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We develop a strain-based approach to study the transformation of a finite martensite domain within an
austenite host matrix. Analytical and numerical solutions are obtained for the fringing fields in the austenite and
in the martensite and we test how well the stress and strain matching conditions are obeyed at the habit planes.
We investigate the scaling of the energy of the fringing fields and show how simulations on relaxed micro-
structures corroborate the 1 / �ky� behavior for the energy in Fourier space. Our results show that the functional
form F=F0+aL1�+bLL1 /� for the total elastic energy provides an excellent fit to the numerical simulations,
thus demonstrating that ���L, where � is the twin width for a martensite region L�L1 with length of the habit
plane L1 and where aL1�, bLL1 /�, and F0 are the energies of the decaying strain field at the habit plane,
twin-boundary energy, and energy of a single martensite variant, respectively. However, the result is only true
for sufficiently large L and we provide insight into the breakdown of the ���L scaling at the nanoscale. Our
approach allows us to investigate the effect of varying the finite distance between habit planes, L, and our key
finding is that there is a minimum length, Lmin, for the nucleation of the twinned martensite structure which
depends on temperature. As the temperature is lowered, Lmin decreases, and at temperatures close to the
stability limit of the austenite phase a lattice martensite structure in which the parent and product phases
spatially alternate in a checker-board pattern is stable in a narrow region of the temperature versus L phase
diagram. Such patterns have been seen at the nanoscale in lithium-based perovskites and inorganic spinels, as
well as in coherent decomposition of precipitates in Co-Pt alloys. Finally, we show how the nature of the
fringing fields due to an inclusion within an austenite matrix sensitively depends on its shape, size, and
orientation and determines whether twinning or lattice martensite are the stable structures.
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I. INTRODUCTION

An understanding of elastic heterogeneity in strain-based
materials, such as martensites, is key to describing and mod-
eling interfaces and microstructure which influence constitu-
tive behavior in shape memory applications.1–4 Moreover, it
provides a foundation for the study of functional materials,
such as ferroelectrics, magnetoelastics, transition-metal ox-
ides, e.g., perovskites and high-Tc cuprates, and magneto-
electrics, where functionalities such as polarization, magne-
tization, and charge can couple to lattice distortions.5 The
strain-mediated interactions can lead to heterogeneity of the
functional phases6,7 �coexistence of insulating and antiferro-
magnetic with conducting and magnetic� that have a bearing
on the cross response due to applied fields, such as the effect
of stress on magnetization.8

The structural transformations in ferroelastic crystals are
diffusionless and, in the absence of external mechanical
stress, such crystals possess two or more “orientation” or
deformation states which can be mutually transformed from
one to the other by means of mechanical stress.9 These de-
formation states or variants typically occur due to a reduction
in crystal symmetry in the course of the transformation, and
hence the simplest elastic heterogeneities that arise are inter-
faces between the parent and product phases �habit planes�
and between the product phases or variants themselves �twin
boundaries or domain walls�. These interfaces as well as ag-
gregates of plane-parallel twins �e.g., polydomains� have
been the subject of much interest over the last fifty years10,11

since they were first observed by optical microscopy in In-Tl
alloys.12 The early theories on their descriptions were based
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on the crystallographic theory of martensites where special
deformation modes of twinning are invoked, in addition to
the notion of an invariant plane of contact between the prod-
uct and parent phases which was considered to be on average
undistorted.

Over the last twenty years energy minimizing principles
have been successfully employed to study elastic
heterogeneities,1,13,14 which are now viewed as the result of
competition involving long-range elastic interactions3,15,16

associated with structural domains �as distinct from deforma-
tion twinning�, and this has given rise to a number of ap-
proaches based on some form of Landau theory.17,18 Atten-
tion has also focused on the problem of the orientation of
habit planes and twin boundaries. The strain-free criterion,
that along all directions in the domain wall or habit plane the
strains should be the same, has been extensively used10,11,19

to obtain orientations of domain walls and habit planes of
three dimensional crystals and more recently extended to all
two-dimensional ferroelastic transformations.20

Although it was understood that twinning of the product
phase �martensite� occurred in order to minimize the elastic
energy arising from the matching to the parent phase �auste-
nite�, Horovitz et al.21 were the first to perform a quantitative
analysis of the energetics of a twin lattice in a host matrix to
show how the twins can be stabilized by elastic interactions
mediated by the austenite. They worked in a displacement-
based picture and showed that decaying �fringing� fields in
the austenite can be accompanied by twins of width � and
length L in the martensite obeying the scaling relation �
��L. This was derived previously in a number of materials
science studies using a variety of methods,22 some of which
either invoked the presence of dislocations23 or did not use
the effect of the long-range elastic interaction in an obvious
manner.24 Another point of view, based on the presence of
vacancies at interfaces, was used to study the kinetics of
growth of martensite variants.25

Our objective therefore is to study analytically and nu-
merically the solutions for the elastic fields in the martensite
phase due to a surrounding austenite matrix. We study this
problem within a strain-based formalism in different marten-
site geometries. The advantage of using strain rather than
displacement is that it serves as a natural order parameter
�OP� in the context of Landau theory. Moreover, as the com-
ponents of the strain tensor are derivatives of the displace-
ment field for defect-free media and therefore satisfy an in-
tegrability condition such as the Saint-Venant’s compatibility
condition,26 �� �����r��†=0, this naturally leads to long-
range elastic interactions. We have previously shown that for
an infinite system the non-OP strain components, which can
be expressed in terms of the OP strain, play an essential role
as they are responsible for the repulsive forces that arise by
forcing strain compatibility at interfaces.16 Using such a
strain based description, we go beyond Ref. 21 in also study-
ing the energetics in the martensite and show how the total-
energy analysis leads to length scaling properties.

Our approach allows us to explore the fundamental ques-
tion of how the microstructure crucially depends on the size
of the transformed region. We perform simulations to show
the behavior of the energy and fringing fields in the austenite
away from the habit plane and in the martensite as a function

of the size of the martensite domain. We numerically dem-
onstrate that for sufficiently large domains the scaling is
obeyed and show that a simple model in which the elastic
energy of the fringing field competes with the energy of the
twin boundary provides an excellent fit to the data. We show
that a minimum size is required for twinned martensite �TM�
to form and it depends on the temperature. Moreover, below
a certain temperature and in a narrow range of the size of the
transformed region, the twinned martensite decays to a het-
erogeneous �checker-board-type� structure containing both
the parent and product phases. We discuss the stability of this
lattice martensite �LM� and how it occurs in finite trans-
formed regions, compared to infinite ones, and the influence
of shape or geometry of the region on this structure. This
checker-board-type structure containing thermodynamically
inequivalent phases has been observed experimentally in the
perovskite27 �Nd2/3−xLi3x�TiO3, mixtures28 of ZnGa2O4 and
ZnMn2O4, or the ferromagnetic alloy29 Co-Pt, systems in
which strain is involved.

A recurring theme in this work that has not been explored
previously in the study of polydomain or twinned martensite
formation is the interplay of orientations of habit planes,
fringing fields, microstructure, size, and shape and how it
leads to novel features not typically associated with bulk
martensite behavior. Moreover, the breakdown of the
�L scaling, which was observed to hold for coarse twins
����m� in InTl alloys,12,21 has not been previously ad-
dressed. We provide insight into how and why this occurs as
L is decreased below �50 nm.

Our work has relevance to understanding martensite be-
havior in nanocomposites where inclusions of transformable
material are embedded in an austenite matrix. The size de-
pendence of the martensitic transformation in nanocrystalline
grains of NiTi alloys, which undergo a transformation from
the cubic B2 phase to the monoclinic B19’ martensite, has
been investigated by Waitz and co-workers.30 Using high-
resolution transmission electron microscopy �HRTEM�, they
examined nanograins ranging in size from 5–350 nm that
were obtained by devitrification of an amorphous phase by
subjecting the alloys to severe plastic deformation and by
using different heat treatments. Their results demonstrate that
the nature of the transformed phase in the nanograins that are
embedded in the amorphous or parent-type matrix varied
with grain size. No martensite was observed for grain sizes
below 60 nm; however, the B2 and R phases were observed.
For grains below 15 nm, only the B2 phase was observed
and for grains larger than 150 nm, the lattice structure was
consistent with that of B19’ phase with twinned widths of
�20 nm, in contrast to the coarser twins observed in these
alloys in bulk. These results do indicate that with decreasing
grain size �and twin width� the strain and interfacial energy,
the former affected by the confined region or boundary con-
ditions associated with the grains, influence the stability of
certain strain modes and hence the microstructure observed.
Our results, within the context of a well-defined model ge-
ometry, and for a simpler transformation than that occurs in
NiTi, are essentially consistent with these observations. We
find a critical length scale below which twinned martensite
gives rise to a different stable structure �lattice martensite�,
which is itself unstable if the size is reduced further and
leads to an untransformed austenite.
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The plan of the paper is as follows. In Sec. II we intro-
duce the geometry of the austenite and martensite phase
within an infinite domain with a given orientation, and the
Landau-based model to be solved. The analytical expressions
for the energy of the austenite and its effect on the strain
fields in the martensite are obtained in Sec. III and the mar-
tensite energetics are derived in Sec. IV. Section V describes
how the total-energy minimizing simulations are performed
and we discuss our findings on the fringing fields, length
scaling properties, and effects of small size on the transition
temperature and microstructure. Section VI addresses how
martensitic behavior is sensitive to finite domains and their
geometry and a summary and discussion of the implications
of this work are given in Sec. VII. Technical details of the
strain fields in the austenite and martensite are relegated to
Appendixes A and B, respectively.

II. MODEL

We consider a two-dimensional �2D� crystal undergoing a
square-to-rectangular �SR� structural transformation.15 The
associated degrees of freedom are the lattice displacements,
u, from which the strain tensor is defined. In linear elasticity
it is given by

�ij =
1

2
� �ui

�rj
+

�uj

�ri
	 , �1�

where r is the position vector and i and j are Cartesian
coordinates. In symmetrized form the strain components
are the compressional, e1= ��xx+�yy� /�2, deviatoric, e2
= ��xx−�yy� /�2, and shear, e3=�xy strains. The OP associated
with the SR phase transformation is the deviatoric strain, e2,
and the three strain components are related through the elas-
tic compatibility condition,15

��xx + �yy�e1 − ��xx − �yy�e2 − �8�xye3 = 0, �2�

which arises from the fact that they are derivatives of the
same underlying displacement field.

The geometry in 2D that forms the basis of our analytical
study for martensite formation is a strip of finite width, L,
and infinite length that forms the transformable region out-
side of which is the fixed austenite. In practice we construct
the strip by defining a rectangular region of size L�L1 with
periodic boundary conditions in the direction of length L1
�Fig. 1�. The orientation of side of length L1 with respect to
the crystallographic axes defines the orientation of the
parent-product interface �habit plane�.

