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We show that polarized few-electron concentric double quantum rings display localized states that are the
quantum analog of classical equilibrium ones. These states have very similar energies but fairly different
angular momenta, constituting a new physical realization of the isomeric states found in nuclear and molecular
physics. Their fingerprint is a very soft mode in the infrared-absorption spectrum at nearly the dipole excitation
energy of a rigidly rotating N-electron molecule. The yrast line and the infrared-absorption spectrum are
discussed for N=4 and 6 electron configurations.
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I. INTRODUCTION

It is theoretically well established that confined fermions
or bosons may form localized many-particle states that bear
some properties of ordinary molecules.1–3 These molecular
states, arising from strong correlations between repulsively
interacting particles, are often called Wigner molecules, and
their appearance is a most natural example of a spontaneous
symmetry breaking �see Ref. 3 for a comprehensive discus-
sion�.

Quasi-two-dimensional semiconductor heterostructures,
such as quantum dots and quantum rings, are systems espe-
cially well suited to address localized many-electron states.
They can be arranged into fairly dilute systems, which favor
localization, and can be submitted to magnetic fields of up to
several tens of teslas that, due to the small effective mass of
the confined electrons and the large dielectric constant of the
material, cause the same effect that only magnetic fields in
the 105 T range may produce on the atomic electron cloud.
Examples of such electron localization can be found, e.g., in
Refs. 2–4 for quantum dots and quantum dot molecules.

The nonsimply connected topology of quantum rings
makes these nanostructures particularly appealing. Several
works have shown that under certain circumstances electrons
are azimuthally localized within the ring.2,5 In this work we
show that a similar localization, accompanied by a radial
one, can be achieved for few-electron concentric double
quantum rings �CDQR�, experimentally realized a few years
ago,6 and we unveil a landscape of metastable localized
states that appears at intermediate magnetic fields.

II. MODEL AND METHOD

The strictly two-dimensional CDQR are modeled by a
circularly symmetric confining potential radially composed
of two overlapping parabolas with frequencies �1 and �2,
and vertices at radii R1 and R2 �R1�R2�, respectively:7,8

Vc�r� =
m

2
min��1

2�r − R1�2,�2
2�r − R2�2� . �1�

The CDQR are submitted to a perpendicular magnetic field B
pointing toward the positive z axis. Within the effective-mass

approximation, the ground and excited N-electron states are
obtained through the exact diagonalization of the Hamil-
tonian

H = �
i=1

N ��pi + e
cAi�2

2m
+ Vc�ri�� + �

i�j

N
e2

��ri − r j�
+ g��BSzB ,

�2�

where pi, ri, and Ai=B /2�−yi ,xi ,0� are, respectively, the mo-
mentum, position, and vector potential operators acting upon
the ith electron, m=m�me is the effective mass, where me is
the bare electron mass, and �B is the Bohr magneton. Sz
represents the z component of the total spin of the system,
and in the present work always takes its maximum value,
N /2, since the studied CDQR are submitted to high enough
magnetic fields to be fully spin polarized. We impose this
condition because we have previously found that CDQR
present radial localization more easily in such fully polarized
configurations,8 and because it considerably simplifies the
exact diagonalization procedure,9,10 while it keeps the essen-
tial physics we aim to discuss. The rings are formed at a
GaAs/AlGaAs heterostructure, characterized by an effective-
mass ratio m�=0.067, dielectric constant �=12.4, and effec-
tive gyromagnetic constant g�=−0.44.

We have chosen two even electron numbers, N=4 and 6,
which in a classical calculation for strictly one-dimensional
concentric double rings �CDRs�, where point-like electrons
can only move at two fixed radii, display highly symmetric
equilibrium states in which electrons are evenly distributed
among both rings, yielding starred configurations of four and
six points, as shown in Fig. 1. For the four-electron system
we have taken R1=50 nm, R2=70 nm, �1=32 meV, and
�2=34 meV, whereas for N=6 we have set R1=80 nm,
R2=100 nm, �1=35 meV, and �2=36.5 meV.

For fixed N and B, the many-electron states ��i
L	 corre-

sponding to a given total angular momentum L in the nega-
tive z direction have been obtained within a configuration-
interaction procedure, diagonalizing H in a basis of Slater
determinants �SDs� built from Kohn-Sham single-particle
�sp� states previously determined by solving the same CDQR
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configuration within the local spin-density approximation
�LSDA�.8 It has been shown9,10 that this geometry-adapted
basis improves the numerical procedure by reducing the
number of SDs needed to accurately represent the relevant
physical states. Figure 2 shows the energies of the lowest-
lying spin-up sp states as a function of their angular momen-
tum �, for N=4 and B=7.5 T. They are distributed into
“bands” corresponding to principal quantum numbers �num-
ber of radial nodes plus one� from n=1 to 4.

