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We make the scaling hypothesis at a space of critical points of arbitrary order, using the geometric
classification of critical points by order proposed in a preceding paper, part I. It follows from the
definition of order that there are regions in which several scaling hypotheses are simultaneously valid,
one at each space of critical points of order ©22 which is connected to the point of highest order.
The successive hypotheses are conveniently framed in terms of invariants of the groups of
transformations about the points of higher order. This procedure facilitates the formation of
multiple-power scaling functions. We suggest that the regions of validity of later hypotheses are
bounded by hypersurfaces which scale and which are therefore most easily visualized in the spaces of
invariants. A general critical point of order 4 is treated as a preliminary example. We then apply the
hypothesis in detail to the critical point of order 4 in a specific example: the Ising model with variable

interplanar interaction. This is done in two ways: the first shows specifically the relationship to the
case of a metamagnet and to scaling with a parameter for change of lattice dimension; the second
explicitly demonstrates that the connectivity between the various surfaces of ordinary (©=2) critical
points is the same as for the edges of a tetrahedron. As a consequence of this scaling hypothesis, we
can make predictions about the shapes of the coexistence and critical surfaces meeting at the critical

point of order 4.

I. INTRODUCTION

In a preceding paper! (hereafter referred to as I)
we introduced the geometric concept of order for
a space of critical points (CRS) and also a conven-
ient notation °R, and *X, for critical and coexistence
spaces in complex phase diagrams. Well-known ex-
amples of tricritical points, and other critical
points of order 3 were discussed, and critical
spaces of order 4 were shown to exist in certain
model systems involving four field or fieldlike
variables. The purpose of this paper is to show
how to formulate a scaling hypothesis at a space
of critical points of arbitrary order; to derive
multiple-power scaling functions at such points;
and to explicitly analyze the critical point of order?
4 in the three-dimensional Ising model with
variable interplanar interaction in terms of in-
variants. 2

To formulate a scaling hypothesis at a critical
point of arbitrary order, it is first necessary to
select special directions at the point analogous to
the strong and weak directions described inI. As
discussed in Sec. IV of I, the problem of finding the
principal directions of scaling at a critical point of
arbitrary order is exactly the same as that for a
tricritical point (or ®R,). Once the principal direc-
tions at a space of points of order © have been
found, we can take the limiting orientation of the
principal directions at a point of order © +1, as it
is approached along a line of points of order ©.
The problem of uniqueness of this coordinate sys-
tem is the same for a point of order O =3 and its
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solution may be obtained by the same principles as
treated in Sec. IV of I.

It is therefore possible to induce a set of coordi-
nate systems for a thermodynamic system showing
critical spaces of order 4 or more, starting
at a %R,_, and proceeding by induction up to the
°R,,_a. As each higher order is reached, another
principal direction is defined; at an °R,_g, © direc-
tions out of the °R,_g have been defined. They will
be denoted by {xp1, %oz, ..., Xgol- The geometric
possibilities are too complex (even for © =4) to
warrant the case by case analysis done earlier for
a 3Ro; however, it is clear that the consistency ar-
guments demonstrated in I will apply equally well
for any order ©O.

The outline of this paper is as follows. In Sec.
II, we form the scaling hypothesis and show how to
make it at each °R, of successively smaller order.
We thereby obtain a total group of scaling trans-
formations which is the direct product of several
subgroups.

In Sec. III we treat a general ‘R, considering a
particular ®R, and ?R,. We schematically plot the
crossover surfaces and show how they may be ex-
pected to be expressible as functional relations
between invariants of the groups of scaling trans-
formations.

In Sec. IV we treat in detail the ‘R, in the three-
dimensional Ising model with variable interplanar
interaction.? This is done in two ways. Firstly we
scale with respect to the interaction parameter and
thus reduce the model to the familiar metamagnet.
Secondly we scale with respect to the variable
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TABLE 1. Steps in the formation of a scaling hypothesis where xgg=G, ago=1, and ag; =0 for i>0,
in terms of invariants.

