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The theory of Appel and Kohn is used to calculate T, for a narrow-band superconductor, where the
conduction electrons near the Fermi suface have both d and f character. The vertex equations for the
symmetrized pair states formed from d and f orbitals are solved in the contact model. The result is
used for a parameter study of T.; one pertinent parameter is the pairing interaction due to phonon
exchange between d and f electrons. The experimental situation for La is discussed in terms of the T,

results.

I. INTRODUCTION

We address ourselves to the question: What is
the effect on the superconducting transition tem-
perature T, that is caused by a narrow f band at
or near the Fermi surface of ad band? The f
band may be “infinitely narrow,” corresponding to
nonmagnetic and nonconducting f states, or it may
have a finite width on account of f - f overlap or
covalent d - f admixture. One reason for studying
this question is the considerable interest in the
mechanism for superconductivity in La and La-Ce
alloys.'~!* Also U has an unusual superconductive
behavior, for example, with respect to the pres-
sure dependence of T,.% In metallic La, the elec-
trons at the Fermi surface (FS) have a predominant
d character, according to the large d-orbital con-
tribution to the Knight shift and the nuclear spin
relaxation in the normal state.” The 4f levels lie

above the Fermi energy, but the distance is not
known at present. However, the rare-earth ele-
ment next to La, namely Ce, in the free atomic
state has one bound 4f electron, whereas La has
none. In the metallic state, Ce has 4f levels at or
below the Fermi energy. The electrons occupying
these levels cause a strong exchange enhancement
of the magnetic susceptibility® and are responsible
for the absence of superconductivity in Ce metal.
Therefore, it is reasonable to assume that in La
metal the 4f levels are close to (but above) the
Fermi energy, the distance €; being of the order
of a typical phonon energy 7w,, where w, is the
maximum phonon frequency.

Under the assumption €, =%w,, Kuper, Jensen,
and Hamilton® have developed a theory of super-
conductivity in La based on a two-band model. The
first band is the conduction band arising from the
5d 6s2 valence electrons. In this band, the BCS
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mechanism of phonon exchange pairs the electrons
at the FS. The second band is a narrow f band the
width of which is less than 7#w,. Electrons from
the conduction band can be virtually excited into
the f band. Hence electrons at the FS spend short
periods of time in 4f states. During these times,
the electrons are paired through an antiferromag-
netic exchange interaction provided their distance
is equal to or larger than the interatomic separa-
tion. For smaller distances the Coulomb inter-
action is ignored, that is, the intra-atomic Cou-
lomb repulsion is neglected. The authors justify
the neglect by postulating that the Cooper pair wave
function has a node at small electron separations.
To achieve this, they assume that the orbital or
relative wave function of a pair has 2s rather than
1s character. Then, it is found that the pairing
between 4f electrons leads to a strong enhance-
ment of T,.

Another theoretical model which also involves
the inner 4f shells has been developed by Ratto,
Coqblin, and D’Agliano? to explain the pressure de-
pendence of T, observed on La. The authors pre-
sume a one-band model, where the 4f levels, lying
above the FS, are covalently admixed into the con-
duction-band states. Thus the electrons at and
near the FS have a certain f character, depending
on the distance €;. During the time fractions which
two electrons at the FS spend in f orbitals either at
one and the same atom, or at near-neighbor pairs
of atoms, they experience a large Coulomb repul-
sion. The leading term of this repulsion is the in-
tra-atomic Coulomb interaction. The repulsion in-
hibits superconductivity more the closer the 4f
levels lie to the F'S. The plausible assumption, not
yet experimentally verified, that with increasing
pressure the 4f levels move away from the FS,
leads to a continuous increase of T,, parallel with
the decrease in the 4f character of the electrons at
the FS. Eventually, at high pressures, the 4f
character is negligible and T, saturates at a value
given by the pairing interaction between electrons
which have no 4f character left. This picture of
Ratto et al. has been criticized by Wittig, ® one
reason being that Ratto ef al. have no explanation
for the high-T, values observed at large pressures.
At 130 kbar, the transition temperature T, equals
12 °K, higher than any known T, for pure elements.

