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The thermodynamic stability of tetragonal and cubic states of dilute Fe-C interstitial solid solutions is
studied combining atomistic simulations with the microscopic elasticity theory. This approach allows us to
accurately describe the effect of long-ranged elastic C-C interactions on the martensite formation. The pre-
dicted compositional dependence of the critical temperature at which the cubic phase transforms into tetragonal
states is in good agreement with available experimental data and thus removes previous controversies regard-
ing the relative importance of strain-induced and chemical interactions.
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I. INTRODUCTION

Mechanical properties of steels can vary tremendously de-
pending on chemical composition and thermomechanical
treatments. The body-centered-cubic �bcc� tetragonally dis-
torted states of interstitial Fe-C solid solutions are known as
martensite,1,2 a metastable product obtained by quenching
the high-temperature austenitic �face-centered-cubic �fcc��
phase. Martensitic transformation is not only the mechanism
behind steel strengthening but also the origin of unusual me-
chanical properties such as reversible strain, superelasticity,
superplasticity, and high mechanical damping.3

The linear concentration dependence of the lattice param-
eters and the tetragonality of martensitic Fe-C solid
solutions4,5 are linked to the martensitic Bain’s transforma-
tion occurring via diffusionless atomic rearrangements6,7

from the fcc austenite to the bcc ferrite. The change in struc-
ture is achieved by homogeneous deformation when the car-
bon atoms originally occupying octahedral sites within the
fcc lattice fall into only one interstitial sublattice of the bcc
�-Fe, which causes a tetragonal distortion of the resulting
lattice. Such a preferential distribution of the carbon atoms
can be interpreted as orientational ordering. In contrast, if
carbon atoms occupy all three sublattices randomly, the re-
sulting lattice is cubic. Diffraction experiments performed on
samples exhibiting both relatively low8 and high9 tetragonal-
ity revealed that at room temperature the ordered distribution
of the carbon atoms is thermodynamically more advanta-
geous than the disordered one due to the interactions be-
tween carbon atoms.

A strong focus of previous theoretical studies was on the
compositional dependence of the critical temperature at
which the ordered tetragonal states become thermodynami-
cally more stable than the disordered cubic ones. Zener10

suggested that the elastic �strain-induced� interactions be-
tween carbon impurity atoms result in their preferential dis-
tribution over a single sublattice of octahedral interstices in
bcc Fe and, consequently, a tetragonal state. Kurdjumov and
Khachaturyan11–13 developed a theoretical approach to de-
scribe the order-disorder transition using the static concen-
tration waves method13 and microscopic elasticity theory
�MET�.13–16 The MET has been developed to describe long-

range strain-induced interactions between point defects in an
alloy matrix. It is formulated in k space and does not a priori
limit the radius of interactions. Input parameters for the MET
are Kanzaki forces17 acting on the host matrix in the pres-
ence of impurity atoms and components of the Born-von-
Karmann tensor18 describing the interatomic interactions
within the host lattice. Kanzaki forces can be regarded as a
virtual force field acting on the atoms of the ideal �i.e., im-
purity free� host lattice to imitate the real atomic displace-
ments in the presence of an impurity atom. In an atomistic
calculation, they can be easily computed by removing the
interstitial C atom but keeping the relaxed host atoms fixed.
The Kanzaki forces are then simply the forces acting on the
displaced host atoms. Note that the MET is rigorously de-
fined for interstitial alloys since they can be strictly separated
into a metal matrix and an impurity subsystem.

Within the MET, which describes strain-induced interac-
tions only, the critical concentration at room temperature has
been predicted.10,12,19–22 However, it has been shown23 that
the elastic interactions by themselves cannot account for the
stability of the tetragonal phase in Fe-C solid solutions and
the chemical C-C interactions also have to be considered13 in
order to properly describe the martensitic transformation.
Using this approach, a critical C concentration of 0.03 wt %
at room temperature has been determined,13 which is sub-
stantially lower than the recently found experimental value
of 0.18 wt %.24 This discrepancy may be due to the inad-
equate description of the chemical C-C interactions within
the Fe matrix by the interaction potential, which had been
parametrized to C-C interactions in organic crystals.