Step 2. Re-express the variables Xg;, Xp2yse.,

Step 1. Hypothesize that the Gibbs potential is given by Xgn as absolute invariants ye; of the group §eby
an invariant equation under the direct-product scaling with respect to a suitable variable.® In
group Gz= G, ® G5 (B<0) in terms of the prin- this section we assume it to be xgg:
cipal directions (or variables) of scaling in the 1/a
invariant space of the group G, which is a direct Yoo Exoo/ Xgo ' 00 (2.2a)

product of a subset of the groups G,(0=y=a).

= dgi/ g0 i = et O =
Step 2. Form absolute invariants of the group Gg from Yoy =%o,/ %00 "0 » i=L 2.0, 1

the principal variables of scaling in the invariant (2. 20)
space of G, by scaling each variable with respect Vouu-15%es, J=0+1,042,...n . (2. 2¢)
to one of the variables.

But theorem 2 of I assures us that ygy can be

Step 3. Find the new principal directions of scaling in expressed as a function? of the invariants

the invariant space of §'B by forming linear com-

binations of a basis set of absolute invariants of (yOI’ Yozsoeery Om-l)°
the group G§. Step 3. Near the critical space of order 0, the
equations of the critical spaces of order © — 1 are
Quantity Notation given by points (key, kg2, ..., kg,n1)inthe space of
Variables transformed by a group G, Xai invariants (g1, ¥g2s +++» ¥ g,n-1). The principal di-

rections of scaling at the ®!R, are determined by
the geometry as linear combinations of the vari-

Quantities parametrizing a ka; ables (Yo1, Yozy«« -, Vo s o)
critical space of order g (<a) '

Invariants of the group G, Yai

w1
Rotation matrix to obtain principal variables “Ry; Xoa1,i= 2 eRu (vo; ~key) » i=1,2,...,0-1.
of scaling at critical space of order g8 (<a) =1 (2.3)

We also define
Equation connecting the above quantities: xg;="R;;(y 43— Fqy)

X0-1,05Y00 » 2. 32)
X9a1,i=Yp; » =0, 0+1, ..., m=1,

7=T - T, (® =0) which is tangent to the lines of tri-

critical points, and thus demonstrate that the con-

nectivity between the various 2R, is the same as for

Step 3+1. Now make the scaling hypothesis at
the 9*'R, in exactly the same fashion as in step 1,
introducing a group of transformations G,., which

the edges of a tfatrahedror}, a .result that has been transforms the x.1,; as in Eq. (2.1). One can
previously obtained by quite different arguments. then proceed to steps 2 and 3 as before. In gen-
II. FORMATION OF SCALING HYPOTHESIS eral a repetition of a cycle of StepS 1, 2, and 3 is

needed for the scaling hypothesis at each order of
The selection of principal directions proceeds CRS. The steps are summarized in Table I.

step-by-step starting at a critical point of lowest When a %R, is reached, and the last of the
order—a °R,,. In contrast the scaling hypothesis (0 - 1) scaling hypotheses has been made, an in-
starts at the critical point of highest order, and variance is achieved under an (6 —1) parameter
states the scaling hypothesis for critical spaces of continuous group of transformations:

lower order in terms of “invariants” of groups of

transformations about spaces of higher order. The Stot=50® Gou®: 96, . 2.4)
complete system of scaling equations that are valid The validity of such a large group of transforma-
at a particular point can be set up in the following tions will be limited to a fairly small region close
series of steps. to all the appropriate ‘R,,-, .