In the central region with size L�L1, where the marten-
site phase is allowed to nucleate, the elastic energy associ-
ated with a distortion of the square lattice is described by
means of a triple well Ginzburg-Landau potential in the OP,
e2,

fGL =
A

2
�T − Tc�e2

2 −
B

4
e2

4 +
C

6
e2

6 +
�

2
��e2�2, �3�

augmented with the harmonic contribution of the
compressional-shear �CS� strains,15

fCS =
A1

2
e1

2 +
A3

2
e3

2, �4�

so that the free-energy density of the martensite is fmar
= fGL+ fCS. Outside this central region the system is con-
strained to be in the austenite phase by using a harmonic free
energy in the symmetry adapted strains,21

faus =
A1

2
e1

2 +
A2

2
e2

2 +
A3

2
e3

2, �5�

with A2=A�T−Tc�. The elastic constant A2 varies linearly
with temperature and A is the change in elastic constant per
unit change in temperature. The elastic constants A1 and A3
are of second order, and B and C are higher-order elastic
constants. We are considering the elastic constants at the har-
monic level to be the same for austenite and martensite for
simplicity, but these can be different for distinct materials.
The coefficient � is the energy cost of creating variations in
the OP.

For the solution of this problem, it is convenient to divide
the system into a region of size L2�L1 �hereafter to be re-
ferred to as the “inner domain”� and an “outer domain” de-
fined by x�0 and x�L2 �Fig. 1�. The former includes the
transformation region of size L�L1, where the free-energy
potential is nonlinear, and the regions enclosed within x�0
and x��0, and x��L and x�L2. At the semi-infinite bound-
aries x=0 and x=L2 �which we will refer to as “matching
planes”�, the Landau free energies are continuous and all
three strain components are perfectly matched on either side
of them. However, at the habit planes x�=0 and x�=L that
separate the austenite and martensite phases, the Landau free
energy is not continuous in terms of the OP strain, e2, as it is
harmonic in the regions x��0 and x��L and nonlinear
within the region defined by x��0 and x��L. Thus, the
outer domain is characterized by elastic energy contributions
harmonic in all of the strains e1, e2, and e3, whereas only e1
and e3 are harmonic in the inner domain.

y

L

x=0 x=Lx’=0 x’=L
2

Austenite Austenite

x

L
1

L2

Martensite

FIG. 1. Geometry showing the transformable or martensite
phase embedded in an austenite matrix. The region is divided into
an outer domain defined by x�0 and x�L2 and an inner domain of
size L2�L1. The latter is made of the martensite region of size L
�L1, within which the free-energy potential is nonlinear, and the
regions enclosed within x�0 and x��0 and x��L and x�L2. The
Landau free energy for the OP strain e2 �Eqs. �3� and �5�� is not
continuous at the habit planes x�=0 and x�=L as it is only harmonic
in the austenite region.
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A. Orientation of habit plane and twin boundary

Following the work of Sapriel,10,19 Roytburd10,11 and
others,20 a single martensite variant can be coherently
matched to the austenite phase for an SR transformation pro-
vided the habit plane is oriented along the �11� direction. A
rotation of one phase with respect to the other is also re-
quired for the matching to hold10,11 �Figs. 2�a� and 2�b��.
Therefore, if the habit planes in Fig. 1 have this orientation,
the ground state corresponding to this geometry is a single
martensite variant matched to the austenite phase. However,
a single martensite plate of finite length cannot be coherently
matched to a surrounding austenite matrix as the habit planes

along the �11� and �1̄1� directions require different rotation
angles of the martensite plate �Fig. 2�c��. The mechanism
that allows for the matching between both phases is the twin-
ning of the martensite plate along the �11� direction �Fig.
2�d��. This leads to a habit plane along �11� direction which
is a macroscopically invariant plane, but where microscopi-
cally there is a misfit between the parent and product phases.
The accommodation of this misfit generates decaying strain
fields which crucially determine the microstructure of the
martensite. For an SR transformation, provided the fraction
of the two martensite variants is equal, the average strain in

any plane crossing the twinned martensite will vanish.11

Therefore all such planes are macroscopically invariant
planes and can play the role of the habit plane in Fig. 1.
Thus, in order to study the properties of the decaying strain
fields and their influence on the microstructure of the mar-
tensite using the geometry described in Fig. 1, we choose in
this work an orientation for the habit planes that is different
from the �11� direction. This avoids the formation of a single
martensite variant in this infinite system and forces twinning.
The habit planes in Fig. 1 are chosen to be parallel to the
�01� crystallographic direction.

III. OUTER DOMAIN SOLUTION INVOLVING
AUSTENITE

Our approach to obtaining a solution to the model and
geometry above is to first consider the outer domain contain-
ing austenite only in the regions x�0 and x�L2 and obtain
the strains and energy in these regions. We will show that the
effects of the outer domain manifest as constraints on the
strains at the matching planes x=0 and x=L2, which will
subsequently be taken into account in solving the inner do-
main problem in the region 0�x�L2. Here we obtain the
analytical expressions for the strain fields in the outer do-
main which in turn will provide insight into the nature of the
coherent matching of the austenite to the martensite. In con-
trast to the approach in terms of displacements previously
employed for the austenite,21 we will use a strain-based de-
scription in which the compatibility of the strain components
is enforced. The strain field that minimizes the elastic energy
of the outer domain is obtained by demanding mechanical
equilibrium,31 � ·	=0, where 	 is the stress tensor. This con-
dition, together with elastic compatibility �Eq. �2�� and the
requirement that the strain field vanishes far from the habit
plane, defines a boundary-value problem. The complete so-
lution to this problem is given in Appendix A for an outer
domain in the region x�0. The corresponding results for x
�0 and x�L2 are then obtained by applying the transforma-
tions x→−x and x→x−L2, respectively.

A. Solution of the boundary-value problem for x�0

Mechanical equilibrium requires that the elastic force on
each small volume of the system vanishes. In terms of the
stress tensor, 	ij, the force is given by

f i = 

j

�	ij

�xj
, �6�

where i and j are Cartesian coordinates. In 2D this gives rise
to two equations,

fx = �x	xx + �y	xy = 0,

fy = �x	yx + �y	yy = 0. �7�

The stress tensor is related to the elastic free-energy density,
f , through

(a) (b)

(c) (d)

[11]
[11][11]

[11]

[11]

[11]

FIG. 2. Schematic representation of the matching between the
austenite and the martensite phases for the SR �Square to Rect-
angle� structural transformation before strain accommodation by re-
laxation. Different geometries are considered. �a� Formation of a
single martensite plate of finite width and infinite length between

two austenite phases, with the habit planes oriented in �1̄1� direc-
tion. �b� A rotation of the martensite plate allows the coherent
matching to the austenite phases. �c� Formation of a single marten-
site plate of finite width and finite length within an austenite matrix.
Different rotation angles are needed for the matching of the habit

planes oriented in �11� and �1̄1� directions. �d� Formation of a
twinned martensite phase within an austenite matrix. A microscopic
misfit at the habit plane oriented in �11� direction needs to be
accommodated.
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	ij =
� f

��ij
. �8�

Thus, for the harmonic free energy corresponding to square
symmetry �Eq. �5��, we obtain

A1�xe1 + A2�xe2 +
A3

�2
�ye3 = 0,

A1�ye1 − A2�ye2 +
A3

�2
�xe3 = 0. �9�

In addition, the strain field must satisfy elastic compatibility
so that Eqs. �2� and �9�, together with the conditions of con-
tinuity across the matching plane and the vanishing of the
strain field far from it, define a boundary-value problem.
Transforming the set of differential equations by Laplace in x
direction and Fourier in y direction gives rise to the set of
algebraic equations,

A1�qẽ1 − ê1�0�� + A2�qẽ2 − ê2�0�� − iky
A3

�2
ẽ3 = 0,

− ikyA1ẽ1 + ikyA2ẽ2 +
A3

�2
�qẽ3 − ê3�0�� = 0,

�q2 − ky
2�ẽ1 − qê1�0� − �xê1�0� − �q2 + ky

2�ẽ2 + qê2�0� + �xê2�0�

+ iky
�8�qẽ3 − ê3�0�� = 0, �10�

where the Fourier-Laplace transform is defined by

ẽ
�q,ky� = �
0

+�

e−qxê
�x�dx , �11�

where ê
�x� is the Fourier transform of e
�x ,y� with respect
to y, defined by

ê
�x� =
1

L1
�

0

L1

eikyye
�x,y�dy , �12�

and ê
�0� and �xê
�0� are the Fourier transforms with respect
to y of the strain field and its derivative with respect to x,
respectively, evaluated at the x=0 plane.16,21 As shown in
Appendix A, the solution to Eq. �10� has the form

ê2�x� = C1 exp��C� + i���ky�x� + C2 exp��C� − i���ky�x�

+ C3 exp��− C� + i���ky�x� + C4 exp��− C� − i���ky�x� ,

�13�

where �2=A1�A3−2A2� / �A3�A1+A2�� and C�=�1−�2. The
requirement that the strain field vanishes far from the match-
ing plane imposes C1=C2=0. These constraints can be writ-
ten as

ê3�0� =
i�2

C�

A2

A3

ky

�ky�
ê2�0� , �14�

�xê1�0� − �xê2�0� =
�ky�

A3C�

�− �2A1 + A3�ê1�0� + 2A2ê2�0�� .

�15�

When these constraints are taken into account, the solution
of the boundary-value problem for the three fields is �see
Appendix A for details�

ê1�x� = �ê1�0�cos���ky�x� −
�

C�

A2

A1
ê2�0�sin���ky�x�

�exp�− C��ky�x� ,

ê2�x� = �C�

�

A1

A2
ê1�0�sin���ky�x� + ê2�0�cos���ky�x�

�exp�− C��ky�x� ,

ê3�x� =
i�2

A3

ky

�ky�
�A1

�
ê1�0�sin���ky�x� +

A2

C�

ê2�0�cos���ky�x�
�exp�− C��ky�x� . �16�

The elastic energy of the outer domain containing austenite
can now be evaluated, leading to

Fout = �
0

�

dx�
0

L1

dyfaus =
L1

2 

ky

1

�ky�

� � �A1 + A2�A1C�

2A2
�ê1�0��2 +

A2�2A2 + A3�
2A3C�

�ê2�0��2

+
A1A2

A3C�

�ê1�0�ê2
��0� + ê1

��0�ê2�0��� . �17�

The 1 / �ky� factor in Eq. �17� indicates that the energy within
the outer domain would diverge unless the fractions of the
different martensitic variants at the matching plane are equal.
This ensures that, on average, the strain vanishes at this
plane and lattice integrity can be preserved. Moreover, this
term favors short-wavelength modulations of the strain, or
equivalently, the formation of narrow twins.

The general conditions that must be satisfied at the match-
ing plane are the continuity of the displacements, which is
guaranteed by elastic compatibility, and the continuity of the
traction.32 The latter is defined as the force per unit surface
area acting at the plane with components given by

i = 

j

	ijn̂j , �18�

where 	ij are the components of the stress tensor and n̂ is a
unit vector normal to the plane. It can be understood as an
integral of � ·	=0 in a pill-box volume across the surface,
using Gauss’s theorem. For the x=0 plane, n̂= �10�, and thus
the continuity of the traction across this plane requires the
continuity of the components 	xx and 	xy of the stress tensor.