In this paper we present a discussion of the tran-
sition temperature of an f-band superconductor,
taking into account the important pairing interaction
that is due to phonon exchange between d and f elec-
trons. The BCS mechanism has a particular feature
here since the electron-phonon interaction has ma-
trix element coupling a d orbital and an f,orbital
both at the same site through the gradient of the ion
potential at this site. This matrix element does not
vanish for symmetry reasons since the parity of a
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d orbital and an f orbital differ by one and since the
ion-potential gradient is odd under inversion sym-
metry. By the same token, the matrix element be-
tween two d orbitals is zero if the three sites are
identical. The parity argument for the electron-
phonon interaction is the central point in a theory
by Hopfield'? and by Chui'! who discuss the transi-
tion temperature and the phonon structure of transi-
tion metals, where the p-d matrix element is im-
portant. For tightly bound electrons, the parity
argument is immediately seen from the formulation
of the theory of superconductivity by Appel and
Kohn. 2 They use atomic or Wannier functions to
write the pairing interactions. Their theory is ap-
plied to a d-f-band superconductor and T, is cal-
culated as a function of €; and a few other parame-
ters which measure the strength of the intra- and
inter-orbital pairing interactions.

In Sec. O, we first define our one-band model
and its density of states and then we formulate the
vertex equations for the electron-electron inter-
action. Assuming that the d and f orbitals are
sufficiently localized, we use the contact model de-
fined in I. The equations defining T, conclude this
section. In Sec. III we proceed the calculate T, .
The frequency dependence of the pairing interaction
is parameterized in the manner of BCS. Then T,
is obtained as a function of the density-of-states
parameters and a few pairing parameters. The re-
sults are discussed in relation to the transition
temperature of La and its pressure dependence.

II. VERTEX EQUATIONS FOR d-f-BAND SUPERCONDUCTOR
A. Energy-Band Model

We define the energy-band structure which is
used to set up the vertex equations for a Cooper
pair. Spin-orbit coupling effects of the periodic
lattice are ignored. They are important for atomic
f states and also for the actual band structure of
f-band metals and should be taken into account for
quantitative calculations of T, . However, we
solve here the vertex equation with other approxi-
mations, such as the contact model and the BCS
parametrization of the electron-electron interac-
tion, which are sufficient to demonstrate the quali-
tative dependence of T, on €; and the pairing in-
teractions. Spin-orbit effects will not change the
pertinent qualitative features of the results.

Let us now define our nonrelativistic d-f band for
a cubic lattice. If the covalent admixture between
d and f orbitals is negligible, the band model con-
sists of a partly filled and degenerate d band of
either I';; or I';, symmetry and of a narrow f band
of one of the symmetries I';, Ty, and I';5. The
restriction to one d band and one f band is not nec-
essary. It has the advantage that eventually only
two coupled vertex equations determine T,.
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The Bloch functions for the d band are given by

b, ;@)= —7r L U a; (v, K) e®iw, (F -1),

N R ‘ ®
where v, is the subband index, w, (F -il) is a Wan-
nier orbital of d symmetry centered at 1, and N
is the number of atoms in the crystal. The I'y; and
T'), bands have three and two subbands, respective-
ly, and the Wannier orbitals are given by Egs. (Al)
and (A2). The wave functions for the f band are

1 = ik -
¢v ,EG)= 172 Eza‘ (Vf,k)e‘k nw, (‘f—n).
f N sy f @)
The T';, T'ys, and I';5 bands have one, three, and
three subbands, respectively, and the Wannier
orbitals of f symmetry are given by Eqs. (A3)-
(A5).

When the covalent admixture between d and f
orbitals is not negligible, the Bloch functions have
the form

lpu,x(.) z @E a;(v, k) eii'awi(f'—ﬁ), (3)

n
where v is now a subband index of the admixed d-f
band. For example, if the I';s d band is admixed
with the T'; f band, v=1,2,3,4andi=1,2, 3,6 [Egs.
(Al) and (A3)]. All of the a;’s can be different
than zero..

The wave functions, Eq. (3), and the energy
eigenvalues € (v, k) define our d-f band. The density
of states per atom is given by

N(<)=:EN¢(€), 4)
where

1 K)|?
Nie)=75- 2 i bl
81 n 7 Jsurtace |Vi€(vy )
e=const.

ds, (5)
is the density of states for orbital ¢ and » is the
number of atoms per cm from hereon 7z=1.