Step 0. Determine principal directions of scal- However, we have not exhausted all the possibil-
ing %1, %oz .. .%o (as outlined above), by choos- ities near a °R,,,° because in general it is possible
ing an ordered set of critical subspaces ‘R,,_, of to pass directly from the °R,,_e to an °'R,,_°o with
allorders i <0 such that °R,.o<'R,.;c’R,., for all (0 —©’)#1and toremain outside the range of valid-
j <i<oO, ity of the groups Gg.1y..., So+s1. This indicates

Step 1. Make the hypothesis that at the critical that there may be regions where any particular
space of order © the Gibbs potential G is given by subgroup (and only that subgroup) of the total
an equation G=F (¥o1, %oz, -+ + %005 Xo, pe1s + =« group S, is valid.

Xgn) Which is invariant under the one-parameter

XAM . ap
continuous group of transformations Gg: - . E PLE: A GENERAL R,

To give a little feeling for what is involved when

Se * Xor=Noixey (i=0,1,...,n). 2.1) 0 >3, we offer in Fig. 1 a schematic representation
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Single-power scaling
I Double-power scaling

Triple-power scaling

FIG. 1. Part of the region around a R, on a three-
dimensional subspace of the total space. Only one 3R,
and one 2Rz are depicted. Boundaries of regions where
various scaling laws are valid are indicated by surfaces.

of a three-dimensional projection of the four-di-
mensional field space in the vicinity of a ’Ro.

There are several different regions where different
groups of transformations are valid.

Region I. Only the group G, is valid and the
singular part of Gibbs potential G is an invariant
equation under G,.

Region II, The singular part of the Gibbs poten-
tial is an invariant equation under the two-param-
eter group G, ® Gy since this region is close to both
the ‘R, and to a critical line *R,. Region II is
bounded by a crossover surface defined by an equa-
tion connecting the invariants of the group 5::

fll(y“, Y42y Yag)=0 - (3.1)

Region II'. The singular part of the Gibbs po-
tential is an invariant equation under the two-pa-
rameter continuous group of transformations G4® G..
Region I’ is bounded by another crossover surface
defined by a different relation between the invar-
iants of G5

Y (91, Yaz0 ¥4)=0 . (3.2)

Region III, The singular part of the Gibbs poten-
tial is an invariant equation under the three-param-
eter continuous group of transformations
G4® G3® G,. The boundary surface of this region
is partly the surface defined by f'*in Eq. (3.1)
and also a surface defined by an equation connecting
the invariants under the group §{® G3:

™81, ¥s2)=0 .

IV. ANALYSIS OF ISING MODEL WITH VARIABLE
INTERPLANAR INTERACTION

A. The Scaling Hypothesis at the *Ry

(3.3)

In Sec. II of I, it was demonstrated that the
3d Ising model with variable interplanar inter-
action [Hamiltonian given by Eq. (2.2) of 1] pro-
vides an excellent example of a critical point of
order 4. This aspect of the model has also been
treated by Harbus etal., % who showed that com-
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bining the scaling hypothesis for change of lattice
dimension when ® >0, with that for ®< 0 leads to a
general hypothesis for the critical point of order

4 of the form

G()‘a” HZ: )tﬂmm, A H’ A% T)'—‘ )\G(HZy U"H; T) ’ (4' 1)

i.e., G=F(H,®,H,7) is an invariant equation under
the group of scaling transformations g4

G'=)G, H}=)'WH, ®'=)\®q,
Sy (4.2)

H' = A“HH’ T'=)\0r7,

where H and H, have equal scaling power and a,
<ag<ay for reasons given in Ref. 2. Equation
(4.1) is precisely of the form predicted for a criti-
cal point of order 4 with the principal directions

of scaling given by

Xy=Hp Xp=®R, Xg=H, x,=T. (4.3)
We list the directions x, in the order shown be-
cause when referring to the critical surface "Rz

of Fig. 2 of I, H, is a direction pointing out of the
coexistence volume bounded by the 2Rz, R is a direc-
tion in the coexistence volume but pointing out of
the 2R,, H is a direction parallel to the %R, at the
Néel point but not parallel to the tricritical lines
’R,, and 7, the “tangent variable, ” is parallel to
the °R,.

