Though small, the thermal-strain contribution is not negligible, amounting to7%of the
measured frequency at 300'K and 10% at 500 K. It acts to reduce the influence of the pure-
temperature anharmonicities. The soft-mode Gruneisen parameter p& is very large at low
temperatures (460 at 4'K) and decreases rapidly with increasing temperature —unique proper-
ties of the soft mode. It is estimated that the strictly harmonic frequency mo of the soft mode
is just barely imaginary, and thus all of the stabilization of u& at O'K (» 21 + 4 cm ) is pro-
vided by zero-point anharmonicities. At high pressure, eo becomes real. Interpreted in
terms of the perturbation and self-consistent phonon treatments, the high-temperature stabili-
zation of && is dominated by quartic anharmonicities, but the nonlinear high-temperature
cu&(T) response suggests the importance of higher-order anharmonicities.

I. INTRODUCTION

It is now very well established both theoretically
and experimentally that the dielectric properties
and the tempe; ture-induced ferroelectric (FE)
transitions iti many perovskites such as PbTi03,
BaTiO3, and 'irTiO3 can be understood in terms of
soft transverse-optic (TO) phonons. ' The para-
electric (PE) —FE transition results from an in-
stability of the lattice against a long-wavelength
(q =0) TO mode caused by the cancellation of the
short-range forces by the Coulomb forces. The
large increase in the static dielectric constant
with decreasing temperature in the PE phase is a
direct consequence of the softening (i. e. , decrease)
of the frequency of this so-called FE mode. Many
of the other physical properties of these crystals
are also strongly influenced either directly or in-
directly by this mode or by its coupling to other
lattice modes. Thus, for example, the ultrasonic
properties, thermal conductivity, and critical
scattering are dominated by interactions with this
FE mode. '

The temperature (T) dependence of the frequency
of the FE mode as well as that of any normal mode
of vibration of the crystal results from anharmonic
interactions among the modes. This T dependence
arises in two different ways. First, there is a
pure-volume effect associated with the thermal
expansion of the crystal. Secondly, there is a
pure-temperature effect which is present even
when the crystal is held at constant volume. Con-
stant-pressure (isobaric) measurements of the T
dependence of the phonon frequencies and other
associated physical properties yield changes due

to the combination of the two effects. However,
measurements of both the pressure and tempera-
ture dependences of these properties, combined
with a knowledge of the compressibility and ther-
mal expansivity, allow a separation of the volume-
dependent and volume-independent (i.e. , pure-
temperature) contributions, and, under suitable
conditions, make it possible to determine the mag-
nitude and origin of the anharmonicity. In the
ease of the FE mode in the perovskites it is gen-
erally acknowledged that the pure-temperature
effect dominatese; however, recent high-pressure
studies have indicated that the pure-volume effects
can also be quite important. Owing to the lack
of sufficient data, heretofore no detailed quanti-
tative separation of the pure-volume andpure-tem-
perature contributions to the isobaric T depen-
dence of the frequency of the soft mode has been
made, over an extended temperature range, for
any perovskite. %e believe that such a separation
is important from the theoretical point of view
and necessary for continued progress in the under-
"tanding of the lattice dynamics of these crystals.

Motivated by the above considerations we exam-
ine in this paper the temperature dependence of
the soft-FE-mode frequency ~& of potassium
tantalate, KTaO3. This crystal is ideal for this
purpose. It has the cubic perovskite structure
(space group PISm) and remains cubic and para-
electric down to the lowest temperatures; however,
it is just barely stable against the FE mode at
4 'K. ' This avoids possible complications asso-
ciated with phase transitions (as is the case in
SrTi03) and allows us to examine the behavior of
the soft mode over a wide temperature range. Fur-
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The variation of the lattice parameter ao with
temperature at 1 bar is shown in Fig. 1. The data
points were determined using three different ex-
perimental methods. At T ~ 298 K a high-temper-
ature x-ray furnace'~ was used. This furnace
mounts directly on a standard goniometer head
which in turn fits on a Picker single-crystal dif-
fractometer. The sample was a single crystal
ground in the form of a small sphere. The two
points at 265 and 200'K were obtained using the
same arrangement but without the furnace cover
and by blowing cold nitrogen gas directly on the
crystal specimen. The lattice constant was deter-
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FIG. 1. Variation of the lattice parameter of KTa03
with temperature at 1 bar.