Across the matching plane x=0, the Landau free-energy
density is continuous, and therefore the three strain �and
stress� components are continuous, as they are the solution of
the system of differential equations defined by mechanical
equilibrium �Eq. �9�� and elastic compatibility �Eq. �2��. In
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addition, the derivatives �xe1 and �xe2 entering in the con-
straint given by Eq. �15� are also continuous. Hence, the
continuity of �xe2 allows us to determine the compressional
strain at the matching plane since differentiation of Eq. �16�
gives

ê1�0� =
A2

A1
�ê2�0� +

1

C��ky�
�xê2�0� . �19�

By using Eq. �19� all the strain components can be written in
terms of the OP, e2, and its gradient, �xe2, at the matching
plane. In addition, at the matching plane e1, e3 and �xe1 are
given by Eqs. �14� and �19� and

�xê1�0� = −
A2

A1
� �ky�

C�

ê2�0� + �xê2�0� , �20�

which follows from Eqs. �15� and �19�. These form the
boundary conditions for the inner domain solution.

In terms of ê2�0� and �xê2�0�, the elastic energy of the
austenite phase in the outer domain x�0 becomes

Fout =
L1

2 

ky

�A2�8A1A2 + �A1 + A2�A3�
2A1A3C�

1

�ky�
�ê2�0��2

+
�4A1 + A3�A2

2

2A1A3C�
2

1

ky
2 �ê2�0��xê2

��0� + ê2
��0��xê2�0��

+
�A1 + A2�A2

2A1C�

1

�ky�3
��xê2�0��2� . �21�

B. Outer domain for x�0

The corresponding expressions for x�0 �Fig. 1� are ob-
tained by applying the transformation x→−x on the results
obtained for x�0. We note that the shear strain, which is
defined in terms of displacement gradients, e3��xy

= 1
2 ��ux /�y+�uy /�x� is an odd function with respect to this

transformation, and thus its sign changes. On the contrary, e1
and e2 are even functions, and their signs remain invariant.
The constraints on the strains at the matching plane x=0 are
therefore

ê1�0� =
A2

A1
�ê2�0� −

1

C��ky�
�xê2�0� , �22�

�xê1�0� =
A2

A1
� �ky�

C�

ê2�0� − �xê2�0� , �23�

ê3�0� = −
i�2

C�

A2

A3

ky

�ky�
ê2�0� . �24�

C. Outer domain for x�L2

The results for x�L2 are obtained by applying the trans-
formation x→x−L2 on the results obtained for x�0. The
constraints on the strains at the matching plane x=L2 are

ê1�L2� =
A2

A1
�ê2�L2� +

1

C��ky�
�xê2�L2� , �25�

�xê1�L2� = −
A2

A1
� �ky�

C�

ê2�L2� + �xê2�L2� , �26�

ê3�L2� =
i�2

C�

A2

A3

ky

�ky�
ê2�L2� . �27�

IV. INNER DOMAIN SOLUTION INVOLVING
MARTENSITE

The outer domain solution above forms the basis for ob-
taining the strain fields and energy in the inner domain that
includes the transformable or martensite region �Fig. 1�. We
will again formulate this problem within a strain based de-
scription and show how the solution leads to an understand-
ing of the formation of twinned microstructure in a simpli-
fied mode analysis. Full numerical solutions to the equations
obtained here will be considered in Sec. V. We describe the
procedure followed to obtain the compressional-shear energy
in this region �see Eq. �4��,

FCS
in = �

0

L2

dx�
0

L1

dyfCS. �28�

The details of the calculation are given in Appendix B. The
goal is to obtain the result in terms of the OP only. To this
end, the compressional strain is expressed in terms of the
deviatoric and shear strains, using elastic compatibility �Eq.
�2��. The resulting elastic energy is then minimized with re-
spect to the shear strain, taking into account the constraints at
the matching planes given by Eqs. �22�–�27�.

The result is given in terms of the coefficients of the co-
sine Fourier series �with respect to x� of ê2�x�,

ê2
�n� =

2

L2
�

0

L2

ê2�x�cos�kxx�dx , �29�

where kx=�n /L2 with n an integer. We obtain

FCS
in =

L1L2

2 

ky

�A1

4
�− ê2

�0� +
1

�ky�L2
��0��2

+ 

n�0

1
2A1A3

8A1kx
2ky

2 + A3�kx
2 + ky

2�2��kx
2 − ky

2�ê2
�n� +

�ky�
L2

��n��2

+
�A3�2A1 + A3�

2L2

1

�ky�
��−

1

2
ê2

�0�

+ 

n even��0�

A3�kx
2 − ky

2��kx
2 + ky

2�
8A1kx

2ky
2 + A3�kx

2 + ky
2�2 ê2

�n� + �e�2

+ � 

n odd

A3�kx
2 − ky

2��kx
2 + ky

2�
8A1kx

2ky
2 + A3�kx

2 + ky
2�2 ê2

�n� + �o�2� , �30�

where ��n�, �e, and �o are functions of the OP and its gra-
dient at the matching planes, x=0 and x=L2,
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��n� = −
2A2�4A1 + A3�

A1A3C�

�ê2�0� + �− 1�nê2�L2��

+
2�A1 + A2�

A1

1

�ky�
��xê2�0� − �− 1�n�xê2�L2�� ,

�e = −
A2

2A1
�1 +

4A1 + A3

C�
��2A1 + A3�A3

�ê2�0� + ê2�L2��

+
1

2A1
� A2

C�

+
�A1 + A2�A3

��2A1 + A3�A3
 �xê2�0� − �xê2�L2�

�ky�
,

�o = −
A2

2A1
�1 +

4A1 + A3

C�
��2A1 + A3�A3

�ê2�0� − ê2�L2��

+
1

2A1
� A2

C�

+
�A1 + A2�A3

��2A1 + A3�A3
 �xê2�0� + �xê2�L2�

�ky�
.

�31�

We now clarify the essential physics underlying this result
by obtaining a simplified form for the strains using a single-
mode approximation appropriate for L2�L �Fig. 1� and
show how this leads to an understanding of the twinned mi-
crostructure. Disregarding the contribution of the terms ��n�,
�e, and �o localized at the matching planes, the elastic en-
ergy contains the essential form, �kx

2−ky
2�2ê2

�n�ê2
�n��, where we

recall that ê2
�n� is the complex Fourier transform in the y

direction and the cosine Fourier transform in the x direction
of e2�x ,y�. This favors modulations of the deviatoric strain
with ky = �kx so that a single-mode OP strain field with this
proper orientation of the wave vector �k= �k0 , �k0�� �strain
field A� is given by

e2�x,y� = ��ei�eik0y + e−i�e−ik0y�cos�k0x�

= 2� cos�k0y + ��cos�k0x� , �32�

where � and � are real constants. We note that since
e2�x ,y��R and kx�0 the simultaneous contribution of ky
= �kx is needed, and thus strain field A is modulated in �11�
and �1̄1� directions at the same time. This OP field is plotted
in Fig. 3�a� for �=0. Since the terms �kx

2−ky
2�ê2

�n� vanish for
all k, the CS free energy depends only on the terms localized
at the matching planes, ��n�, �e, and �o. Therefore, this CS
free energy must be associated with a fringing field emanat-
ing from the matching plane �or the habit plane, since the
single-mode approximation for the OP strain is only appro-

priate for L2�L�. That is, the compressional and shear
strains corresponding to strain field A must vanish far from
the habit planes. These strain fields can be computed from
the OP strain field �see Appendix B for details� and are
shown in the upper �compressional strain� and lower �shear
strain� panels of Fig. 4�a�.

On the other hand, in the bulk the elastic energy must be
invariant to a global translation of the OP field. In particular,
it must be invariant to the translation given by the vector r
=��1,1� / �2k0�, which transforms strain field A �Eq. �32��
into the strain field,

e2�x,y� = 2� sin�k0y + ��sin�k0x� . �33�

This function �strain field B� is plotted in Fig. 3�b� for �=0.
Because the bulk energy must be invariant to the applied
translation, the compressional and shear strain fields associ-
ated with strain field B must also vanish far from the habit
planes. These are plotted in Fig. 4�b�.

The complex-cosine transformation of strain field B
�where k0=�n /L2� is

ê2
�m��k̄y� =

2�

iL2
� k0

k0
2 − k̄x

2
�1 − �− 1�n+m�

��ei��k̄y,−k0
− e−i��k̄y,k0

� , �34�

where k̄x=�m /L2. Thus, according to Eq. �30�, strain field B
has a contribution to the CS free energy from both the terms

��m�, �e, �o, and �k̄x
2− k̄y

2�ê2
�m� with k̄y � � k̄x. Nevertheless,

as we have seen above, this energy contribution is localized
in the neighborhood of the habit planes.

The superposition of strain field A and strain field B yields
the plane wave shown in Fig. 3�c�, which also has a vanish-
ing contribution to the CS free energy far from the habit
planes �see Fig. 4�c��. In this way we recover the result cor-
responding to an infinite system, where the CS free energy
vanishes provided that the wave vector is properly oriented
in the �11� direction.15 In a martensite phase embedded in an
austenite matrix where the bulk term is dominant, we thus

(a) (b) (c)

FIG. 3. �a� Deviatoric strain field A given by Eq. �32� for �=0.
�b� Strain field B obtained from �a� by means of the displacement
given by r=��1,1� / �2k0�. �c� Superposition of the strain fields
shown in �a� and �b�.

(a) (b) (c)

FIG. 4. Compressional �upper panel� and shear �lower panel�
strain fields corresponding to the deviatoric strain fields shown in
Fig. 3.
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expect a twinned martensite structure in either �11� or �1̄1�
direction with a fringing field in the vicinity of the habit
planes.

The next step is to analyze the scaling relations of the
fringing field. For a plane wave ei�ky��x�y�, such as that shown
in Fig. 3�c�, the gradient of the OP at the matching planes
scales as �xê2�x���ky�. Therefore, the terms ��n�, �e, and �o

do not depend explicitly on ky �see Eq. �31��. On the other
hand, from Eq. �34� we obtain the scaling relation �kx

2

−ky
2�ê2

�n���ky� /L2. Thus, both the elastic energy in the outer
domain �austenite� �Eq. �21�� and the CS energy in the inner
domain �martensite� �Eq. �30�� scale as33 Fout�FCS

in �1 / �ky�
and are independent of the distance between matching
planes, L2, or habit planes, L �for L2�L�.

A twinned martensite structure with the proper orientation
of the twin boundaries in �11� direction is essentially a su-
perposition of modes, in order to reduce the energy of the
associated fringing field, in both the austenite and the mar-
tensite phases. In Sec. V we will show numerically that the
elastic energy of the fringing field of a fully relaxed marten-
site phase also satisfies the scaling relation Fout�FCS

in

�1 / �ky� and is independent of the distance between habit
planes, L.