Since the field space is now four dimensional, it
is now peculiarly advantageous to use the method
of invariants outlined in Secs. V and VI of I and
Sec. II of this paper. The space of invariants of

{ is only three dimensional, and the R, will be-
come points in this space.

There are two advantageous ways of choosing a
basis set of invariants, The first was used inI
and forms invariants by scaling with respect to the
tangent variable 7. It is shown below (IV C) that
this procedure enables one to plot the lines of tri-
critical points as points at the corners of a tetra-
hedron in the space of invariants. The zRa become
the six lines joining the vertices of the tetrahedron.
First, however, we analyze the situation in the
space of invariants formed by scaling with respect
to ®, because this reduces the problem to a form
similar to the already familiar tricritical point of
a metamagnet which has been fully treated in I.

B. Analysis in the Space of Invariants of 'G, Formed by Scaling
with Respect to ®

We form invariants by scaling with respect to ®,
y=x40/|%45| /422G,
Yu=xqy /lhzla“/“ngzm

Yaa=x4s /| x42|*887% 2= H g,
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N f32(yai,ys2) =0
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fas(Yai Va2 Ya3) =0
Crossover volume
Ya
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FIG. 2. Plot of the region around one of four 3R, in the
space of invariants (ys4, y42, y43) of G4. The boundaries
of regions of validity for double- and triple-power scal-
ing are indicated.

Yas=xas/ | xgp| ¥/ 2= 74, (4. 4a)

The scaling hypothesis of Eq. (4.1) requires that

V40=S3(Ds1, Vazy Vas) Or Ga=f3 (Hpq,Ha, Tq) .

(4. 4p)
A representation of the various critical spaces
close to the ‘R, in the invariant (v, V42, Y4s)-
space is given in Fig. 2 (for ® <0).% That figure
is similar to Fig. 14 of I, which shows the situa-
tion for constant ®(<0). This similarity is clearly
to be expected because one can always choose a
particular value of ®#0 in the variables of Fig. 2.

The various coexistence volumes 2X3 map into
surfaces in Fig. 2 with a conformation close to the
tricritical point that is entirely analogous to the
conformation in Fig. 14 of I. The 2X; end in R,,
which are the same as before, in regions that are
close to the ‘R,.

We can now proceed entirely by analogy with the
scaling hypothesis made at tricritical points in I,
bearing in mind that the variables being used are
not Hy, H, T, but the invariant variables Hyg, Hgq,
TR

The directions of the second scaling hypothesis
for the “invariant space metamagnet” (Fig. 2) can
be chosen in an analogous fashion to the ordinary
metamagnet of I. The direction xg, is chosen in
the y4 direction and points out of the coexistence
volume 2Xg,the direction xg, lies in the Y, — Y43
plane and is not parallel to the critical surface 2R2’
and the direction x33 is parallel to the critical sur-
face 2R,. More precisely,

(3,5=2,3) (4.5)

and R,; is an appropriate nonsingular linear trans-
formation and summation over ¢ is implied. The

X31=Ya1,%3;=R;;1 944
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scaling hypothesis now requires the invariant part
of the Gibbs potential Xgo=y40=G/ | %4 |'/%42= Fy(xy,,
X33, X33) to be an invariant equation under the group
93:

33: x§,=)\"3‘x3, with asp= 1 (t.=0, 1, 2, 3). (4. 6)

The result of the simultaneous validity of the
groups G5 and G, (i.e., theproductgroup Gso G4)is
that the Gibbs potential is expressible as a “double-
power scaling function”*

¥30=/f2(¥a1,¥32) 4.7
where

Y3 =g, /x35"847%38 (i=0, 1, 2). (4.8)

Equation (4.7) is valid within a double crossover
region, bounded by the region of validity of G, and
also a crossover surface in the y,;-invariant space—
given by

f13(¥a15 Va2, ¥43) =0 . (4.9)

Within this region all thermodynamic functions
are representable in the space yq, ¥s2 of Fig. 3.
Here appropriate functions are invariant under the
product group G, ® Gs.