thermore, the FE mode in KTaOs is underdamped
and well defined, and its temperature dependence
at 1 bar has been extensively studied by far-infra-
red, ia, as Raman, and inelastic-neutron-scattering
techniques. The T dependence of the dielectric
constant has also been studied by several au-
thors

In this work we measured the temperature (4-
500 'K) and pressure (0-4. 5 kbar) dependences of
the static dielectric constant of KTaOs. Combined
with literature data, the results allow us to deduce
both the temperature and pressure deyendences of
&& over the whole temperature range. We have also
measured the thermal expansion and compress-
ibility of KTaO~ using x-ray diffraction techniques.
The results will now be presented and discussed.

II. THERMAL EXPANSIVITY AND COMPRESSIBILITY

mined from least-squares fit of the data from 14
high-28 Bragg peaks. The data points at 153 and
93'K were obtained by measuring high-28 values
on Debye-Scherrer film taken with a 15-cm-diam
camera. Copper Ko radiation with A. = 1.54051 A

1
was used for all of the measurements.

Our room-temperature (298 'K) va, lue go ——3. 9884(1,)
A is in excellent agreement with the earlier val-
ue 3.9885(1) A of Vousden. '8 The curve drawn
through the data in Fig. 1 extrapolates smoothly to
the 8 K value ao= 3.9842 A deduced from the mea-
surements of Demurov and Venevtsev. ~8 (At higher
temperatures there is some discrepancy in Ref. 16
between the text and their Fig. 5 which gives ao
vs T. ) Our results show curvature in the aa(T) be-
havior up to near room temperature —a feature
characteristic of materials with high (- 1000 'K)
Debye temperatures. Above 298 K the response
is linear, and in this high-temperature regime the
linear expansivity of KTaOS is n, = (B lna/BT)p
= (6.8 + 0. 3) x10 6 'K ' and the volume expansivity is
simply n —= (B ln V/BT)~ =3n, = (2.04+0.09)x10-5 K-'.

The pressure dependence of ao was determined
to 3 kbar at 296'K from single-crystal measure-
ments performed in a beryllium high-pressure
cell. 9 The lattice constant was obtained from a
least-squares fit of the data for 8 Bragg peaks with
high 20 obtained using Curn radiation. The de-
crease in ao is linear over the range covered with
a linear compressibility z, —=-(BInao/BP)r = (1.50
+ 0.05) x10-4kbar ~. The volume compressibility is
K = 3K —=-(B lnV/BP)r = (4. 50+ 0. 15)&& 10 4 kbar ~, a
relatively small value.

In our later considerations, the variation of v

with temperature will be needed. Examination of
literature data on materials with comparable z to
that of KTaOs, e.g. , SrTiOs and Ti02, shows that
for such materials v is weakly T dependent, in-
creasing by -2% per 100'K increase in T. A simi-
lar change is suggested for KTaOs by Barrett' s
2-300 'K data for the elastic constants cqq and c44.

'
Thus for the present purposes a linear variation in
v of 2'%%up per 100'K is assumed over the whole tem-
yerature range. It can be easily shown that any
uncertainty in this assumption will not materially
affect our later conclusions.

III. TEMPERATURE AND PRESSURE DEPENDENCE OF
DIELECTRIC CONSTANT AND SOFT-MODE FREQUENCY

A. Dielectric Constant

The dielectric constant measurements were
made on a single-crystal sample (0.491 cm in area
by 0.122 cm thick) cut from the same boule~~ as the
samples recently used by Abel. The crystal was
optically clear with no coloration and cut with the
large faces parallel to the [100j crystal face. The
large faces were vapor coated with aluminum elec-
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FIG. 2. Temperature dependence of the static dielectric
constant of KTaQ3 at 1 bar. The solid line represents a
least-squares fit of the data to Eq. (1). Note change in
scale to emphasize the high-temperature response.

trodes. Sample capacitance was measured at 100
kHz with a General Radio type-1615A capacitance
bridge employing a three-terminal technique. The
accuracy of the capacitance is estimated to be bet-
ter than +0.2%. Sample conductivity was very low
with the loss tan~ & 0.003 at all temperatures and
pressures. The details of the temperature and
pressure measurements are similar to those re-
ported earlier. ~ s Temperature changes were
measured to + 0.1'K and the accuracy of the pres-
sure is better than + 1/0.