V. SIMULATION RESULTS: ENERGY MINIMIZED
MICROSTRUCTURE AND STRAIN FIELDS

Equilibrium strain configurations corresponding to the
model presented above are obtained by minimizing the total
free energy, F, the sum of the outer and inner contributions,
using the relaxational equation,

�e2

�t
= − �

�F/�e2


2 + ��2F/�e2
2�

, �35�

where � corresponds to a mobility which is taken to be 1.
Thus, the analytical results of the outer domain energy and
the CS free energy of the inner domain are included in the
minimization as they can be a dominant contribution. The
second derivative of the free energy in the denominator has
been introduced empirically in order to speed up the relax-
ation process, as it effectively adapts the integration time
step, dt��dt / �
2+ ��2F /�e2

2��, to the topology of the free-
energy functional. The parameter 
 was initially introduced
to avoid numerical problems in case that the second deriva-
tive of the free energy vanishes. However, we did not find
numerical instabilities for small values of 
, so that we set

=0. This relaxational equation is useful when the convexity
of the free energy as a function of the local strain variables
strongly depends on which part of the system is being re-
laxed or evolved in time.

Because the free energy of the outer domain depends only
on the deviatoric strain at the matching planes, the free en-
ergy of the model currently studied is much more sensitive to
changes close to these planes than in the bulk. The functional
derivative of the free energy with respect to the variable
�−�y��e2�x=� ,y�−e2�x=0,y�, used to estimate the strain
gradient at the matching plane, �xe2�x=0,y���−�y� /�,
where � is the discretization parameter, is orders of magni-

tude larger than the functional derivative with respect to
�+�y��e2�x=� ,y�+e2�x=0,y�. Therefore, the topology of
the free energy as a function of the variables e2�x=� ,y� and
e2�x=0,y� is a minimum that is elongated in the �11� direc-
tion along the line �−�y�=constant. In this topology it is
more efficient to minimize the free energy with respect to the
variables ���y� rather than with respect to the local strains.
Thus, we define

����y�
�t

= − �
�F/����y�

��2F/���
2 �y��

, �36�

and the time evolution of the strain variables e2�x=� ,y� and
e2�x=0,y� localized in the vicinity of the x=0 matching
plane is obtained from the time evolution of ���y�. This
method is more efficient because the effective time step dt�
�dt / ��2F /��+

2�y�� corresponding to the variable �+�y� can
be much larger than if Eq. �35� is used. Additionally, differ-
ent time steps, dt, have been used for the variables �+�y�,
�−�y�, and e2�x ,y� in the bulk. The same method has been
applied to evaluate the time evolution of the variables e2�x
=L2−� ,y� and e2�x=L2 ,y� localized in the vicinity of the
x=L2 matching plane. Within the inner domain �Fig. 1� the
Landau free energy is defined to be harmonic in the devia-
toric strain only at x=0, x=�, x=L2−�, and x=L2, where
the strain is used for the computation of the energy of the
outer domain �at x�0 and x�L2�. In the remaining points of
the inner domain the Landau free energy is nonlinear �Eq.
�3��.

The model parameters used throughout the paper are the
values for FePd.15 The results will be presented in terms of
A=2.4�108 N /Km2, Tc=257 K, and �=3.5306�10−9 N,
which define the units of energy, length, and temperature. In
terms of these reduced units the remaining parameters are:
B=275.62, C=4.864�105, A1=2.2698, and A3=4.5396, and
the unit of length is �=�� /TcA=0.239 25 nm. The size of
the simulated system ranges from L2�L1=15��240� to
4000��4000�, and has been discretized onto a mesh of size
ranging from 32�512 to 1024�1024, with a discretization
parameter ranging from �=0.47� to 7.8�, depending on tem-
perature. Periodic boundary conditions are used in the y di-
rection as the geometry of Fig. 1 is considered infinite in that
direction but the system is of finite extent �=L2� in the x
direction.

The relaxation of an initially disordered configuration us-
ing Eqs. �35� and �36� does not break the global square sym-
metry in most cases but a metastable checker-board-like
phase with coexisting martensite variants and austenite is
obtained. Therefore, a small amount of quenched disorder is
introduced in the Landau free energy coupled to the OP
through the harmonic term, akin to introducing a spatially
dependent transition temperature. Once the square symmetry
is broken into rectangular symmetry, the disorder is removed,
and the nucleated martensite phase relaxes into a twinned
martensite structure where all the twins have the same width.
In order to save computation time, the initial configurations
used when studying the properties of the twinned martensite
structure are equal-width twin structures with a constant
value of the strain, e2�x ,y�= ��0, where �0 is the strain
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which minimizes the Landau free energy at a given tempera-
ture. The application of Eqs. �35� and �36� to these initially
prepared structures leads to fully relaxed twin structures,
usually preserving the number of twins.

A. Strain and stress fields in austenite and martensite

Once the OP strain field which minimizes the total elastic
energy of both the austenite and the martensite phases has
been numerically determined, the compressional and shear
strain fields in the inner domain and the three strain compo-
nents in the outer domain can be obtained analytically. The
strain fields in the outer domain are given by Eq. �16�,
whereas the expressions for the compressional and shear
strain fields in the inner domain are given in Appendix B
�Eq. �B12��. In Fig. 5 we plot the three strain components of
a fully relaxed twin structure in both the martensite and aus-
tenite phases for the geometry of Fig. 1 with periodic bound-
ary conditions in the y direction to mimic a strip geometry. In
this figure the matching planes cannot be distinguished from
the habit planes. We obtain excellent matching of the three
strain components, although as will be discussed below, at
some points of the habit planes the compressional strain
needs to be discontinuous. In addition, the compressional
and shear strain fields within the martensite phase vanish far
from the habit planes, as predicted by the bulk compatibility
potential.15 The twinned martensite structure matches the
austenite phase at the �10� plane and generates an elastic
fringing field on both sides of the habit planes.

The deviatoric stress 	2��	xx−	yy� /�2=�f /�e2 at the
habit plane obtained from the Ginzburg-Landau potential, f ,
from the austenite side is A2e2, whereas from the martensite
side it is A2e2−Be2

3+Ce2
5−��2e2. It is thus discontinuous at

the habit plane as shown in Fig. 6�a�. Since 	xx needs to be
continuous across the habit planes, as it is a component of
the traction �see Eq. �18��, the discontinuity in 	2 should
arise from a discontinuity in 	yy only. The discontinuity in
	yy will also be reflected in the compressional stress, 	1
��	xx+	yy� /�2=�f /�e1. In Fig. 7 we plot the stress profiles
in the �11� direction along �a� the center of a martensite plate
and �b� at a twin boundary corresponding to the stress fields
shown in Fig. 6. The discontinuity of the deviatoric, 	2, and
compressional, 	1, stresses at the habit plane for case �a�,
along the center of the martensite plate in the �11� direction,
can be clearly seen in Fig. 7�a�, whereas 	xx= �	1+	2� /�2 is
continuous. Along the twin boundaries, the deviatoric stress
is negligibly small, and thus a discontinuity cannot be ob-
served. Hence, compressional stress �Fig. 7�b�� appears to be
continuous. The stress fields 	xx and 	yy are also shown in
Fig. 6. The discontinuity of 	yy at the center of the martensite
plate across the habit planes cannot be clearly seen as this
stress component is much larger at the twin boundaries. The
compressional, 	1, and shear, 	3�	xy, stresses are not
shown in this figure, as they are proportional to the corre-
sponding strains, shown in Fig. 5. In the present work, all the
continuity conditions have been imposed at the matching
planes �x=0 and x=L2�, with no constraints on the habit
planes, where there is the discontinuity of the Landau free
energy. Therefore all the continuity/discontinuity relations at
the habit planes are automatically obtained in the fully re-
laxed strain microstructures, with no assumptions other than
elastic compatibility.

The discontinuity of the compressional stress 	1 at the
center of the martensite plates across the habit plane is also
reflected in a discontinuity in the compressional strain, as
	1=A1e1. This is shown in Fig. 8�a�, where we plot the three
strain profiles along the center of a martensite plate. The

AusteniteMartensite

e1

e2

e3

X’=0 X’=L

FIG. 5. Strain fields of a fully relaxed twinned martensite phase
embedded in an austenite matrix at T=1.01Tc, using periodic
boundary conditions in the y direction. Grey corresponds to the
unstrained structure, whereas black �white� corresponds to a nega-
tive �positive� strain.

AusteniteMartensite

�2

�xx

�yy

X’=0 X’=L

FIG. 6. Stress fields corresponding to the strain fields shown in
Fig. 5. Grey corresponds to the stress free structure, whereas black
�white� corresponds to a negative �positive� stress. The discontinu-
ity in 	2= �	xx−	yy� /�2=�f /�e2 arises from the discontinuity of
the Landau free energy at the habit plane, and 	xx is continuous.
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strain profiles along a twin boundary are shown in Fig. 8�b�.
In this figure it can also be seen that the shear strain is con-
tinuous across the habit planes in both cases, in Figs. 8�a�
and 8�b�. This is a necessary condition, as the shear stress,
	3=	xy = 1

2A3e3, is the other component of the traction.
Given that in the martensite phase the Landau free energy is
expanded up to the sixth order in the OP whereas it is only
harmonic in the austenite phase, the matching of the OP
strain, e2, at the habit planes is exceptionally good. It is
especially remarkable that the same oscillatory behavior is
obtained on both sides of the habit planes. The periodicity of
this oscillation is set by the dominant mode, ky, in Eq. �16�,
which determines the twin width.