In this paper, we address the problem of martensitic sta-
bility limits in dilute Fe-C solid solutions using a combina-
tion of the MET and atomistic potentials. This combined
approach allows for a consistent description of the strain-
induced and the chemical part with all parameters deter-
mined from the atomistic simulations. The relative impor-
tance of these two contributions to the interaction energy can
thus be directly examined and the order/disorder transforma-
tion may be described.

II. METHOD

The atomistic determination of the C-C interactions
within the Fe-C system was performed using the embedded

PHYSICAL REVIEW B 79, 224112 �2009�

1098-0121/2009/79�22�/224112�5� ©2009 The American Physical Society224112-1

http://dx.doi.org/10.1103/PhysRevB.79.224112


atom method �EAM� implemented in the IMD code.25 The
EAM interaction potential26 has been fitted to experimentally
measured crystal properties of the perfect crystal �lattice pa-
rameters and elastic constants� as well as to energies and
configurations of point defects and clusters predicted by
density-functional theory. Despite the known limitations of
Finnis-Sinclair-type potentials in accurately reproducing,
e.g., energies and structures of self-interstitials and screw
dislocations in iron, the potential used has been carefully
checked to reproduce all quantities relevant for this study.
The elastic constants and lattice parameters of bulk bcc Fe as
well as the dependence of the lattice constants on the inter-
stitial C concentration are close to their corresponding ex-
perimental values �see Table I�. Moreover, the lattice distor-
tions around a C interstitial in the octahedral site closely
match the predictions from previous ab initio calculations.27

The interatomic distance between the impurity atom and
first- and second-nearest neighbors is increased by 22.9%
and decreased by 1.94%, respectively �ab initio:27 +24.3%,
−1.8%; experiment:28 +38%, −2.6%�. Finally, the relative
stability of octahedral and tetrahedral sites as well as C-C
binding energies within the Fe matrix determined using this
potential are in agreement with previous ab initio results.26,27

Using this potential, the chemical contribution to the in-
teratomic interaction as a function of the C-C distance, �,
was determined by calculating the energy of the system with
all the atoms constrained to their ideal positions. The pair-
wise chemical interaction was thus determined using

V�
ch = E�

0�Fe + 2C� − E�Fe� − 2�0, �1�

where �0=E0�Fe+1C�−E�Fe� is the energy of injection of
an interstitial C atom into the Fe host, E�

0�Fe+2C� and
E0�Fe+1C� are the energies of the systems containing two C
atoms separated by a distance � and a single C atom within
the Fe matrix, respectively, and E�Fe� is the energy of the Fe
matrix.

The strain-induced contribution to the C-C interactions
was calculated atomistically by relaxing the Fe matrix, while
constraining the interstitial C atoms to their ideal positions
separated by �. The corresponding energy expression reads

V�
si = E�

rel�Fe + 2C� − E�
0�Fe + 2C� − 2��rel − �0� , �2�

where E�
rel�Fe+2C� is the energy of the system in the pres-

ence of two C atoms and �rel is the injection energy of a
single C atom after a full geometry optimization.

Both V�
ch and V�

si were determined atomistically using a
cubic supercell with periodic boundary conditions consisting

of 16 000 Fe atoms and two interstitial C atoms in octahedral
sites �see inset of Fig. 1�.

Within the MET, it is convenient to describe the interac-
tion between two interstitials at positions p and q in two unit
cells separated by translation vector R in matrix form
�Vpq�R��.13 In such a matrix, the diagonal elements corre-
spond to the effective cluster interactions within one sublat-
tice and nondiagonal elements describe the interactions be-
tween atoms on different sublattices. The strain-induced
contribution in reciprocal space reads13,14

Vpq
si �k� = − Fp�k�G�k�Fq

��k� + Qpp�pq, �3�

Qpp =
1

N
�
k

Fp�k�G�k�Fp
��k� , �4�

where the summation is carried out over N wave vectors k in
the first Brillouin zone. Fp�k� is the Fourier transform of the
pairwise Kanzaki force, G�k�=D−1�k��k�0� is the Fourier
component of the lattice Green’s function,18 D�k� is the dy-
namical matrix, �pq is the Kronecker delta, and Qpp is intro-
duced in order to exclude self-interaction of interstitial at-
oms.