The present dielectric constant (e) data overlap
with and extend beyond the recent results obtained
by Abel'0 at this laboratory. Figure 2 shows the
variation of e with T at 1 bar. The data are in ex-
cellent agreement with Abel's results over the
4-300'K range of overlap of the two measurements.
The solid line in Fig. 2 is a least-squares fit of
the data to the expression

-=const as T-O'K and to e=A+B/(T —To)—a modi-
fied Curie-gneiss law —at high T. The pressure
dependence of the parameters B, Tj, and To was
the subject of Abel's work and will not be dis-
cussed here. We note that the e(T) data can also be
fit over the whole temperature range by the ex-
pression given by Silverman and Joseph~' deter-
mined from a perturbation lattice dynamic treat-
ment.

Figure 3 shows the fractional changes in & with
pressure at several temperatures. KTaOs has a
rather low compressibility and these changes are
linear over the pressure range indicated. The
temperature dependence of the logarithmic pres-
sure and temperature derivatives (B ln&/BP)„and
(B inc/BT)» are shown in Fig. 4. Note that
(B 1nc/BP)r is large at low T (-39%/kbar at 4'K)
and decreases (in magnitude) rapidly and mono-
tonically with increasing T reaching a value of
-l. 36%/kbar at 450 K. The temperature deriva-
tive (B Inc/B T), on the other hand, starts out = 0 at
O'K, as it must, reaches a sharp maximum (in
magnitude) of -2. 8%/'K at - 30'K and then de-
creases monotonically with increasing T.

8. Soft-Mode Frequency ~~

The temperature dependence of ~& for KTaOs has
been reported by several groups and the results,
expressed as ~& vs T are summarized in Fig. 5.
Typical reported error bars are indicated. The
large increase in && with increasing T is respon-
sible for the &(T) behavior in Fig. 2 since the two
quantities are related by a Lyddane-Sachs- Teller
relationship such that~ 9

1.00

0.98.

0.96

E=j4, +
~
—,'T, coth(T, /2T) —To

'

with A = 4V. 5 (const), B= 5.45 x 104 K, T, = 56.9 'K,
and TO=13. 1'K. This expression was first de-
rived (with A = 0) by Barrett34 and recently used by
Abel to describe the deviations from the simple
Curie-gneiss law at both low and high temperature.
Note that Eq. (1) reduces to e= A+B/(-,' ~T—To)

PRESSURE (kbar)

FIG. 3. Fractional change of the static dielectric con-
stant of KTa03 with pressure at different temperatures.
Data for T —300'K are from the present work whereas
those below 300'K are from Abel's work (Hef. 10}also
done at this laboratory.
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The pressure and temperature dependence of ~&

are then readily deduced from the results in Figs.
2-4 and Table I.

The soft-mode Gruneisen parameter, ' or so-
called mode y(y&), defined by
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FIG. 4. Temperature dependences of the logarithmic
pressure and temperature derivatives of the static di-
electric constant and of the soft-mode Gruneisen param-
eter p~ for KTa03.

can then be readily determined from the pressure
derivatives and the compressibility. Figure 4
show=: y&(T), and we note that, unlike normal optic-
mode y's which are of the order of -2, y& here is
large and increases sharply with decreasing T—
unique properties of the soft mode.

We have discussed the increase in co& with pres-
sure and the large values of y& for the perovskites
elsewhere. It suffices to say here that the effects
can be qualitatively understood by noting that in
the soft mode description cu& is determined by a
balance between short-range and Coulomb forces,
and that the short-range forces increase more
rapidly with increasing pressure than do the Cou-
lomb forces leading to an increase in (d&. The
effect is most dramatic when the cancellation of
the two forces is most nearly complete, which is
at the lowest temperatures in KTaO~. Thus, for
example, ye=460 at 4 K.

