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go=10~~ sec ~ is taken.
With these values, T,(8.75 kV/cm) —T,(0)

=2. 5 'C, which is close to the experimentally de-
termined difference.

This supports the hypothesis of the predominant
influence of the electric field on T,. In fact, the
calculation of the displacement of the transition
temperature T, corresponds to that of the second-
order phase transition only. In the case of GMO,
the sixth-order terms must be introduced in F to
compute the field effect on the transition temperature.

The coefficient P has already been measured in
some crystals. Inguartz, P=S NV" m, and
in LiNbO» P=35 N V m . These values may
be compared to 2. 5 N V" m ' in GMO far removed
from the transition, but are 5-50 times smaller
than values of P measured here near the transition.

In conclusion, this paper presents one of the first
direct measurements of the critical behavior of a
third-order coupling coefficient between electric
field and strain in the vicinity of the ferroelastic-
ferroelectric phase transition.

*Associated with the Centre National de la Recherche
Scientifique.
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Measurement of a Critical Exponent by a New Zero-Field Transmission Resonance Technique
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The critical exponent P of Gd is measured directly for the first time by a new technique of
ferromagnetic transmission resonance in zero external field. The technique consists of mea-
suring the microwave power transmitted through a thin Gd film (47 p) as a function of tempera-
ture. Analysis of the resulting line shape yields the value of conductivity a = 0.745 &10 sec
spin relaxation time v'= 7.3 &10 sec, Curie temperature Tc —-295'K, and critical exponent
P=O. 31+0.05.

I. INTRODUCTION

Critical-point phenomena have been studied with
renewed interest in recent years, partly because
of stimulating new theoretical work on statistical
mechanics, ' scaling, ' and controversial questions
as to the uniqueness of some of the parameters
such as the critical exponents, ' and partly because
of vast improvements in the ability to measure
such exponents. Among the most accurate of these
experimental techniques are nuclear resonance in
antiferromagnets, and critical opalescence mea-
sured by laser techniques in binary liquids. Moss-
bauer-effect measurements are also important in

a few substances. ' However, experiments to
measure the critical exponents in ferromagnetic
metals have not been as accurate because of strong
damping effects and large linewidths. Typically,
accuracies of 5-15% in the latter case are con-
trasted with accuracies of nearly 1/o in the more
pre cise determinations.

In this paper we describe a measurement of the
coefficient P for gadolinium defined by

M(T)/M(0) = B (1 —T/Tc), T- Tc

This measurement is distinguished by being car-
ried out by means of a new technique, possibly
applicable to other ferromagnets such as iron and
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nickel, and by the fact that it is the first direct
determination of this coefficient for gadolinium,
even though a value for P has been given in the
Literature by indirect fitting of magnetization
through the scaled equation of state. 6 The mea-
surement is less distinguished in aeeuracy, how-
ever, and does not yet approach the I%%ua accuracy
previously mentioned.

Our new technique involves the observation of
a zero-field resonance in a thin single crystal of
gadolinium by means of the microwave-resonance
transmission technique. Since it does involve a
zero II field, one must sweep through the resonance
by varying the temperature instead of the field and
this determines M(T) through interpretation of the
resulting line shape.

To make a simple introduction to the subject, we
first briefly review the nature of spin transmission
resonance. The method was originally developed
to make the observation of conduction-electron-
spin resonance in metals easier and less ambigu-
ous. ' A thin sample, thicker, however, than the
skin depth, is used as a common wall between
two microwave cavities. When placed in a mag-
netic field suitable for electron resonance, a
microwave signal in one cavity induces resonant
spin precession and the spins, which diffuse
across the sample from the skin depth region of
one cavity to the other, radiate a resonance signal
into the second cavity connected to a microwave
receiver with a good noise figure. The finite
thickness of the sample means that only specific
modes rather than impurity resonances wiLL be
observed, and the fact that exciting power is not
present in the second cavity leads to excellent sen-
sitivity for reception.