Diagonalizations have been performed by using the Lanc-
zos algorithm implemented in the ARPACK package,11 de-
signed to address eigenvalue problems involving large sparse
matrices. We have checked the accuracy of our results by
reasonably increasing the number of SDs in the basis. For
N=4, we have included all the sp states up to the minimum
of the n=4, and even of the n=5 band. This is needed to
address the high-energy part of the absorption spectrum in
order to saturate the dipole sum rule �see below�. However,
we have checked that, in all cases up to N=6, it is enough to
consider all the sp states up to the minimum of the n=2 band
to accurately determine the ground-state energy.

III. RESULTS AND DISCUSSION

Figure 3 shows the lowest total energy of the studied
CDQR as a function of the total angular momentum, i.e., the
yrast line E�L�,12–14 for two selected geometries. At low
�high� L values, the N electrons only occupy the inner �outer�
ring, and we find in E�L� the regularities of period N dis-
cussed in detail by Viefers et al.14 in the case of noninteract-
ing electrons, or of electrons classically interacting with sev-
eral different interactions, occupying a single one-
dimensional ring. In the noninteracting case, the N
periodicity is easily understood since the lowest energy state
for a given L is obtained by occupying N sp states of the first
band as consecutively as possible, and completely compact
states with strictly consecutive � values can only be formed
every N total angular momenta. This feature remains when
the Coulomb interaction is incorporated.15

The yrast line displays another regularity, namely a series
of N−1 quasiparabolic structures at intermediate values of L.
This is a genuine CDQR effect that arises from this particular
geometry, and is due to the progressive filling �emptying� of
the outer �inner� ring as L increases. We call these structures
yrast traps, in analogy to those displayed by nuclear
systems.12,16 Every one of the N−1 yrast traps displays a
local minimum that corresponds, respectively, to the lowest
energy state among those with �N− i , i� electrons in the �in-
ner, outer� ring. Each of these local-minimum many-electron
states bears the intrinsic structure of a rigid rotator, as can be

FIG. 1. �Color online� Diagrams of the classical starred configu-
rations for one-dimensional CDR with N=4 and 6 point-like elec-
trons. Rigid rotation �left column� and scissor modes �right column�
are schematically displayed.

FIG. 2. Single-particle spin-up states for the CDQR with N=4
and B=7.5 T, obtained within the LSDA. The solid and dashed
horizontal lines correspond, respectively, to the chemical potential
and to the energy of the lowest state with n=2.

FIG. 3. Yrast line for the CDQR with N=4 at B=7.5 T �bottom
panel�, and for the CDQR with N=6 at B=8 T �top panel�. For the
N=4 �N=6� case, all sp states with energies up to the minimum of
the n=4 �n=2� sp band have been used, yielding basis of up to
106 951 �133 037� SDs.
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seen, e.g., by comparison with the following simplified
model:1 if we write the energy of the quantized system cor-
responding to the classical �N− i , i� configuration for the non-
interacting one-dimensional CDR with rigidly disposed
point-like electrons as

Ei�L� =
�2L2

2Ii
−

��c

2
L , �3�

where Ii is the electronic moment of inertia of the i-th con-
figuration and �c=eB / �mc� is the cyclotron frequency, mini-
mizing this expression with respect to L yields for the posi-
tions of the local minima L0,i=Ii�c / �2��, which are linear in
the magnetic field intensity. Within this model, local para-
bolic minima are predicted at L0=71,84, and 98 for N=4
and B=7.5 T, and at L0=255, 277, 299, 321, and 343 for
N=6 and B=8 T, in very good agreement with the values
displayed along the yrast line �see Fig. 3�. These minimum-
energy states are the CDQR realization of the well-known
isomeric states in nuclear physics,12,17 namely metastable
states close enough in energy to the ground state but with
fairly different values of the angular momentum, which
makes them very long lived as they cannot easily decay by
electromagnetic radiation, e.g., dipole emission in the present
case. Depending on the charge process of the CDQR, one
may populate any of these long-lived states.