B. Length scaling properties of free energy and microstructure

An aspect of twinned martensite structure that has at-
tracted attention, both experimentally22,34,35 and
theoretically16,21–24 is the dependence of the twin width on
the system size, i.e., in what sense is twinning a finite-size
effect?. Using initial configurations with different numbers
of twins, we obtain the elastic energy of fully relaxed twin
structures as a function of the twin width, �, defined as the
distance in the �10� direction between two neighboring twin
boundaries. To show the scaling properties of the fringing
field, we plot in Fig. 9 the elastic energy of the outer domain
and the CS free energy of the inner domain per unit length of
the habit plane as a function of the twin width, �, for differ-
ent values of the distance between habit planes, L �for L2

�L�. As obtained analytically for deviatoric strain plane
waves, both magnitudes scale as FCS

in �Fout�1 / �ky��� and
are independent of the distance between habit planes. There-
fore, in Fig. 9, the results corresponding to different values
of L collapse onto a single straight line. The competition of
these terms with the energy cost of the twin boundaries,
which scales as �LL1 /�, determines an equilibrium value for
the twin width. This is shown in Fig. 10, where we plot the

0 1000 2000 3000
x′

-4×10
-3

-2×10
-3

0

2×10
-3

St
re

ss

σ
xx

σ
yy

-4×10
-4

0

4×10
-4

σ
1

σ
2

T=1.01

(a)

(b)
AusteniteMartensite

FIG. 7. �Color online� Stress profiles in the �11� direction along
�a� the center of a martensite plate and �b� a twin boundary corre-
sponding to the stress fields shown in Fig. 6. In �a� only 	xx is
continuous across the habit plane and in �b� 	2 is very small so that
	xx and 	yy almost overlap, and the discontinuity in 	yy and 	1 is
not apparent. The distance between the habit planes is L=1000.
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FIG. 8. �Color online� Strain profiles in the �11� direction along
�a� the center of a martensite plate and �b� a twin boundary corre-
sponding to the strain fields shown in Fig. 5. The compressional, e1,
and shear, e3, strain fields in �a� are enlarged by a factor of 50 for
clarity. The shear strain e3 is continuous in both cases, whereas e1 is
discontinuous due to the discontinuity in 	1. The distance between
the habit planes is L=1000.
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total elastic energy �including austenite and martensite
phases� per unit martensite area, LL1, as a function of the
twin width �circles�, for different values of the distance be-
tween habit planes, L. Assuming that the contribution of the
OP to the energy of the fringing field in the martensite phase
also scales as �1 / �ky��� and is independent of L, the total
elastic energy as a function of the twin width has the func-
tional form F=F0+aL1�+bLL1 /�, where F0 is the free en-
ergy of a single variant martensite phase and an unstrained
austenite phase, aL1� is the elastic energy of the fringing
field at both sides of the habit planes, and bLL1 /� is the
elastic energy of the twin boundaries �a and b are constants�.
The fit of this function �solid lines in Fig. 10� to the numeri-
cal data is excellent. From the minimum of these curves we
obtain numerically the equilibrium twin width as a function
of the distance between habit planes. This is shown in a
log-log plot in Fig. 11 for the temperatures T=1.002, 1.01,
and 1.02, between the stability limit of the austenite phase,

Tc=1, and the temperature of the phase transition, Tt=Tc
+3B2 / �16AC�=1.0293. The numerical results in Fig. 11
�circles� are consistent with the scaling relation ���L
�dashed line� which follows from the function F=F0+aL1�
+bLL1 /�, that is, �=�bL /a.

Thus, in a defect-free medium in which a large inclusion
of martensite �L large� is surrounded by an austenite matrix,
the microstructure will consist of coarse or wide twins with
the energy of the system close to that of a single martensite
variant. Additional results indicate that for L large, the de-
caying OP strain field, e2, within the martensite phase is a
universal function of the scaled position vector, r� /� �with
respect to the habit plane�,

e2�x�,y ;�� = e2
mar + h�x�/�,y/�� , �37�

where e2
mar is the value of the OP strain in the bulk martensite

phase. Considering solely the fringing field emanating from
the x�=0 habit plane, the associated elastic energy with re-
spect to the single martensite variant scales as

F̄OP
mar � �

0

L/2

dx��
0

L1

dy f̄OP
mar�h�x�/�,y/��� , �38�

where the OP free-energy density, f̄OP
mar�h�, is written as a

functional of the strain field h�x� /� ,y /��. The decaying func-
tion h�x� /� ,y /�� is negligibly small at a distance x� /�=d
from the habit plane. Thus, for L�2d� the elastic energy in
Eq. �38� can be expressed as

F̄OP
mar � �

0

�

dx��
0

L1

dy f̄OP
mar�h�x�/�,y/���

�
L1

�
�

0

�

dx��
0

�

dy f̄OP
mar�h�x�/�,y/��� . �39�

Introducing the new variables u=x� /� and v=y /�, we obtain

F̄OP
mar � L1��

0

�

du�
0

1

dv f̄OP
mar�h�u,v�� . �40�

Since the function h�u ,v� does not depend on the twin width,
�, or the distance between habit planes, L, the integral in Eq.
�40� is a constant, and the elastic energy of the OP fringing

field within the martensite phase behaves as F̄OP
mar�L1�, lead-

ing to the scaling relation ���L. However, for L�2d� the
fringing fields emanating from each one of the habit planes
overlap, and the resulting strain field no longer follows the
universal function h�x� /� ,y /��. In this case, the integrals in
Eq. �38� depend on L and the scaling law breaks down. This
can be seen for T=1.002 and L�150 �Fig. 11� where the
exponent � of the scaling relation ��L� is �=0.39�0.5.

C. Nanoscale effects: size dependence of martensitic transition
and microstructure

In order to explore questions related to how small an in-
clusion in an austenite matrix can support a martensite phase,
we note that Fig. 10 gives us the elastic energy of the
twinned martensite and the surrounding austenite matrix as a
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tained by fitting the function F=F0+aL1�+bLL1 /� to the numerical
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function of the distance between habit planes. This is shown
in Fig. 12 for the same three temperatures considered in Fig.
11 �circles�. For large values of L the elastic free energy per
unit martensite area decreases with increasing L toward the
corresponding equilibrium value in the bulk �single variant�,
F0 / �LL1�. For small values of L the result depends on the
temperature. At the higher temperatures T=1.01 and 1.02 the
free-energy density increases with decreasing L until it be-
comes positive for L smaller than a threshold Lmin, which
depends on temperature. According to Eqs. �3�–�5� the elas-
tic energy of a homogeneous austenite phase is zero. There-
fore the nucleation of the twinned martensite is not energeti-
cally favorable for L�Lmin. At the lower temperature T
=1.002, as L decreases the twinned martensite decays to a
heterogeneous structure containing both the parent and prod-
uct phases. This structure, which we refer to as lattice mar-
tensite, is shown in Fig. 13. It is a superposition of twins in

�11� and �11̄� directions, and if no distinction is made be-
tween the different variants of the product phase, it can be
regarded as a checker-board structure where parent and prod-
uct phases alternate. The elastic energy of the lattice marten-
site structure as a function of L is also shown in Fig. 12
�triangles�. The crossing of the curve corresponding to the
twinned martensite �circles� with the curve corresponding to
the lattice martensite �triangles� is enlarged in the inset.
Therefore, at this temperature, as L decreases the structure
exhibits a transition from the twinned martensite to the lat-
tice martensite, and at lower values of L, to an unstrained
austenite phase where martensite formation is arrested.

The reason for the stability of the LM structure is ana-
lyzed by evaluating the different contributions to the free
energy in relation to the TM structure. This is done at T
=1.002 and L=100, where the free energy of both structures
is very similar �see the inset of Fig. 12�. The results are
shown in Table I. The different contributions to the free en-
ergy are the Landau free-energy expansion in the OP within
the martensite region,

FL = �
0

L

dx��
0

L1

dy�A

2
�T − Tc�e2

2 −
B

4
e2

4 +
C

6
e2

6 , �41�

the gradient term,

FG = �
0

L

dx��
0

L1

dy
�

2
��e2�2, �42�

the CS free energy within the martensite phase only,
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FIG. 13. Strain fields in the lattice martensite structure at T
=1.002 and L=100. Grey corresponds to the unstrained �parent�
structure, whereas black �white� corresponds to a negative �posi-
tive� strain.

TABLE I. Contributions to the elastic free energy in the twinned
martensite �TM� and lattice martensite �LM� structures at T
=1.002 and L=100. These are the Landau free energy in the mar-
tensite region, FL, the gradient term, FG, the compressional-shear
free energy in the martensite region, FCS

mar, and the elastic energy of
the austenite phase, Faus

tot . The total elastic energy, F, is given in the
bottom row, and the energy difference between the lattice marten-
site and the twinned martensite structures is given in the right col-
umn. The LM structure is stabilized relative to the TM structure by
FG and Faus

tot .

TM LM LM-TM

FL /L1 −4.070�10−4 −2.872�10−4 1.198�10−4

FG /L1 1.206�10−4 5.92�10−5 −6.13�10−5

FCS
mar /L1 1.06�10−5 4.1�10−6 −6.5�10−6

Faus
tot /L1 2.361�10−4 1.801�10−4 −5.59�10−5

F /L1 −3.99�10−5 −4.37�10−5 −3.8�10−6
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FCS
mar = �

0

L

dx��
0

L1

dyfCS, �43�

and the elastic energy of the whole austenite phase, including
the small fraction of austenite within the inner domain �Fig.
1�,

Faus
tot = �

−�

0

dx��
0

L1

dyfaus + �
L

+�

dx��
0

L1

dyfaus. �44�

The total elastic energy, F, is given in the bottom row of
Table I, and the energy difference between the lattice mar-
tensite and the twinned martensite structures is given in the
right column. We obtain that the Landau free energy is lower
for the twinned martensite structure, as the full transformable
region �L�L1� is in the energetically favorable martensite
phase, whereas in the lattice martensite structure, one half of
the transformable region is in the austenite phase. On the
contrary, the gradient term and the elastic energy of the aus-
tenite are lower in the lattice martensite structure. The CS
free energy within the transformable region is also lower in
the lattice martensite, but it is an order of magnitude smaller
than the other terms. Thus, we conclude that the lattice mar-
tensite structure is stabilized with respect to the twinned mar-
tensite by the gradient term and the fringing fields within the
austenite phase.

The equilibrium structures as a function of temperature
and L are shown in Fig. 14. As a rule there is a minimum
value of L for the nucleation of the twinned martensite. This
minimum length depends on temperature and diverges as the
transition temperature of the structural transformation, Tt
=1.0293, is approached. A characteristic feature of the twin
microstructure as T→Tt already known in the literature18,36

is the splitting of the rectangular-rectangular soliton into two
square-rectangular solitons leading to the divergence of the
width of the twin boundaries at the transition temperature, Tt.

This is consistent with the divergence of the minimum
length, Lmin, for nucleation of twinned martensite as T→Tt.
The lattice martensite structure, on the other hand, is stable
for certain values of L for temperatures close to the stability
limit of the austenite phase, Tc=1, where the elastic constant
associated with the order parameter of the phase transforma-
tion is very small or the system is very soft. From Table I it
can be understood that the LM structure cannot be stable
relative to the TM for large values of L, as the Landau term,
which is dominant for large L, favors the TM structure.

It is worth noting that in the present work the gradient
energy within the austenite phase has not been taken into
account. This energy term is smaller for the LM structure
than for the TM. Thus, we expect that if this term is consid-
ered, the region of the phase diagram where the LM is stable
would be even larger.

VI. SHAPE-DEPENDENT MARTENSITE FORMATION

The results presented in the previous section were ob-
tained for the geometry of Fig. 1 defined in Sec. II by mini-
mizing the total energy, F, the sum of the austenite and mar-
tensite contributions. We consider here the microstructure
formed as a result of other finite geometries and orientations.