This technique was soon found to be useful in de-
tecting ferromagnetic "antiresonanee" or paramag-
netic-dispersion skin-depth enhancement, as it
might also be called. ' In this mode, even though
the spins are not mobile and do not diffuse through
the sample, the presence of a resonant condition
leads to dispersion, which, in turn, causes a
change in the skin depth. That is, the skin depth
depends on the permeability of the sample as well
as its conductivity. Another way of explaining
the process, as @rill be discussed later, is to say
that a condition occurs when the coupling between
the magnetic system of the syins, described by the
Bloch equation, and the conduction-electron cur-
rents, described by Maxwell's equations, Leads to
magnetic energy storage in the spin system. This
reduces dissipation and increases the skin depth.
Though the effect is small in a typical sample
many skin depths thick, it corresponds to a trans-
mitted power increase from 10"to 10 2-10
which is readily detectable.

Of particular importance to the present mea-

surement is the fact that this type of propagated
signal occurs at a condition of maximum in the
fieLd 8 which matches the resonant condition co0
= y, j3, where y, is the gyromagnetic ratio of the
spin system and z, is the microwave frequency,
in contrast to the usual condition for the maxi-
mum of surf ace impedance ferromagnetic absorption
which occurs, apart from demagnetization effects,
as the usual resonance condition ~0= y, H. Thus
a condition may be found in the complete absence
of any applied magnetic field that &0 =y, 4'. ~

The fact that M is a function of temperature allows
one to sweep through resonance as one sweeps
through the critical Curie point T&. Interpretation
of the signal must be done by recourse to theory,
but the experiment is relatively straightforward.
Difficulties arise in ascertaining the effects of
anisotropy, in determining the temperature scale,
in making sure that the cavities in the apparatus
are properly adjusted at all temperatures, and
making sure of proper crystal alignment in the
sample. All these aspects will be discussed in the
body of the article and the appendices.

Vx H=4voE/c,

8M
Bg

= y, MxH-(M) transverse/v

(2)

Here y, (=1.72x 10~ Hz/G for Gd)~0 is the gyro-
magnetic ratio, g the speed of light, o the conduc-
tivity, v the phenomenological spin relaxation time

H. THEORY

Suppose we have a ferromagnetic single crystal
in the form of a film of thickness I, with its surface
lyl~ ln the xz plane. The magnetlzatlon M ls
taken to be along the z axis, and the applied micro-
waves are assumed to be plane waves normally in-
cident upon the xz plane, the tangential component
of the magnetic vector being along the x axis (see
Fig. 1). In this section we will be concerned only
with the transmission of electromagnetic waves
through the sample. The effects of exchange in-
teraction, anisotropy energy, and magnetostrie-
tion are analyzed in the appendices and can be
shown to be small.

Calculation of the ratio of the transmitted mag-
netic vector to the incident magnetic vector, h~/h~,
proceeds in two steps: (i) calculate the wave vec-
tor ka inside the sample as a function of frequency
&u, and (ii) fit boundary conditions to obtain the
desired expression for h, /h~. One needs only
Maxwell's equations (which describe the radiation
field) and Bloch's phenomenological equation (which
describes the interaction between the radiation
field and the magnetization):

VX E= ———(H+4v M), (1)
c ~f
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(typically 10 ' sec), "M the magnetization vector,
and 0 and H the electric and magnetic field vectors,
respectively.

Taking the curl of Eq. (2}, one can eliminate E:

V(V H)-V'5=- ", —(H+4wM) .
Bt

Since the microwave magnetic field will be much
smaller in magnitude than the z component of
magnetization, the disturbance of the magnetization
caused by the microwave field will be in the xy
plane, and the change in z component of magnetiza-
tion will only be of second order. Therefore, let

M= m„ i +m„j+MA', (5a)

means that either 0 = 0 or R is uniform across
the sample. It turns out that 0=0 for ~ =4wM(Tb,
is the electric field configuration inside an infinitely
thick plane and that uniform N is the configuration
inside a film of finite thickness. In order to be
more specific, we proceed to fit the boundary con-
ditions. These state that the parallel components
of h and e are continuous across the sample bound-
ary. A simple calculation yields

fg~ . 2(g 5~ k3

h, c f-f+'