Figure 3 is entirely analogous toFig. 15 of I, and,
as in that case, the three lines of critical points
in Fig. 2 map into three points.

The aRz are thus predicted to be representable
in regions close to both the *R, and *R, by the equa-
tions

(4.10)

where i=1, 2, 3. For the 2R, shown in Fig. 2 of I,
we have y4,=0 and y3; = - ks;. Similarly the equation
of the X, is y3,=0, ¥3,=const. Appropriate regions
of other 2X; will map into lines in the v3, ¥3, plane.
In particular the 2X, in the H,=0 hyperplane is re-
stricted to an appropriate range of y;, for y;,=0.
Near each R,, a third group of scaling equations

Ys1=ks » YVsa=kis,

—> Y31

U
b3X2

fsa(ysi,ya2) = O
Crossover cone

FIG. 3. Plot of the three 2R, of Fig. 2 in the space
(ys1, v32), invariants of the group G4 ® Gs. The crossover
cone of Fig, 2 has become the circle in Fig. 3.
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isvalid. For each?R,, wepick two directionsx,, and
X33, the strong and weak directions of Griffiths and
Wheeler, in the y;, invariant plane, and define
X20= Va0 = X30/ %55/ 3. We now require ¥z = Fy(xz,
X33) to be an invariant equation under the group G,
of transformations:

(4.11)

where azy=1. This implies that the Gibbs poten-
tial near a‘R,, a°R,, and a’R,is expressibleasa
triple -power scaling function:

gz: x§¢=)\a2‘ng, i=0, 1, 2

xzo/xéz/a 2= 1'11(9521/9522"21/"aa ). (4.12)
Thus all the data from the appropriate four-dimen-
sional region should collapse into a line. The
crossover cone for the validity of the triple-power
scaling function should also be representable in the

space (¥3, ¥32) of Fig. 3 as

Sa2(¥31, ¥32)=0 . (4.13)

We illustrate this result for the special case of H,
=0 (for ®<0). For the H,=0 hyperplane, the invari-
ant mapping of the various CRS and CXS are given

in Fig. 4. Within the appropriate region (a wedge
within a circle), Eq. (4.12) applies. Since x5, =0
for this case, all data collapse to a point

(4.14)

which can be rewritten (from definitions of xzy, X3,
Y40)

G=Cxypp'/2x3{"ss 3022

- 1/a
Xg0=Cxz4%2

(4. 15)

This “triple-power scaling law” is a special
case of the general triple-power scaling function.
It is valid within the wedge between the curves ys,
= X3p%39 932/939= const. and the circle fy3( 942, Y43) =0
as shown in Fig. 4.

In conclusion, the systematic application of the
heirarchy of scaling hypotheses gives predictions

fa2 (yaz,Ya3)=0 )Ifa
Crossover
(Z4®42)

X32 X32X33

fa3(yaz,ya3) =0
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of the shapes of the CRS and CXS within the various
crossover regions of the product groups. Finally,
if we set y4, =¥4,=0in Eq. (4.4b)we obtain the scal-
ing hypothesis about the critical point T, (® =0).
If & is allowed to vary we simply obtain the well-
known double-power scaling law with a parameter®
for ®>0. This double-power law is valid under the
product group G,® G, where G, is the symmetry
group about the line 7,(®) of Fig. 2 of I.

This is an explicit example of a case where a
product group G,®g; with | j —il#1 may be appro-
priate.