That Eq. (2) holds very well for KTaO~ is shown

by the solid line in Fig. 5, which is deduced from
our c(T) data, and where the constant (=1.81x10~
cm ~) was evaluated solely from the known room-
temperature (300'K) values of &=239 and &v&=8'?

cm ' (the average of the three experimental values).
Within the uncertainties in the directly measured
~&'s the agreement between the solid line and the
data is excellent. It is worth noting that unlike
SrT10~, where &u&~(T) is linear over a relatively
large temperature range above - 50'K, ~~ the be-
havior of KTaO~ is rather nonlinear (Fig. 5). This
is of course also manifested by the fact that e(T)
in Fig. 2 does not obey a simple Curie-Weiss law.

From Fig. 5 it is seen that measurements of &

give us direct information on w&. We make use of
this fact in deducing the effect of pressure on &&

from the e(P) data. This is necessary because
u&(P) is relatively difficult to measure directly
and has not been done. From Eq. (2) it follows
that

8 ln~& ] 8 ln&
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FIG. 5. Temperature dependence of the square of the
soft-mode frequency of KTa03 at 1 bar comparing direct-
ly measured response (symbols) with that deduced from
the present dielectric constant data (solid line). Results
for SrTi03 are shown for comparison.
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TABLE I. Values of the static dielectric constant (&) of KVa03 and its logarithmic
pressure and temperature derivatives at different temperatures. Also listed are values
of the volume expansivity P and compressibility & (see text). The measured isobaric
temperature derivatives are separated into their pure-volume and pure-temperature
contributions.

(.K)

8 ln~ I

P K
yr

(10 5'K ) (10 kbar ) (10 kbar ) (10 'K ) (10 'K ) (10 'K )

4. 0
50. 0
77.2

180.3
248. 3
300. 0
375. 0
450. 0

3840
1350

825
375
281

239. 0
199.5
172.6

~ 0
0. 70
0. 79
1.20
l. 50
1.76
1.97
2. 08

4. 23
4. 28
4. 30
4, 39
4.45
4. 50
4. 57
4. 63

—39.0+0.1
—11.85+0.1
—7.24+0. 05
-3.17+0.05
—2.30+0.05
—1.83+0.01
—1.54 + 0.01
—1.36 + 0. 02

Aal ~ 2 4
—21.00+0.50
—12.75 +0.50
—5.19+0. 10
—3.70+ 0. 10
—2. 70+0.10
—2. 17+ 0.10
—1.80+0.10

~ 0
1.78
1.33
0. 87
0.78
0. 72
0. 66
0. 61

-2.40
-22. 78
—14.08
—6. 06
-4.48
-3.42
-2. 83
—2.41

IV. ANHARMONIC SELF-ENERGY OF SOFT MODE

A. Evaluation of Self-Energy Shifts

The measured temperature dependence of &&

(or e) at constant pressure for a cubic crystal
such as KTa03 derives from two contributions:
(i) the contribution associated with the change in

crystal volume V, i.e. , the explicit volume effect,
and (ii) the explicit temperature dependence which
would occur even if the volume of the sample were
to remain fixed. Writing ~&=~&(V, T) we then have

P ""
y

Thus the constant-volume contribution (Slush/S T)»
can be evaluated from the known isobaric and iso-
thermal derivatives, which in turn are evaluated
from measured quantities via Eqs. (3) and a knowl-
edge of the volume thermal expansivity P and com-
pressibility x. Table I summarizes some of the
measured results at a number of temperatures
expressed in terms of &. It can be easily seen
from this table and Eqs. (3) that the pure-volume
and pure- temperature contributions are opposite
in sign and that the pure-temperature effect,
(Sin~&/ST)», is the predominant term in deter-
mining the isobaric temperature derivative of ~&
at all temperatures covered. The pure-volume
contribution is however also substantial in magni-
tude amounting to 17% (34% in terms of e) of the
measured isobaric derivative at 450 K. That the
pure-temperature effect dominates is of course
expected as mentioned earlier (Sec. I). The results
in Table I just make this fact more quantitative.

