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Accurate multideterminant ground-state energies of circular quantum dots containing N�13 electrons as a
function of interaction strength have been evaluated by the diffusion quantum Monte Carlo method. Two
unique features are found for these confined two-dimensional systems: �1� as the electron density decreases, the
quantum dots favor states with zero orbital angular momentum �L=0�; and �2� for some values of N, the
ground state cannot be fully spin-polarized because of a symmetry constraint.
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I. INTRODUCTION

Circular quantum dots containing a finite number of elec-
trons can be created in two-dimensional �2D� semiconductor
structures. They behave like artificial “atoms” with physical
properties tunable by adjusting system parameters.1–4 By
changing the confining potential, the electron density can be
varied so that the system can continuously transform be-
tween a weakly interacting regime �high density� and a
strongly interaction one �low density�. Therefore, these quan-
tum dots offer a unique opportunity to study the fundamental
physics of many-electron interactions in a controllable fash-
ion.

Due to the Coulomb interaction and electron correlation,
Wigner crystallization5 in quantum dots occurs in two limit-
ing situations: in systems subjected to a strong magnetic field
and in systems with a low electron density. In the former
case, all electrons condense into the lowest Landau level,
facilitating analytical and numerical studies. The rich physics
in the evolution from a Fermi liquid to a Wigner lattice �in-
cluding the connection with fractional quantum Hall effect,
the composite fermion approach, and the rotating Wigner
molecule picture� has been extensively investigated and
largely understood.6–12 For quantum dots with a low electron
density, however, numerical simulations are indispensable
and computationally quite challenging. Existing studies
reached different conclusions regarding various possible
transitions that take place as the electron density �effective
interaction strength� decreases �increases�.5,11–18 By examin-
ing the electron density and pair density, recent diffusion
quantum Monte Carlo calculations18,19 have provided infor-
mation on “incipient” Wigner localization in the intermediate
density region. It is found that the one-particle density devel-
ops sharp rings as the electron density decreases, while
the pair density shows both radial and angular
inhomogeneity.18,19 Our current study aims to sort out these
intermediate ground states and their characteristics as a func-
tion of interaction strength in order to understand the funda-
mentally important correlation effect in a 2D confined sys-
tem.

In atomic physics, the ground state of a multielectron
open-shell atom can be determined by Hund’s rules, which
capture the correct physics in an interacting electronic sys-
tem: by maximizing the total spin S and, for a given spin the

total angular momentum L of valence electrons, the electron-
electron interaction energy can be effectively minimized.
These rules may not hold for 2D circular quantum dots. In
this paper, we report a diffusion quantum Monte Carlo study
of electron correlation in the quantum dots for various con-
finement strengths and electron numbers. Our results show
that the conventional Hund’s rules need to be modified as the
interaction strength increases, and in these N-electron artifi-
cial atoms, the total angular momentum L tends to be mini-
mized to zero, as the system evolves toward a Wigner state in
the absence of an external magnetic field. We also find that
for some values of N, a fully spin-polarized and Wigner-
localized ground state is forbidden by symmetry, and that the
critical density parameter rc for the transition to a fully po-
larized ground state is highly N dependent.

II. CALCULATIONAL DETAILS

The model system we consider has N electrons moving in
two spatial dimensions and laterally confined by a parabolic
potential m��2r2 /2, where m� is the electron effective mass,
r the radius, and � the strength of the confining potential.
When energy is scaled by �� and length scaled by the oscil-
lator length �0= �� /m���1/2, the Hamiltonian is

H =
1

2�
i=1

N

�− �i
2 + ri

2� + ��
i�j

N
1

rij
, �1�

where ri is the displacement of the ith electron from the
center of the quantum dot and rij is the separation of an
electron pair. ���0 /aB, where aB is the effective Bohr ra-
dius for the host semiconductor, is a dimensionless system
parameter proportional to 1 /��. A large � implies weak con-
finement, low-electron density, and strong effective interac-
tion. The magnitude of � determines the dynamical proper-
ties of the system under investigation.