C. Analysis Using the Tangent Variable to Form Invariants

‘'We now form a different set of functionally inde-
pendent absolute invariants y,;of G, by scaling with
respect to the tangent variable x4 =7 - Tyt

54{ =x“/|x44l““/““, i= 0, 1, eeed (4' 16)

The scaling hypothesis of Eq. (4.1) requires that

Va0=Ss Va1, Tazy Fas) - (4.17)

In the space of invariant field variables (¥4, V42,
Jas), the four °R, again map into points: two in the
¥4 =0 plane for y,,<0 and two in the y,3=0 plane
for y,, >0. These four points form the corners of
a tetrahedron, as in Fig. 5. In this representation
we are explicitly able to show the way that the 2R,
connect the different °R;.

In Fig. 5, the curves joining the vertices of the
tetrahedron are the scaled representation of the
2R,. Each °R, is joined by these curves to each of
the other °R,. Similarly, the X, on the T axis of
Fig. 2 becomes the point at the origin of Fig. 5 and
the four %X, become curves joining the origin to the
SR,. Similarly, for the 2X, which are not depicted
in Fig. 5.

The curve joining the two *R, for ¥,, <0 is the
2R, on top of the “mountain” in Fig. 2 of I. The

-G32/033- ¢l (j=1,2)
Crossover (4,®4;®4%;)

FIG. 4. Full (y43, y42)
plane of Fig. 2 showing
both 3R, for yy =0. They
are connected by a ’R, near
which there is a region
where the groups G; and G,
are valid, but Gj is not.
The crossover surfaces and

Crossover the groups whose ranges of
(&4 ®%5) valic?ity' are thereby limited,
are indicated.
\ * 3)(2

Ya2
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FIG. 5. A schematic representation of the complete
system of CRS and CXS near the ‘Ro, obtained by scaling
with respect to the tangent variable. Two of the 3R, for
945 >0 are in the plane y;3=0 while those for ¥,,<0 (also
shown in Fig. 4) are in the plane y,;=0. The total sys-
tem is topologically equivalent to a tetrahedron. Not
shown are the various 2X; which join the 3X, to the ’R,.
The values of 3,; are mapped as ¥/ ¥y + ¢;) where c;
are constants to ensure that all pertinent points are
mapped within a finite region.

other curves leading away from these two 3R, (for
J42< 0) to the other two °R, (for ¥,;) are the wings
of Fig. 14 of I, which extend into the region H, #0.

Thus the wings for & <0 are joined by continu-
ously connected surfaces to the wings for ® >0
and are thus sections of the same sz. There are
in reality six %R,: one for ® >0, one for & <0, and
four “wings.”

Now one can proceed to make a scaling hypoth-
esis about the sRl as before. First we choose a
suitable set of variables which are linear combina-
tions of the yy;:

%3 =Ry (Fa=kyy) (4.18)
where ¢, j=1, 2, 3 and summation over ¢ is implied.
Then the Gibbs function will be expected to be given
by an invariant equation under the group G of
transformations

’-‘-S'.I=)Lawx317 j=0,1, 2, 3 (4.19)
and ago=1. However this new transformation must
inevitably give the same results as when the scaling
was performed with respect to the groups §,® G3

in Sec. IVB. The analysis will be the same as for
that case.
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V. SCALING LAWS AND SCALING FUNCTIONS

The consequences of the existence of valid equa-
tions of scaling for critical points of higher order
are very similar to those for a °R,.

In a region where a direct product of » groups of
transformations are valid, it is possible to form
scaling functions with simultaneous scaling by »
variables. This will give data collapsing by » di-
mensions, and this should make the testing of the
scaling hypoth~sis in the vicinity of a critical sub-
space of any order quite possible: the maximum
value for 7 is (© - 1) because in the vicinity of a
critical point of order © there should be regions
where a direct product of (0 — 1) groups of trans-
formations are valid (e.g., the crossover region
near a R, of I and region III in Fig. 4). Now it
should be possible to plot all the data from the ©-
dimensional region in terms of one variable.

There should be larger regions where one group
G, is not valid and the data should be expressible
in terms of two appropriately scaled variables.
Then data collapse onto a surface, which should be
easy to verify.