2~ Hk3l

H=k„ i+ k„j,
where the components m„, m„, h„, and h„are under-
stood to be proportional to g~ ~~2"~", %hen
(5a) and (5b) are substituted into (3) and (4), these
equations, in their component form, become

.4&0
~

. 16m' ocok, -~, h„- ', „=O,

The quantity experimentally observed is I ha/ha I.
Here I I denotes the magnitude of ha/ha. It should
be noted that the expression for Iha/h, l has a max-
imum at &o =4wM(T)y, . Near the maximum the
electric and magnetic fields have the following con-
figurations inside the sample if A. = 0:

e, = (c/4wo)(2h, „/I},
h„=2h„(I - y/I'),

—

assam,

= 4wM, m„—m, /v

—Asm„= y, Mh, —m„/a' (6d)

In order that there be a nontrivial solution, the
determinant of the coefficients must vanish. This
condition gives

where

5 =c /2wov, A=M(T}/M(0),
X = 1/4wM(0)y, 7', 0= &o/4wM(0}y,

One should note that for frequencies much high-
er than 4wM(0)y~ (=4.43x10' rad/sec for Gd) the
solution (7) becomes identical with the usual skin-
depth solution ha= (1+a)/5; and for slow spin re-
laxation (X «1), ha goes to zero as &u approaches
4wM(T)y, . We can get a physical picture of the
interactions between the electromagnetic field a.nd
the spin system by looking at the relations between
h„h„, m„and m„.

From Eos. (Sb) —(6d), we get

Jf'/(~- ail)'h„= 4wm, ,
h„=-4~m„

(~- an) m, =am„.
If X«1, we see that at td~4wM(T)y„R=Q, so

that h„= —4mm„and fg„= —4@m„. In other words,
at &u=4wM(T)y~, h „=h,„+4wm„,„=O. As we see,
h, „—0 implies (i) —m H'= (energy of the spin sys-
tem) is maximum and (ii) vx@=0 from Eq. (1)

I'= I+sr 5 /2c ~

Here h~ is the incident magnetic field vector and

y is the distance from the incident surface. The
energy flow, which is proportional to e&h, de-
creases linearly as a function of distance inside
the sample. The physics is therefore very clear:
because part of the energy is stored inthe spin sys-
tem, only that part of the energy contained in the
electromagnetic fields will be dissipated (since
energy dissipation is proportional to E ). As en-
ergy is transported through the sample, the energy
in the spin system will decrease, but only linearly.
This linear attenuation, as contrasted with the
usual exponential attenuation, gives rise to an en-
hanced transmission. In this context the frequency
4wM(T)y, is physically that frequency at which the
energy of the spin system is maximum.

IH. EXPERIMENTAL APPARATUS AND
TECHNIQUE

A. Mlcl'0%Ysve APPsfsfllS

The microwave- transmission apparatus used in
this work is identical to the one used to observe
conduction- electron- spin resonance, and has al-
ready been discussed in detail elsewhere. ~' The
apparatus consists of two microwave cavities, one
the exciting cavity and the other the receiving cav-
ity, with the sample forming the common wall
between them. A superheterodyne receiver is at-
tached to the receiving cavity. The only addition
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FIG. 1. Sample orientation in the cavity.

to the apparatus in the present work is a continu-
ously variable motor-driven 360' phase shifter at
the output of the local oscillator which allows us
to measure the transmitted microwaye signal pow-
er rather than the phase-dependent amplitude con-
ventionally detected. Phase- independent power
measurements have often been used before by other
workers in the field. It is best suited for this
work since it eliminates the phase parameter while
there is still ample detail available in the power-
measurement line shape to allow determination of
the other parameters involved in the problem.
Moreover, in this type of experiment it would be
experimentally impossible to obtain meaningful
phase information as a function of temperature
since the cavities detune significantly with tempera-
ture and must be retuned before the power mea-
surement at each temperature reading.