In the geometry of Fig. 1, the martensite phase is infinite
in the direction of the habit planes and the analytical results
are only valid for this geometry. However, in the course of a
structural phase transition, the nucleated martensite plates are
finite. Hence, it is of interest to study the shape and micro-
structure of the nucleated martensite structure and pattern of
fringing fields that result from a finite plate. We will correlate
the microstructure with the plate geometry by performing
simulations that include both the martensite plate, where the
Landau free energy contains anharmonic terms in the OP,
and the surrounding austenite matrix, where the Landau free
energy is harmonic. The CS free energy is evaluated in both
regions using the bulk compatibility potential,15,16

FCS
bulk =

1

2
� dk

A1A3�kx
2 − ky

2�2

8A1kx
2ky

2 + A3�kx
2 + ky

2�2 �ê2�k��2, �45�

where ê2�k� is the complex Fourier transform of e2�x ,y�.
This is in contrast to our previous simulations that solved for
the inner domain including the habit planes and where the
effects of the outer domain were incorporated in the energy
and boundary conditions at the matching planes. Of particu-
lar interest to us is the understanding of the lattice martensite
structure that was discovered to be stable in a narrow region
of the phase diagram �Fig. 14� since it combines both the
austenite and the martensite phases and is a source of elastic
heterogeneity. In Fig. 15�a� �left panel� we show the equilib-
rium strain field, e2, obtained after minimization of the elas-
tic energy when the martensite phase is allowed to nucleate
in a sufficiently large square-shaped region oriented along
the �11� direction. The same snapshot is shown in the right
panel of Fig. 15�a� with the region where the martensite is
allowed to nucleate plotted in white. The twinning direction
is �11�, consistent with kx= �ky from bulk compatibility.
Whereas there is almost perfect matching along the �11�
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habit plane, the fringing fields decay along �11� across the

�1̄1� habit planes �see Sec. II A�. The equilibrium structure
will either be twinned martensite or untransformed austenite
if the square is not sufficiently large; however, the lattice
martensite structure is never stabilized. In Fig. 15�b� we
show that the same result as above is obtained from a square
oriented along the �01� direction. The fact that the lattice
martensite structure is not stabilized in these geometries can
be understood by analyzing the fringing fields corresponding
to the twinned martensite as compared to the fringing fields
for the lattice martensite structure shown in Fig. 15�c� which
was stabilized into a metastable state by not allowing it to
reach the ground state in the absence of disorder. The fring-
ing field corresponding to the lattice martensite structure
�which varies smoothly across all four sides of the square�
has a much larger energy than the fringing field of the
twinned martensite structure �Fig. 15�a��. In addition, in the
nucleated lattice martensite only one half of the region is
transformed into martensite, the other half is untransformed
austenite. This structure is thus energetically unfavorable.

The reason for the nucleation of the lattice martensite
structure �Fig. 13� in the geometry of Fig. 1 is that the elastic
energy of the associated fringing field there is smaller than
for the twinned martensite �Fig. 5� in the same geometry.

This is only possible if the intersections of the modulations
corresponding to �11� and �11̄� directions also occur within
the austenite phase, reducing the elastic energy of the fring-
ing field. We note that the intersections of the modes take
place in the austenite for the infinite system �Fig. 13� but
only in the transformed region for the finite geometry �Fig.
15�c��. The crossing of the modes in �11� and �11̄� directions
within the austenite phase can also occur in a finite geometry
if the region where the martensite phase is allowed to nucle-
ate is rectangular rather than square and oriented along the
�01� direction. Figure 16�a� shows a twinned martensite
structure which has been stabilized if the martensite phase is
allowed to nucleate in a region of dimensions 218.75�
�1750� at T=1.002, where we recall that � is the reduced
unit of length, �=�� /TcA=0.239 25 nm. If the size of this
region is reduced to 162.5��1300�, the stable structure
changes to the lattice martensite �Fig. 16�b��. The intersec-
tions of the modes resulting in the lattice structure in the
fringing fields within the austenite are also seen, as are in the
elastic fields within the martensite phase. Thus different ge-
ometries will have characteristic fringing field patterns that
will be the result of the intersections of the diagonal modes.

The orientation required for the rectangular geometry to
obtain the lattice martensite structure is the �01� direction,
whereas in a SR structural phase transition the martensite
plates are oriented in the �11� direction �Fig. 2�. Hence, we
do not expect to experimentally observe the lattice marten-
site structure in such a system. However, an elongated inclu-
sion of a transformable material embedded in a nontrans-
formable matrix �e.g., a nanocomposite� may show this
behavior as the inclusion can be properly oriented along the
�01� direction.

The lattice martensite structure obtained in the present
model in confined geometries below the transition tempera-

(a)

(c)

(b)

FIG. 15. �a� Fully relaxed equilibrium twinned martensite struc-
ture embedded in an austenite matrix obtained if the martensite
phase is allowed to nucleate in a square region oriented in �11�
direction �left panel�. Grey corresponds to the unstrained �parent�
structure whereas black �white� corresponds to a negative �positive�
strain. In the right panel the same snapshot is shown, with the
square region where the martensite phase is allowed to nucleate
plotted in white. �b� Fully relaxed equilibrium twinned martensite
structure embedded in an austenite matrix obtained if the martensite
phase is allowed to nucleate in a square region oriented in �10�
direction. �c� Fully relaxed metastable lattice martensite structure
obtained if the martensite phase is allowed to nucleate in a square
region oriented along �11� direction.

(a)

(b)

FIG. 16. �a� Fully relaxed equilibrium twinned martensite struc-
ture embedded in an austenite matrix obtained if the martensite
phase is allowed to nucleate in a rectangular region of size
218.75��1750� at T=1.002 �left panel�. Grey corresponds to the
unstrained �parent� structure whereas black �white� corresponds to a
negative �positive� strain. In the right panel the same snapshot is
shown, with the region where the martensite phase is allowed to
nucleate plotted in white. �b� Fully relaxed equilibrium lattice mar-
tensite structure embedded in an austenite matrix obtained if the
martensite phase is allowed to nucleate in a rectangular region of
size 162.5��1300� at T=1.002.
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ture, Tt, is closely related to the cross-hatched precursor
modulations of the strain �tweed� observed above the transi-
tion temperature in the presence of disorder.15 Whereas in the
lattice martensite structure the confinement is due to a well-
defined geometry, the tweed phenomenon may be considered
to be the result of confinement due to the effects of disorder,
giving rise to regions �nucleation centers� where locally the
transition temperature is above the actual temperature, T. In

this case, the crossing of the modes in �11� and �11̄� direc-
tions in the fringing fields will not only occur due to the
random geometry of the nucleation centers, but also due to
the superposition of fringing fields emanating from different
centers.

VII. SUMMARY AND DISCUSSION

The problem of determining the orientation of habit
planes and twin boundaries has been addressed over several
decades. Understanding under what conditions a given mi-
crostructure will be obtained is a more difficult task and has
only been addressed more recently. Roytburd11 studied how
elastic interactions between domains lead to the formation of
polydomain �alternating layers of domains� phases. Simi-
larly, Horovitz et al.21 considered the decaying displacement
fields in austenite away from the habit plane, especially if
continuity of the displacements must be satisfied, and
showed how twinning can arise on the martensite side. They
used a displacement based picture; however, the advent of
energy minimizing simulations, especially in a strain-only-
based formulation, now allows us to go beyond these previ-
ous studies by combining analytical results derived for
strains with computer simulations. Hence, the nature of the
strain fields and microstructure as a function of shapes and
sizes of inclusions undergoing transformations when embed-
ded in an austenite matrix can be obtained and the advantage
of using strain is that the long-range anisotropic elastic inter-
actions are explicitly taken into account in the minimization.

Our objective in this work is to solve the prototypical
problem of coexisting austenite and martensite in the geom-
etry shown in Fig. 1 that comprises a domain L�L1 with a
habit plane of length L1 along direction �01�. This is not the
orientation of minimum energy for a parent/variant habit
plane in an infinite system; however, it allows for the pres-
ence of fringing fields. We show in the austenite �outer do-
main� that the solution satisfying mechanical equilibrium,
strain compatibility, and continuity across a matching plane
leads to constraints on the strains at the matching planes and
the energy scales as 1 / �ky�. This shows that the austenite
problem may be mapped to boundary conditions at the
matching planes on the strains and their derivatives and that
the energy would diverge unless the fraction of martensite
variants in these planes was the same. The solution for the
full austenite and martensite problem was until now not ad-
dressed; however, our approach to this problem merely re-
quires the solution of the inner domain problem subject to
the boundary conditions due to the outer domain. We are able
to demonstrate that the energy also scales as 1 / �ky� and are
able to perform simulations to obtain the microstructure and
all strain fields, with the austenite fields given by the analyti-

cal solutions. Our work shows that when strain matching is
not perfect, fringing fields develop and smoothly interpolate
the deformations. Moreover, there is the same oscillatory be-
havior on both sides of the habit planes, a surprise as the
local energy potentials are very different in the austenite and
martensite.

We have been able to demonstrate the scaling of the en-
ergy with the width of twins and system size �for sufficiently
large L� and the data provides an excellent fit to the func-
tional form F=F0+aL1�+bLL1 /� so that the width ���L.
As the system size L increases, coarser or wider twins be-
come energetically more favored so that in the limit as L
→�, F→F0, the energy of one martensite variant. The other
limit of how small can L be to support twinning leads to an
enriched temperature-size phase diagram. We find that as L
decreases, twinning is suppressed in favor of a stable phase
consisting of both variants and untransformed austenite in a
checker-board pattern that we refer to as lattice martensite.
This occurs for temperatures close to the stability limit for
austenite. Since our simulations use a �01� orientation for the
habit plane, they could be observed in nanocomposites of
crystals undergoing cubic-tetragonal or tetragonal-
orthorhombic transformations oriented along �01� in an aus-
tenite matrix. Recently two-dimensional highly stable chess-
board structure nanoscale patterns have been observed in
�Nd2/3−xLi3x�TiO3, a perovskite-based lithium-ion
conductor.27 The patterns arise due to an interplay of a two-
dimensional structural modulation and phase separation in-
volving diffusion of the mobile Li+ ion. The two-dimensional
periodic separation leads to two compositionally distinct per-
ovskite phases, one Li+ rich and one relatively poor, with a
repeat distance of 5–11 nm. The co-stabilization of the nano-
scale phase separation satisfies short-range bonding require-
ments and alleviates a long-range instability such as a strain
distortion. The number of interfaces between the different
structural entities, within the constraints of the overall com-
position, is maximized—leading to the chessboard structure.
Nanochecker-board patterns have also been fabricated in in-
organic spinels such as ZnMnxGa2−xO4, where the strain in-
duced by the Jahn-Teller structural distortion is accompanied
by diffusional phase separation of Mn3+. The checker-board
consists of four domains, two of which are the high-
symmetry cubic and the other two are orthorhombic.28 Al-
though these systems differ from the lattice martensite struc-
ture in that there is diffusion of ions or phase separation, it is
built on an underlying checker-board strain pattern. Whether
the confinement of the strain field is the fundamental cause
of the chessboard pattern, as in the lattice martensite, is not
clear. Chessboard type patterns, consistent with those seen in
experiments on Co-Pt alloys, have also been inferred in stud-
ies of coherent decomposition with several orientation vari-
ants of the precipitate phase.29 The precipitation of the or-
dered tetragonal variants results from accommodation of the
coherency strain. The chessboard is shown to arise from cou-
pling of the concentration field of the precipitates with the
elastic long-range interaction. The phenomenon occurs in
bulk and is not a consequence of the elastic field confinement
at the nanoscale.