For each set of scaling powers ap; at a critical
subspace of order 0, there will exist a different
set of exponents and scaling laws relating them.
For a point of order ©, there will therefore be ©
independent exponents, and if more than 'O are de-
fined, there must be scaling laws relating them.

In a system like the one considered in Sec. IV,
there will therefore be four independent exponents
at the ‘R, three at each of the four *R;,and two
at each of the sz, giving 28 possible exponents be-
fore the symmetry is taken into account. The sym-
metries show that the sRl are all equivalent be-
cause we have reflections H—~ —H and H,—~ — H, and
the pseudoreflection 8~ -®, H—~H,. These sym-
metries show that there are only two sorts of ’R,.
Thus there are only 4+3+2+2=11 scaling powers
we need to know to evaluate every possible expo-
nent for the system.

In fact for this system we shall see that we know
seven scaling powers certainly and we can estimate
two more. The only pair that we do not know are
the scaling powers for the “wings.” (see Ref. 6 of
I for definition of “wings ).

At the 4R0 the exponents are the same as for the
two-dimensional Ising model, and this gives a4
=ay, =}%, ap=%, and a,, = 3, where the first two are
equal by the pseudoreflection symmetry and expo-
nent a4, is evaluated from our knowledge of the
crossover exponent ¥, =a,/ a4 = P4.

For the 3R,, we know the scaling powers from
our knowledge of the exponents y and v, (describing
the divergence of the functions x and y,;), and also
from the crossover ¢3; describing the shape of the
2R, for H,=0 approaching the °R,.
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Work by Harbus and Stanley’ estimates the scal-
ing power as, to be 3. Tentative calculations® based
on the shape of the phase boundary and the ampli-
tude function of the staggered susceptibility along
the phase boundary give rough estimates of ag zﬂ
and agy = 3.

Of the ®R,, two have the familiar exponents of
the three-dimensional Ising model, giving® a, =%
and a,, =1+ while the other four 2R, are “wings” and
possgess exponents about which we know nothing at
all.

The scaling laws are obtained by eliminating the
a,;; between expressions for different exponents.
Exponents defined for paths of approach to a set of
equivalent ®R, (e.g., the °R; above) will thus be
related by scaling laws, but equalities between ex-
ponents for different sets of R, (i.e., not related
by symmetry) should be regarded as fortuitous and
not as scaling laws. This will remain true for the
critical spaces of any system.

VI. SUMMARY AND CONCLUSIONS

We have shown above how to make a scaling
hypothesis at a critical point of arbitrary order,
in the case where the dimensionality of the spaces
of critical points of order © is O less than the total
number of dimensions available; i.e., Eq. (1.1) of
paper I is satisfied. We have also shown how the
choice of variables for hypotheses at points of lower
order is decided by the groups of transformations
about points of higher order. In the example given
in Sec. IV it was shown that there could be regions
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where different direct products of groups of scaling
transformations were valid, e.g. G;,® Gs and
G4 Ge.

In the particular example treated, there was a
very high degree of symmetry about the tempera-
ture axis, and instead of having different scaling
powers for every CRS (giving 28 possible expo-
nents) only nine independent exponents were found—
two at each of two sorts of °R,, three at the four
SR,, and only two at the *R, because of the sym-
metry and the fact v4=¢,.

The same symmetry that reduced the number of
exponents from 28 to 9 was operative in making
the lines of tricritical points intersect on the T'=0
axis. In a four-dimensional space there is nothing
to force lines of tricritical points to intersect ex-
cept a symmetry '%it is of interest to note that in
complex fluid mixtures!! critical points of higher
order can occur when the Hamiltonians do not pos-
sess symmetries. The order © for such a critical
point is equal to the number of phases in equilib-
rium there as is the case here but the number of
scaling fields at such a critical point is usually
not equal to O.
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