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We present a study of the angular dependence of the resistivity tensor up to 35 T in elemental bismuth
complemented by torque magnetometry measurements in a similar configuration. For at least two particular
field orientations a few degrees off the trigonal axis, the Hall resistivity was found to become field independent
within experimental resolution in a finite field window corresponding to a field which is roughly three times the
frequency of quantum oscillations. The Hall plateaus rapidly vanish as the field is tilted off these magic angles.
We identify two distinct particularities of these specific orientations, which may play a role in the emergence
of the Hall plateaus.
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I. INTRODUCTION

The quantum limit is attained when the magnetic field is
strong enough to confine electrons to their lowest Landau
level. Beyond this limit, an interacting two-dimensional elec-
tron gas can display the fractional quantum-Hall effect
�FQHE�.1 In three dimensions, on the other hand,2 the fate of
the electron gas pushed to this ultraquantum regime is barely
explored. Because of its low carrier concentration, elemental
bismuth3 provides a unique opportunity to attain the extreme
quantum limit in a bulk metal with laboratory magnetic
fields. Recent studies on bismuth has uncovered a rich and
poorly understood physics beyond the quantum limit.4,5 One
central question is to determine if the band picture, which
treats electrons as noninteracting entities, remains valid in
such an extreme limit, where the interactions and their asso-
ciated instabilities are enhanced2 and the dimensionality is
reduced.6,7

A first study4 of high-field Nernst and Hall coefficients in
bismuth-resolved unexpected anomalies at fields exceeding 9
T for a field roughly oriented along the trigonal axis. In this
configuration, transport properties and their quantum oscilla-
tions are dominated by the holelike ellipsoid of the Fermi
surface.8,9 Since the quantum limit of these carriers occur at
9 T, the detected anomalies were attributed to interacting
holelike quasiparticles at fractional filling factors.4 Following
this observation, a study of torque magnetometry5 detected
the quantum oscillations of the three electron pockets and
their angular variation. In addition to the anomalies caused
by the passage of successive Landau levels, this study re-
solved a field scale with a sharp angular variation and iden-
tified it as a phase transition of the quasiparticles of the elec-
tron pocket, which, in contrast to holes, present a Dirac
spectrum.10 The link between these two sets of observations
was yet to be clarified. These experimental results initiated
new theoretical investigations regarding the possible occur-
rence of FQHE in a bulk system11,12 as well as the high-field
electronic spectrum of bismuth.13,14

Here we present a study of Hall and longitudinal resistiv-
ities in the presence of a strong rotatable magnetic field. The

magnetic field was tilted off the trigonal axis either in the
�trigonal, bisectrix� or the �trigonal, binary� plane of the crys-
tal. These transport measurements were preceded by a study
of torque magnetometry in the same configuration, which
confirms the observations reported by Li et al.,5 and provided
supplementary insight to the transport data.

The results presented in this paper allow us to conclude
that �i� the Hall response is dominated by the carriers of the
hole pocket of the bulk Fermi surface; �ii� the contribution of
the quasiparticles of the electron pocket are visible as a per-
turbation to the overall conductivity �both longitudinal and
transverse�; and �iii� there are particular orientations of mag-
netic field �dubbed “magic angles”� for which the Hall resis-
tivity becomes field independent in the vicinity of 20 T.

Such a field-independent Hall resistivity has not been pre-
viously observed in any bulk quasi-isotropic material. They
are concomitant with a sizable finite longitudinal resistivity.
This latter feature is in sharp contrast with what is expected
for a gapped quantum-Hall fluid in the well-understood case
of two-dimensional quantum-Hall effect. On the other hand,
it is yet to be demonstrated that the one-particle picture can
explain a field-independent Hall resistivity in an ambipolar
multivalley electron system.

In the final part of this paper, we use the magnetometry
data to identify two particularities of these orientations.
When the field is oriented along one these particular orien-
tations, two remarkable features occur: �i� the cross section
of the hole ellipsoid becomes equal to the cross section of
one or two electron ellipsoids and �ii� the Landau level of
three electron pockets empty at the same field. One or both
of these peculiarities may be relevant to the emergence of the
Hall plateaus.