The above conclusion is made more explicit by
evaluating the pure- volume and pure- temperature

contributions to (d& at every temperature over the
whole temperature range covered by the measure-
ments. To do so we rewrite Eq. (5) in the form
(deleting the subscript f in &o& for convenience)

In this notation (&~r)~ is the measured change in

&& on raising the temperature from 0 to T 'K at
constant pressure (1 bar); (Larr)» is the change in

&& caused by raising the temperature from 0 to
7'K at constant volume, that being the volume of
the crystal at O'K and 1 bar; —(b &a~)r is the change
in w& caused by raising the pressure at a constant
temperature T from 1 bar to a value P sufficient
to produce a volume change equal in magnitude to
that caused by raising the temperature from 0 to
T'K at 1 bar. It is readily evaluated from &z(P)
data and the known P and z. Obviously this term
enters with a negative sign [Eqs. (5) and (5)] since
the signs of P and ~ of KTaO& are normal, i.e. ,
~ V i.s positive on heating and negative on com-
pression. From the data presented earlier in this
paper we have all the information needed to eval-
uate (bar.)» and (4+~)r as functions of T. The re-
sults are given in Fig. 6. These results clearly
show the dominance of the pure-temperature effect
at all temperatures in determining the isobaric
ruz(T) dependence. The pure- volume effect pro
duces a negative frequency shift which acts to re-
duce the magnitude of the pure-temperature effect.

B. Discussion

We now wish to examine the theoretical implica-
tions of the above results. As we have seen the
frequency shift (Aran~)r is the contribution to the
measured frequency (at 1 bar) arising from the
thermal expansion of the crystal. In magnitude it
amounts to -7% of the measured frequency at 300'K
and -10% at 500 K. Its origin and sign are easily
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FIG. 6. The pure-volume —(A~J,) z and pure-tempera-
ture (4~@)y contributions to the measured isobaric (1
bar) shift (A~z) p of the soft-mode frequency of KTaO&.
At 0'K and 1 bar, ~ =21 + 4 cm . Note the change of
scale for the negative ordinate.

understood. As the interatomic distances increase
with increasing T, the restoring force for the FE
mode, which is primarily a vibration of the Ta ion
against the oxygen octahedron, and hence the fre-
quency &&, decreases. Although thermal expan-
sion itself results from anharmonic interactions
among phonons, the theoretical treatment of this
frequency shift is generally (and in most cases
satisfactorily) carried out using harmonic lattice
dynamics but with the ionic vibrations about new

equilibrium positions appropriate to the homoge-
neously enlargened crystal at the high temperature
in question. This is the quasiharmonic treatment
and the resulting frequency is the quasiharmonic
frequency.

In KTaOs the predominant frequency shift at 1
bar arises from the pure-temperature contribution
(b~r)». The origin of this term lies in the enhar-
monic vibrations of the ions about their equilibrium
positions, and to understand it we must resort to
the lattice dynamical theory of anharmonic crys-
tals. Unfortunately detailed treatments of anhar-
monic lattice dynamics of insulators involve many-
body theory and are very complex. Only approxi-
mate treatments are possible. The conventional
approach is to employ a perturbation expansion of
the crystal potential around a harmonic basis and
assume rapid convergence. ~' 8 This has proven
quite satisfactory for weakly anharmonic crystals
such as the alkali halides and alkaline earth fluo-
rides and for crystals exhibiting weak-soft-mode

behavior such as the thallous halides and rutile
where the anharmonic self-energy shift to the
normal-modefrequency is smaller than the strictly
harmonic frequency.

The situation is much more complicated for the
case of ferroelectrics such as BaTiOs and PbTiOs
or incipient ferroelectrics such as SrTiOs and

KTaOs. In such crystals the soft-mode frequency
is expected to be pure imaginary in the harmonic
approximation so that a harmonic basis does not

exist in principle (i. e. , it does not represent a
stable equilibrium for the crystal). This was rec-
ognized in the original soft-mode treatments of
Cochran' and Anderson, where it was assumed
that it is the anharmonic interactions which stabi-
lize the soft-mode frequency && by an effective re-
normalization which makes (d& real. Many au-
thors have since formally shown how this
renormalization comes about, and the difficulties
with the perturbation treatments were recently re-
emphasized by Gillis and Koehler. Several ap-
proaches have been employed to overcome these
difficulties.