B. Vertex Equations; Contact Model

The equations for the vertex functions of a Cooper
pair are set up according to the prescription given
in II. In the contact model, the symmetrized pair
states formed from d and f orbitals are given by
Eqgs. (A7)-(All) of Appendix A. We note that no
mixed d-f pair states occur. Of the different con-
tact states, we choose one d state, |7,), and one
f state, |7;), corresponding to the particular d-f-
band model. For our example of a I';5 d band ad-
mixed with a T'; f band, we have |7)=|%,) and |7,)
= |n;3), Eqs. (A7) and (A9).

The vertex equations for |7,;) and |7,) are in the
notation of II given by

T, w) =~ % E' [r(ﬂ,;, w’) (nawllKlﬂaw>
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+T(My,0") (M0’ |K| M40} ], (6a)
T(n,w)=- % ZZ/ [Ty, 0) My’ | K|y w0)
+T (N, 0") (M’ | K|npw)]. (6b)

The kernel K has four components, d-d, f-d, d-f,
and f-f.

Let us write down explicitely the d-d component.
Omitting the frequency variables w and w’, it is
given by [cf. I (3. 26)]

(M| K| ngy= (14|0g ) %7, 1[(m'g,| % | 0gq)

+ (Pl-;l'gal x‘ﬁgdﬂ (Ogq|ng). (D)
Here |Tn’g,) is the basic (unsymmetrized) pair
state of two d electrons at site M’, g,=(d,,d;). In-
stead of the subindex 7, we use d,;, dy and f;, f,
as orbital indices of a d pair and an f pair, re-
spectively; e; and e, are used below as summation
indices over both d and f pairs. In Eq. (7) the
kernel X occurs between basic pair states; it is
given by

2 (m'g,|%|0g= 2 F 4105010500 M osep,0,(0" s @),
m’ eyrep
(8)
where the pair Green’s function F can be be ex-
pressed by products of single-particle Green’s
functions G,

F, "lazelez(w) Z) Gdldzalez(m’ w) G”l"a’l‘z (m, - w),
9)
and where I is the contracted irreducible interac-
tion [ef. I (2.30)],

Loyeptyty®'s ©)= 2t Loyopaya (', ', 0'50, 0, 0).
ok (10)
Finally, inserting (8) into Eq. (7), we have the
d-d component of K in the following form:

(M| K |ma)= aEa (ng|dsds) 3 (Fay4pe10 +F¢z¢1'1¢z)
1092

]

XIq 008,05 (drdz| Tg)e  (11)
In an analogous manner, we can write the f-d,
d-f, and f-f components of K.

C. Solution of Vertex Equations

To solve Egs. (6a) and (6b) which determine T,
we proceed in exactly the same manner as described
inI. The irreducible interaction is the sum of a
phonon part and a Coulomb part, K=K+ K¢, the
latter being frequency independent. Hence the
vertex functions are also composed of a frequency-
dependent part I';(w), which vanishes in the limit
w=o, and a frequency-independent part I';. The
equations for the I'y’s are
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Ty, w)= "%Z? {[Ty(ny, 0") +T5(m0)] (Mg’ [ K™ Nyw)

+[Ta(my, ") +T2(0)] (Mp 0 | K*| m400)},
(12a)

r1(ﬂf,w)= -%Z‘) {[I‘l(nf,w’) +rz(77f)] (n,w’ IK’hITIf w)

w’) +T3(Mg)] (Mg’ | K“I Mpw)}

(12b)
Here, for example, the d-d component of K*® is
given by

<"aw'|K’h|7’aw>
= 2 (m,|dyds)i[F,

dy,dp
61,02

+[r1(ﬂd ’

192 x‘z(w,) +F"z"191‘z(w )

XTI eotyap(w —w') {drdp| ). (13)

The quantities I'5(1,) and T'5(7;) are given by Egs.
(B1) and (B2).

Equations (12a) and (12b) are two coupled inte-
gral equations in w. They are exact equations, in
the contact model. We solve these equations in an
approximate manner by using the BCS parametriza-
tion of I®® (w —w’). The cutoff of this interaction
at +wg leads to a corresponding truncation of the
kernel K™, Its d-d component, Eq. (13), is given
by

(n,w'lK“’mw)

= = M0’ |E™ng), o] and [o’] = w
= . (14)
s otherwise.