B. Sample Preparation

The sample used was eut from an extremely pure
sing1. e-crystal gadolinium button of size —,

' &-,' x 8 in.
generously provided to us by Spedding, In order
to cut thin slices from the crystal it was set in
clear epoxy inside a boat mounted on a magnetic
steel slab. The slab was then solidly locked onto
a magnetic table beneath a 0. 016-in. diamond disk
saw. The cuts were taken along the broad side of
the crystal with successive passes each about
250- p, thick. To further reduce the thickness of
the slices we used a chemical lapping technique
kindly suggested to us by Schmidt. The samples
were mounted with wax on a special high-precision
machined stainless-steel lapping holder which
could expose the crystal at steps of 25 p. to an acid
surface of 1:1nitric acid and acetic acid. The
acid mixture was poured onto a Teflon cloth laid on
a flat glass table. We then lapped by hand, using
a figure-eight motion on the acid-wet cloth, for
about 10 sec at a time, quickly rinsing with run-
ning water after each lapping session. Both sides
of the crystal samples were lapped to make sure

TRANSMITTED
POWER

THERMOCOUPLE 2

MOUNTING
BOLTS

COPPER CAVITY
SUPPORTS

RECEIVING

!

CAVITY

I I

INDIUM ~
0-RINGS

BRASS MOUNTIN(
Pl ATES

I~
FOIL SAMPLE

THERMOCOUPLE 1 -==-

EXCITATION
CAVITY

INCIDENT
rf POWER

MONITOR
THERMOCOUPLE

FIG. 2. Sample mounting and thermometry.

that all damaged layers of the crystal were re-
moved. We aimed to reduce the foils down to
thickness between 25 and 50 p.. The thickness of
each sample mas established by measuring its sur-
face area and its weight. The specific sample
with which the data were taken was 4V p, .

Subsequently, the crystal was mounted on a gonio-
meter and oriented by x-ray ierystallography tech-
niques. The e axis of the crystal sample was
found to be inclined to the surface at an angle a
= 15' with accuracy better than 1', as shown on
Fig. 1. X-ray pictures also verified that the sam-
ple was indeed a single crystal over the entire face
exposed to the microwaves. Figures 1-3 together
indicate the manner in which the sample was
mounted with conducting indium seals between the
two cavities.

C. Temperature Measurement and Control

To control the temperature of the sample a con-
ventional Wheatstone-bridge circuit was used: a
10K thermistor mounted on the cavity block as the
control element, a 10K helipot as the adjustable
resistor set to the corresponding temperature de-
sired, and two 10E precision resistors were used
as reference standards. When the cavity-block
temperature is lower than the desired temperature
the bridge unbalances and its output turns on a
zero-voltage-crossing switch (ItCA 8059)which pro-
vides a gate pulse to trigger a triac (GE MAC 2).
The gate turns off when the cavity temperature be-
comes higher than the set temperature. The triac
feeds about 5 W to three power resistors mounted
on the cavity block. We can thus suppress tem-
perature drifts of the cavity system to less than
50 m'K as determined by monitoring an iron-con-
stantan thermocouple soldered on the cavity block.

Two more iron-constantan thermocouples (1 and
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FIG. 3. Cavity assemMy.

that the temperature gradient across the sample
is of the order of our temperature-contx'ol errox'
which is thus the dominant limitation in our know-
ledge of the temperature of the sample.

Since the indium O-ring seals provide excellent
electrical but poor thermal conductivity, the sam-
ple is only weakly thexmally coupled to either
cavity. Since the temperature of the sample is
expected to be somewhere between that of the two
cavities, we use the mean of the temperature of
the two cavities as the actual sample temperature.
Hence absolute sample-temperature measurements
suffer by the order of the temperature difference
of the two cavities. Relative temperature mea-
surements, i.e. , temperature differences, are not
affected since thermal drifts were observed to be
no more than 50 m'K. Extraction of the critical
exponent P is sensitive only to the difference T- Tz
= ~T once Tubas been chosen, and not to the ab-
solute value of T. On the other hand the experi-
mentally observed critical temperature T~ can
be raised by about the order of 1 'K. This can
explain our high value of T~ in comparison to the re-
sults of other authors on similar samples ~' 8 which
ax'e listed as 292. 5+ 0.5'K in contrast to our val-
ue of 295 'K. But it is interesting to note also the
high value of T~= 298 K observed by Darnell in
measuring crystal lattice parameters in gadolin-
ium,