The numerical methods employed in this work are similar
to those in Ref. 18, but more Slater determinants �SDs� are
incorporated in order to ensure the numerical accuracy. The
calculation comprises the following four steps: �1� Kohn-
Sham local-density approximation �LDA� orbitals are used to
construct Slater determinants. �2� Configuration state func-
tions �CSFs�, i.e., linear combinations of determinants that

are eigenstates of L̂2, Ŝ2, and Ŝz are constructed. �3� The trial
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wave function consists of the product of a linear combination
of CSFs and the Jastrow factor. The CSF and Jastrow coef-
ficients are optimized to minimize the variational energy. �4�
The resulting optimized trial wave function is used to com-
pute the diffusion Monte Carlo �DMC� energy20 within the
fixed-node approximation. The increased accuracy attained
by using multi-CSF wave functions and by optimizing the
coefficients of the determinants in conjunction with the Ja-
strow parameters is crucial in identifying the physics dis-
cussed in this work.21 In some cases we included states with
up to four intershell excitations, but found that for ��10 and
N�13, a truncation of the Hilbert space by ignoring the SDs
with more than two intershell excitations would not change
the conclusions drawn in the following discussion. We have
also studied a few quantum dots with ��10, where LDA
orbitals are difficult to generate, so the Fock-Darwin one-
particle states are used.

III. RESULTS AND DISCUSSIONS

In order to demonstrate the accuracy attained, we com-
pare in Table I the DMC energies for a N=4 dot obtained
with single determinant, and multiple determinant wave
functions, obtained by exciting either two or four electrons
from the dominant determinant, with exact diagonalization
results.22 We note that in most cases the quadruple excitation
DMC energies are more accurate �lower� than the exact di-
agonalization energies, even though the number of determi-
nants employed is far smaller.

In Table II we show the electronic configurations of the
ground states for quantum dots with 3–13 electrons in the

small-� regime �weak interaction, ��1.9�. The many-body
states are specified by the total angular momentum L and
total spin S, and the single-particle orbitals by the principal
quantum number n and angular momentum l. For noninter-
acting particles in a 2D harmonic potential, the single-
particle states are Fock-Darwin orbitals with energy
�2n+ �l�+1���. States with the same value of 2n+ �l� are de-
generate, e.g., �n , l�= �0, �2� and �1,0�. With interaction, the

TABLE I. Comparison of DMC energies �see text� of states �L ,S	= �0,1	 and �2, 2	 with those obtained
by exact diagonalization �ED� for N=4 �Ref. 22�. Energies are in effective Hartree H�=m�e4 / ��2�2�. The
numbers in parentheses are statistical errors in the last digit.

�

DMC0 DMC2 DMC4 ED

Ndet 1 20 152 24358

�0,1	 2 3.40241�7� 3.40150�6� 3.40087�5� 3.40450

4 1.19004�2� 1.18949�2� 1.18925�2� 1.18952

6 0.65584�1� 0.65551�1� 0.655431�7� 0.655439

8 0.432553�8� 0.432377�6� 0.432338�5� 0.432338

10 0.314243�6� 0.314145�5� 0.314134�4� 0.314120

15 0.176972�4� 0.176950�3� 0.176947�2� 0.176961

20 0.118291�5� 0.118268�1� 0.118266�1� 0.118501

Ndet 1 15 82 8721

�2,2	 2 3.56311�3� 3.56296�2� 3.56289�2� 3.56338

4 1.20984�1� 1.20970�1� 1.20971�1� 1.20978

6 0.66124�1� 0.66117�1� 0.661176�5� 0.661181

8 0.434746�5� 0.434692�4� 0.434689�4� 0.434692

10 0.315349�4� 0.315330�4� 0.315325�3� 0.315323

15 0.177351�4� 0.177325�4� 0.177317�1� 0.177320

20 0.118471�6� 0.118440�1� 0.1184368�6� 0.118503

TABLE II. Ground-state electronic configurations for 2D circu-
lar quantum dots with N=3–13 electrons for interaction strength
��1.9. The one-particle states are represented by the principal
quantum number n and angular momentum l. L and S are the total
angular momentum and spin, respectively.