II. SAMPLES AND METHODS

The samples were all cut from a large single crystal of
bismuth several cm long.15 While the residual resistivity ratio
�RRR� �RRR=��300 K� /��4.2 K�� of the mother crystal
was 300, the RRR of the tailored samples with a typical
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thickness of 0.8 mm was found to be much lower ��100�
pointing to a mean-free path long enough to be affected by
sample dimensions.16 Resistivity and Hall effect were mea-
sured with a standard six-contact setup. For each orientation,
the Hall data were collected after reversing the orientation of
the magnetic field. Torque magnetometry was measured us-
ing a cantilever and a high-resolution capacitance bridge.

III. HALL EFFECT IN BISMUTH

A small magnetic field �B�0.1 T� is sufficient to put
bismuth in the strong-field limit ��c��1�. In this limit, the
magnitudes of the Hall resistivity, �xy, for a field applied
along the trigonal and a current applied along the bisectrix
was found to be different among various simples cut from
the same single crystal. This striking variation can be seen in
Fig. 1. In contrast, the magnetoresistance in these samples
was found to be almost the same.

Bismuth is a compensated metal �where the density of
electronlike carriers is equal to the concentration of holelike
carriers: ne=nh=3�1017 cm−3. In a first approximation, its
Hall response is expected to be zero. As seen in Fig. 1, for all
samples studied in fields smaller than 0.1 T, the Hall re-
sponse is vanishingly small in agreement with previous re-
ports for this configuration.17–19 In the high-field regime �i.e.,
for B�0.1 T�, a positive signal emerges which remains

smaller than �xy =B / �nhe�, the expected signal for holes. The
variety observed in the amplitude of this signal can be attrib-
uted to two uncontrolled features.

First of all, because of the extreme anisotropy of the elec-
tron pockets, the available phase space for scattering the qua-
siparticles of the electron pocket is not uniform, and there-
fore the electron mobility is drastically angular dependent. In
the weak-field limit, the electronic mobility along the binary
and bisectrix directions differ by a factor of 37.19 This aniso-
tropy persists in the high-field regime ��c��1� as evidenced
by the large angular variation observed in transverse magne-
toresistance for a field rotating in the bisectrix, binary plane
1.17 The mean-free path of both holes and electrons is com-
parable with sample dimensions. Therefore, the overall con-
tribution of electronlike carriers to Hall response can cru-
cially depend on contact geometry.

A second relevant feature is the extreme anisotropy of the
conductivity tensor. Previously reported data17–19 indicate
that at B=1 T, �xz �that is the Hall resistivity for a field
applied along binary� is 2 orders of magnitude larger than �xy
�the one measured here for a field along trigonal�. In such a
context, any small misalignment between the three presum-
ably perpendicular vectors �B, J, and E� would lead to a
contamination of �xy with �xz. Since the latter is also an
off-diagonal component of the conductivity tensor, this con-
tamination cannot be eliminated by reversing the field.

With this variety in the magnitude of the measured Hall
resistivity in mind, let us note that all samples presented a
positive signal �when B�1 T� and all of them showed the
same period of quantum oscillations �0.15 T−1�, as seen in
Fig. 1�b�. Both these features point to holelike carriers as the
dominant contributor to the Hall response. As detailed below,
this is confirmed by the angular dependence of the measured
�xy.

The main result reported in this paper—the existence of
particular orientations of the magnetic field, for which the
Hall response becomes flat in a finite field window—was
found to be experimentally robust in spite of the large varia-
tion in both the magnitude and the fine structure of the Hall
coefficient across the samples.

IV. ANGULAR DEPENDENCE OF RESISTIVITY TENSOR

An extensive study of the field dependence of longitudi-
nal, �xx, and transverse, �xy, resistivities in a Bi single crystal
with different angles between the magnetic field and the
trigonal axis is presented in Fig. 2. Two different planes of
rotations where investigated for the same crystal with the
same electrodes. The field was rotated either in the �trigonal,
binary� or in the �trigonal, bisectrix� plane. In the first �sec-
ond� rotating plane, 	1 �	2� designates the angle between the
field and the trigonal axis.