Our results on the size effect are qualitatively consistent
with the results of Waitz and co-workers30 on the grain-size
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dependence in NiTi alloys that undergo a martensitic trans-
formation. For grains below 15 nm, only the parent B2 phase
was observed and for grains larger than 150 nm, the lattice
structure was consistent with that of the monoclinic B19’
phase with twin widths of �20 nm. The results illustrate the
effects of confined geometry or boundary conditions as the
grain size decreases and the effects on microstructure, as-
pects important in our study on a well-defined simpler
model.

A study using atomistic simulations on the square-to-
rectangle and cubic-to-tetragonal transformations would pro-
vide an independent test on the validity of our results and
would be instructive in understanding the crossover, if any,
from discrete to continuum behavior. Although experimental
studies of nanocomposites of martensites in an austenite ma-
trix are very few, the dependence of nucleation properties,
such as activation barriers on the width of martensite layers
of NiTi sandwiched between other materials have been
studied.37 Phase field models have also been used to study
spinodal decomposition of binary alloys in constrained elas-
tic films38 and microstructure formation in layers of single
variant martensite surrounded by austenite.39 Similarly, the
effects of thickness have been simulated in clamped marten-
sites or layers of two different martensite materials.40 The
lattice martensite type of structure is observed in these stud-
ies; however, none of these derive effective boundary condi-
tions at the interfaces due to the surrounding media examine
fringing fields or strain accommodation across the interface
or study energy or length scaling properties. In addition, the
lattice martensite or checker-board pattern appears to be a
generic feature of competing interactions among components
in confined geometries as analogous patterns are seen in
simulations of confined polymeric mixtures.41

A theory of nanocomposite behavior for ferroelastics calls
for obtaining solutions of fringing fields and microstructure
for different orientations in finite geometries of given size. In
taking a step toward this problem, we have shown how full
simulations allow us to understand the influence of shape and
size in especially stabilizing the lattice martensite structure
in the nanocomposite matrix, even outside the transformable
region. Finally, it will be interesting to examine the effects of
incompatibilities corresponding to dislocations, for example,
on our analytical and numerical results as we have consid-
ered only defect-free media where the St. Venant compatibil-
ity constraint is enforced.
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APPENDIX A: THE STRAIN FIELD IN THE OUTER
DOMAIN INVOLVING AUSTENITE

In this appendix we derive the analytical expression for
the strain field in the outer domain �at x�0� which arises

from the coherent matching of the austenite to the martensite
at the habit plane. We look for the strain field which mini-
mizes the elastic energy of the outer domain, and at the same
time satisfies continuity across the matching plane �at x=0�.
The minimization of the elastic energy with respect to the
three strain components is achieved by demanding mechani-
cal equilibrium. This is equivalent to requiring that the elas-
tic force on each small volume of the system vanishes. In
terms of the stress tensor, 	ij, the force is given by

f i = 

j

�	ij

�xj
. �A1�

In 2D this gives rise to two equations,

fx = �x	xx + �y	xy = 0,

fy = �x	yx + �y	yy = 0. �A2�

The stress tensor is related to the elastic free-energy density,
f , through

	ij =
� f

��ij
. �A3�

Thus, for the harmonic free energy corresponding to square
symmetry �Eq. �5�� we obtain

A1�xe1 + A2�xe2 +
A3

�2
�ye3 = 0,

A1�ye1 − A2�ye2 +
A3

�2
�xe3 = 0. �A4�

In addition, the strain field must satisfy elastic compatibility

��xx + �yy�e1 − ��xx − �yy�e2 − �8�xye3 = 0. �A5�

Equations �A4� and �A5� together with the condition of
continuity across the matching plane �x=0� and the require-
ment that the strain field vanishes far from this plane define
a boundary-value problem. A straightforward, yet cumber-
some, method of solving this problem is to transform the set
of differential equations by Laplace in x direction and Fou-
rier in y direction. This gives rise to the following set of
algebraic equations:

A1�qẽ1 − ê1�0�� + A2�qẽ2 − ê2�0�� − iky
A3

�2
ẽ3 = 0,

− ikyA1ẽ1 + ikyA2ẽ2 +
A3

�2
�qẽ3 − ê3�0�� = 0,

�q2 − ky
2�ẽ1 − qê1�0� − �xê1�0� − �q2 + ky

2�ẽ2 + qê2�0� + �xê2�0�

+ iky
�8�qẽ3 − ê3�0�� = 0, �A6�

where the Fourier-Laplace transform is defined as
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ẽ
�q,ky� =
1

L1
�

0

L1

eikyydy�
0

+�

e−qxe
�x,y�dx , �A7�

and ê
�0� and �xê
�0� are the Fourier transform with respect
to y of the strain field and its derivative with respect to x,
respectively, evaluated at the x=0 plane �see Eq. �12��.

From Eq. �A6� we obtain the Fourier-Laplace transform
of the deviatoric strain field,

ẽ2�q,ky� =
1

P�q��ê2�0�q3 +
1

A1 + A2
� i

�2
A3kyê3�0�

− A1��xê1�0� − �xê2�0��q2 −
ky

2

�A1 + A2�A3

� �2A1�2A1 + A3�ê1�0� + �A2�4A1 + A3� − A1A3�

� ê2�0��q −
ky

2

A1 + A2
�i�8�A1 +

1

4
A3	kyê3�0�

+ A1��xê1�0� − �xê2�0��� , �A8�

where

P�q� = q4 + 2� �A1 − A2�A3 − 4A1A2

�A1 + A2�A3
q2ky

2 + ky
4. �A9�

In order to obtain the deviatoric strain field in real space
we must first perform the inverse Laplace transform of
ẽ2�q ,ky�. To this end, it is convenient to write ẽ2�q ,ky� as

ẽ2�q,ky� =
C1

q − r1
+

C2

q − r2
+

C3

q − r3
+

C4

q − r4
, �A10�

where ri are the roots of the polynomial P�q�,

ri = � ky�4A1A2 − �A1 − A2�A3 � 2�A1A2�4A1A2 − A3�2�A1 − A2� + A3��
�A1 + A2�A3

. �A11�

Since the argument of the inner square root in Eq. �A11� is
usually negative, the roots of the polynomial can be written
in the form

ri = � ky
�X � iY , �A12�

where

X =
4A1A2 − �A1 − A2�A3

�A1 + A2�A3
,

Y =
2�A1A2�A3�2�A1 − A2� + A3� − 4A1A2�

�A1 + A2�A3
. �A13�

Writing the complex number X� iY in polar form we obtain

ri = � ky
�R�cos��/2� � i sin��/2�� , �A14�

with R=1 and,

sin��/2� = �A1�A3 − 2A2�/A3�A1 + A2� � � . �A15�

The four roots of the polynomial P�q� can thus be written as

ri = � ky�C� � i�� , �A16�

with C���1−�2, or equivalently,

ri = � �ky��C� � i�� . �A17�

The Fourier-Laplace transform of the deviatoric strain field
can therefore be written as

ẽ2�q,ky� =
C1

q − �C� + i���ky�
+

C2

q − �C� − i���ky�

+
C3

q − �− C� + i���ky�
+

C4

q − �− C� − i���ky�
.

�A18�

Equating Eqs. �A8� and �A18� yields

C1 =
iC�

4�

A1

A2
ê1�0� +

1

4
ê2�0� +

i
�8

1

A1 + A2

ky

�ky�

��A1 + 1
2A3

C�

+
i

�
A1	ê3�0� +

i

4�

A1

A1 + A2

�
1

�ky�
��xê1�0� − �xê2�0�� ,

C2 = −
iC�

4�

A1

A2
ê1�0� +

1

4
ê2�0� +

i
�8

1

A1 + A2

ky

�ky�

��A1 + 1
2A3

C�

−
i

�
A1	ê3�0� −

i

4�

A1

A1 + A2

�
1

�ky�
��xê1�0� − �xê2�0�� ,
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C3 = −
iC�

4�

A1

A2
ê1�0� +

1

4
ê2�0� −

i
�8

1

A1 + A2

ky

�ky�

��A1 + 1
2A3

C�

−
i

�
A1	ê3�0� +

i

4�

A1

A1 + A2

�
1

�ky�
��xê1�0� − �xê2�0�� ,

C4 =
iC�

4�

A1

A2
ê1�0� +

1

4
ê2�0� −

i
�8

1

A1 + A2

ky

�ky�

��A1 + 1
2A3

C�

+
i

�
A1	ê3�0� −

i

4�

A1

A1 + A2

�
1

�ky�
��xê1�0� − �xê2�0�� , �A19�

and performing the inverse Laplace transform of Eq. �A18�
we obtain

ê2�x� = C1 exp��C� + i���ky�x� + C2 exp��C� − i���ky�x�

+ C3 exp��− C� + i���ky�x� + C4 exp��− C� − i���ky�x� .

�A20�

The condition that the strain field vanishes far from the
matching plane requires that C1=C2=0. We thus have two
constraints on the strain field at this plane. These can be
expressed as

ê3�0� =
i�2

C�

A2

A3

ky

�ky�
ê2�0� , �A21�

and,

�xê1�0� − �xê2�0� =
�ky�

A3C�

�− �2A1 + A3�ê1�0� + 2A2ê2�0�� .

�A22�

Using these relations, C3 and C4 simplify to

C3 = −
iC�

2�

A1

A2
ê1�0� +

1

2
ê2�0� ,

C4 =
iC�

2�

A1

A2
ê1�0� +

1

2
ê2�0� , �A23�

and the solution of the deviatoric strain field in real space in
x direction and Fourier space in y direction is

ê2�x� = �C�

�

A1

A2
ê1�0�sin���ky�x� + ê2�0�cos���ky�x�

�exp�− C��ky�x� . �A24�

Once the deviatoric strain field has been obtained, the
computation of the compressional and shear strain fields be-
comes simpler. From Eq. �A6� we write the Fourier-Laplace
transform of the compressional and shear strains in terms of
the deviatoric strain,

ẽ1�q,ky� =
1

�q2 + ky
2�A1

�− �q2 − ky
2�A2ẽ2�q,ky� + �A1ê1�0�

+ A2ê2�0��q +
i

�2
A3ê3�0�ky ,

ẽ3�q,ky� =
i�2

�q2 + ky
2�A3

�− 2qkyA2ẽ2�q,ky� + �A1ê1�0�

+ A2ê2�0��ky −
i

�2
A3ê3�0�q . �A25�

The Fourier-Laplace transform of the deviatoric strain is
given by Eq. �A18�, with C1=C2=0, and C3 and C4 given by
Eq. �A23�. The Fourier-Laplace transform of the compres-
sional and shear strain fields can thus be written as

ẽ1�q,ky� =
1

q − �− C� + i���ky�
�1

2
ê1�0� +

i

2

A2

A1

�

C�

ê2�0�
+

1

q − �− C� − i���ky�
�1

2
ê1�0� −

i

2

A2

A1

�

C�

ê2�0� ,

ẽ3�q,ky� =
1

�2A3

ky

�ky�
� 1

q − �− C� + i���ky�

��A1

�
ê1�0� + i

A2

C�

ê2�0� +
1

q − �− C� − i���ky�

��−
A1

�
ê1�0� + i

A2

C�

ê2�0�� . �A26�

Performing the inverse Laplace transform yields

ê1�x� = �ê1�0�cos���ky�x� −
�

C�

A2

A1
ê2�0�sin���ky�x�

�exp�− C��ky�x� ,

ê3�x� =
i�2

A3

ky

�ky�
�A1

�
ê1�0�sin���ky�x� +

A2

C�

ê2�0�cos���ky�x�
�exp�− C��ky�x� . �A27�

APPENDIX B: THE ELASTIC ENERGY OF THE
COMPRESSIONAL-SHEAR STRAIN FIELD IN THE INNER

DOMAIN INVOLVING MARTENSITE

In this appendix we obtain the analytical expression of the
compressional-shear strain field in the inner domain �Fig. 1�
in terms of the deviatoric strain field. Its contribution to the
elastic energy is then evaluated. Elastic compatibility �Eq.
�2��, as well as the constraints at the matching planes ob-
tained when deriving the elastic field in the outer domain
�Eqs. �22�–�27��, are taken into account.