Silverman and Joseph ' and Maradudin em-
ployed canonical transformations and renormal-
ization procedures whereby a large part of the an-
harmonic contributions is incorporated in the un-
perturbed Hamiltonian, and this effectively re-
moves the modes with imaginary frequencies from
the lattice sums. Cowley, 8 on the other hand,
performed the perturbation calculations by ne-
glecting all modes with imaginary frequencies on
the assumption that the number of such modes is
very small compared with the total number of
modes in the lattice sums. The soft modes are
then treated by an analytic extension of the results
into the regime of imaginary frequencies. The
above approaches are of course approximations.
An inherently more realistic and satisfactory
scheme would be to use a self-consistent phonon
treatment as recently discussed by Gillis and
Koehler. ~o Operationally here one deals with a
trial harmonic Hamiltonian in which the force con-
stants (or frequencies) are renormalized force
constants determined variationally, and they rep-
resent the real (physical) constants of the crystal.
Though simple in concept, the self-consistent
treatment is very involved in practice and its only
detailed application to the FE soft-mode problem
is that recently given by Gillis and Koehler. They
considered a model NaCl lattice invoking several
simplifying assumptions.

Our object here is not to go into a detailed dis-
cussion of the theoretical results but rather to
discuss the experimental results in terms of the
qualitative predictions of the theoretical models.
Fortunately for this purpose both the perturbation
and self-consistent treatments lead to qualitatively
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similar results, although there are important fun-
damental differences between the two as noted
above. In lowest order, the perturbation treat-
ment encompasses the cubic anharmonic interac-
tions to second order and the quartic interactions
to first order. The result for the zone-center (q
= 0) soft-mode frequency squared wz is found to be
of the form

(u2 = (u2'—y V'+ 4 ")[n(qj)]

—[C""]'[s(qj), ~(qj), fl)], (7)

where &0 is the strictly harmonic frequency, and
the second term is the contribution of the thermal
strain which, as discussed earlier, is negative.
The third term is the contribution of the quartic
potential and is a function of the phonon occupation
number s(qj), where q ls ihe wave vector and j de-
notes the optic branch. The last term is the con-
tribution of the cubic potential and is a function of
the phonon occupation numbers and frequencies,
&u(qj), and the applied frequency Q. It involves
the square of the cubic potential C '3' and is found
to be negative at low applied frequencies. The
usual soft-mode description depicts &p& 0 for a
FE crystal with a finite transition temperature
(where &uz-0 at T2) or aPO as small and either pos-
itive or negative for a crystal which is barely sta-
ble at O'K. In either case, and in view of the signs
of the various contributions in Eq. (6) in this ap-
proximation &u& is stabilized by the quartic anhar-
monicities.

The result of the self-consistent treatment of the
model paraeleetric crystal employed by Gillis and
Koehlerso can be expressed in the form

2 f12 [4 ~(2)]2[ (~) (~~) g] (8)

where 0& is the square of the renormalized soft-
mode frequency which is determined self-consis-
tently. It incorporates the contributions from the
quadratic (harmonic) potential, the quartic anhar-
monic potential and the thermal strain, and which,
in terms of reduced units, is given by

n,'= 2[y") +-,'8, —,'+12''4) &u'&+4y")))'

+ 6y (2) e ~ 12' (4) s2] (9)

where the Q's are the force constants, C~ is the
Coulomb energy per particle (a negative quantity),
u is the dynamic displacement, g is the rigid rela-
tive displacement of the two sublattices of the model
(NaC1) crystal, and e is the thermal strain. Here
the cubic interaction enters as shown in Eq. (8)
and via its coupling to the strain in Eq. (ii). Again
we note that Qz, and hence wz, is stabilized largely
by the quartic interaction.