In both planes of rotation, high-field features, occurring at
fields exceeding the quantum limit, are particularly visible in
�xy. They rapidly evolve as the magnetic field is tilted a few
degrees off the trigonal axis. The rapid angular evolution
indicates that at least some of the ultraquantum transport
anomalies, observed in both bismuth4 and in Bi0.96Sb0.04,

20

are extremely sensitive to the precise orientation of the mag-
netic field.

FIG. 1. �Color online� �a� The low-field dependence of the Hall
resistivity, �xy, in several bismuth crystals. All sets of data were
obtained with the field oriented along the trigonal, the current ap-
plied along the bisectrix, and the voltage measured along the binary.
The red �blue� dotted line corresponds to the classical Hall response
expected for holes �electrons�. �b� The same data are plotted as a
function of inverse of magnetic field B−1 in a semilogarithmic plot.
The period of quantum oscillations �0.15 T−1� is similar but not the
fine structure of the field dependence.
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V. QUANTUM OSCILLATIONS IN CHARGE TRANSPORT
AND IN TRANSVERSE MAGNETIC SUSCEPTIBILITY

Charge transport in this configuration is dominated by the
contribution of holelike carriers. This conclusion is based on
the sign of the Hall effect and the fact that the period of
quantum oscillations in both �xx and �xy of all samples
�0.15 T−1� corresponds to what is reported for the hole
pocket of the bulk Fermi surface by the de Haas-van
Alphen21 and the Shubnikov-de Haas8 studies as well as the
quantum oscillations of the Nernst coefficient.9

The moderate anisotropy of the holelike ellipsoid implies
that tilting the magnetic field a few degrees off the trigonal
axis does not significantly modify the period of oscillations.
This is indeed the case as seen in Fig. 3, which compares this
feature with the sharp angular variation in the quantum os-
cillations of the transverse magnetic susceptibility �
�

=� /B2, where � is the magnetic torque�. The torque response
is dominated by the more anisotropic and threefold degener-
ate electron pockets whose diamagnetic response is accentu-
ated by their Dirac dispersion.5 As the field is tilted, the

quantum oscillations of the torque response rapidly vary as
expected for the electron pockets. As seen in the upper panel,
the period of quantum oscillations of Hall and torque data is
in rather good agreement with the expected periods for elec-
trons and holes.21

VI. FIELD SCALES OF ELECTRON POCKETS AND
MAGIC ANGLES

The contribution of the electronlike carriers to charge
transport can be resolved by putting under scrutiny the an-
gular dependence of the magnetoresistance, �xx as seen in
Fig. 4. The rotating magnetic field generates sharp minima in
the angular dependence of �xx. When the field was rotated in
the �trigonal, bisectrix� plane, the field dependence of these
anomalies define quasivertical field scales in the �B, 	1�
plane, which are symmetrical with respect to the 	1=0 line.
The two central lines lie very close to the field scale reported
by Li and co-workers5 and identified as a phase transition
involving the electron pockets. Note that this field scale

FIG. 2. �Color online� �a� The Fermi surface of bismuth. The magnetic field was applied along an orientation tilted off the trigonal axis
by sweeping either 	1 or 	2. Panels �b� and �c� present the Hall and resistivity data obtained in the first configuration at T=1 K. Panels �d�
and �e� present the same for second configuration. Curves are shifted for clarity. �f� The sample geometry and the orientation of various
relevant vectors.
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tracks the 0e
+ Landau level of two electron pockets according

to calculations.13,14

In this plane of rotation, the minima in �xx�	1� and in
�xy�	1� are concomitant; the Hall response does not present
any additional structure and does not become field indepen-
dent in any finite field window, at least up to 28 T. In par-
ticular, as seen in panel �b� of Fig. 4, there is no field inde-
pendent �xy in the vicinity of 20 T for any 	1 angle.