D. Power Measurements

To understand the meaning of our experimental
points we refer to the schematic diagram of Fig. 4,
which roughly presents the important functions of
the microwave transmission apparatus. The inci-
dent microwave power P from the klystron arrives
at the switch 8' which can direct the microwave
power either through arm 1 or arm 2. In arm 1 the
microwave power P is attenuated by the 170-dB cal-
ibrated attenuator A to the value PA and arrives at
the detector D which reads a level B=PAD where
D is the detector sensitivity. Similarly in arm
2 the microwave power goes through the cavity
system C and then to the same detector D which

2) measure the temperatures of the exciting and
receiving cavity, respectively (see Figs. 2 and 3).
We observed that the exciting cavity ran hot with
respect to the receiving cavity by as much as 1 'K.
This is hardly surpx ising since the exciting cavity
consumes about 300 mVf of incident rf power.
Since power dissipation is proportional to the area
and to the square root of resistivity of the dissi-
pating surface only a small fraction of the micro-
wave power in the exciting cavity is dissipated at
the sample. %e find that the actual power dissi-
pated at the sample is about 2 m%. This implies

CALI BRATED
ATTENUATOR

&Aj

KLYSTRON

t W SNITCH D DETECTOR

C

CAVITY
SYSTEM

FIG. 4. Power measurement schematic.



MANIKOPOULOS, SHENG, AND CARVER

now reads a level 8= PCS; here C is the effective
attenuation presented by the cavity -sample system
to the microwave power and can be written as C
= C~C&T, where C& and C& are the coupling power
coefficients for the exciting and receiving cavities,
respectively, and F expresses the attenuation of the
microwave power in propagating through the sam-
ple. At each temperature after tuning the cavities
we measure the calibration level 8 and then im-
mediately measure the signal level S. The experi-
mental points B are then defined as 8 = S/B = PCD/
PAD= C/A and are thus independent of long-term
klystron-power- level and detector-sensitivity drifts.
The theoretical signal expressions can be directly
related to the attenuation coefficient E which can
be wl'lt'ten as E= C/CsCn = R4/CsCsq so that fol'
constant attenuation setting A and coupling coeffi-
cients Cz and Cz, E is directly proportional to just
R. The experimental data show 8 or, equivalently,

E as a function of temperature. The experimental
value of C~C~ is 0. 85.

IV. INTERPRETATION

%'e note that in Fig. 5 the data on transmitted
power agree in general shape with that calculated
from the theory. The line shape as a function of
temperature consists of three parts. Above the
Curie temperature the transmitted power is a slow
varying function of temperature. %e call this re-
gion I. As temperature is lowered through T~ the
transmitted power increases within one or two de-
grees (region II) to a peak and then slowly decreases
as the temperature is further reduced (region III).
In order to fit the data, we will proceed in three
steps. The first step is to note that in Eq. (8)
when M= 0, kz reduces to (1+i)/d, which is the
usual skin-depth attenuation. Therefore, from the
data in region I, thickness E of the film, and fre-

t6—

O
l2

~3
gp lO—

g08—

G.6—

E XPERIMENT

THEORY

22 20
l I

l8 le
T{ C)

I I I I I I I I I I I I: ' ' & & I I

'25 24 25 22 2l 2Q l9 I8 l7 l6 l5 l4 l3 l2 l I IQ 9 8 7 6
T {eC)

FIG 5. i)'ll/h& .i plotted as a function of temperature T. The inset shows (4aM(T)y~/v]IIO I plotted as a function of T.
M(T) is obtained from ikt/AI i through Eq. (8). Dashed lines indicate the slopes from which the credible limits of 8 are
obtained.
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FIG. 6. 4'(T)Vga' p1otted as a function of (Tc- T).
The upper. figure shows the effect of choosing different
values of Tc. The lower figure shows the best fit to the
data. Dashed lines indicate the credible limits of the
value P. Owing to crowding, not all the data points are
displayed in the upper figure.