This truncated kernel has the form of the right-
hand side of Eq. (13) with I*®w —w’) replaced by
-I™, For this simple form of the kernel, the ver-
tex functions I'y(1,, w) and T'y(n;, w) are zero if |wl
>wg and they are constants I';(n,) and T'y(n,) , re-
spectively, if |w|=wg. Thus Eqs. (12a) and (12b)
become the following algebraic equations:

T'1(mg) == [T1(ny) + To(ng) | K 5 +[T 1) + T5(;)] Kf¢9
(15a)

Ty(ng) = =[T1(mg) + To(ng)] K33 + [Ty (my) + To(m,)] K25
(15h)

Here the quantities I'y(7,) and Ty(7;) are given by
Egs. (B9) and (B10); and

1 N
K52=-,;m%z$ (Mg’ | K™ 1), (162)
K} a. 2, 1o’ [K™ o), (16b)
1 )
Kig=3 2 (n0'|K™|n), (16c)
lw’i g wg
1 !
Kit=5 2, (o’ [K™[m). (160)
*Igwp
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Equations (15a) and (15b) are two homogeneous
linear equations for I'y(n,) and T'y(n,). The condi-
tions that the determinant of the coefficients van-
ishes defines T.. This completes the formal solu-
tion of the vertex equations in the contact model and
for the BCS parametrization of the pairing inter-
action,

II. T, CALCULATIONS; DISCUSSION

To determine T,, we must first calculate quanti-
ties such as those defined by Eqs. (16a)-(16d). For
a threefold-degenerate d band of I';s symmetry,

K% is calculated in I. Following this example, we
find for a d-f band the following results:

K= Ny0) (Nd(o)jgg.,. Nf(O)I}‘,;) In(1. 138w ,),

N(0) (17a)

K= N(((?)) (Nf(o)z 4+ N (0) I ) %;— In(1. 133(0;%)

K- I%r"(%) (N,(on;; +‘N,(0)I}",‘) %: In(1. 1238?7),)
(]

pp= 28 (v, 00133+ N, 01 72) 1, tsp.

Here N,(0) and N,(0) are the density of states for d
and f orbitals at the Fermi energy; c, and ¢, are
the normalization constants (7;|d,dz) and (7| f f2),
respectively, given in Appendix A. The interaction
parameters for phonon exchange are

Ti=ca Ll iuap, (18)
If3=c} .,Zj I3 1350 (18b)
Ig=ci fZ:IZ:alfaffI;:, (18c)

(18d)

2
Iff=cj ?I?:fv‘afz'
2

The expressions for the kernel parameters due to
phonon exchange, Egs. (17a)-(17d), are valid under
the assumption that both density-of-states functions
Ny(€) and Ny(€) are smooth in the vicinity of the
Fermi energy, |€|=<w,. This assumption holds
here if € >wy[cf. Eq. (29) below]. The leading
contribution to I ,‘,’}‘ is determined by an atomic
parameter, namely, the matrix element of an ion-
potential gradient between two Wannier orbitals (d
and f) both centered at the ion site.

As for the kernel parameters of the Coulomb in-
teraction, there are two kinds, both defined in Ap-
pendix B. The first kind results from the Coulomb
interaction in the vicinity of the Fermi energy where
€l =wg, Egs. (B10)-(B13). The corresponding
parameters, kS;, etc., have the form, Egs. (17a)-
(17d), with I € being substituted for I°*,

The second kind of Coulomb parameter is deter-
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mined by the interaction between electrons which
can be far away from the Fermi surface, Eqs. (B4)-
(B7). K, etc., depend on N(e) over the whole
bandwidth. For a nondegenerate band it is seen
from Eq. (A14) in I that structure of N(¢) can be
important, if it occurs not too far away from the
Fermi energy. Thus in calculating these parame-
ters the structure in N(¢) due to the 4f states is
taken into account. We write the orbital density of
states for one f electron per atom (spin up or down)
as

r

N,(e)- 7 (€ —€;)*+T

(19)
where I' measures the width of the 4f level density
due to the covalent d-f admixture.!® For simplicity
we assume one 4f electron per atom only, corre-
sponding to I'; symmetry. For this case, the 4f
density of states used by Ratto ef al.? is of the same
form as our N(e).

With Eq. (19) the second type of Coulomb pa-
rameters can be obtained in closed form. The d-d
parameter, for example, is given by

2
KS,= N (0) IS ([ln(l. 13 Bwg) + Kgq]

N(0)

+ &l(\%l;i'f-@ 153 [In(1. 13Bw) + x,,]) (20)
The f-d, d-f, and f-f parameters also can be writ-
ten down in this form, by analogy with Eqs. (17b)-
(17d), respectively. The k’s are calculated in Ap-
pendix C.