%e now wish to make some observations about
the KTa03 results. As mentioned earlier pure

KTa03 remains paraelectrie down to the lowest
temperatures. At 4 K, &o&=21+4cm )(6.3+1.2
&& 10))sec )), so that if +2 were truly imaginary,
then one would have to conclude that && is stabilized
by anharmonie interactions associated with zero-
point motion. For &0 ~0 these zero-point anhar-
monicities would have to contribute a frequency
shift 4+ ~21+4cm . A possible appx'oximate way
of estimating this anharmonic zero-point frequency
shift comes from the results of the perturbation
treatment. In the high-temperature classical limit
the phonon occupation numbers and the volume (or
thermal strain) are expected to vary linearly with
T (see, e.g. , Fig. 1) so that all the terms on the
right-hand side of Eq. (7) except &o20 should be
linear in T, and we can write

(10)

where 0, is a positive constant, the positive sign
deriving from the dominance of the quartic anhar-
monicities. Note that Eq. (10) applies only to the
linear portion of the &u&2(T) response, so that ~2 is
not the measured value of w& at O'K. Thus extrap-
olation of the linear &v&2(T) response back to O'K
should yield &0.

One of the interesting features of the soft FE
mode in the perovskites is the long recognized ob-
servation that for many members of this family
&u&(T) is found to be linear over a wide T range
well below the Debye temperature 8~. This is
well illustrated by the behavior of SrTi02 (So
= 1000'K) in Fig. 6 which shows the linear region
extending down to - 50'K. This feature is not ex-
plained by the perturbation-theory results but
arises in a somewhat natural way in the self-con-
sistent treatment. Gillis and Koehlerso find that
by treating all modes self-consistently, the den-
sity of soft modes with )I~ «kT is weighted more
heavily at low temperatures than if the contribution
from soft optic branches of long wavelength had
been neglected (as done in perturbation schemes).
These authors have also observed that the temper-
ature range over which the linear &uz~(T) response
obtains decreases with decreasing quartic anhar-
monicity. We should also note that the linear ~&~(T)

response obtains in lowest order (as represented
by the above models). When higher-order anhar-
monic interactions are included (and their effects
become felt at high T) the linear response no longer
obtains.

Examination of Fig. 5 shows that in contrast to
SrTi02, the &v&2(T) response of KTa02 is rather non-
linear. An approximately linear region, denoted
by the dotted line, extends over a relatively small
region from -30 to -125 K. Extrapolation of this
linear response back to O'K yields an intercepts~
=- coo= -200+200 em . Although this approach to
evaluate uo may be somewhat doubtful, the con-
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elusion that ~p= 0 or slightly negative on the scale
of things in Fig. 5 is probably not too far wrong.
All the stabilization of && at O'K is thus provided
by the zero-point anharmonicities which contribute
a frequency shift of something over 21+ 4 cm '.
Unfortunately it does not appear possible to evaluate
~~0 from the experimental data via the self-consis-
tent phonon treatment. Interpreted in terms of the
Gillis and Koehler results, the fact that the linear
&u&~(T) region in KTaO~ is so much smaller than that
in SrTiO& probably implies that the quartic anhar-
monicities play a less dominant role in KTa03. The
nonlinear &u&~(T) response at high temperatures
suggests that lowest-order anharmonic treatments
are not adequate for KTaO&.

In conclusion, the results of the present work
allow us to separate the isobaric (1-bar) temper-
ature dependence of the soft-mode frequency && of
KTaO~ into its two contributions: the one arising
from the thermal strain and the other arising from
the pure-temperature higher-order anharmonic
effects. The thermal-strain contribution, though
small, is not negligible and amounts to 7% of the
measured frequency at 300'K and 10% at 500'K.
It also acts to reduce the influence of the pure-
temperature anharmonicities. A rough estimate
suggests that the strictly harmonic frequency of

the soft mode &0 is =0 or just barely imaginary,
and thus all of the stabilization of ~& at O'K is
provided by zero-point anharmonicities. Inter-
preted in terms of both the perturbation and self-
consistent phonon treatments, the high-tempera-
ture stabilization of co& is dominated by the quartic
anharmonicities. Unfortunately, however, these
treatments do not give us any indication about the
microscopic origin of the various anharmonicities
and the cancellation between the short-range and
Coloumb forces so important in the soft-mode
picture. The answers to these are the important
remaining questions. The very large increase in
&u& with pressure at low temperature (19.5% kbar
at O'K) for a low compressibility crystal such as
KTa03—a unique property of the soft mode —serves
to beautifully illustrate the delicate balance that
exists between the short- and long-range forces
in this crystal. The strictly harmonic frequency
becomes real at high pressure.
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