quency co of the microwave radiation, we can ex-
tract the value of conductivity o. Since the electric
vector is along the c axis in the present experiment
(see Fig. 1), this value of o should be that along
the c axis. Using the experimental value of l = 47 p,

and ~= 5. 'l4x1p sec, we obtain o =0. 745x10~e
sec t (corresponds to a value of resistivity p = 121
x10 s Qcm). This value of o compares favorably
with the result of ¹igh, Legvold, and Spedding, 20

in which the resistivity is 119x 10 '/0 cm along the
c axis. In the second step, we note that the ratio
of transmitted signal at peak to the signal at re-
gion I depends only on the value of relaxation time

From the data we obtain &= 7. 25x10 ' sec.
With the above values of o and v, each data point
can now be associated with a unique value of I
through Eq. (8). To obtain P, we first obtain an
approximate value of Tc by plotting lnM vs ln(Tc —T)
as shown in Fig. 6. The correct Tc should yield
roughly a straight line. The slope of the line is
P. To improve the accuracy, we plot M ~ as a
function of T (see inset to Fig. 5). The result
should be a straight line with the intercept at M = 0
giving the value of Tc. Using this new value of Tc
we plot lnM vs ln(Tc —T) again and repeat the pro-
cess until the best fit to the data gives straight
lines on both plots. The above fitting procedure
yields

TABLE I. Summary of critical exponents for Gd.
Definition: H/H& = E[M/M(0)], M(T)/M(0) =B(1—T/Tc),
X(T)/y~=C(T/Tc —1) ", where H&=kTc/m, m is the mag-
netic moment per spin, and Xq =M(0)/H'g.

Range of (T- Tc)/Tc
a, b

E
1.3 + 0.1
0.32

2 x 10+-2 x 10+

gflsb

C

Range of M/M(0)

4, 0+0,1 1x10 i-4x10 ~

1.6
Range of (Tc T)/Tc

0.31+ 0.05
0.49+ 0.03 3 x 10+-5x 10+

C. D. Graham, Jr. , J. Appl. Phys. 36, 1135 (1965).
P. Belier, Rept. Progr. Phys. 30, 784 (1967).
This work.

M(T)/M(0)=0 49(1—T/Tc) '$1 To=295'K,

where the value P = 0.31 is the mean of the credible
limits indicated by dashed lines on Fig. 6 —P= 0. 36
and P=0.26. The value B=0.49 is the mean of B
= 0. 52 and B= 0.46 (indicated by dashed lines on
inset to Fig. 5) where we have used the experi-
mental value of M(0) = 2010 G. Plotting the data
with different Tc and P indicates that the above
limits are generously adequate. The values of P
and other magnetic critical exponents of Gd are
displayed in Table I.

Referring to this Table it seems worthwhile to
indicate that our experimental value for P is more
consistent with the possibility that P is —', or with
the Ising model value of 0. 312, than with the equal-
ity Z= P(5 —1) required by the scaling hypothesis,
since using this value of P together with other co-
efficients in the table we obtain y —P(5 —1)=0.3V

+0.3. However, the inequality Z & p(5 —1) is strict-
ly satisfied as it must be from general thermody-
namic arguments (cf. Ref. 1, p. 61, No. 5, and p.
185, No. 5). We should also comment on the fact
that a least-squares fit to our data would produce a
considerably smaller error range on our exponent
determination, but we refrain from relying on sta-
tistical analysis when we are not able to be entirely
certain about systematic effects in this completely
new method of measurement.