We can now proceed to calculate T,. The con-
dition that the determinant of Eqs. (15a) and (15b)
vanishes yields an equation for T, which is general
can only be solved numerically. This applied to a
real case where all the pairing parameters I™" and
I€ are calculated on the basis of known wave func-
tions and potentials.

In simple cases, sufficient for a parameter study,
T, is obtained in the BCS form. Such a special
case is now adopted. It is characterized by

h
1%, 1%,
[0} o} h_
Idd’ Idf) I;f—o’

I5#0, (21)

(22)

Here I }’}‘ vanishes because it was assumed that the
f-f overlap between nearest neighbors 1s negligible.
As for I$;=0, we take into account that I%% can be
adjusted to incorporate the d-d Coulomb repulsion.
The same holds for I § and I3}. With the pairing
interaction given by (21) and (22), we get

Tc= 1. 13woexp [— 1/(Kdﬂ+)'ff - “’?f)]’ (23)
where
Nag= N(((()))) (N,,(o)z + N,(O)I}’},‘), (24)
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Ny (0)N 4(0)
App = N(0) I )

Ksg
X =
M= 17 gr [Kgp +1n(€y /)] -~ )
Here
N30)5

Ky = 5\5(3) ’ e

and [cf. Eq. (C5)]

2 2\1/2

Kep=1n Ef:,,L ¥ tan” ;‘ » @8)

€, is an effective half-width of the d-f band defined
according to Eq. (A1l) of I. The above expression
for T, holds provided

(24T 2= y,. (29)

Otherwise, N,(¢) is not sufficiently smooth around
the FS, |€|=w,, to permit the approximation
N;(€)=N,(0) in calculating the components of K"
Egs. (16a)-(16d), and of K¢, Eqs. (B10)-(B13).
The T, equation (23) is used for a parameter
study. We take the following parameters as fixed:

wo=142 °K (=0.0122 V),
N4(0) =2 states/eV atom,
I,4=0.152 eV.

(30)

The corresponding transition temperature (no 4f
states) is T,o=6 °K. As variable parameters we
take those which characterize the effect of the f
electrons on T.o. These are¢,,T, I3}, and If;.
Note that If;=U,,, the intra-atomic Coulomb inte-
gral for 4f electrons. In Fig. 1, T, vs ¢, is plot-
ted for a fixed value of T and for four values of
I%. InFigs. 2 and 3, I% is finite and zero, re-
spectively, and I' has different values. In all of
these cases Uys;=10 eV. Let us briefly discuss the
results,

The important feature of the curves in Fig. 1 is
the occurence of a maximum for sufficiently large
values of I }‘,‘ . A maximum occurs for the follow-
ing reason. The relative importance of the ad-
ditional attractive interaction due to phonon ex-
change between d and f electrons and of the addition-
al Coulomb repulsion depends on €, via N,(e).
From Eqgs. (24) and (27) we see that I3} is multi-
plied by N4(0) N,(0), whereas Uy, has the factors
N"‘(O) If, to begin with, the 4f levels are far away
from the FS corresponding to large values of €,
T, is determined by the d-electron parameters,
Eq. (30). As ¢; decreases, T, increases due to
the enhancement effect of I ”‘/ (( +T3), Eventually,
the diametral effect of Uy, / (€2 -rI‘ %? compensates
for the phonon enhancement; 7, goes through a
maximum and rapidly decreases as the 4f levels
move toward the Fermi energy. In this region the
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| oo

TC 4
(.K) ph ph
"= 3w:; a) Idf/Idd =2
b) = 15
20 c) = 1
a d) = O
FIG. 1. Transition temperature
T, as a function of the distance €,
between the 4f levels and the Fermi
energy, Eq. (23). I% is the pairing
10 1 interaction between d and f electrons
due to phonon exchange.
0 -
€
0 5 10 15 20 Vwo

slope dT, /de, depends crucially on both Uy, and
I%, and to a smaller extent on I' (see Fig. 2). In
the case where I%=0, 8T, /8¢,~1°K/3w,, Fig. 3,
in agreement with the result of Ratto et al. 2

On the basis of these results, we now discuss the
transition temperature of La. As pointed out in
Sec. I, our d-f-band model should be applicable
since the electrons at the FS of La have a pre-
dominant d character.