Two final considerations, in agreement with the simple
rotator model, should be made concerning the yrast structure
for intermediate L values: First, yrast traps are formed even
for noninteracting electrons, and the main effect of the Cou-
lomb interaction on them is the change in the relative ener-
gies of the different traps. Second, the sequence of traps
behaves robustly when varying B: the �L’s between isomeric
states increase linearly with the magnetic field, as well as the
energy barriers between the traps; this implies that the effect
vanishes in the limit of low magnetic fields, in agreement
with previous studies.7,8

While the one-body electron density of the system is al-
ways circularly symmetric, this is not the case for the two-
body density

	�2��r1,r2� = 
���
i�j


�ri� − r1�
�r j� − r2���	 �4�

of localized many-electron configurations.1–3 This is illus-
trated in Fig. 4, where we show 	�2��r1 ,r2� for N=4, L0
=84, and B=7.5 T, and for N=6, L0=297, and B=8 T.
These configurations correspond to the classical four- and
six-point starred ones represented in Fig. 1.

Finally, we discuss an observable signature of the local-
ized molecular states. We have computed the dipole strength
function that characterizes the infrared absorption18

S��� = �
L=L0�1

�
k

�
�k
L�D��0

L0	�2
�� − �k0
�L�� , �5�

where ��0
L0	 is either the ground or an isomeric state of the

CDQR with angular momentum L0, which is connected to
the excited states ��k

L0�1	 with angular momenta L0�1
through the dipolar operator D=� j=1

N xj, and �k0
�L� is the energy

difference between ��k
L	 and ��0

L0	.

Figure 5 shows the low-energy absorption spectrum for
N=4, B=7.5 T, and L0=70, and for N=6, B=8 T, and L0
=275. In the case of N=4, the inset shows the dipole spec-
trum for energies below �43 meV. To obtain it, we have
included in Eq. �5� 4000 many-electron states to have access
to the high-energy transitions involving �n=2 sp compo-
nents in Fig. 2. We have checked that, in this case, a 97% of
the Thomas-Reiche-Kuhn sum rule18 is exhausted, the re-
maining 3% being associated to higher energy excitations.
Figure 5 shows that, besides dipole excitations that can be
easily associated with edge modes in either ring and with
bulk-like excitations,19 a very soft mode appears whose en-

FIG. 4. �Color online� Two-body density for N=4, L0=84, and
B=7.5 T �bottom row�, and for N=6, L0=297, and B=8 T �top
row�, when one electron �cross� is located in the inner ring �left
column� or in the outer ring �right column�.
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FIG. 5. �Color online� Low-energy dipole absorption spectrum,
in arbitrary units, for the N=4, L0=70 CDQR at B=7.5 T �botom
panel�, and for the N=6, L0=275 CDQR at B=8 T �top panel�. The
inset in the bottom panel displays the dipole spectrum correspond-
ing to the lowest energy 4000 excitations for each polarization.
Solid lines correspond to the �+� circular polarization, and dashed
lines to the �−� circular polarization. Peaks are represented by
Lorentzians of 0.1 meV full width at half maximum.
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ergy is similar to the one obtained from Eq. �3� for the dipo-
lar absorption on the underneath classical molecular configu-
ration when L0,i→L0,i�1, �Ei=�2 / �2Ii�. In particular, the
energies of the classical modes for the configurations corre-
sponding to the states in Fig. 5 are 4.6�10−2 meV for N
=4, and 1.2�10−2 meV for N=6. We have computed S���
for the other isomeric states displayed in Fig. 3, and have
also found a soft mode for them. The relative intensities of
these modes depend on the “rigidity” of the electronic con-
figuration, the more rigid the isomeric state, the more intense
the peak.

It is worthwhile pointing out that, besides the rotational
mode corresponding to a rigid angular displacement of all
the electrons in the one-dimensional CDQR, there are other
classical modes, vibrational ones, that correspond to internal
displacements of some electrons with respect to others, and
that do not appear in the dipole spectra. Among these exci-
tations, the most interesting one is the scissor mode,18 where
the electrons of one ring rigidly rotate clockwise, whereas
the electrons of the other ring rigidly rotate counterclock-
wise, as displayed in Fig. 1. Scissor modes have already been
found in deformed atomic nuclei20 and Bose-Einstein

condensates,21 and should appear in the quadrupole absorp-
tion spectrum as the rigid rotator does in the dipole one,
reinforcing the molecular many-electron states picture.

IV. CONCLUSION

We have shown that CDQR host isomeric many-electron
states whose internal structure displays radial and azimuthal
electronic localization in either constituent ring. The absorp-
tion spectra of these states show very soft modes whose en-
ergy qualitatively agrees with the dipole excitation of the
underneath rigid rotator, and which might be observed by
far-infrared spectroscopy. Other classical excitation modes,
such as the scissor mode, likely have a quantum analog that
should show up in the quadrupole response, whose study is
currently under way.
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