One feature of this method of determining P
should be noted. In most experiments which de-
termine critical coefficients, the order parameter
is measured with the least ambiguity and the great-
est precision when one is far from the critical
temperature and finally, as one approaches very
close to it, the presence of noise and fluctuations
causes a degeneration of the signal and a degenera-
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APPENDIX A: ROLE OF EXCHANGE
INTERACTION IN THEORY

The Bloch equation with exchange interaction is

Nf x — v'M+ H + "~~~" (Al)
et y M2 v

where V' M is the phenomenological exchange inter-
action term. ~2

The Maxwell's equations are identical to Eq. (4).
In component form, the equations are

(k' 2i/5') h, 4mm„2i/-5' = 0,

h„= —4rm„,

(A2)

(AS)

—i&em„= (4mMy, —2k Ay, /M) m„- m, /r, (A4)

tion in the measurement of the order parameter.
In this experiment, however, it is just in the vicin-
ity of the critical temperature that the most rapid
variation of transmitted power occurs, and then
farther from the critical point in the region of
large magnetization the signal is weaker and nois-
ier because the experiment does not measure the
magnetization directly, but rather the change in
magnetization through its effect on the transmitted
power. Thus good data are to be had near the criti-
cal point, but the experiment cannot determine the
order parameter over a very great change in magni-
tude.

Let us now discuss the effects of the domains
and the tilting of the c axis 15' out of the sample
plane. Other effects, such as exchange interaction
and magnetic anisotropy energy, are discussed in
the appendices. It is clear from Sec. II that as
long as the signal propagates in a single domain,
Eq. (8) holds. However, when there. are several
domains with the directions of magnetization re-
versed from one domain to the next it might be ex-
pected that there is some loss when signals cross
the Bloch walls. This loss can be viewed as a
shortening of the relaxation time v, which simply
distributes the loss uniformly across the sample.
The tilting of the c axis out of the sample surface
means that the transmission mode, instead of
propagating into the sample at 90' with respect to
the sample surface, now propagates at 90' —15'
(where 15' is the tilting angle) with respect to the
sample surface. The net effect is a loss of signal
strength which can again be described by a short-
ening of 7. We therefore expect the value v=7. 3
x10 ' sec to be shorter than the true value.

i-&um = h~y, + (2Ak y, /M)m»- m»/i . (A5)

The equation for k is~3

a k —(2io + 1)a k + [4io. + (X —in)/R ]k

—2i [1 +(X —in) /R ] = 0, (A6)

where n»=A/2mMi(0)6» and k is measured in units
of skin depth 5.

The parameter o i is small (-10~ for Gd).
Since n is small, the solutions (in k ) to (A6)

divide naturally into two groups: one solution inde-
pendent of o. and two solutions with k cc 1/o. . In
the first case the first two terms of (A6) are negli-
gible and we get from the last two terms

kc —2i[l+R /(X —in) ],
exactly the solution we had before. In the second
case the first three terms of (A6) are large since
they are proportional to I/ui. The last term be-
comes negligible. In this approximation we get

1 + [1—4(X —i n) /R'] '"
lie 2Q

It is obvious that k~, is much larger in magnitude
than k„which suggests that the spin-wave modes
are strongly damped. To complete the calculation,
let us proceed to calculate the coupling of the inci-
dent microwaves to the two spin-wave modes. The
boundary conditions in this case are i (i) parallel
components of electric and magnetic fields are
continuous and (ii) em„/ey =0 and bm»/ey =0 if the
axes are defined as in Fig. 1. The equations are

h, + h~+h, =ho

k,
(

.ni4 bc+kgb . » hi+kc . » h, =0,' X —tA 4g ' i7to. $7TQ

R' „(in x)g-' (X —i n)4v ' ' 8iva'(I —g)

(in- x)f
c8 ~ a(I /) c

where

g = -,'+ [-,
' —(x - in)'/R'] '~',

f=-,'- [-,'- (~ in//R']'~'.

ho is the magnetic field just outside the sample,
and h„h~, h, are the amplitudes of the magnetic
fields associated with the waves k„k~, k„respec-
tively. h, and h~ can be solved in terms of ho. For
example,

kR 2ia 1-f
(x-i )' f'" 2f 1-

The amplitudes of the spin-wave modes are pro-
portional to e3. Therefore, these modes are neg-
ligible in terms of energy transport.
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APPENDIX B: EFFECT OF MAGNETIC
ANISOTROPY ENERGY