The Kanzaki forces Fp�k� are determined using an ana-
lytical model and depend on the elastic constants cij, the
lattice constant a0 of the host matrix in the absence of C
interstitials, as well as coefficients Lxx= 1

ax

dax

dc and Lzz= 1
az

daz

dc
�see, e.g., Ref. 29�, which describe the concentration depen-
dence of the carbon-induced lattice distortions in the �100�
and �001� directions, respectively. The Kanzaki forces were
evaluated up to the second-nearest-neighbor shell of the host
lattice surrounding the interstitial C atoms. G�k� depends on
cij and a0 only.

III. RESULTS

The chemical contribution to the C-C interactions, V�
ch,

was determined atomistically as shown in Fig. 1. It is a fast
decaying function with a range defined by the cutoff radius

TABLE I. Parameters for the determination of the Kanzaki
forces and the dynamical matrix obtained using atomistic �EAM�
simulations, as compared to experimental values. Elastic constants
are in GPa, lattice constant in Å.

Method a0 c11 c12 c44 Lxx Lzz

EAM 2.867 242 137 122 −0.12 0.84

Exp. 2.86130 24331 13831 12231 −0.0930 0.8630
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FIG. 1. �Color online� Dependence of the pairwise chemical
contribution to the C-C interactions as a function of the C-C dis-
tance. The structure of the complex lattice, consisting of three in-
terpenetrating bcc sublattices of octahedral interstices �hollow,
green, blue �print: hollow, light gray, dark gray� balls� within the Fe
matrix �black balls�, is schematically shown in the inset. The first
three coordination shells are indicated by arrows.
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of the EAM potential and can thus be parametrized by a
small number of effective pair interactions.

The input parameters for the MET as obtained using the
EAM potential are summarized in Table I. The equilibrium
lattice constant a0 was found by fitting the Murnaghan equa-
tion of state to the total energies of the Fe matrix as a func-
tion of the unit-cell volume. The elastic constants c11, c12,
and c44 were obtained by computing the energetic response
to volume-conserving orthorhombic and monoclinic distor-
tions of the cubic unit cell.

Lxx and Lzz were evaluated by calculating the C concen-
tration dependence of the Fe-C lattice constant along the
�001�, �010�, and �001� directions �Fig. 2� using a 2000 atom
cubic supercell. The atomic positions and the shape of the
supercell were allowed to relax according to the forces and
internal strain determined using the EAM potential. For each
given concentration C atoms were distributed randomly
within one interstitial sublattice of the Fe matrix. In order to
remove statistical noise, the lattice parameters obtained from
ten randomly generated C distributions have been calculated
�dots in Fig. 2� and averaged for each concentration in the
least-squares fit.

In order to compare the strain-induced interactions ob-
tained within the MET �in reciprocal space–Eq. �3�� and by
atomistic simulations �in real space–Eq. �2�� we use the Fou-
rier transform

Vpq
si �R� =

1

N
�
k

Vpq
si �k�eikR. �5�

The results are shown in Fig. 3. The qualitative agreement
between these two approaches in real space is evident—both
strain-induced pair interactions exhibit a similar long-range
oscillatory behavior originating from the slow decay of the
displacement field. The long-range character of the strain-
induced part makes a description in a real-space formulation
challenging, while it is naturally taken into account in a
reciprocal-space approach �e.g., the MET�. The large dis-
crepancy observed for the first two interatomic shells is at-
tributed to the small C-C distances, for which the concept of

lattice mediated elastic interaction assumed in the MET may
not be applicable. Note, that while the Kanzaki forces for the
third and higher coordination shells are neglected, the long-
range strain-induced interactions are nonetheless well de-
scribed.