There are two experimental facts about La which
are unusual and which require a consistent ex-
planation. The transition temperature of La is
high, T.=6 °K for fcc La. Other early transition
metals are either not found to be superconducting
at zero pressure (Sc, Y) or they have a low transi-
tion temperature, of the order of 1 °K (Ti, Zr, Hf).
The second fact is the large increase of T, (La) with
pressure P. For other early transition metals T,

increases also with P, but the slope dT,/dP is
much smaller. *

Kasuya'® has made the interesting suggestion
that the high transition temperature of La is due
to a soft lattice. The low Debye temperature ©,
=142 °K, is attributed to a large electron density
of states somewhat above the Fermi energy owing
to empty 4f levels. A high density of states con-
tributes to the screening of the ion-ion interaction
and tends to make the lattice soft. However, the
last rare-earth element, Lu, also has a soft lat-
tice, ®p= 162 °K; but here the 4f shell is filled
and T,<0.018 °K.

We suggest that the transition temperature of La
is directly affected by 4f levels close to the Fermi
energy and that the high value of T, is due to phonon
exchange between d and f electrons. The pressure
dependence of T, is attributed to the change in the

ph_ ph | I _
Tc ‘r Idf = zIdd . CI) /(AJO =3
K b) =6
C ) =9
20 4 a
b FIG. 2. T,vs €; for different
values of I, the half-width of the
c 4f-level distribution defined by Eq.
10 (19).
0 T T T >
0 5 10 15 20 7
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T. ¢
°K
(K) Iy 0; a) F/w0=1
f+H————— e e — e — - - — b) =3
C) =6
5 4
4 | FIG. 3. T,vs €;for If=0,
The intra-atomic Coulomb re-
3 4 a b c pulsion between 4f electrons,
Uys, is assumed to be 10 eV.
2
1 4
0 T . T
0 10 20 30 40

effect of I% and U, as the 4f levels move away
from the Fermi energy. We mentioned before that
I3 and Uy, are atomic parameters, characteristic
of the La atom, and rather insensitive to the en-
vironment of this atom. In Fig. 4 we have plotted
the experimental data of Ref. 3, T, vs P, together
with the curve T, vs €, which is calculated with
the parameters given in the figure. This is not a
quantitative comparison between theory and experi-

o

ment. The pairing interactions, for example,
were not calculated but were chosen to give this
T. vs € dependence. Furthermore, I' is assumed
to be a constant, whereas it may actually depend
on €;. However, some qualitative features are ob-
vious when one compares the two curves in Fig. 4.
The rates at which T ¢y, and T, o,p¢ Change with
€; and P, respectively, are such that an increase
of €, by about 5w, corresponds to rise of P from 0

T. 4
°K
(*K) ——- Teexp. vs P for La
15 | (Maple, Wittig
] and Kim, Ref.3)
] —— Tetheor for Iff = 3T5
] Uff= 10eV, r/wO =5
15 1
5 J
0 . T T - T T T T T T T T T T
0 5 10 € 15
_ — Yy
0 50 100 150 P(kbar)

FIG. 4. T, vs €; for a special case of the parameters determining the density of states of the d-f band and the pairing
interactions. Also, the experimental values of T, vs P are shown for La.
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to 140 kbar. At this time, we could not find any
direct experimental evidence for the changes of

€, and T with P, * Furthermore, T, o, exhibits
a maximum, whereas there is no experimental
indication of a maximum in the pressure depen-
dence Of T, ot - In summary, our suggestion that
phonon exchange between d and f electrons causes
the high T, values of La at all pressures and that
T, vs P is due to the combined effect of 15 and Uy,
appears plausible but has no direct experimental
foundation at this time. In particular, direct evi-
dence for a shift of the 4f levels under pressure,
perhaps from optical -absorption experiments,
could be used to support or invalidate our sugges-
tion.
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APPENDIX A: WANNIER ORBITALS AND CONTACT PAIR
STATES

We have five Wannier orbitals of d symmetry and
seven orbitals of f symmetry. These orbitals to-
gether with the irreducible representations of the
cubic group, according to which they transform
under symmetry operations, are given by

wy = (15/41)" 2y2f (¥),
ws=(15/4m)"/2 2xf(F), » Ts; (A1)
w3 = (15/477)1/2xyf(f)’

wy= (15/161)2(x* -y g (), } r,. (A2)
ws = (15/16m)"/ (22 - x* - y?) g (), ’

wg = (105/4m)"/ 2xyzh(F), T3 ; (A3)
wy=(105/167)/2x(y% - 2%) (),
wey=(105/167)/2y (2% = x®) k(F), p Tps; (A4)

wg=(105/167)' /22 (x? - y®) k(F),
wyo=(175/16m)" 2 x(x? = 3)1(¥), "
w1y = (175/161)" 2y (9% = )1(F), ) Tss. (A5)
wyz=(175/16m)"/2 2(2% - §)1(F),

These functions are normalized:
J wi(@)d’r=1. (A6)

The functions f, g, k, k, and I have cubic symme-
try.