When the field rotates in the other plane, additional fea-
tures emerge. Figure 5 presents the data obtained for the
same crystal with the same contacts for a field rotating in the
�trigonal, bisectrix� plane. Here also minima in �xx�	2� track
quasivertical field scales in the �B, 	2� plane. However, the
angular separation between these lines exceeds what is ex-
pected according to the calculated Landau levels of
electrons.14 More strikingly, the angular dependence of the
Hall response presents an additional structure. There are two
narrow angular windows, 8.4° apart, in which �xy�	2� be-
comes field independent in the vicinity of 20 T. As seen in
the inset, the Hall plateau rapidly vanishes as the field is
tilted a fraction of degree away from these magic angles.

Figure 6 presents the field dependence of �xy for two ori-
entations for which �xy does not vary with magnetic field in
a finite field window. As seen in the inset, the flatness of the
Hall resistivity in this plateau window is comparable with the
experimental noise � ��

� � �10−3�.

We have confirmed the robustness of this observation by
studying different crystals and in particular the same crystal
with new sets of electrodes in different magnet laboratories.
Figure 7 presents another set of data obtained in a different
experiment with the same single crystal with a different set
of electrodes. Both the magnitude and the fine structure of
�xy are visibly different. However, a flat �xy in the vicinity of
20 T for two different orientations 8.4° apart are detectable.
A similar conclusion was drawn from other similar sets of
study.

To sum up, we rotated the same sample with the same
electrodes in two different ways. When the field was rotated
in the �trigonal, binary� plane, no Hall plateaus were ob-
served. When it was rotated in the �trigonal, bisectrix� plane,
there are two specific orientations of magnetic field, for
which �xy presents 20 T plateaus. The latter observation was
reproduced with different electrodes and different samples.

Note that such a plateau cannot be attributed to a possible
contamination of our �xy data with a finite �xz contribution.
Indeed, the latter is expected to change sign when 	2 changes
sign. Therefore, the contaminating signal should have oppo-
site signs for negative and positive angles. A plateau at a
negative 	2 may occur as a result of an accidental cancella-
tion of two opposing slopes. However, in such a case, no
such cancellation is expected to occur for a positive 	2. In the
next section, we proceed to discuss the possible sources of a
flat Hall resistivity for specific orientations of magnetic field.
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FIG. 3. �Color online� Lower panels: transverse susceptibility �left� and Hall resistivity �right� as functions of the inverse of the magnetic
field for different 	2 tilt angles slightly off the trigonal axis. Curves are shifted for clarity. The red Hall curves correspond to magic angles.
Arrows allow to follow the displacement of an extremum in the torque data. Upper panel: the angular dependence of the period of quantum
oscillations seen in the Hall �red symbols� and torque �green symbols� data. Green �red� dotted lines correspond to the expected angular
dependence of electron �hole� ellipsoids.
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VII. DISCUSSION

In the absence of magnetic field, the anisotropy of charge
conductivity in elemental bismuth is less than 2. This quasi-
isotropy distinguishes the context of our observation from all
cases of Hall plateaus including the integer quantum-Hall
effect seen in bulk-layered systems such as the Bechgaard
salts.22,23

We note that the Hall plateaus occur in the vicinity of 20
T, which is roughly three times the main frequency of the
quantum oscillations, B0=6.67 T=0.15−1 T. Naively, this
corresponds to a filling factor of 1/3 for holes. However, both
the carrier density and the effective filling factor at high
fields and arbitrary angles could be significantly different
from the one estimated from the low-field spectrum.

Moreover, in contrast with the nondissipative behavior ex-
pected for an incompressible quantum-Hall fluid, longitudi-
nal resistivity in our samples remains always finite; this ap-
pears to rule out a scenario based on the quantum-Hall effect
as currently understood. We note that very recently a gapless
fractional quantum-Hall state specific to three dimensions
was theoretically proposed.12

Finding a credible scenario for a Hall plateau in a bulk
system in the presence of the z-axis degeneracy remains a
challenge. The presence of several subsystems adds twists to

FIG. 4. �Color online� �a� The angular dependence of the longi-
tudinal resistivity as a function of 	1 for different magnetic fields.
Lines are guide to lines to follow the field dependence of the
minima. �b� The same for the Hall resistivity in a restricted field
window around 20 T. The Hall resistivity does not become field
independent for any orientation of magnetic field.