The appropriate transformation of the elastic compatibil-
ity equation in order to introduce the constraints at the
matching planes is the complex Fourier transform in y direc-
tion and the cosine Fourier transform in x direction. This
yields
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2

L2
�

0

L2

cos��nx

L2
	�xx�ê1�x� − ê2�x��dx + i�8ky

2

L2

��
0

L2

cos��nx

L2
	�xê3�x�dx − ky

2�ê1
�n� + ê2

�n�� = 0,

�B1�

where the complex-cosine Fourier transform is defined as

ê1,2
�n� =

2

L1L2
�

0

L1

eikyydy�
0

L2

cos��nx

L2
	e1,2�x,y�dx . �B2�

Integration of Eq. �B1� by parts leads to

− �kx
2 + ky

2�ê1
�n� + �kx

2 − ky
2�ê2

�n� + i�8kxkyê3
�n�

+
2

L2
��− 1�n��xê1�L2� − �xê2�L2�� − ��xê1�0� − �xê2�0���

+ i�8ky
2

L2
��− 1�nê3�L2� − ê3�0�� = 0, �B3�

where

ê3
�n� =

2

L2
�

0

L2

sin��nx

L2
	ê3�x�dx , �B4�

and kx=�n /L2. We obtain that the integration constants de-
pend on the derivative of the compressional strain and the
value of the shear strain at the matching planes. These quan-
tities have been obtained in terms of the deviatoric strain
when the strain field at the outer domain has been derived
�Eqs. �23�, �24�, �26�, and �27��. Introducing these expres-
sions into Eq. �B3� we get

− �kx
2 + ky

2�ê1
�n� + �kx

2 − ky
2�ê2

�n� + i�8kxkyê3
�n�

−
2

L2

�ky�
C�

A2�4A1 + A3�
A1A3

��n� +
2

L2

A1 + A2

A1
��n� = 0,

�B5�

where ��n� and ��n� are functions of the deviatoric strain field
at the matching planes,

��n� � ê2�0� + �− 1�nê2�L2� ,

��n� � �xê2�0� − �− 1�n�xê2�L2� . �B6�

Notice that since ê3
�n� are the coefficients of the sine Fou-

rier expansion of ê3�x�, they do not contain information of
the value of the shear strain at the matching planes. For the
same reason, the coefficients of the cosine Fourier expansion
of ê1�x� and ê1

�n� do not contain information of the derivative
of the compressional strain at the matching planes. This in-
formation has been introduced into the elastic compatibility
equation �Eq. �B5�� through the integration constants. On the
contrary, the information of the value of the compressional
strain at the matching planes is indeed contained in the co-
efficients ê1

�n�, and it has not been required to determine the
integration constants of the elastic compatibility equation.
Therefore, the constraints on the value of the compressional
strain at the matching planes �Eqs. �22� and �25�� must be
imposed on the coefficients ê1

�n�. Using the expansion

ê1�x� =
1

2
ê1

�0� + 

n=1

�

ê1
�n� cos��nx

L2
	 , �B7�

Eqs. �22� and �25� can be written as

1

2
ê1

�0� + 

n=1

�

ê1
�n� =

A2

A1
�ê2�0� −

1

C��ky�
�xê2�0� ,

1

2
ê1

�0� + 

n=1

�

�− 1�nê1
�n� =

A2

A1
�ê2�L2� +

1

C��ky�
�xê2�L2� .

�B8�

Summation and subtraction of these equations leads to a
more convenient form of the constraints on the compres-
sional strain field,

ê1
�0� + 2 


n even��0�
ê1

�n� =
A2

A1
���0� −

1

C��ky�
��0� ,

2 

n odd

ê1
�n� =

A2

A1
���1� −

1

C��ky�
��1� . �B9�

In order to obtain an expression for the compressional and
shear strain fields in terms of the deviatoric strain field alone,
we need to minimize the elastic energy of the inner domain
with respect to these fields, taking into account elastic com-
patibility and the constraints at the matching planes.

In Fourier space the compressional-shear free energy of
the inner domain �Eqs. �4� and �28�� is given by
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FIG. 17. Functions 1 / �ky
4�0

�n�� and 1 / �ky
2�2

�n�� as well as the cor-
responding expression in the continuum, 8��2A1+A3� /A3 / �L2�ky��,
vs 2� / �L2�ky�� for A3 /A1=2.
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FCS
in = L1


ky

�1

2
A1�L2

4
ê1

�0�ê1
�0�� +

L2

2 

n=1

�

ê1
�n�ê1

�n��	
+

1

2
A3�L2

2 

n=1

�

ê3
�n�ê3

�n��	 . �B10�

The compressional strain field can be written in terms of the
deviatoric and shear strain fields using elastic compatibility
�Eq. �B5��. In this way, the compressional-shear free energy
of the inner domain only has to be minimized with respect to
the shear strain, taking into account the constraints given by
Eq. �B9�. Introducing the Lagrangian multipliers ��ky� and
��ky�, the function to be minimized with respect to the shear
strain is, therefore,

G = FCS
in + 


ky

��ky��ê1
�0� + 2 


n even��0�
ê1

�n�

−
A2

A1
���0� −

1

C��ky�
��0�� + 


ky

��ky�

��2 

n odd

ê1
�n� −

A2

A1
���1� −

1

C��ky�
��1�� . �B11�

The result is

ê1
�n� =

A3

8A1kx
2ky

2 + A3�kx
2 + ky

2�2��kx
2 − ky

2��kx
2 + ky

2�ê2
�n� −

kx
2

�2
�n��


�n�

+
A2

A1

1

�2
�n�� kx

2

2
−

2ky
2�ky�
L2

4A1 + A3

A3C�

��2
�n� − kx

2�0
�n����n�

+
1

A1

1

�2
�n��−

kx
2

2�ky�
A2

C�

+
2ky

2

L2
�A1 + A2���2

�n�

− kx
2�0

�n����n�� ,

ê3
�n� =

A3

8A1kx
2ky

2 + A3�kx
2 + ky

2�2�i�8
A1

A3
kxky�kx

2 − ky
2�ê2

�n�

+
ikx�kx

2 + ky
2�

�8ky�2
�n� �


�n� +
i�8�kx

2 + ky
2�

�2
�n�

A2

A1

��−
kx

16ky
+

ky�ky�
L2

4A1 + A3

4A3C�
� 1

kx
�2

�n� − kx�0
�n�	��n�

+
i�8�kx

2 + ky
2�

A1�2
�n� � kx

16ky�ky�
A2

C�

−
ky�A1 + A2�

4L2

�� 1

kx
�2

�n� − kx�0
�n�	��n�� −

i�8�ky�
L2kxky

A2

A1A3

4A1 + A3

4C�

��n�

+
i�8

4L2kxky

A1 + A2

A1
��n�, �B12�

where

�

�n� =�−

1

2
ê2

�0� + 

m even��0�

A3�k̄x
2 − ky

2��k̄x
2 + ky

2�

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
ê2

�m� � �

e , n even



m odd

A3�k̄x
2 − ky

2��k̄x
2 + ky

2�

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
ê2

�m� � �

o , n odd,�

�0
�n� = �

1

2ky
4 + 


m even��0�

A3

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
� �0

e , n even



m odd

A3

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
� �0

o, n odd,�
�2

�n� =� 

m even��0�

A3k̄x
2

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
� �2

e , n even



m odd

A3k̄x
2

8A1k̄x
2ky

2 + A3�k̄x
2 + ky

2�2
� �2

o, n odd,� �B13�

and k̄x=�m /L2. Introducing these expressions into Eq. �B10� the compressional-shear free energy of the inner domain can be
written as
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FCS
in =

L1L2

2 

ky

�A1

4
�− ê2

�0� +
1

�ky�L2
��0��2

+ 

n�0

1
2A1A3

8A1kx
2ky

2 + A3�kx
2 + ky

2�2��kx
2 − ky

2�ê2
�n� +

�ky�
L2

��n��2

+
A3

16ky
2� 1

�2
e ��


e + �e�2 +
1

�2
o ��


o + �o�2� , �B14�

where ��n�, �e, and �o are functions of the deviatoric strain
and its gradient at the matching planes,

��n� = −
2A2�4A1 + A3�

A1A3C�

��n� +
2�A1 + A2�

A1�ky�
��n�,

�e = −
A2

A1
�1

2
+

2�ky�
L2C�

4A1 + A3

A3
��2

e + ky
2�0

e���0�

+
1

A1
� A2

2�ky�C�

+
2�A1 + A2�

L2
��2

e + ky
2�0

e���0�,

�o = −
A2

A1
�1

2
+

2�ky�
L2C�

4A1 + A3

A3
��2

o + ky
2�0

o���1�

+
1

A1
� A2

2�ky�C�

+
2�A1 + A2�

L2
��2

o + ky
2�0

o���1�.

�B15�

In the present work the numerical results of the
compressional-shear free energy of the inner domain corre-
spond to the expression given in Eqs. �B14� and �B15�. Nev-
ertheless, for the analysis of these equations it may be con-
venient to obtain an approximate analytical expression for
the summations �0

e, �0
o, �2

e, and �2
o. These can be approxi-

mated by

�0
e � �0

o �
L2

2�
�

0

� A3dkx

8A1kx
2ky

2 + A3�kx
2 + ky

2�2

=
L2

8�ky�3
� A3

2A1 + A3
,

�2
e � �2

o �
L2

2�
�

0

� A3kx
2dkx

8A1kx
2ky

2 + A3�kx
2 + ky

2�2

=
L2

8�ky�
� A3

2A1 + A3
. �B16�

In order to check the validity of this approximation in Fig.
17 we plot the functions 1 / �ky

4�0
�n�� and 1 / �ky

2�2
�n�� as well as

the corresponding expression from Eq. �B16� vs 2� / �L2�ky��
for A3 /A1=2. The approximation is good for �ky��2� /L2,
that is, for modulation wavelengths in y direction much
shorter than the distance between matching planes. Introduc-
ing these expressions into Eqs. �B14� and �B15� we obtain
the expressions given in Eqs. �30� and �31�.
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