For a more detailed comparison of the atomistic and the
MET approach, we analyze the dispersion of the strain-
induced interaction Vpq

si �k� in reciprocal space. As a typical
example, Fig. 4 shows the dispersion for the V11�k� term of
the interaction matrix. Irrespective of the method used to
obtain the strain-induced interaction parameters �MET or
atomistic simulations�, the same trends are observed: the po-
sition of the �global� minimum of V11

si �k� in the �-H direction
is approaching the � point as the number of coordination
shells taken into account in the Fourier transform is in-
creased. In the limit of an infinite interaction range, the Fou-
rier component of the strain-induced interactions exhibits a
nonanalytic behavior: the value of V11

si �k� at the � point de-
pends strongly on the direction along which the wave vector
k approaches � but not on the modulus of k. The nonanaly-
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FIG. 2. �Color online� Dependence of the lattice parameters of
Fe-C solid solutions on the C concentration using the atomistic
EAM simulations. The larger scatter in the obtained lattice param-
eters at higher concentrations is a result of direct chemical C-C
interactions. The solid line is a linear least-squares fit to the calcu-
lated data and used to determine the parameters Lxx and Lzz.
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FIG. 3. �Color online� Comparison of the pairwise strain-
induced part of the C-C interactions calculated atomistically �black
line� and using the MET �red line�.
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FIG. 4. �Color online� Effect of truncating the interaction radius
in real space on the Fourier transform of the strain-induced interac-
tions in the vicinity of the � point. The value V11
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2 ��+Q in the continuum limit
of the MET �Ref. 13� is indicated by the star. The interactions are
referenced to their value, V0, at the � point in the P-� direction.
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ticity is not well described by the atomistic simulations. This
is attributed to the long-range character of the strain-induced
interactions, which cannot be readily captured by direct real-
space methods. In contrast, the nonanalytic character of the
strain-induced interaction, which is a direct consequence of
the large Zener anisotropy factor of iron, is fully captured by
the MET. For the determination of martensitic stability lim-
its, we therefore calculate the chemical interactions solely
atomistically, as defined by Eq. �1� while the strain-induced
contribution is obtained within the MET �Eqs. �3� and �4��
using parameters from atomistic simulations.

By expressing the C-C interaction in Fourier space we can
directly determine the equilibrium part of the phase diagram
for Fe-C solid solutions by means of the static concentration
waves method.13 The main energetic parameters of this ap-
proach are �	�k�—the eigenvalues of the interaction matrix
�Vpq

tot�k��= �Vpq
si �k��+ �Vpq

ch�k��, where Vsi�k� and Vch�k� are
the Fourier transforms of the strain-induced and chemical
contributions to the C-C interactions and 	 is the index of the
eigenvalues. The global minimum of �	�k� defines the con-
figurational energy of the most stable phase, which we found
to be �2�k=0�=V11

tot�0�−V12
tot�0�=−10.773 eV. This state cor-

responds to the stable ordered structure13 �see Fig. 5� in
which only one octahedral sublattice is occupied by C atoms.
Such ordering results in tetragonal distortions of the host
lattice along a well-defined orientation �001�, as discussed
above.

The critical �spinodal� temperature Tc of the order-
disorder transition can be estimated within the mean-field
theory and is related to the minimum of the eigenvalue
�	

min�k� by

Tc = −
c�1 − c��	

min�k = 0�
kB

. �6�

Using the minimum eigenvalue �2�k=0� of the interac-
tion matrix, we calculated the temperature-dependent stabil-
ity range of the disordered state with respect to the orienta-
tionally ordered tetragonally deformed phase as a function of
the C concentration �Fig. 5�. The disordered state consists of
a random distribution of the C atoms over all octahedral
interstices of the host Fe bcc lattice. In this case no orienta-
tional ordering occurs and the corresponding lattice has cu-
bic symmetry. The critical C concentration at which an
order-disorder transition occurs at room temperature is found
to be 0.16 wt %, in good agreement with the only available
experimental data �0.18 wt %�.24 We note that the predicted
critical concentration was obtained using the 0 K elastic con-
stants listed in Table I. In order to estimate whether finite
temperature effects in the elastic constants affect the critical
C concentration, we replaced the 0 K elastic constants by the
temperature-dependent ones as obtained from experi-
ment.31,32 At room temperature, our results show a small in-
crease of 	7% in the critical concentration which brings it
even closer to the experimentally observed value. A fully
theoretical treatment of the temperature dependence is be-
yond the scope of the present study: as pointed out in Ref.
33, the temperature dependence of the elastic properties of
�-Fe is a consequence of magnetism and cannot be captured
by the EAM potential used in this study.