Suppose a magnetic field H is applied to the sam-
ple along the direction of magnetization. With
similar arguments as those in Sec. II, the follow-
ing equation for the propagation vector is obtained:

R(R+ (d„)
~5 ~„()(+~ )+(x —ii))' )'

Here (cs = H/4vM(0) is a dimensionless quantity
proportional to the strength of the external field.
When X=O, we recover from Eq. (Bl) the condition
for ferromagnetic absorption resonance v,b„„
= y, (HB)'~, at which the imaginary part of k2 is
maximum. We treat the effect of anisotropy energy
as similar to that of applying an external field H„
= 2K, /M(T). If we use the experimental value of
K, = 1.9x10' erg/cm' around the Curie point, ' a
simple calculation shows that anisotropy energy is

important when R ~ 0.06 (at 0. 06, (d„~0). There-
fore, only that data point closest to Tc is affected.
When we take the anisotropy energy into account,
that point is raised slightly as indicated by a cross
on Fig. 6

APPENDIX C: EFFECT OF MAGNETOSTRICTION

In theoretical models the exchange constant J is
assumed to be constant. But the definition of J
contains lattice parameters which vary slowly with
temperature. This can be expressed as a slight
temperature dependence of the Curie point Tc
= Tc(T).~' Therefore, M ~ {[Tc(T)—Tj/Tc(T)),
the effect of a temperature varying Tc can be ex-
pressed as follows:

T.(T)= 7' dc (T- T'),dTc(T)
(C1)

where Tc is the experimentally observed Curie
temperature.

Tc —T dTc(T) dTc(T) (Tc —T) (C2)

where we have assumed T close to Tc. From the
experimental results

——= —5x10 ('K)1dC
CdT

and

1 dT
= —1.16x10-5 (kg/cm') '

Tc dP t

and28

K=2. 56x10 (kg/cm ) ',
where C is the lattice parameter along the c axis,
P is the pressure, and K is the compressibility; it
can be estimated that

= —0. 85x10 (kg/cm )
1 dC 2 1

C dP

(1.22)~ can be included in a new value of B, and in
our present epxeriment, (Tc- T)/Tc is at most
0. 05. The correction to P is therefore negligible.

APPENDIX D: TEMPERATURE GRADIENT
ACROSS SAMPLE OWING TO MICROWAVE

POWER DISSIPATION

The sample is mounted between the two cavities
with brass plates of thickness 1.= yg in. : The mi-
crowave power reaches the sample through a cou-
pling hole in the plate of radius a = (L in. (see Fig.
2). The power P that is actually dissipated at the
sample is substantially less than the total power
present in the excitation cavity as estimated below.
If we assume that there is no heat loss by the sam-
ple to convection by the air we may u.se the heat-
flow equation to find

and

Therefore,

= —0. 22 .

= —0. 'l5xlo T ('K) idT T dT dC
dT dC dT c

(C2)

dT P P r
dr 2wa kl ' 4vkl 2

where k is the thermal conductivity, I the thickness
of the sample, and T(r) the temperature at some
distance r from the center. Hence the maximum
temperature deviation along the sample is

c =122s c

To T -s
x 1 —0. 22 c+ . (C4)

c

nT= T(0) —T(a) =P/4vkl.

We must now estimate P. Power dissipation in
a cavity is proportional to the area S and the
square root of the resistivity p of the dissipating



surface. So P, /P, = (S,/S, )(p, /p, )~~1 where indices
e and s correspond to cavity walls and sample, re-
spectively. For the gadolinium sample used we
have S, =3.4 in. ; S,~6.9x10 in ;.and p, /p,
= 6.3/121, so P, /P, ~ 120 and P, ~ 2 mW since the
total dissipated power P, +P, —250 m%.

Using P = 2 mW, 0 —0.4 W/cm 'K and f = 60 x 10~

cm in (Dl) we find hT = 80 m'K to be the maximum
temperature deviation across the sample. Since
only heat conduction by the film is considered the
above is an overestimate of hT and we may feel
confident that the temperature regulation error of
50 m'K is the dominant limitation in our knowledge
of the temperature of the sample.
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