To write out the contact pair states we use the
notation |ij) =pair state, where ovrbitals w; and w,
centeved at the same atom are occupied. Then the
contact pair states, constructed from the Wannier
oribtals, Eqs. (Al)-(A5), are, according to II,
given by

[m1y=(1/V3)(|11)+ | 22) +|33)), (A7)

J. APPEL 8

|m2)= (1/V2)(|44) + | 55)), (A8)
[ns)= | 66), (A9)
[me)=(1/V3)(| 77y + | 88) + | 99)), (A10)
[msy=(1/V3)(|1010) +|1111)+|1212)).  (All1)

Hence |71,)= Imy) or |m;) and [ny)= Ing) or |7y or
175)-

APPENDIX B: QUANTITIES T, (n,) AND I'; (n,)

These quantities are determined from Egs. (6a)
and (6b). We take the limit w - < and solve for
T';(n,) and T'5(n;). This gives

Ty == 2 2 {Tyme,0°) [(Tew’ | K | m) (1 +KE)
B o

- (Waw,chl"’f>Kf?¢]
+T3p,0") [(np 0’ | K| M) K §
- <17wa |Kc| ) (1+K}:f)]}’ (B1)

Ty(n,) = - % ZAT g, 0") [(np | K ©|ng) (14K5)

- (nfwlchl"?a>Kgf]
+Ty(mg, w") [(mw'!Kclm)Kf,
- ("Idwl |Kc|"lf> (1 +K2,)]}- (B2)

Here
b= 1+KG) (1 +K1;3)-K,°,,Kg, (B3)
and
chd=% ?(ndw']Kﬂnd), (B4)
Kff% ? (npw'|K|my), (B5)
Kff=% §<n.,w'|KC|n,>, (B6)
Kfﬁ% Zi {1y ' | K| p). (B7)

The frequency-dependent components of the Cou-
lomb kernel K € are found from those of K when
I€ is substituted for I(w’,w). When the vertex
equations (6a) and (6b) are solved in the manner of
BCS (see Sec. II), Eqs. (B1) and (B2) become

Ty(mg) == b {T1(ny) [kfa (1 +Kfa)—k,f,K,C,]
+Ty(0) [k K fy— k5 (1+K )]}, (B8)
Ty(n)= = b {Ty(ny) [k (L+K ) = kfg K o)
+Ty(m,) (kG K G -G M+K S}, (BY)
where

BS=% 2 (mw'|KC|ng, (B10)

1
B luigwy
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1 ‘max { Ny (€)N,(€)N(0) de
K== 2L (nw'|KC B11 - ( £(€)N, -1 c2
18 1, K I (B11) kv) N, on om0 ) zierr €2
1 /
kv‘i:f=§ \ 'ZI-‘/ (Mgw IKCI'U}>, (B12) _ [ max (N}(€)N(0) -1 de (c3)
i w’Igwg Kgs= fmta NZ(0)N(e) 2le] °
c_1 "gc
s = B ,‘,,.Z,iwo (np o’ | K[ g). (B13) To evaluate these parameters, it is assumed that
N,(€) is a smooth function of €. Hence, we may set
APPENDIX C: COULOMB KERNEL K € 0 (C4)
Kaa="Y-

The components of the Coulomb kernel K€ are
readily calculated, as shown in Appendix A of I.
As an example, the d-d component K ; is given
above, Eq. (20).

The components of K € contain the following pa-

The parameter K, does not occur in our T, result,
Eq. (23)'%; k,, is easily calculated if N(¢) in the
denominator of (C3) is replaced by N4(0)+Ng(€).
The result is

rameters: o (a2 e, &
K¢e=1n < T tan T’
‘max 7 N2(¢)N(0) de
= I—VQ——— -1\ — C1
Kae J:mln ( d(O)N(€) ) 2lel € € max s I(mhl > €fe (C5)
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