For comparison we also studied the phase stability in a
Fe-C solid solution when the chemical interactions are
switched off. For this case the minimal eigenvalue of the
interaction matrix is �1�k=0�=V11

tot�0�+2V12
tot�0�=−9.892 eV.

This value corresponds to a disordered phase, where all three
interstitial sublattices are occupied with equal probability,
and which is unstable with respect to a change in
concentration.23 This result clearly emphasizes the need to
explicitly include repulsive chemical interactions: overwise,
the ordered �martensitic� state is not stable irrespective of
temperature and C concentration.

In the predicted phase diagram in Fig. 5 the experimental
eutectic isotherm and the solubility limit for C in bcc Fe have
been indicated by thin lines to highlight the region where the
martensitic order/disorder transformation can take place. The
phase diagram suggests that there are two fundamentally dif-
ferent transformation mechanisms leading to the tetragonal
states of Fe-C interstitial solid solutions. For C concentra-
tions below cmax a martensitic transformation involves a dis-
ordered intermediate phase, which necessities atomistic dif-
fusion to create the tetragonal noncubic lattice, whereas
above cmax a direct, �Bain-type� transformation from the aus-
tenitic fcc to the ordered �martensitic� phase takes place.6,7

Below a certain temperature, Td, the equilibration will be
hindered due to the slow diffusion of the interstitial C atoms.
Using the experimentally observed diffusion barrier of C in
bcc Fe of 0.87 eV �Ref. 34� we estimate Td to be 270 K.
Below this temperature no transformation is expected. This
temperature can be related to a concentration cmin
=0.14 wt % via the order/disorder temperature. This con-
centration sets a lower limit for the formation of the ordered
�tetragonal� phase under realistic annealing �equilibration�
conditions.

The above discussion of boundaries in the phase diagram
�Fig. 5� correlates with well-known characteristics of steels.
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FIG. 5. �Color online� Predicted phase diagram of dilute Fe-C
solid solutions. The temperature of absolute stability loss �Tc� ob-
tained by our calculations is indicated by the solid black line. The
black dot corresponds to the only available experimental data. cmax

is the limiting C concentration above which the disordered phase
becomes thermodynamically unstable irrespective of temperature.
Td defines the temperature below which the structure of the Fe-C
solid solution is kinetically controlled due to the slow diffusion of
the interstitial C atoms and cmin indicates the corresponding mini-
mal C concentration below which no martensitic transformation is
expected.
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For example, decreasing the carbon content in so-called mild
steels softens them, i.e., increases their plasticity �see, e.g.,
Ref. 35�. This may be attributed to the sparsity of martensite
inclusions in the ferrite, which is the main constituent of
these steels at C concentrations below 	0.16 wt %. The on-
set of a diffusionless �Bain-type� transformation at cmax is in
good agreement with the experimentally observed lower
limit of 0.5 wt % for the diffusionless transformation lead-
ing to Kurdjumov-Sachs36 interfacial orientations. We note
that this value will be a lower bound: taking temperature
effects into account will soften the elastic constants and shift
this value to higher concentrations.

IV. CONCLUSIONS

Combining microscopic elasticity theory with atomistic
molecular static simulations provides an efficient approach to
calculate structural and thermodynamic properties of intersti-

tial solid solutions. We cross-validated the results of both
methods in real space and demonstrated the efficiency of the
reciprocal-space microscopic elasticity theory for the de-
scription of long-range strain-induced interactions between
interstitials. The application of this approach to the techno-
logically important dilute Fe-C solid solution showed that
both strain-induced and chemical interactions need to be
taken into account for an accurate description of such sys-
tems. The approach employed in this study is straightforward
to combine with ab initio methods and can be readily applied
to other solid solutions.
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