FIG. 5. �Color online� �a� The angular dependence of the longi-
tudinal resistivity as a function of 	2 for different magnetic fields.
Lines are guide to lines to follow the field dependence of the
minima. �b� The same for the Hall resistivity in a restricted field
window around 20 T. Arrows indicate magic angles at which the
Hall resistivity becomes flat. The inset shows a Hall plateau and its
angular fragility.

FIG. 6. �Color online� The field dependence of �xy at magic
angles. The insets are zooms on restricted windows. The angular
separation between the green lines �0.05 m� cm� is the experimen-
tal resolution.
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the problem. As the magnetic field is swept or rotated, both
electrons and holes modify their zero-field band parameters
in order to ensure charge neutrality.24,25 The steady and large
high-field magnetostriction26 suggests a sizable field-induced
correction of the carrier density, which could significantly
affect the transport properties.27 The restriction of the Hall
plateaus to a finite angular and field window points to a
subtle balance of unidentified parameters. According to a re-
cent theoretical work, FQHE can occur in a bulk quasi-
isotropic system only if the electrons reorganize themselves
in layers perpendicular to the magnetic field.11 It is tempting
to speculate that the magic angles correspond to a specific
reorganization of charge distribution fulfilling the required
conditions. Measurements of electric conductivity along the
magnetic-field orientation would be helpful in this context.

What is particular about these magic angles? As seen in
Fig. 8, a drastic change in torque response occurs when the

field orientation crosses such an angle. In particular, a maxi-
mum in transverse susceptibility becomes a minimum. The
field scales traced by these anomalies follow the lowest Lan-
dau level of the electron ellipsoids according to the theoret-
ical phase diagram.13,14

FIG. 8. �Color online� Transverse susceptibility as a function of
the inverse of magnetic field near a magic angle. Note the drastic
change in a maximum to a minimum �arrows� across this specific
orientation.

FIG. 9. �Color online� Left panel: comparison of the angular
dependence of the �a� period quantum oscillations, �b� �xy, and �c�
high-field torque anomalies. The gray vertical bands are guides for
the eye and point to the two specific orientations resolved in these
sets of data.

FIG. 10. �Color online� Schematic representation of Landau lev-
els at two critical angles possibly corresponding to the experimen-
tally observed magic angles.

FIG. 7. �Color online� The field dependence of �xy obtained in a
different study. Both the magnitude and the fine structure of �xy�H�
are different. Yet, there are still Hall plateaus at two specific orien-
tations in two field windows close to 20 T.
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Experimentally, the angular separation between the occur-
rences of the 20 T Hall plateaus is 8.4°. Two distinct and
possibly relevant features of these two field orientations are
identified in Fig. 9. The first concerns both holes and elec-
trons. As seen in the figure, close to the two magic angles,
the periods of quantum oscillations for holes and electrons
become equal. This may be an accident. On the other hand,
the equality between the cross sections of the hole ellipsoid
with one or two electron ellipsoids may have significant con-
sequences. In particular, it may lead to the possible commen-
surability of hole and electron wave vectors along the mag-
netic field for these particular orientations and lead to an
instability paving the way to the emergence of the Hall pla-
teau.

The other specificity of a magic angle concerns solely the
electron pockets. As seen in Fig. 9, the structure in the an-
gular dependence of �xy shows a remarkable correlation with
the phase diagram coming out of the torque data. A simulta-
neous Landau-level crossing of distinct electron pockets oc-
curs, when the field is along one of the two specific orienta-
tions. As mentioned previously, the Hall plateaus emerge

only when the field rotates in the �trigonal, bisectrix� plane.
Interestingly, only in this configuration there are two specific
field orientations for which the Landau levels of all three
electron pockets cross the chemical potential at the same
field �Fig. 10�. This is because when 	2 is swept, two elec-
tron pockets �Nos. 2 and 3 of Fig. 1�a�� remain degenerate.
According to theoretical calculations, the angular distance
between these two points in the �B, 	2� plane is 8°.14 It has
been argued that Coulomb interactions are significantly en-
hanced whenever a low Landau level crosses the Fermi
level.13 Future investigations would tell if this has any cor-
relation with the emergence of Hall plateaus.
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