n 0 0 0 1 0 1

l 0 �1 �2 0 �3 �1 L S

N=3 ↑↓ ↑ 1 1/2

4 ↑↓ ↑ ↑ 0 1

5 ↑↓ ↑↓↑ 1 1/2

6 ↑↓ ↑↓ ↑↓ 0 0

7 ↑↓ ↑↓ ↑↓ ↑ 2 1/2

8 ↑↓ ↑↓ ↑↓ ↑ ↑ 0 1

9 ↑↓ ↑↓ ↑↓ ↑ ↑ ↑ 0 3/2

10 ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ 0 0

↑↓ ↑↓ ↑↓ ↑↓↑ ↑ 2 1

11 ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ ↑ 0 1/2

12 ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ 0 0

13 ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ ↑↓ ↑ 3 1/2
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selfconsistent potential lowers the states with the larger l,
e.g., �0, �2� and �1,0� states become two subshells with a
small energy gap, so do �0, �3� and �1, �1�.

For a specified filling of the subshells, analogously to the
case of real atoms, Hund’s first rule specifies that the state
with maximal spin, S, will be the ground state. Maximal spin
polarization keeps the electrons apart so that the electron-
electron interaction energy can be lowered for a given aver-
age distance of the electrons from the center of the dot. This
allows the electrons to move closer to the center of the dot
and lower the total potential energy, although the electron-
electron interaction energy is higher. For N=9, the promo-
tion energy across the small gap between �n , l�= �0, �2� and
�1,0� states is more than compensated by the gain in the
exchange energy. For N=10, one electron can be promoted
from the �0, �2� subshell to the �1,0� subshell to create a
�L ,S	= �2,1	 state, which turns out to be indistinguishable in
energy with the state �0,0	 at ��1.9. For the N values in
Table II the symmetries of the many-body ground states,
�L ,S	 are uniquely determined by the electronic configura-
tion �subshell filling� for N=3,5 ,6 ,7 ,11,12,13, whereas,
Hund’s first rule needs to be invoked to specify the symme-
tries for N=4,8 ,9 ,10. Although Hund’s second rule is not
explicitly invoked here, as will be shown below, when the
interaction strength increases, the total angular momentum L

does play an important role in determining the ground state
of the quantum dot, in such a way that the trend is to
minimize L.

In Fig. 1 we present the energy differences between a few
low-lying states and the ground states in Table II as a func-
tion of the dimensionless interaction strength � for N=3 and
N=5–13. �N=4 is not shown because �0, 1	 continues to be
the ground state up to ��15.� We focus on � values from 2
to 10, which is the region for “incipient” Wigner
crystallization.18 Calculations of many different states are
first performed at �=10, and only the states with low ener-
gies are kept for further studies at other � values as shown in
Fig. 1. �Even though these low-lying states at �=10 are close
in energy, we still have an energy difference of at least 5–10
error bars to distinguish them.�

The transition patterns in Fig. 1 for N�13 exhibit some
unexpected trends for the range of � we have studied.
Ground-state transitions are seen for N=3, 5, 7, 10, and 13,
for which the reference ground state at ��1.9 has a nonzero
L. When a transition takes place, the new ground states take
a lower angular momentum L� �L�=0 for N=3, 5, 7, and 10
and L�=1 for N=13�. For N=13, a second transition to an
L�=0 state ��1,1 /2	→ �0,7 /2	� occurs at ��9.0. In most
cases, the total spin S also increases, as expected for larger
interaction strengths, but not in the increment of flipping one
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FIG. 1. �Color online� Energy differences between low-lying states �L ,S	 and the ground state listed in Table II for N=3, and 5–13.
Energies are in ��, with � being the strength of the confining potential.
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spin at a time. These transitions could be detected by mag-
netic measurements. Many intermediate spin states with non-
zero L are skipped, for example, �2, 3/2	 for N=5, �1, 3/2	
for N=7, and �1, 5/2	 for N=9. At large �, the gain in ex-
change energy from having more than one half-filled shell
with parallel-spin electrons outweighs the small level promo-
tion energy, resulting in transitions to L=0 states �for ex-
ample, �0, 5/2	 for N=7, �0, 7/2	 for N=9, and �0, 7/2	 for
N=13�. At �=10, the ground states in Fig. 1 are either al-
ready an L=0 state, or close to becoming an L=0 state. The
current numerical studies conclude that the path to Wigner
crystallization is rather unique in circular quantum dots; the
transitions to an L=0 state when the confinement gets
weaker takes place in the intermediate density region al-
ready.

On the other hand, for some N values the classical
��→�� configuration of electrons is not consistent with
S=N /2 and L=0. For N�8, the classical minimum-energy
configurations23 consists of at most two shells, with
�k ,N−k� electrons, where k=0 �one shell� for N�5 and
k=1 �two shells� for N=6–8. The electrons in the outer shell
form a regular polyhedron. The z-axis is an �N−k�-fold sym-
metry axis. A rotation of 2	 / �N−k� about the z-axis is then
equivalent to a cyclic permutation of the �N−k� electrons,
yielding

R̂
 2	

N − k
�
L = P̂�1,2, . . . ,N − k�
L, �2�

where 
L denotes the wave amplitude for the classical
minimum-energy configuration. The rotation operator has an

eigenvalue of exp�i2	L / �N−k�	, while P̂ has an eigenvalue
of �−1�N−k−1, if 
L is a fully polarized state. The condition
that exp�i2	L / �N−k�	= �−1�N−k−1 for nonzero 
L=0 is not
satisfied when N−k is even, i.e, for N=2, 4, and 7. Hence the
classical configuration of electrons is not consistent with
S=N /2 and L=0. In these cases, at large � the condition
L=0 will take precedence over S=N /2 since the rotational
energy goes as �L2 /R2 �R is the size of an N-electron quan-
tum dot in the Wigner state�, whereas the exchange energy
goes as exp�−C�R�.24

The ground-state transitions that occur as � is increased,
shown in Fig. 1, can thus be understood as arising from a
competition between four effects:

1. Lower-energy single-particle orbitals are filled before
higher-energy ones �Aufbau principle�.

2. High-spin states are favored compared to low-spin
states. This not only determines the symmetry for a given
configuration of electrons, but for sufficiently large � it be-
comes energetically favorable to promote electrons from
low-energy orbitals to higher-energy ones in order to in-
crease S.

3. The rotational energy increases with L as EI�L2 /R2,11

so states with low L are favored.

4. Because of symmetry constraints, for some N values
the localized Wigner state with L=0 does not become fully
spin-polarized in circular quantum dots.

To examine the radial ordering of electrons as � increases,
we have calculated the charge density ��r�, which is inde-
pendent of the angular coordinate for a circular quantum dot.
Figure 2 shows charge densities for N=7, 10, and 13 in their
ground states. The charge densities exhibit one peak when �
is small. A shoulder emerges in the vicinity of r=0 when
��5. The shoulder develops into a second peak as � is
further increased, showing a stronger radial ordering.

IV. CONCLUSION

In summary, using the diffusion quantum Monte Carlo
method incorporating excited-state Slater determinants, we
have obtained accurate ground-state energies for two-
dimensional quantum dots containing N=3–13 electrons as a
function of interaction strength. Our central finding is that as
the density �effective interaction strength� decreases �in-
creases�, ground-state transitions take place to minimize an-
gular momentum. While spin polarization also increases dur-
ing these transitions, we show that a fully-spin-polarized
Wigner molecule is only possible for some values of N based
on quantum symmetry considerations.
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